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Abstract. The paper presents the methods for solving the homogenization problems for two-
phase piezoelectric composites, which are implemented in ACELAN-COMPOS finite 
element package, developed by the authors. The considered composites consist of 
piezoelectric skeleton and elastic inclusions. The effective moduli method is used to 
determine the effective properties of the composite. In this method, the static electroelasticity 
problems with special boundary conditions are set for a representative volume of the 
composite. These problems are solved numerically using the finite element method. The 
developed algorithm for generating representative volumes for the composites with granular 
inclusions is described in details. The work of the algorithm is illustrated by an example of a 
composite made of PZT-4 piezoceramic with inclusions of α-corundum. 
Keywords: piezoelectricity; two-phase piezocomposite; effective moduli; representative 
volume; finite element method; finite element software. 
 
 
1. Introduction  
Piezoelectric materials are widely used in modern engineering due to their ability to convert 
electrical energy into mechanical energy and vice versa, which is known as the piezoelectric 
effect. In order to improve the efficiency of these materials, the piezoelectric composites, 
based on piezoceramic skeleton, have been developed recently. Porous piezoceramic 
materials appeared perspective for use as the elements for acoustic transmitters and as 
renewable energy sources. As it turned out, in comparison with dense ceramics, porous 
piezoceramics had small acoustic impedance, but sufficiently high values of piezoelectric 
sensitivities and thickness piezomoduli. However, porous piezoceramics are less strong 
compared with dense ceramics. To improve the mechanical properties of porous 
piezoceramics, more rigid crystallites can be added into ceramic composites [1, 2]. 

The subject of this research is the piezocomposites of piezoceramics – crystallite 
(elastic inclusions) type. We use the effective moduli method and finite element technique 
implemented in our new own-developed software ACELAN-COMPOS [3]. In order to find 
the effective moduli of inhomogeneous body, we set special static piezoelectric problems for 
a representative volume. These problems differ by the boundary conditions, which are 
imposed on the representative volume surfaces. Special formulae are derived to calculate the 
effective moduli of piezoelectric media with arbitrary anisotropy. Based on these formulae, 
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we can find the full set of effective moduli for ceramic polycrystalline piezocomposites using 
finite element method. 

As a representative volume, we consider a cube evenly divided into cubic eight-node 
finite elements. For a mixed two-phase composite, such element can have piezoelectric 
properties for material of the skeleton or elastic properties for the material of inclusions. 
Inclusions are simulated as granules, consisting of one or more structural elements not 
connected with other granules (composite of 3-0 connectivity type [4]). The input user 
parameters are the minimum and maximum granule size, as well as the maximum quantum of 
inclusions in the representative volume. Random choice of the supporting element for the 
granule ensures the stochastic resulting distribution. The granule grows according to an 
algorithm that allows the granule to be shaped as close to the ball as possible, while avoiding 
unnaturally elongated elements. 

To provide an example, we consider a polycrystalline piezoceramic with sapphire  
(α-corundum) crystallites Al2O3 as inclusions. The effective moduli of the inclusions are 
calculated as the average moduli of monophase polycrystallite of trigonal system. The results 
of calculations give the full set of the effective moduli. 
 
2. Homogenization of two-phase piezoelectric composite by effective moduli method 
Let Ω  be a representative volume of a two-phase composite heterogeneous body composed 
of two piezoelectric materials )2()1( Ω∪Ω=Ω , where the phase )1(Ω  is the skeleton or the 
main medium and the phase )2(Ω  is the inclusion; Ω∂=Γ  is the external boundary of the 
volume Ω ; },,{ 321 xxx=x  is the vector of the spatial coordinates.  

In order to determine the effective moduli of the composite, let us consider the 
following static piezoelectric boundary problem  
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where },,,,,{ 121323332211 σσσσσσ=T  is the array of the stress components jiσ ; 
}2,2,2,,,{ 121323332211 εεεεεε=S  is the array of the strain components jiε ; D  is the electric 

flux density vector or the electric displacement vector; E  is the electric field vector; u  is the 
vector-function of mechanical displacement; ϕ  is the function of electric potential; Ecc =  is 
the 66×  matrix of elastic stiffness moduli; e  is the 63×  matrix of piezoelectric moduli; 

Sεκ =  is the 33×  matrix of dielectric permittivity moduli; )(icc = , )(iee = , )(iκκ =  for 
)(iΩ∈x ; }2 ,2 ,2 , , ,{ 0120130230330220110 εεεεεε=S ; km0ε  are some constant values that do not 

depend on x ; 0E  is some constant vector; *(...)  is the transpose operation; and (...)(...) ⋅  is 
the scalar product operation. 

By using (3), we can select such boundary conditions that enable us to obtain obvious 
expressions for the effective moduli:  

I.  βhS 00 S= , 00 =E   ⇒ 0
eff / STc >=< ααβ ,  0

eff / SDe ii >=<β , (4) 

II.  00 =S , mE eE 00 = ,  ⇒ 0
eff / ETem ><−= αα ,  0

eff / EDiim >=<κ , (5) 
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where const0 =S ; const0 =E ; β  is a fixed index ranging from 1 to 6; m  is a fixed index 
ranging from 1 to 3;  βh  is the vector from six-dimensional basic set for the components of 
the strain tensor; jjj eeh = , 3 ,2 ,1=j ; 2/)( 23324 eeeeh += ; 2/)( 13315 eeeeh += ; 

2/)( 12216 eeeeh += ; je  are the orts of the Cartesian coordinate system; 6 ..., ,2 ,1 =α ; 
3 ,2 ,1=i ; hereinafter the angle brackets denote the averaged by the volume Ω  values: 

∫Ω ΩΩ>=< d(...)|)|/1((...) . 

By using Equations (4), (5), from the solutions of six problems (1) – (4) for 
6 ..., ,2 ,1 =β , and from the finite element solutions of three problems (1) – (3), (5) for 

3 ,2 ,1=m , we can obtain the full set of the effective moduli eff
αβc , eff

αme , eff
imκ  for a two-phase 

piezoelectric composite. Note, that this technique is suitable when the phase )2(Ω  is presented 
by the elastic inclusions with 0)2( =e . The background and more detailed description of the 
considered approaches are presented in [3, 5]. 

 
3. The description of the algorithm for creating the 3-0 connectivity composite 
In ACELAN-COMPOS, we simulate mixed composite materials using cubic eight-node or 
twenty-node elements in the representative volume. There are a number of algorithms in 
ACELAN-COMPOS for creating the representative volumes with different types of 
connectivity and with controlled characteristics of the internal structure [3]. A granule 
generation algorithm (3-0 connectivity algorithm) to model a composite with separate 
inclusions is used below. This section gives a detailed description of this algorithm. 

Consider a granule as simply connected region of a specific material, consisting of one 
or more structural elements. The generation of granules occurs within a special area, called a 
domain. The domain is a cube, evenly divided along each side into eight smaller cubes. Thus, 
the domain consists of 512888 =××  identical cubic elements. These elements are identified 
with the corresponding finite elements in the subsequent numerical calculations. The granule 
size, as well as its location within the domain, is determined randomly. The algorithm can 
build one or more granules in the domain. At the same time, it is guaranteed that the granules 
inside the domain will not be connected to each other.  

As input data, the user specifies the percentage of granules material in the volume of the 
domain, as well as the minimum and maximum granule sizes. The process of the granule 
generation occurs sequentially until the user-defined percentage of their content is reached. 
When the percentage of granules is exceeded by adding any granule of minimum size the 
algorithm also terminates. During the execution of the algorithm, two obligatory conditions 
must be satisfied: the granules do not adhere to each other, and the skeleton of the basic 
material remains simply connected.  

The supporting element for generating the granule is selected randomly inside the 
domain. The granule is grown by random selection of the candidate (for example, element 
number 1 in Fig. 1b) in one of six possible directions (Fig. 1a), the remaining directions fall 
into the queue with increasing numbering (Fig. 1b, light gray elements 2 – 4). Then the 
elements that border the selected element along the planes in terms of the degree of proximity 
to the granule center (Fig. 1b, elements 5 – 7) are added to this queue. This process is 
repeated according to the scheme presented in Fig. 2a (Fig. 1 and Fig. 2 show a  
two-dimensional area for the clarity of presentation). The generation of the granule is 
terminated when either the granule reaches the maximum size, or the queue of candidates for 
addition is exhausted. Upon completion of the construction, the granules of the elements, 
bordering the constructed granule, are excluded from the further distribution process (Fig. 2b, 
elements marked with a cross). This allows us to avoid the case of the granules merging 
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within the domain. At the same time, the merging of the granules, located on the domain 
border and belonging to different domains, is still possible. 
 

       
 (a)        (b) 

Fig. 1. (a) Supporting element of the granule and the possible directions, (b) order of adding 
elements to the granule. 

 

      
(a)         (b) 

Fig. 2. (а) Order of adding the elements to the granule on the third step of the algorithm,  
(b) constructed granule with the elements, excluded from the subsequent construction. 

 
When the granule construction is completed (Fig. 3), we check whether the addition of 

the granule of the minimum size will exceed the user-defined ratio. In case, the addition of the 
granule is possible, the process is repeated. 

 

 
 

Fig. 3. Example of built granule. 
 

If the queue of potential candidates for the granule extension is exhausted before the 
granule reaches a minimum size, then the granule does not form, and all the belonging 
elements are excluded from further consideration. The situation described can be explained as 
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follows: the subregion of the skeleton material, from which the supporting element is 
selected, is not large enough to accommodate a granule of the minimum volume. 

The algorithm permits to generate the granules that do not exceed the maximum size of 
the granule. However, the cases when the granule is located near to the domain edges can lead 
to the creation of granules that exceed the maximum size.   

 
4. The results of numerical experiments 
As an example, in this section we will consider PZT/α-Al2O3 piezoceramic/monocrystal 
composite material. We determine the effective moduli of polycrystalline piezoceramic in two 
stages. At the first stage, we calculate the effective moduli for material of inclusions. At the 
second stage, we consider a piezocomposite with isotropic inclusions as a two-phase 
composite. Here we can use the models of representative volumes with elastic isotropic 
inclusions, described in the previous sections.  

In accordance with [6], at the first stage we obtain the averaged moduli of α -corundum 
as an isotropic phase: 10)2( 1026.40 ⋅=E  N/m2; 23.0)2( =ν ; 10)2(

11 1088.46 ⋅=c  N/m2, 
10)2(

21 1022.14 ⋅=c  N/m2; 0
)2( 10εκ = . For dense piezoceramic PZT-4 we take the following 

material constants: 10)1(
11 109.13 ⋅=c  N/m2; 10)1(

21 1078.7 ⋅=c  N/m2; 10)1(
31 1043.7 ⋅=c  N/m2; 

10)1(
33 105.11 ⋅=c  N/m2; 10)1(

44 1056.2 ⋅=c  N/m2; 2.5)1(
13 −=e  C/m2; 1.15)1(

33 =e  C/m2; 

7.12)1(
15 =e  C/m2; 0

)1(
11 730εκ = ; 0

)1(
33 635εκ = ; 12

0 1085.8 −⋅=ε  F/m.  
The geometric models of the composites with 3-0 connectivity were exported to binary 

format for the APDL ANSYS program. This program allows one to determine the effective 
moduli of the composite, based on the technique, described in [5]. 

Table 1 shows the effective moduli with a fixed percentage of inclusions (30%) with 
arbitrary random granule sizes and different number of finite elements in the representative 
volume of the composite (8, 16 or 32 elements along each side). The letters a, b and c indicate 
various starts of the granule generation program. Table 2 presents similar results for 60% of 
granules. 

 
Table 1. Effective moduli with 30 % of inclusions. 

  8а 8b 8c 16а 16b 16c 32a 32b 32c 
Al2O3 (%) 29 30 30 30 30 30 30 30 30 

10eff
11 10 ,c   N/m2 21.3 21.9 21.7 20.5 21.1 20.9 20.4 20.3 20.4 

10eff
12 10 ,c   N/m2 9.1 9.3 9.2 9.1 9.1 9.2 9.2 9.2 9.2 

10eff
13 10 ,c   N/m2 8.7 8.9 8.9 8.8 8.7 8.7 8.7 8.7 8.7 

10eff
33 10 ,c   N/m2 19.7 20.9 20.5 20.0 19.8 19.8 19.4 19.5 19.3 

10eff
44 10 ,c   N/m2 5.8 6.4 6.1 5.8 5.6 5.8 5.4 5.5 5.4 
eff
31e , C/m2 −3.8 −3.8 −3.9 −4.0 −3.9 −3.9 −3.9 −4.0 −4.0 
eff
33e , C/m2 10.2 10.0 10.0 9.7 9.7 9.8 9.5 9.7 9.6 
eff
15e , C/m2 8.9 8.4 8.9 8.5 8.9 8.7 8.8 8.6 8.8 

0
eff
11 / εκ  485 474 491 460 476 467 459 455 460 

0
eff
33 / εκ  425 423 421 405 405 407 393 400 397 
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Table 3 shows the effective moduli of the composite for various maximum granule 
sizes. The granule size is determined by the maximum and minimum number of finite 
elements. Calculations are performed for 30% and 60% inclusions. A representative volume 
includes 32 elements along each side (323 = 32,768 finite elements). 

As can be seen from Tables 1 – 3, the representative volume sizes, as well as random 
choice of the granules and their sizes generally slightly affect the values of effective moduli, 
except for the moduli that have smaller values, compared to other moduli of the same types. 
Obviously, the greatest stability of results is achieved when increasing the number of 
elements in the representative volume. Thus, the smallest spread of data takes place for the 
representative volume with 32 elements along each side. 
 
Table 2. Effective moduli with 60 % of inclusions. 

  8а 8b 8c 16а 16b 16c 32a 32b 32c 
Al2O3 (%) 59 59 64 62 60 62 61 61 61 

10eff
11 10 ,c   N/m2 31.9 31.5 32.9 31.4 29.9 31.1 30.3 30.3 30.3 

10eff
12 10 ,c   N/m2 11.3 10.8 11.2 11.1 11.0 11.2 11.1 11.1 11.1 

10eff
13 10 ,c   N/m2 10.5 10.9 11.0 10.6 10.6 10.6 10.6 10.6 10.5 

10eff
33 10 ,c   N/m2 30.0 31.2 32.4 30.9 30.2 30.7 30.3 30.3 30.3 

10eff
44 10 ,c   N/m2 10.1 10.3 10.8 10.2 9.9 10.2 9.8 9.8 9.7 
eff
31e , C/m2 −1.5 −2.4 −2.0 −1.9 −2.2 −1.9 −2.1 −2.0 −2.0 
eff
33e , C/m2 4.5 5.6 4.7 4.4 4.8 4.2 4.3 4.3 4.1 
eff
15e , C/m2 5.2 4.8 4.4 4.0 4.3 3.9 4.1 4.0 4.2 

0
eff
11 / εκ  280 272 238 210 226 201 205 202 207 

0
eff
33 / εκ  185 243 203 184 202 175 180 178 171 

 
Table 3. Effective moduli for different sizes of inclusions. 

Size of granule 
(min-max) 1–300 1–200 1–100 1–50 1–300 1–200 1–100  1–50 

Al2O3 (%) 30 30 29 30 61 59 61 57 
10eff

11 10 ,c  N/m2 20.3 20.2 20.3 20.5 30.2 30.1 30.5 29.3 
10eff

12 10 ,c  N/m2 9.2 9.2 9.2 9.2 11.1 11.0 11.1 10.9 
10eff

13 10 ,c  N/m2 8.7 8.8 8.7 8.7 10.5 10.0 10.6 10.3 
10eff

33 10 ,c  N/m2 19.4 19.2 19.3 19.5 30.3 29.8 30.3 29.1 
10eff

44 10 ,c  N/m2 5.5 5.5 5.4 5.5 9.8 9.6 9.8 9.4 
eff
31e , C/m2 –4.0 –4.0 –4.0 –3.9 –2.0 –2.0 –2.0 –2.2 
eff
33e , C/m2 9.6 9.7 9.6 9.7 4.3 4.3 4.3 4.8 
eff
15e , C/m2 8.7 8.6 8.7 8.6 3.8 4.3 4.0 4.3 

0
eff
11 / εκ  456 455 460 458 191 214 201 222 

0
eff
33 / εκ  394 398 394 399 178 179 179 201 
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Figures  4 – 6 shows the dependence of the effective properties of the composite on the 
percentage content of the granule material in the volume at a fixed maximum number of finite 
elements in the representative volume (32,768 finite elements). 

The dependencies shown in Figs. 4 – 6 completely correspond to the expected results. 
Since the inclusions are more rigid than the piezoceramic skeleton, the effective stiffness 
moduli increase with increasing the percentage of the inclusions. Moreover, since the moduli 

)2(
33

)2(
22

)2(
11 ccc ==  are the largest, then the effective moduli eff

11c  and eff
33c  grow faster than other 

moduli. In addition, since the inclusions are purely elastic and have small dielectric 
permittivities, both the effective piezomoduli and the effective dielectric permittivities 
decrease in magnitude with an increase in the inclusions fraction. 

 

 
 

Fig. 4. Dependence of elastic stiffness moduli on the percentage of granules.  
 

 
 

Fig. 5. Dependence of piezoelectric moduli on the percentage of granules.  
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Fig. 6. Dependence of dielectric permittivity moduli on the percentage of granules.  
 

We would like to note that the algorithm of the representative volume generation has 
the following interesting features. Numerical experiments showed that the result of the 
representative volume generation depend not only on the size of the cluster, but also on the 
range of the allowed granule sizes. Dimensions of granules are measured in the number of 
final elements. By default, the algorithm generates the granules with the sizes  
from 1 to 300 elements. By limiting the range of granule sizes, it is possible to obtain a model 
with approximately the same size of inclusions. However, in some cases the requirement on 
inclusion percentage can be violated. An experiment on generating the samples of materials 
with different fractions of the volume content of granules was carried out using the widest 
range of sizes 1 – 300 and several narrower ranges. The results of this experiment showed that 
for a significant range of sizes with a lower threshold the algorithm was able to generate 
models, corresponding to the input requirements. However, increasing the lower range limit 
narrows the scope of the algorithm applicability and leads to an increase in the relative 
deviation from the required percentage of the bulk content of the granule material. 
 
5. Conclusions 
The paper presents the homogenization methods for piezoelectric composites and the 
algorithm for generating a representative volume with 3-0 connectivity, implemented in the 
ACELAN-COMPOS package. The algorithm allows adjusting the percentage of granules in 
the composite, the size of the granules and the number of final elements in the representative 
volume. Numerical experiments were carried out to determine the range of applicability of the 
algorithm and to calculate the effective material properties of the composite depending on the 
input parameters of the algorithm. 
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