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Abstract. A theoretical model of plastic deformation of nanocrystalline ceramics in the 
region of small grain sizes is proposed. In the framework of the model, deformation is 
described as the combined action of grain boundary sliding and emission of lattice 
dislocations from triple junctions of grain boundaries. Using the method of discrete 
dislocation dynamics we obtained an inverse Hall-Petch relation, which qualitatively 
coincides with the experimentally measured dependences of microhardness in nanocrystalline 
ceramics with extremely small grain sizes. 
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1. Introduction 
The high strength and hardness of nanocrystalline ceramics make them good candidates for 
use in various industries, including electronics, optics, and power engineering [1-6]. Usually, 
the microhardness of ceramics obeys the Hall-Petch relation, which predicts a linear 
dependence between microhardness and the inverse square root of the grain size [7-9]. At the 
same time, several research groups [10-16] have demonstrated an inverse Hall-Petch relation 
(i.e., a decrease in microhardness with a decrease in grain size) in various nanocrystalline 
ceramics at grain sizes below a certain critical value. At the same time, the authors of Refs. 
[17,18] recently succeeded in synthesizing superstrong nanocrystalline MgAl2O4 and 
ZnAl2O4 ceramics, which demonstrated the direct Hall-Petch relation down to grain sizes of  
7 and 10 nm, respectively. The reason for these contradictory results is not yet clear, and for 
their explanation, it is necessary to understand the processes of plastic deformation occurring 
in nanoceramics. 

Molecular dynamics simulations [16,19,20] and experiments [16,21] have demonstrated 
the important role of deformation processes associated with grain boundaries (for example, 
grain boundary sliding and grain rotations), as well as processes of intragranular dislocation 
plasticity and formation of shear bands. In these works, a transition was observed from 
predominantly intragrain plasticity to grain boundary mediated deformation processes with a 
decrease in the grain size. The processes of plastic deformation in nanocrystalline ceramics, as 
well as the direct and inverse Hall-Petch relation for such materials, were also studied in 
theoretical works [12,22,23]. Authors of Refs. [12,22] utilized phenomenological composite 
models, which do not take into account any physical mechanisms of plastic deformation. In a 
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recent theoretical work [23], the transition from intragranular dislocation plasticity to sliding 
along grain boundaries was considered. As a result, the authors of [23] were able to explain 
the existence of both direct and inverse Hall-Petch dependences in nanocrystalline ceramics 
with very small grain sizes. At the same time, the assumptions of the model [23] about 
thermally activated sliding along grain boundaries, predicting a significant dependence of the 
microhardness on the strain rate, could not explain the observed [15] weak dependence of the 
microhardness on the strain rate in nanocrystalline MgAl2O4 ceramics. 

At present, there is no universal physically substantiated model explaining the presence 
of the inverse Hall-Petch relation in nanocrystalline ceramics, together with other 
experimental data. In this work, we propose a model of plastic deformation of nanocrystalline 
ceramics realized via grain boundary sliding in combination with the emission of lattice 
dislocations from the regions of grain boundaries adjacent to triple junctions. To calculate the 
yield stress within the framework of this model and explain the inverse Hall-Petch relation for 
nanocrystalline ceramics, we will use the method of discrete dislocation dynamics, which is 
briefly described in the next section. 
 
2. Discrete dislocation dynamics method: brief description 
Discrete dislocation dynamics (DDD) is a common method for describing the motion of 
dislocations, which makes it possible to clearly track the positions of individual dislocations 
and calculate the accumulation of plastic deformation in a material. In this work, we propose 
a simple two-dimensional model, which in the future can be extended to the three-
dimensional case in a fairly obvious, albeit time-consuming way. In the framework of two-
dimensional DDD, edge dislocations are modeled as point sources of deformation, 
characterized by the Burgers vector b. The dislocations are assumed to be straight and 
infinitely long in the direction perpendicular to the model plane. The force F acting on a 
dislocation is given by the well-known expression (the Peach-Koehler force [24]): 

ξbσF ×⋅= )( , (1) 
where σ  is the tensor of elastic stresses created by all dislocations and the externally applied 
load, and ξ  is the unit vector specifying the direction of the dislocation line. The dislocation 
velocity v can then be determined using the law of motion [25]: 

FMv ⋅= , (2) 
where M is the mobility tensor. In the simple case considered here, when dislocations are able 
to move only in one slip plane (which is typical for fcc structures), the tensor M is given by 
the expression: 

)( nnIМ ⊗−= gm , (3) 
where gm  is dislocation mobility constant, I is the identity matrix, n is the vector normal to 
the slip plane of the dislocation. The time dependence of the dislocation position )(tri  in its 
slip plane is found as a result of the iterative process: 

ttvtrttr iii ∆+=∆+ )()()( , (4) 
where )(tvi  is the dislocation velocity v projection on the glide direction and t∆  is the time 
step. Tracking all dislocation positions we can easily calculate the total plastic strain 
accumulated in the material at any given time. 

Within the framework of the DDD approach, two main mechanisms are usually 
introduced: (1) nucleation of dislocations and (2) annihilation of dislocations. In the two-
dimensional approach, the nucleation of dislocations is described by randomly placing point 
dislocation sources of the Frank-Read type. When triggered, such a source generates a pair 
(dipole) of dislocations of opposite signs, equidistant from the source and spaced from each 
other at a certain (specified) distance sl . Nucleation occurs when the effective shear stress at 
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the source exceeds the specified critical value sτ  (source power). The distance sl  is, in fact, 
the equilibrium distance between two dislocations under the action of shear stress sτ , and 
these quantities are related to each other by the known expression: 

s
s l

Gb 1
)1(2 νπ

τ
−

= , (5) 

where G is the shear modulus and ν  is Poisson's ratio. Annihilation of dislocations is 
implemented by removing any pair of dislocations of opposite sign that approach each other 
at a given (small) distance. 
 
3. Simulation of grain boundary sliding and emission of dislocations from triple 
junctions of grain boundaries 
Commonly the method described above is used to model dislocation plasticity, which is 
realized via glide of lattice dislocations. However, it is possible to use this method to describe 
the mechanism of grain boundary sliding. This mechanism is represented (see, for example, 
[26]), similarly to lattice slip, as the nucleation and slip of grain boundary dislocations along 
the grain boundary planes. Within the framework of DDD, grain-boundary dislocations are 
similar to lattice dislocations (except for the magnitude of the Burgers vector). 
 

 
Fig. 1. A model of grain boundary sliding and emission of lattice dislocations from grain 

boundary triple junctions 
 

A schematic depiction of the grain boundary deformation model is shown in Fig. 1. 
Consider a fragment of a nanocrystalline structure under the action of external shear stress. 
The material is assumed to be elastically isotropic and consists of identical hexagonal grains 
of size d. To simulate grain boundary sliding, we will place the source of grain boundary 
dislocations on one of the grain boundaries. Since the Burgers vector of grain-boundary 
dislocations is much smaller than the lattice one, such a source is activated at lower applied 
stress as compared to the sources of lattice dislocations. Therefore, grain boundary sliding is 
at first carried out relatively easily until the emitted dislocations begin to accumulate on some 
obstacle. The main and most important obstacle to the movement of dislocations is the triple 
junctions of grain boundaries. Their role is especially important in nanocrystalline structures 
due to the small grain size. In this work, we will not consider the mechanisms of overcoming 
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barriers by dislocations, i.e., the transfer of plastic shear through a triple junction to 
neighboring grain boundaries. Consequently, under the action of the applied voltage, the 
source will successively emit dipoles of grain-boundary dislocations (see Fig. 1), 
characterized by the Burger's vector, until a sufficient amount of them is accumulated to 
"lock" the source. Emission and sliding of grain boundary dislocations cause plastic shear 
along the grain boundary. 

As a result of the source's operation, a double pile-up of grain-boundary dislocations is 
formed at the grain boundary, pressed against the triple junctions. As is known from the 
theory of dislocations [24], such pile-up is a stress concentrator and the area of the triple 
junctions are characterized by increased elastic stresses. Consequently, triple junctions can act 
as sources of heterogeneous nucleation of dislocations, which is regularly observed in 
molecular dynamics simulations [27,28]. In this work, we will also consider triple junctions as 
sources of lattice dislocations, activated in the stress field of grain-boundary dislocations pile-
ups. 

Within the framework of the DDD approach, the process of emission of lattice 
dislocations from triple joints is simulated by the following method. Near the triple junction 
where grain-boundary dislocations are accumulated, at a given short distance we place a 
virtual source of lattice dislocations (see Fig. 1). It is a virtual source in the sense that there is 
actually no actual Frank-Read source at this point. In reality, a lattice dislocation is emitted as 
a result of the splitting of the head grain-boundary dislocation of the pile-up. However, such a 
process is inconvenient to describe within the framework of the DDD formalism. Thus we 
place an ordinary dislocation source in the vicinity of the triple junction. In this case, the 
length, and, consequently, the power of the source (see formula (5)), will be determined by 
the distance to the nearest grain boundary from the dislocation source. The only difference 
between this source and the standard Frank-Read source is that we do not set a fixed sliding 
plane for it, but we check it for operation in all possible sliding planes that exist in the 
material being modeled. As a result of the activation of this source, one of the dislocations 
remains near the triple junction, and the second goes into the grain body. The dislocation 
remaining in the triple junction effectively "locks" the source, so the triple junction can emit 
only one dislocation. 

Summing up, the modeled process in this work is presented as follows (Fig. 1). The 
applied stress activates the source of grain boundary dislocations (marked as × ) in the center 
of one of the grain boundaries, causing the intergranular slip. Grain-boundary dislocations 
accumulate at the triple junction, which leads to stress concentration in the vicinity of the 
triple junction. This, in turn, can lead (if the stress is high enough) to the activation of the 
source of lattice dislocations (× ) and the nucleation of one lattice dislocation near the triple 
junction, and the emission of another lattice dislocation into the grain body. 

 
4. Results and discussion 
Following the approach outlined in the previous paragraphs, we simulated plastic deformation 
in a nanocrystalline material using the example of MgAl2O4 ceramic bulk material 
characterized by the following value of parameters. For this, we used the model system  
shown in Fig. 1 and subjected to shear stress τ . We placed the source of grain-boundary 
dislocations exactly in the center of the grain boundary and set the distance 2=sl  nm, the 
Burgers vector of lattice dislocations equal to 3.0=b  nm [23], and grain-boundary 
dislocations – 10/bbgb = . The virtual source of lattice dislocations was placed at a distance 
of 2 nm from the triple junction exactly on the grain boundary line. We defined possible 
lattice slip systems as follows. We assumed that a grain has six possible slip planes defined by 
an angle 3/πϕ n=  (where n is an integer) relative to a randomly specified orientation 
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3/0 πθ <≤  of the grain itself (relative to the reference coordinate system). Since in this work 
we are interested in the inverse Hall-Petch dependence, we simulated a material with very 
small grain size, in which there are no sources of lattice dislocations in the volume of grains 
(except for virtual sources near triple junctions). 

Figure 2 shows the calculated dependences of the plastic shear strain on the applied 
stress τ  for different grain sizes. The dependences clearly show a strain jump corresponding 
to the moment of emission of a lattice dislocation from a triple junction. Translating shear into 
tensile deformation, we also calculated the dependence of the conventional tensile yield stress 

2,0σ  on the grain size (Fig. 3). Figure 3 clearly demonstrates the inverse Hall-Petch 
dependence in the range of grain sizes from 10 to 50 nm – an increase in the yield stress with 
an increase in the grain size. 

 

 
Fig. 2. Shear strain γ  dependence on applied shear stress τ  for various grain sizes of 

nanocrystalline MgAl2O4 ceramic 
 

 
Fig. 3. Yield stress 0.2σ  dependence on the grain size d of nanocrystalline MgAl2O4 ceramic 

 
It should be noted that the simplified nature of the model does not allow obtaining 

realistic absolute values of the yield stress that coincide with the experimental data. While our 
simulations estimate yield stress at the level of 0.01–0.02G (which for MgAl2O4 ceramic with 
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100≈G GPa gives ~1–2 GPa), the experimental data on microhardness measurements in 
nanocrystalline ceramics [10-16] reports typical values of 3020−=VH  GPa, which translates 
(using standard phenomenological relation 0.23VH σ= ) to yield stress of the order of  
6–10 GPa. So our data significantly underestimate yield stress (microhardness). The 
discrepancy in absolute values of calculated and measured yield stress is most likely 
attributed to the lack of certain deformation mechanisms specific to MgAl2O4 ceramic in our 
model. For example, it is possible that the transfer of plastic shear through a triple junction to 
neighboring grain boundaries, grain rotation, and GB amorphization might play a significant 
role. Also, choice of model parameters (such as dislocation mobility and source strength) 
might be improved. 

At the same time, the qualitative nature of the dependences coincides with the 
experimental data on microhardness measurements in nanocrystalline ceramics [10-16]. 
Further research is planned to improve the proposed model.  

 
5. Conclusion 
Thus, in this work, we have proposed a theoretical model of deformation of nanocrystalline 
ceramics, which describes the inverse Hall-Petch relation in the region of small grain sizes. 
The model was verified by the method of discrete dislocation dynamics. The results of the 
model showed a qualitative agreement with the experimental data. We can conclude that grain 
boundary sliding combined with intragrain plasticity seems to reasonably explain the 
experimental observations. 
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