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Abstract. The paper considers the method for determining stable low angle cell boundaries. 
The multilevel physical approach is applied to model inelastic deformation, using which 
shears are found for slip systems of the crystal. Based on these data, the density of two types 
of dislocation defects, which are stopped during deformation at crystallite boundaries, is 
introduced into consideration. The optimization problem is posed for finding sections of the 
boundary with reduced energy. The dependence of orientation of these sections relative to the 
crystallographic coordinate system is investigated. The results of solving the optimization 
problem and their analysis are presented. 
Keywords: crystal plasticity, crystal structure, dislocation boundaries, energy of low angle 
boundaries, Reed-Shockley relation 
 
 
1. Introduction 
In recent years, special attention in deformable solid mechanics has been attracted by tasks 
requiring a comprehensive study of the material's structure and its evolution at various scale 
levels [1-3,etc.]. Structure evolution leads to a change in physical-mechanical properties of 
the material. In a manufacture of various products in most technological processes, 
polycrystalline metals and alloys are subjected to thermomechanical processing. Therefore 
particular interest is the consideration of these processes and physical mechanisms that realize 
the restructuring of the internal structure [4-6]. During high-temperature deformation and/or 
subsequent heat treatment of metals after inelastic deformation, significant structural changes 
is associated with the recrystallization process [7,8]. As a result of this, defective grains are 
absorbed by less. This is accompanied by profound changes in the shape and size of grains 
(subgrains), as well as the state of the defective substructure (primarily dislocation) inside and 
at grain's boundaries. Due to recrystallization, it is possible to obtain a material with a fine-
grained structure [9,10], thus preparing a material for superplastic deformation [11,12]. The 
mechanism of recrystallization, based on the displacement of sections high-angle boundary 
due to the difference in the stored energy of neighboring crystallites formed as a result of the 
previous inelastic deformation [13], is studied. In addition to stored energy difference in 
crystallites adjacent to the high angle boundaries, the main characteristics are grain boundary 
energy and the recrystallization nuclei geometry for the recrystallization mechanism under 
consideration [14,15]. Because of this, one of the main aspects of modeling the process of 
recrystallization is the description of the appearance and evolution of recrystallization nuclei. 
Based on the known experimental data [14,15], it is assumed in the present work that either 
cells or their blocks located near the high angle boundary are the recrystallization nuclei. 
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Earlier in [16], the approach was proposed to describe the formation of cells due to the 
appearance of random low angle dislocation boundaries. It is focused on the use of multilevel 
physical models of inelastic deformation of a statistical type. It was assumed that cell's 
boundaries are formed as a result of trapping of edge dislocations at barriers randomly 
oriented in space. Part of low angle boundaries will be unstable and have increased energy, 
while the other part will be stable. Stable low angle cell boundaries can transform into the 
boundaries of blocks or subgrains [17], starting the process of dynamic or static 
recrystallization. The aim of the work is to modify the model of inelastic deformation, which 
will allow to determine the stable boundaries of cells with low energy. To solve this problem, 
it is necessary to consider the defective (dislocation) structure at a boundary and determine its 
effect on the surface energy of the crystal boundary. It is also necessary to consider the 
dependence of the boundary defect structure state on the boundary flat section orientation 
relative to the crystallographic axes. 
 
2. Subgrain structure formed by cold plastic deformation 
Plastic deformation is realized by the movement of dislocations. In this case, as a rule, an 
increase in their density occurs. The dislocations uniform distribution over a grain volume 
isn't a stable configuration. In a process of inelastic deformation, dislocations form 
configurations that gradually approach structures with a minimum internal energy per unit 
dislocation line length [18,19 and others]. These dislocations configurations often have a 
spatial distribution that is capable of screening their stress fields. This leads to a decrease of 
dislocations energy stored in the volume. It is assumed that lattice edge dislocations interact 
with each other, redistribute, and form low-energy configurations. Two types of regions are 
distinguished in crystals: saturated with dislocations (low angle dislocation boundaries) and 
almost defect-free regions between them. The formation of dislocation boundaries leads to the 
crystal parts rotations relative to each other, accordingly to the refinement grain structure and 
the appearance of subgrains [20,21]. The most frequently encountered elements of a subgrain 
structure in crystals that have a dislocation nature are two-dimensional dislocation boundaries 
(walls of dislocations), dislocation tangles, and three-dimensional dislocation cellular 
structures. 

In the framework of this paper, two types of subgrain structure elements are 
considered [17]. The smallest misoriented elements in the grain are individual cells that are 
separated by incidental dislocation boundaries or dislocation cell boundaries. The higher scale 
level elements are cell blocks, which are adjacent cells having the same set of active slip 
systems. Cell blocks are separated by dense dislocation walls or/and microbands. Cell block 
boundaries are clearly marked on the microsections and the blocks misorientation exceeds 
misorientation of neighboring cells. Accordingly, two types of boundaries are considered, that 
are the boundaries of cells and cell blocks. All mentioned boundaries are low angle, the 
dislocation structure of them is confirmed by experimental studies [22]. The dislocation 
density at such boundaries can be established experimentally by determining the 
misorientation between adjacent crystallites and the boundary orientation [6].  

Cell block boundaries are geometrically necessary boundaries. Their appearance and 
evolution are due to the motion and interaction of various slip systems dislocations. This type 
of boundaries provides the compatibility of plastic deformation. Geometrically necessary 
boundaries also include high angle grain boundaries. The evolution of the lattice rotations of 
neighboring grains are determined by the incompatibility of plastic deformations [23]. 
Incidental cell boundaries are fundamentally different from boundaries of cell blocks, 
subgrains and grains. The spatial orientation of cell boundaries is random, since its formation 
is the result of edge mobile dislocations trapping by barriers of various nature, including 
forest dislocations [17]. Active plastic deformation increases misorientation between adjacent 
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cells. Various slip systems operate in them. A possible result is the evolution of cell 
boundaries into geometrically necessary boundaries that become indistinguishable from the 
cell block boundaries. Such boundaries were called subgrain boundaries, respectively, 
elements separated by such boundaries were called subgrains [17]. Experimental studies 
indicate that the plane of the boundaries of the blocks are often parallel to the crystallographic 
{111} planes in face-centered crystals or planes, which are determined by the characteristic 
axes of metal forming [24,25]. Experimental studies indicate that planes of cell block 
boundaries are often parallel to the crystallographic {111} planes in face-centered crystals or 
planes, which are determined by the characteristic axes of metal forming [24,25]. In some 
experimental works (for example, [26]), it is noted that for one polycrystalline sample, but for 
different grains, cell block boundaries can both be parallel to the {111} planes and non-
parallel to them. 
 
3. The model of subgrain structure formation during cold plastic deformation 
The formation and evolution description incidental cell boundaries are based on the rotation 
model described in [16]. The physical mechanism of the dislocation cell boundaries structures 
formation is proposed in the cited work. This mechanism determines the mutual 
misorientation of the cells. It is assumed that cells have the shape of a convex polyhedron, flat 
boundary sections in the work are called facets. Cell's facets are randomly oriented in space 
according to the uniform law. In the framework of this work, only individual facets and the 
state of the defective structure in them are investigated. It is known, that during plastic 
deformation in each active system slip of edge dislocations of both signs occurs. Figure 1 
shows schematically motion of edge dislocations of opposite signs along one slip system in 
homogeneous plastic deformation process in the selected cell. 
 

 
Fig. 1. The scheme of homogeneous plastic deformation and motion of edge dislocations of 

opposite signs along one slip system 
 

It should be noted that neighboring cells are close in crystallographic orientation. This 
means that shear and critical stresses also are close. This means that shears and critical 
stresses also have similar values. Therefore, lattice edge dislocations of both signs are 
gathered on the selected facet (Fig. 2): conventionally positive dislocations of the considered 
cell and conventionally negative dislocations of the neighboring cell. It is supposed that 
dislocations of opposite signs that are found on the facet of the boundary annihilate. Defects 
such as dislocation dipoles are not considered, since they don't lead to rotations of 
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neighboring crystallites. The excess fraction of same sign dislocations, trapped on the 
boundary facet, is the reason of neighboring cells misorientation. It is assumed that a smaller 
part 1–β of dislocations realizing plastic deformation remains in the volume of the considered 
cell. Accordingly, in flat boundary section from the side of the considered cell a larger 
fraction β of edge dislocations is remained. Parameter β describes the microstructure state of 
individual cells, including their interior and boundary. At initial stages of plastic deformation, 
the excess same sign dislocation density on the common facet is determined by the difference 
in the values of the parameter β of the contacting cells. Further, this difference is denoted as 
Δβ(i,j), i, j are indices of neighboring cells. 
 

 
Fig. 2. The scheme of the dislocation clusters formation in the cell's facet taking into account 

dislocations of both signs and the annihilation dislocations process 
 

To determine angle change rate of the cell misorientation ( )φ k
d  relative crystal 

environment, when dislocations slide along the k-th slip system and trap them, on the 
considered facet N(l) the edge component of dislocations is distinguished [16]. The 
instantaneous axis of rotation ( )k

dl  is determined: ( ) ( ) ( )k l k
d = ×l N n , ( )kn  is the normal of the k-

th slip system. The relation for the quantity ( )φ k
d  has the form [16]: 

( ) ( ),( ) ( )1φ = β γ cos α ,
2

i jk k
d ∆   (1) 

where ( )γ k
  is the shear rate along the k-th slip system (determined using the physical 

elastoviscoplastic model [27]), α is the current angle between the considered normal l-th facet 
N(l) and the Burgers vector b(k). In this case the angular velocity vector ( )k

dw  is determined by 
the ratio: 

( ) ( ),( ) ( ) ( ) ( )( ) 1=φ β γ cos α .
2

i jk k k k
d d d

k
d = ∆ lw l   (2) 

The cell's total rotation spin sgω  is established by the summary rotation rate from all 
facets as a consequence of dislocations trapping over all active slip systems: 

( ) ( ) )

1

(,      ,
aN

k k
sg d d

k

k
d

=

⋅= = −∑ wω ω Єω  (3) 

where the summation is over all active Na slip systems that contribute to the formation of 
dislocation walls on the cell boundary, Є  is the Levi-Civita tensor. In relation (3), the index 
of the facets and the sum sign over the facets are omitted. The total angular velocity vector 

wsg is determined by the total spin ωsg: 
1 :
2sg sg=w Є ω . The cell's instantaneous axis of 
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rotation esg coincides with the vector direction wsg: /sg sg sg sg= ⋅e w w w , the magnitude of 

the vector wsg determines the instantaneous velocity rotation φsg sg sg= ⋅w w  about this axis.  
It is supposed that defects located at incidental cell boundaries can trap only a small part 

of lattice dislocations flow by their elastic fields. The cell boundaries are assumed to be 
"permeable" for lattice dislocations in which the maximum limiting (critical) density of 
dislocations can be reached ρidb

cr . The value of this density doesn't allow to achieve 
misorientation angles characteristic of cell blocks or elements of a higher scale. The value 
ρidb

cr  is the model's parameter and determined in computational experiments: angles of mutual 
cell misorientations cannot exceed the values of the cell blocks misorientation angles (order 
of several degrees). In this case, the natural criterion for the cell block boundaries formation is 
a differing set of active slip systems in neighboring cells. Cell block boundaries contain not 
only edge dislocations, but also orientational mismatch dislocations [28]. For such boundaries 
"permeability" decreases and they can contain a larger number of dislocation defects ρddw

cr , 
both of edge dislocations (the value ρidb

cr  for such boundaries becomes higher) and 
orientational mismatch dislocations. As a result of this, crystalline elements separated by such 
boundaries become misoriented by a larger amount during plastic deformation than elements 
separated by incidental boundaries. 

The important problem is determination of incidental cell boundaries facets, which can 
subsequently evolve into cell block boundaries [17]. These facets must be stable, i.e. possess 
low energy according to the principle of low-energy dislocation structures formation under 
the influence of external loadings [17]. As already mentioned, to determine the cell 
orientation relatively to the environment, the perpendicular component of Burgers vector to 
the cell's facet ⊥b  (Fig. 3 (a)) is selected. In this case, the Burgers vector component b  that 
lies in the facet plane of the boundary can be distinguished (Fig. 3 (b)). Hereinafter, 
dislocation clusters mentioned above are referred to as "defect ⊥b " and "defect b " for 
brevity. The "defect b " does not contribute to cell's misorientations, but has an increased 
energy and affects the material hardening, especially in the initial stages of plastic 
deformation. Dislocation clusters shown in Dislocation clusters shown in Fig. 3, in an 
isotropic elastic medium were probably first considered by Burgers [29]. Stress field tensors 
for such configurations were calculated by Cottrell [30]. The surface energy gbe⊥  for a 
dislocation wall (Fig. 3 (b)), using results for the stress fields established by Cottrell, was 
calculated by Reed and Shockley and is determined by the relation [31]: 

( )0= φ ln φ ln φ ,gb gb me e e⊥ ⊥ −  (4) 

where the notation is accept 
( )0
μ=

4π 1 νgb
be

⊥
⊥

−
, αφ

2πm = , μ is the shear modulus, ν is the 

Poisson's ratio, α is the factor for taking into account the dislocation core energy in the stress 
field of the considered defect, b⊥  is the Burgers vector module of dislocations ⊥b . For the 
proposed boundary defects decomposition, the quantity b⊥  is understood the projection of 
component vector Burgers ⊥b  onto the considered facet normal N(l). In the multilevel model, 
a misorientation angle of a crystalline element φ is determined by shear of active slip systems. 
In turn, they can be used to determine dislocation densities of the same sign in a boundary 
facet. For small displacement gradients, the angle φ estimate can be obtained by integrating 
relation (1): 
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( ) ( ),1φ= β γ cos α .
2

i j∆  (5) 

Relations (4)–(5) are valid for each k-th slip system interacting with the considered 
facet; the index of the slip system in these relations is omitted. 
 

 
Fig. 3. The scheme of defect structures separation on a facet: cluster of edge dislocations with 

a vector perpendicular to the boundary plane ("dislocation wall" or "defect ⊥b ") (a),  
cluster of edge dislocations with a Burgers vector lying in the plane of the boundary facet 

("defect b ") (b) 
 

Thus, defects that are trapped by the boundary facet contribute to the energy of the 
entire crystal due to two components the surface energy gbe⊥  of defects ⊥b  and the energy gbe  

of defects b : 
.gb gb gbe e e⊥= +   (6) 

Since stress fields of dislocations clusters with the Burgers vector b  are not 
damped [30], this defect component increases the surface energy of the crystal much more 
than the accumulation of dislocations with the Burgers vector ⊥b . To fulfill the equilibrium 
condition of the medium with defects b , it is necessary that they are located in 
configurations for which the stress fields are screened. The estimate for the quantity gbe  can 
be obtained by conducting arguments similar to those used in obtaining the Reed-Shockley 
relation. The value gbe  found in this way indicates its multiple excess over gbe⊥ . 

To analyze the boundary stability, internal variables of the model are introduced ( )ρ k
⊥  

and ( )ρ k


 , which characterize the rate of change in the density of dislocations of two types ⊥b  

and b  for each k-th slip system: 
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( ) ( )

( )
( )

( ) ( )
( )

( )
( )

( )

, ,
( ) ( ) ( ) ( )

,
2 2( ) ( ) ( ) ( ) ( )

, ,
( ) 2 ( )

β βρ γ γ cos α ,

βρ γ

β βγ 1 cos α γ sin α ,

i j i j
k k k k

i j
k k k k k

i j i j
k k

bd bd

bd

bd bd

⊥

∆ ∆
= ⋅ =

∆
= ⋅ − ⋅ =

∆ ∆
= − =

b N

b b b N


  

 

 

 (7) 

where b is the Burgers vector modulus, d is the dislocations mean free path, which is 
comparable to the characteristic cell size. At initial stages of plastic deformation, it can be 
assumed that cell rotations slightly affect the angle α.  In this case, integrating (7), it can 
obtain relations for quantities ( )ρ k

⊥  and ( )ρ k


: 

( ) ( )( ) ( ) ( ) ( )β βρ γ cos α ,   ρ γ sin α ,k k k k

bd bd⊥

∆ ∆
= =



 (8) 

where ( )γ k  is the accumulated shear the k-th slip system. From relation (8), it is easy to obtain 
the following relationship between parameters ( )ρ k

⊥ , ( )ρ k


  and the accumulated shear ( )γ k  of 
the considered slip system: 

( ) ( )
( ) 2,

2 2( ) ( ) ( )βρ  ρ γ .
i j

k k k

bd⊥

 ∆
+ =   

 


 (9) 

This means that with a fixed accumulated shear, an increase in one of the defect density 
components on the considered facet leads to a decrease in the other. Below we use the 

notation for total characteristics of defect densities ( )

1
ρ = ρ

aN
k

k
⊥ ⊥

=
∑  and ( )

1
ρ = ρ

aN
k

k =
∑

 

, where the 

summation is over all active systems that go to this boundary. 
According to relation (9), the total density of defects is determined by a deformation 

process, accumulated shears, and doesn't depend on a boundary orientation. The boundary 
orientation affects the fraction of two considered defects ⊥b  and b , on which the surface 
energy of the boundary also depends. Figure 4 shows a typical graph of surface energy low 
angle boundary component gbe⊥  on the misorientation angle φ. In most works using the Reed-
Shockley relation, only a monotonously increasing part of this dependence is considered. A 
plot of a monotonically decreasing graph gbe⊥  after a certain angle is often associated with 
special grain boundaries [31].  

 

 
Fig. 4. The typical graph of low angle energy component gbe⊥  
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The paper considers the initial stage of plastic deformation, at which a monotonic 
increase in energy gbe⊥  occurs. The maximum value of low angle boundaries energy 

component gbe⊥  is achieved for facets whose orientation of the normal corresponds to the 
maximum fraction of defect density ρ⊥ . In turn, this leads to minimum values ρ



 and the 

corresponding energy component gbe . In general, such boundaries introduce less energy into 
the crystal during inelastic deformation and are stable. In order to study the crystallographic 
dependence of a boundary orientation with reduced energy egb, the following optimization 
problem is posed. It is necessary to determine the angles φ and ψ that specify the orientation 
of the boundary facet normal ( )ψ, φN , which delivers the maximum of the following 
function: 

( )ψ, φ max.gbe⊥ →  (10) 

The problem (10) of determination the maximum component gbe⊥  of surface energy is 
equivalent to the problem of finding minimum of total surface energy egb. All necessary 
relations required to determine the magnitude gbe⊥  and solution of the optimization task (10) 
are included in this problem as constraints in the form of equalities, which are the multilevel 
model of inelastic deformation [27]. To solve problem (10), it is convenient to write the 
normal in a spherical coordinate system as a function of two variables: 

( ) ( ) ( ) ( ) ( )1 2 3sin ψ cos φ sin ψ sin φ cos ψ ,= + +N k k k  (11) 
where ki is the orthonormal basis of the crystallographic coordinate system Oxi of the 
crystallite, the angle [ )ψ 0, 2π∈   is counted from the axis Ox1 in the x1Ox2 plane, the angle 

[ ]φ 0, π∈   is counted from the x1Ox2 plane. 
 
4. Numerical results for stable boundaries determination 
To solve the mentioned above problem the following computational experiment was realized. 
Using the statistical multilevel model [27], initial stage of plastic deformation of a 
polycrystalline copper sample consisting of 1000 grains was calculated by a value of 3-4% 
order. The numerical experiment was carried out for three different kinematic loading 
programs: uniaxial compression, simple shear, and the section of the closed circular trajectory 
in the deformation space. For each grain using the inelastic deformation model, the 
accumulated shears ( )γ k  were determined for active slip systems. Next, the optimization 
problem was posed (10). The characteristic form of the objective function ( )ψ, φgbe⊥  for an 
arbitrarily selected grain under uniaxial compression is shown in Fig. 5. For other grains at 
considered strain values, but other types of loading, the qualitative form of this function is 
similar. 
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   (а)      (b) 

Fig. 5. The dependence of low angle boundary energy on angles φ and ψ that determine the 
facet N (the surface energy is 10–2 J/m2 for the ordinate axis) for two different grains. The 

dark dot shows the global maximum, the angles corresponding to {111} family normals are 
marked in white 

 
For most of objective functions of different grains, one maximum is pronounced and 

localized in the parameter space ( )ψ,φ  (Fig. 5(a)), near which stable facets of small-angle 
boundaries are formed. Less common grains, target functions which have some obvious peaks 
(Fig. 5 (b)). It is fair to expect that the formation of cell blocks, and as a result, the activation 
of additional slip systems, form new local maxima of this function with the "spreading" of the 
global one. In the developed model, it is assumed that in each grain cell boundaries are 
formed randomly according to uniform distribution law. As a result of this, the formed 
boundaries of cell blocks (the boundaries of cells with reduced energy) are determined near 
the local maxima of the energy component ( )ψ, φgbe⊥ , the reference point of which is taken as 
the global maximum. In numerical calculations, the global maximum of the boundary energy 
component ( )ψ, φgbe⊥  in each grain was determined. The optimization problem was solved by 
the Nelder-Mead method. To search for a global maximum, the initial simplex element in the 
space of angles ψ and φ was generated 20 times. Of the found local maxima for the 
considered grain, the largest was chosen. Based on the found angles that deliver the optimum 
of function (10), a stereographic projection to a normal of the desired facet for each grain 
relative to the direction Ox3 of its own crystallographic coordinate system was constructed. 
The direct pole figures for these planes are shown in Fig. 6. 

Based on obtained results, it can be concluded that there is a crystallographic 
dependence of stable boundaries, which is determined by the type of loading and, 
accordingly, active slip systems in a grain. For example, for simple shear deformation  
(Fig. 6, (b)), accumulation places of stable boundaries facets near crystallographic directions 
( )101 , ( )101 , ( )011 , ( )011  are pronounced. Also, on direct pole figures 6, one can observe 
areas in which there are no stable boundary facets. For example, such places are especially 
clearly visible in Fig. 6 (a) for uniaxial tensile strain. Shown in Fig. 6, results don't depend on 
the magnitude of prescribed deformation, since at the initial plastic deformation stage in the 
region of easy slip, shears of active systems increase proportionally to each other in each 
grain. 

 

792 N.S. Kondratev, P.V. Trusov



 
(a)      (b) 

 
(c) 

Fig. 6. Direct pole figures for facet which were found by solving the optimization problem for 
various loading types: uniaxial tension (a), simple shear b), part of the circle in the space of 

strains c). Gray rectangles indicate the stereographic projections {111} 
 

Figure 7 shows the density of defects in facets defined in solving optimization 
problems. It can be noted that found boundaries have a large density defect ⊥b , the proportion 
of which varies from 56.4% to 61.5% for various loading types. The average values of the 
defect density for uniaxial tension are 13 22.65·<ρ 10 m⊥

−>=  , 13 22.05·<ρ 10 m−>=  


, simple 
shear are 13 22.83<ρ ·10 m−

⊥ >= , 13 21.77<ρ ·10 m−>=


, section of the circular trajectory are 
13 22.32<ρ ·10 m−

⊥ >= , 13 21.58<ρ ·10 m−>=


. Boundaries facets near a found maximum separate 
the most misoriented regions of the crystalline material in comparison with other facets. 
Within the framework of the proposed model, it isn't possible to find facets in which there are 
no defects b . This is due to the fact that a significant number (6÷8) of slip systems are 
activated in grains. 
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(a) 

 
(b) 

 
(c) 

Fig. 7. Distribution density defect histograms under various types of loading (the value of 
defect density (×10–13 m-2) is plotted along the ordinate axis): 

uniaxial loading (a), simple shear (b), section of the circular path (c) 
 
6. Conclusion 
The paper describes the approach of modeling formation and evolution of incidental cell 
boundaries. Within the framework of multilevel models for describing inelastic deformation, 
the method for determining stable low angle dislocation cell boundaries is proposed. It is 
shown that such boundaries should have a lower surface energy and an increased component 
of the density of defects associated with dislocation walls. Stable boundaries separate parts of 
the crystal with the largest crystallographic misorientation among possible. Using the 
multilevel model of inelastic deformation, a stress-strain state of polycrystalline copper is 
determined under various loading. Internal variables of the model are calculated, including 
shears of slip systems, which are used to determination the defect density at the boundary. 
The problem of surface energy optimization using microstructure data obtained in the 
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multilevel model was posed and numerically solved. Existence of "centers of attraction" 
stable facets and presence of areas of their absence are shown for different loading types in 
direct pole figures. The study shows that the process of boundaries cell blocks forming is 
determined by the motion and interaction of dislocations of various active slip systems. To 
describe formation of geometrically necessary boundaries (including cell block boundaries), it 
should probably consider the orientational mismatch dislocations and/or disclinations, their 
interaction and evolution. Using these data and taking into account defects of this type, the 
energy state of boundaries should be determined further. The results presented in this paper 
can be used to model the process of fragmentation and subsequent grain structure refinement 
in multilevel physical models of inelastic deformation. 
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