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Abstract. Graphene with a high-density ensemble of homogeneously dispersed topological
disclinations is defined and theoretically described as a new two-dimensional material hereinafter
called highly disclinated graphene (HDG). Within the suggested approach, positive and negative
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that the buckled structure is responsible for non-linear superelasticity of graphene-HDG
nanocomposites and may cause other, potentially excellent mechanical characteristics of such
nanocomposites and HDG.

1. INTRODUCTION

curvature produced by defects, graphene can serve
as a mature material for other curved carbon
Graphene - a monolayer with the hexagonal sp2
allotropes [10,19-21]. For instance, graphene sheets
covalently bonded crystal structure - represents the
can be globally (but not only locally) curved when
subject of explosively growing interest in physics
they contain positive and negative topological
and materials science due to its unique mechanical,
disclinations - pentagon and heptagon rings,
electron transport and thermal properties; see, e.g.,
respectively - in hexagonal crystal lattice (Fig. 1).
reviews [1-4] and papers [5-14]. In particular, twoSo, insertion of positive topological and negative
dimensional (2D) graphene is specified by superior
disclinations into a mature graphene sheet with
intrinsic strength of 130 GPa and extremely high
hexagonal crystal lattice and associated bending
Young modulus (in-plane stiffness) of 1.0 TPa [5].
produce various curved carbon nanostructures (e.g.,
At the same time, pristine graphene can be easily
cones, capped carbon nanotubes, fullerenes, etc.),
rolled due to its 2D flat geometry and material
whose geometries depend on the number and
properties. With this behavioral feature, graphene
location of these topological disclinations [10,19represents a mature material for carbon nanotubes
21]. Also, dipoles of closely distant positive and
resulted from rolling of graphene ribbons [1,10]. Also,
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in 2D graphene sheets due to their elastic straining
which are typical defects in graphene [21,26-28]. In
by external mechanical load [14-18] and/or the
this situation, curvature associated with positive
presence of internal defects like topological and grain
disclination of a dipole configuration is compensated
boundary disclinations [10,19-21]. In doing so, local
by curvature created by negative disclination of the
curvature of buckled graphene sheets significantly
dipole, and a dislocated graphene is flat on average.
or even crucially influences their electronic
In particular, dipoles of closely distant topological
properties [15-17,22-25]. More than that, with
disclinations play the role of basic structural blocks
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Fig. 1. (color online) Topological disclinations with strengths 2s/3 in hexagonal crystal lattice of graphene.
(a) Positive disclination of strength /3 (pentagon marked by full triangle) in a flat graphene membrane
creates high in-plane distortions and stresses. (b) A free-standing graphene membrane with a positive
disclination transforms into a curved cone structure having blunt top. (c) Negative disclination of strength /3 (heptagon marked by open triangle) in a flat graphene membrane creates high in-plane distortions and
stresses. (d) A free-standing graphene membrane with a negative disclination transforms into a into saddlelike structure.

of grain boundaries in graphene [4,21,27-32]. In these
cases, the distance
between topological
disclinations composing dipole configurations (or,
in other terms, topological dislocations) is of the
atomic scale:
a, with a being the crystal lattice
parameter [21,27-32].
The main aim of this paper is to predict and
theoretically describe a new carbon material
(allotrope), the namely HDG defined here as a freestanding graphene that contains a high-density
ensemble of homogeneously dispersed positive and
negative topological disclinations with a nanoscopic
mean distance L between neighboring disclinations.
In this special carbon allotrope, the characteristic
distance L is in the range: 200a L 2a. We will
theoretically examine the structural features of HDG
and graphene-HDG nanocomposites as well as
estimate some of their mechanical properties.

2. GEOMETRY AND ENERGY
CHARACTERISTICS OF
INDIVIDUAL TOPOLOGICAL
DISCLINATIONS IN GRAPHENE
First, let us briefly discuss geometry of individual
topological disclinations in graphene. Typical positive
and negative topological disclinations in graphene
with hexagonal crystal lattice are pentagons and
heptagons (Fig. 1) characterized by disclination
strengths = /3 and - /3, respectively; for details,
see, e.g., Refs. [19,21,27,28]. Insertion of a sole
positive or negative topological disclination into a
free-standing graphene sheet creates high in-plane
stresses which can effectively relax through its
buckling that transforms the sheet into a cone-like
or saddle-like carbon structure, respectively
(Fig. 1). Following the general theory of free-standing
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Fig. 2. (color online) Geometric features of highly disclinated graphene (HDG). HDG represents a freestanding graphene with positive and negative topological disclinations (full and open triangles, respectively)
arranged in a periodic superlattice. (a) Flat state. (b) Buckled state. Positive and negative topological
disclinations correspond to local hills and valleys, respectively.

membranes/sheets containing sole disclinations
[33], the buckling process is controlled by balance
between the bending and stretching energies. Below
we will consider this balance in graphene.
The energy Ef of a sole disclination located in
center of a circle-like flat membrane is as follows
[33]:
E f Y

2

R / 32.
2

(1)

Here Y is the Young modulus, is the disclination
strength, and R is the membrane radius. The energy
Eb of a disclination located in center of a buckled
membrane is given as [33]:

Eb  k

ln R / a .

(2)

Here k denotes the bending rigidity, R the radius of
the membrane in its flat state, a the lattice spacing,
and the factor taking into account the disclination
type ( = 3.456/ and = 7.545/, for positive and
negative disclination, respectively).
In order to compare the energies Ef and Eb of
disclinated graphene membranes, we exploit the
following typical values of graphene parameters: Y
= 1 TPa [5], 2s/3, k = 2.31 10-19 N m [34]. With
these values, one finds that Ef is by several orders
larger that Ec, for any R a. Thus, the buckled state
of disclinated graphene membranes is always
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energetically favorable ( Ef >> Ec ) over their flat
state.

3. GEOMETRY AND ENERGY
CHARACTERISTICS OF PERFECT
HDG
Now let us consider the specific structural and
geometric features of a perfect HDG defined here
as a free-standing graphene with positive and
negative topological disclinations arranged in a
periodic superlattice with period L. The perfect HDG
in its flat and buckled states is schematically
presented in Fig. 2. Each positive (negative,
respectively) disclination in the perfect HDG is
surrounded by its negative (positive, respectively)
neighboring counterparts (Fig. 2). In this case, after
some analysis based on the theory of disclinations
in solids [35-37], we find the following. The stress
field created by a disclination - pentagon or heptagon
- is effectively screened by its neighboring
counterparts on the distance r L/2 from the
disclination (by analogy with the stress field of a
disclination in a circle-like membrane of radius L/2,
in which the screening effect is provided by the
membrane free surface). The screening effect
gradually decreases down to around zero when r
diminishes from L/2 down to L/4. In the area
specified by r L/4, the stress field of the disclination
is very weakly affected by its neighboring
disclinations. As a result, each disclination in HDG
(Fig. 2) creates the stress field which is very similar
to that created by a disclination of the same type in
a graphene membrane free from other disclinations
(Fig. 1). Then, in a first approximation, the specific
strain energy W (per unit area) of a perfect HDG
sheet can be represented as the sum of specific
strain energies (per unit area) of its constituent
disclinations each being located in a circle-like
membrane of radius L/2. That is, W = Wf (1/S)
(Ef)i (1/L2)Y 2 L2 / 128, if the HDG specimen is
flat (Fig. 2 a), or W = Wb (1/S) (Eb)i (1/L2) 5.5
k| |ln(L/2a)/, if the HDG specimen is buckled and
contains hills and valleys associated with its
disclinations (Fig. 2b). Here S is the area of the
HDG specimen; means the summation over all
the disclinations of the HDG specimen; (Ef)i and
(Eb)i are the energies of the ith disclination in the
circle-like graphene membrane in its flat and buckled
states, respectively; and L2 is the HDG area per
one disclination. With formulas (1) and (2) giving
the strain energies of disclinated graphene
membranes in its flat and buckled states,
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respectively, for the previously specified values of
graphene parameters, one finds the following
inequality:

Wf

Y / 1152

for any L

Wb

1
2

L

1.833k ln

L
2a

,
(3)

a.

According to inequality (3), the buckled state of
HDG (Fig. 2b) is always (for any L a) energetically
favorable (Wb << Wf ) over its flat state (Fig. 2a), as
with the case of graphene membranes containing
sole disclinations (Fig. 1). This statement is well
consistent with both experimental observations and
computer simulations of carbon nanostructures
containing individual disclinations and their groups;
see, e.g., papers [19,21,38] and references therein.

4. HDG STRUCTURES
We considered the model situation with the perfect
HDG. In general, in real situations, HDG specimens
having various structures can exist which are briefly
as follows: (i) HDG with an approximately periodic
(non-perfect) superlattice or even highly disordered
arrangement of topological disclinations in the
situation where numbers of positive and negative
topological disclinations are identical. In doing so,
though a HDG specimen is nanoscopically buckled,
it is flat on the mesoscale level specified by the
length
10L. (ii) HDG with positive and negative
topological disclinations whose numbers are
different. In this case, a HDG specimen is
characterized by non-zero sum disclination strength,
and thereby it is curved on the mesoscale level. In
the context discussed, by analogy with curved
carbon nanostructures that can be fabricated from
mature polycrystalline graphene through engineering
of GB disclinations [21], there is a technologically
attractive and scientifically significant opportunity
to generate curved carbon nanostructures with
various geometries/shapes through engineering of
d
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graphene-HDG nanocomposite with graphene matrix
and HDG inclusions being nanoscale disclination
configurations; see, e.g., Fig. 3. These HDG
inclusions are analogs of second-phase
nanoparticles in conventional nanocomposites. A
scientifically interesting example of such grapheneHDG nanocomposites is represented by a graphene
specimen with nanoscale disclination quadrupoles
(HDG inclusions) arranged in superlattice, as it is
schematically illustrated in Figs. 3a and 3b.
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Fig. 3. S b YU ;U ]Ud
b
i Tc
d
b
Uc
cc
d
bYTU U TU S
UcVbu
c
d
b
eS
d
eb vWb XU U 8;
S] c
Y
d
U
with graphene matrix and HDG inclusions being nanoscale disclination quadrupoles. (a) Flat and (b) buckled
states of nanocomposite. (c) Stress-strain (
- ) dependences in the elastic deformation test.

Disclination quadrupoles are chosen because they
represent minimal HDG units that, according to the
disclination theory [35-37], do not create long-range
stress fields. Besides, by analogy with disclination
ae Tb
e Uc Td
XUY
bS cd
Y
d
eU dUU]U d
ct
disclination dipoles - in 3D nanomaterials [39-43],
they may serve as effective carriers of plastic flow
in HDG.

5. ELASTIC DEFORMATION OF
GRAPHENE-HDG
NANOCOMPOSITE
Let us consider elastic deformation of a grapheneHDG nanocomposite (Fig. 3). Note that its buckled/
corrugated state (Fig. 3b) is energetically preferred,
as with perfect HDG. Due to corrugations, linear
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sizes of the buckled specimen (Fig. 3b) are lower
than those of its flat counterpart (Fig. 3a). Elastic
deformation of the buckled nanocomposite (Fig. 3b)
can significantly extend it through diminishing its
local curvature. In doing so, the bending energy
initially accumulated in local hills and valleys of the
nanocomposite is transformed into its stretching
energy in parallel with both increase in strain (and
linear sizes of the specimen) and decrease in
heights of hills and valleys.
After some algebra based on the disclination
theory (see, e.g., Refs. [35-37]), we calculated the
cd
b
Ucctcd
bY TU U TU SUVb Wb XU U 8;
nanocomposite in the elastic deformation test in
which the initially buckled nanocomposite (Fig. 3b)
becomes approximately flat (Fig. 3a). In this case,
for definiteness, we considered square disclination
quadrupoles as HDG inclusions in the
nanocomposite under uniaxial tensile load. The
calculated stress-strain dependence is
approximately given as:

FY arctan

/ 2F

2

ln 2 / .

In contrast to pristine graphene, HDG is expected
to exhibit high resistance to rolling. It is because,
for geometric reasons, the rolling of HDG leads to a
partial flattening of hills and valleys associated with
its disclinations. This rolling process is followed by
the reverse buckling-to-stretching energy
transformations which hamper the process in HDG.

6. CONCLUDING REMARKS
Thus, HDG and graphene-HDG nanocomposites
serve as special 2D materials having the specific
structural features: they contain high-density
ensembles of topological disclinations and show
pronounced nanoscopic buckling which creates local
hills and valleys associated with disclinations (Figs.
2 and 3). Following our theoretical estimates, these
structural features can lead to enhanced mechanical
properties (superelasticity, good plasticity at elevated
temperatures and/or electron beam irradiation, and
high resistance to rolling) of HDG and grapheneHDG nanocomposites.

(4)

Here is the external shear stress needed to provide
the flattening process (Figs. 3a and 3b), is the
corresponding elastic strain ( ranges from 0 to
2Ftan(/6)), and F is the area fraction occupied by
the disclination quadrupoles. In the case of Y = 1
TPa, for F = 0.1 and 0.25, the calculated stressstrain dependences are presented in Fig. 3 c. In
general, in the range of F 2 't ( gUV
YT
' t) GXUcU b
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Ub
iXY
WXf eUcYTY
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Y
f
UV
superelastic behavior of graphene-HDG
nanocomposites.
Pristine graphene or graphene sheets containing
low densities of defects typically exhibit brittle
behavior without any plastic deformation. At the same
time, there are experimental data [44,45] indicating
on dislocation-carried plasticity of graphene in the
situations where either lattice dislocation dipoles
are generated under electron irradiation or lattice
dislocations pre-exist in graphene as structural
blocks of grain boundaries that move/migrate. That
is, plastic deformation carried by lattice dislocations
can occur in graphene in certain conditions. Since
disclinations serve as sources and sinks of
dislocations in solids [35-37,46], it is logical to think
that the disclinated structure of HDG can enhance
plastic flow. More precisely, emission of dislocations
from disclinations, motion of these dislocations in
graphene and their absorption by other disclinations
can effectively provide plastic flow in HDG and
graphene-HDG nanocomposites.
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