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Abstract. The stress-strain response of metal foams has attracted significant attention from the
mechanics community due to the local collapse that individual cells experience. This collapse
results in the development of strain localization bands, also known as crushing bands, which
give rise to a random but localized accumulation of damage. Such experimental observations
have been successfully simulated by using a strain gradient plasticity model that is numerically
implemented through a cellular automaton; stochasticity was accounted for by allowing the initial
yield stress of each mesh element to vary according to a Weibull distribution. In the present study
new simulations, along the same lines, are performed in order to further understand not only the
effect of microstructure on the stress-strain response of ordered and disordered foams, but also
that of the mesh size of the simulation grid. It is found that there are no significant size effects in
foams of low disorder, while such effects exist when a higher degree of structural disorder is
considered.

1. INTRODUCTION

Metal foams are used in a wide range of applications,
mainly in the automotive and aerospace industries,
due to their high energy absorption, high specific
rigidity and high specific strength [1,2]. For such
applications it is important to increase the durability
and safety during use of the metal foam components,
by tailoring their mechanical response, particularly
during compression.

Experimental studies have revealed that there
are usually three deformation stages during the
compression of foams [3-6]. Initially, the whole
sample deforms elastically, while after initial yielding
the cellular structure collapses, giving a plateau in
the stress-strain curve, which is followed by
hardening. The collapse is initiated by fracture or
elastic-plastic buckling of individual foam cells, which

propagates through the material by narrow crushing
bands. Such type of damage is localized and cannot
be identified macroscopically by observing the
stress-strain curves only [7-10]. This suggests that
the intrinsic microstructural response to compression
must be considered in order to capture both the
micro and macroscopic mechanical behavior.

In doing so, previous studies [7,11] considered
a gradient plasticity framework since it allows for
the mechanical response of the individual foam to
influence the neighboring cells and therefore, strain
localization can propagate throughout the material
in the form of bands. To account for the initiation of
collapse in a single cell and subsequent band
propagation, as well as for the disorder that is
inherent to metal foams, the initial yield stress is
taken to vary in each cell, according to a Weibull
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distribution. To simulate such stochastic effects, the
compressive strain gradient plasticity model is
numerically implemented through a cellular
automaton (CA). Such simulations have been able
to successfully capture experimentally observed
stress-strain curves, and to also predict the
differences in the mechanical behavior between
ordered versus disordered foams [11].

To further investigate the stress-strain response
of cellular materials, and in particular size effects
that result from their microstructure, simulations are
performed herein for different types of foams in which
either the cell size or overall specimen size was
varied for both ordered and disordered foams. When
one is concerned with simulations, however, the
discretization length employed in the simulation, can
also result in size effects, which are however
simulation artifacts. Therefore we have separately
studied the question of mesh size dependence and
have investigated methods to remove mesh size
related artifacts. These investigations provide some
parameter analysis for the optimization and
numerical realization of metal foams.

In the sequel the strain gradient plasticity
formulation is first presented, followed by the
investigation of size effects. In order to account for
simulation artifacts, first it will be verified that the
discretization length does not affect the stress-strain
response, and then the effect of the cell size and
specimen size will be considered.

2. STRAIN GRADIENT PLASTICITY
MODEL FOR METAL FOAMS IN
COMPRESSION

The mass conservation law and yield condition
should be met by the deformed material under
consideration. Hence, the evolution of the metal foam
density is governed by the mass conservation law
as
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by the plastic strain tensor plS ) can be written as
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Yielding and further plastic deformation of the
metal foam occurs when the equivalent stress 
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is larger than the flow strength S,
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where we assume that the incremental strain is
derived from an associated flow rule. According to
the conventional plasticity for metals, deformation
is not associated with volume changes, for metal
foams however, volumetric changes play a crucial
role in the initial deformation stages and therefore
the equivalent stress is defined as [12,13],
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The deviatoric stress tensor 
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dev  in Eq. (4)  is de-
noted as 
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, where summation is per-

formed over the repeated indices. The non-dimen-
sional parameter determines the volumetric
change that the foam experiences during deforma-
tion and it is chosen to be 0.5, for consistency with
the experimental observation that there is no lateral
expansion/contraction after uniaxial plastic
deformation of many aluminum foams.

A phenomenological expression [14] for the yield
function S in Eq. (3) is
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where  is the stress-free density (i.e. the
unrecoverable density in the unloaded status), and

M
, 

M
 are the yield stress and density of the

corresponding bulk metal material. The pre-factor
C, which is related to the foam geometry and plastic
buckling, is also further expressed in terms of 
as
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where C
0
 corresponds to the initial strength before

compression, C
1
 represents the reduced strength

after compression, and 
1
 is the characteristic

density change associated with plastic buckling.
If we introduce the parameter = C

1
/C
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for

characterizing the relative reduction of the strength
and the parameter b
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for representing the

relative change of density, then combining Eqs. (5),
(6), and (2) gives the final expression for the yield
function as
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while g(Tr plS ) represents the evolution of the yield
stress and is a function of the plastic strain,

b
g e e

pl pl
2 Tr 2 Trpl(Tr ) 1 .

S S
S  (9)

Furthermore, to account for the strong interaction
between adjacent cells of the metal foam, a spatial
coupling term is introduced into the yield function
through a gradient term [7,15] so that it becomes
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where  is the Laplace symbol which represents
the second spatial gradient, E is the elastic modulus,
and l is the internal length scale, which is inherent
to gradient plasticity theories and is taken to be
related to the cell size of the metal foam [7,11].

The microstructure parameters of metal foams
(cell size, cell shape) are strongly fluctuating,
resulting in spatial fluctuations of the density. Since
the initial yield strength S

0
is a function of the density,

it should also fluctuate in space. We describe this
fluctuation using a Weibull distribution with shape
parameter  and scale parameter . The
corresponding cumulative distribution function (CDF)
is written as

S
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and the probability density function (PDF) is given
by
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Thus, the initial yield strength can be further written
as S
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Uniaxial compression of metal foams is a one-
dimensional problem. If we assume x as the loading

axis, then 
xx 

:= and
xx

pl = -e are the only non-zero
components of the plastic strain tensor, thus
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The yield condition expressed in Eq. (3) can there-
fore be written as
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If we introduce the non-dimensional variables

S E
S E

S S S

* * *0

0

0 0 0

3
, ,

2

and x/l x*, then

e b e

x x
S e e E e

* *

* * 2 2 *

0 ,
1 .  (15)

S *

0
 then obeys a new Weibull distribution with non-

dimensional parameters * = /S
0
 and . Now the

cumulative distribution function (CDF) is
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and the probability density function (PDF) is
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The corresponding average value equals 1 and the
COV remains
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Eq. (15) is solved using a cellular automaton method.
The whole sample with dimensionless size of
L/l L* is divided into N sections/ mesh elements
(similar to the elements in the finite element method)
with the mesh size being = L/N and its
corresponding non-dimensional version being * =
L*/N. The corresponding geometrical configuration
is shown in Fig. 1.

The yield status is determined by evaluating
Eq. (15) in each discrete mesh element labeled by
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index i. The gradient term in cell i is numerically
approximated by the finite difference
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The initial yield strength for element i follows the
Weibull distribution, and the corresponding value is
evaluated numerically as
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where R
i 
is an equidistributed random number

ranging from 0 to 1.
According to the balance equation 

ij,i 
= 0, the

axial stress in the compressed metal foam is a
constant, which is equal to the overall stress, and
is determined by

N
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Substituting Eqs. (20), (19), and (18) into Eq. (15),
provides the final numerical formulation, which we
use to evaluate the deformation behavior of the com-
pressed metal foam, as
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Fig. 1.  The geometrical configuration for a metal foam simulated using a cellular automaton model with the
average cell size l, mesh length  and sample size L. Here the model with non-dimensional *=3 is
schematically illustrated.

This equation is the core equation, which will be
implemented numerically to analyze the mechanical
properties of compressed metal foams. The values
for the parameters that are required to run the
simulations are obtained from Blazy’s experimental
investigation of aluminum foams [16]. Particularly,
the initial elastic modulus and yield strength are
110 MPa and 5.5 MPa, respectively, thus the non-
dimensional elastic modulus is E* = 20. The com-
pressive behavior of metal foams is always affected
by the plastic buckling. It’s assumed that the plas-
tic buckling occurs when the density change ex-
ceeds 5% of the initial density, thus b = 20, and the
corresponding relative strength reduction is

= 0.47
During the simulation, the total strain is in-

creased in small steps from 0 to 1. The step size is
taken to be 0.004 so as to have a fine resolution for
the plotted stress-strain response. In each step, the
yield condition  is evaluated for the discrete mesh
elements, and the local plastic strain e

i
 is increased

by a small amount of 0.0004 for any element i,
fulfilling the yield condition. Then, the global stress
is adjusted according to Eq. (20) and the yield con-
dition (Eq. (21)) is re-evaluated for all mesh ele-
ments. This procedure is repeated iteratively until
no yield occurs anywhere. In order to obtain the
average stress-strain curve, 500 simulations are
performed and averages are taken.

3. SIZE EFFECT FOR COMPRESSED
METAL FOAMS WITH LOW
DISORDER

For the metal foam with low disorder, is taken to
be 10. Then the corresponding COV is calculated
to be 0.12. In order to meet the requirement that the
mean value of S *

0
 is 1, * is calculated to be 1.05.

Using the aforementioned materials parameters,
the effects that the sample size, cell size, and



43Material vs discretization length scales in plasticity simulations of solid foams

Fig. 2. The mesh size effect for metal foams with
low-disorder microstructure.

Fig. 3. The sample size effect for metal foams with
low-disorder microstructure.

L* 1000 1000 1000 1000 1000
N 1000 500 200 100 50

* 1 2 5 10 20

Table 1. The parameters used in the investigation
of discretization length effect. (a) with unit, (b) non-
dimensional parameters.
(a)

L (mm) 2600 2600 2600 2600 2600
l (mm) 2.6 2.6 2.6 2.6 2.6

(mm) 2.6 5.2 13 26 52

(b)

L* 50 100 250 500 1000
N 10 20 50 100 200

* 5 5 5 5 5

Table 2. The parameters used in the investigation
of specimen size effect. (a) with unit, (b) non-
dimensional parameters.
(a)

L (mm) 130 260 650 1300 2600
l (mm) 2.6 2.6 2.6 2.6 2.6
 (mm) 13 13 13 13 13

(b)

discretization length (i.e. mesh element size) have
on the mechanical response of metal foams are
investigated as follows:
(1) Varying the mesh size

In the first case examined, the sample size (L)
and the average cell size (l) were kept constant,
L = 2600 mm and l = 2.6 mm, while the number of
mesh elements N was allowed to vary, corresponding
to a change of the mesh size . The parameters
used in the simulations are summarized in Tables
1(a)&(b). The corresponding simulation results for
an aluminum metal foam with low disorder are
summarized in Fig. 2. It is seen that the mesh size
does not affect the stress-strain response of low
disorder foams.
(2) Varying the sample size

In the second set of simulations performed, the
average cell size (l) and the discretization length ( )
were kept constant; l = 2.6 mm and = 13 mm,
respectively. The specimen size (L) was allowed to
range from 130 mm to 2600 mm, in order to
investigate the effect of sample size. Hence, the

number of mesh elements N increased with the
specimen length. The dimensional and, respective,
non-dimensional parameters characterizing the
foams under consideration are shown in Table
2(a)&(b). Fig. 3 illustrates the response of a low
disorder aluminum foam.
(3) Varying the cell size

In the third set of simulations the specimen size
and discretization length were kept constant,
L = 520 mm, and = 5.2, while the cell size ranged
from 0.52 mm to 5.2 mm. The parameters for the
investigated sample are summarized in Tables
3(a)&(b). Fig. 4 illustrates the simulation results for
an aluminum metal foam whose microstructure ex-
hibits low disorder for different specimen sizes.

Figs. 3 and 4 indicate that no size effects exist
when the foam microstructure is characterized by
low disorder, regardless of whether the cell size or
sample size was varied.

In the metal foam with low disorder, the cell size
and the resulting yield strength were distributed in
a narrow band. The initial yield strength with Weibull
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parameter = 10 exhibited a comparatively narrow
distribution where the standard deviation of [S *

0
]
i
 in

Eq. (19) was only 0.12 of the mean value 1. Thus,
the gradient term contribution dominated the defor-
mation behavior, resulting in a propagation-controlled
deformation mode characterized by a stress plateau
after yielding. Specifically, the collapse bands
nucleate at the weakest mesh elements and then
propagate to the neighboring ones. The propagation
of the bands is assisted by the strain gradient in
the band front so as to overcome the higher yield
stress of the neighboring elements, and the plateau
stress, as well as the length of the plateau, are
determined by the Maxwell construction (equal area
rule) for the constitutive model of the softening-
hardening type as discussed in [11,17] for analogous
problems. After the plateau, deformation is indeed
homogenous, and compaction continues at a rapidly
increasing stress, which follows the hardening
regime of the softening-hardening model introduced
in Eq. (9). The whole macroscopic stress-strain re-
sponse of the low disordered metal foam is similar
to the softening-hardening model, since the gradient
term dominates over the disorder in such cases.
The only effect of the disorder is to facilitate band
nucleation and, thus, to eliminate the initial yield
point often associated with constitutive laws of the
softening-hardening type.

4. SIZE EFFECT FOR COMPRESSED
METAL FOAMS WITH HIGH
DISORDER

For the metal foam with high disorder, is taken to
be 0.25; thus the corresponding COV is calculated
to be 8.31. This corresponds to foams with a highly
disordered, fractal, structure, as the distribution of

Fig. 4. The cell size effect for metal foams with low-
disorder microstructure.

L* 100 200 500 1000
N 100 100 100 100

* 1 2 5 10

Table 3. The parameters used the investigation of
cell size effect. (a) with unit, (b) non-dimensional
parameters.
(a)

L (mm) 520 520 520 520
l (mm) 5.2 2.6 1.04 0.52
 (mm) 5.2 5.2 5.2 5.2

(b)

the “cell sizes” is a truncated power law.  For other
fractal microstructures with similar strength
distribution, see [18].) In order to meet the
requirement that the mean value S *

0
 is 1, * is cal-

culated to be 0.04. All other parameters are assumed
to have the same values as for the low disordered
metal foam.
(1) Varying the mesh size

In investigating the effect of the discretization
length in highly disordered metal foams, we consider
the case of large samples where the results are
independent on sample size (cf. (2) below). We can
therefore attribute the significant changes in the
deformation behavior seen in Fig. 5 exclusively to
the change in size of the mesh elements. At first
glance the observation of such mesh dependence
is very worrying – since the mesh size is a purely
numerical parameter of the model and its change
should not affect the material behavior.

To understand the origin of this problem, we need
to look at the physical meaning of the non-
dimensional mesh size: * represents how many

Fig. 5. The mesh size effect for metal foams with
highly disordered microstructure (= 0.25).
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(a)

(b)

Fig. 6. (a) Modification of the Weibull distribution
parameter b and COV to compensate the effect of
changing mesh length *. (b) The mesh size effect
of highly disordered metal foams with modified .

(a)

(b)

Fig. 7. The specimen size effect of metal foams
with highly disordered microstructure. (a) = 0.25,
(b) = 0.4425.

cells are included in one mesh element. By con-
struction, all the cells in the mesh element share
the same initial yield stress in the cellular automaton
simulation. If we lump many cells of the physical
microstructure into one element, then the yield
stress of the assembly should have less scatter
than if one element contains only a small number of
cells. Conversely, if we use elements of different
size, but characterize them with the same disorder
parameter, then the simulations with larger elements
actually represent different (more disordered)
microstructures than those with smaller element
size. Accordingly, the results of Fig. 5 indicate that
the latter are weaker than the former. Only in the
limit * = 1, the scatter of the mesh element strength
distribution directly reflects the real microstructure
disorder and the resulting fluctuations of initial yield
stresses.

To mitigate this problem and achieve a
representation of the deformation behavior that is
independent on the choice of discretization length,
the parameters of the Weibull distribution need to
be rescaled, together with the change of the non-

dimensional mesh element size *, such as to rep-
resent the same deformation behavior. In this man-
ner we may eliminate the mesh size dependence of
the macroscopic stress-strain response, which is
also the requirement of a stable simulation method.

The required change of the Weibull distribution
parameter  with the change of * is shown in Fig.
6a. The new simulation results shown in Fig. 6b
indicate that the mesh size dependence can be
eliminated by modifying the disorder parameter 
with the change of * when * is smaller than 10, while
the mesh size dependence will always persist for
larger *.

Thus, there exists an intrinsic upper limit to the
scalability of the model. This is indeed true for all
gradient models with or without stochasticity. If
applied to strain softening materials, there is an
upper length scale above which the results must
become mesh dependent. For gradient plasticity of
a material with softening, we get localized
deformation bands, which have an intrinsic width
that relates to the internal length scale. For
softening-hardening we get a propagating band (see
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plastic strain profile in [11]) with a band front width
w that is again intrinsic to the material parameters.
In the simulation for * = 1, the non-dimensional band
width (or band front width) is about w* = w/l = 10, in
other words, it is about 10 cell sizes. Mesh
independence means that the band width w* does
not depend on the mesh size *. Quite evidently, a
band of width w* = 10 cannot be represented if the
mesh size is equal to or larger than this value. As
the intrinsic spatial structure of the deformation
patterns can no longer be represented with coarser
meshing, a scale dependence of the simulation
results is to be expected since the spatial
interactions between adjacent volume elements can
no longer be adequately represented.

To summarize: increasing * reduces the coupling
between mesh elements (gradient term effect, see
Eq. (21)) and therefore makes the material appear
more disordered -since the gradient term (which
wants to homogenize deformation by propagating a
band) now carries less and less weight while the
disorder remains the same. One can balance this
by reducing the disorder (increasing ), however this

(a)

(b)

Fig. 8. The cell size effect of metal foams with highly
disordered microstructure. (a) =0.25, (b) after modi-
fication of to compensate the mesh size effect.

works only as long as one can correctly represent
the action of the gradient term at all, i.e. for * < 10.
Above * = 10 the model can no longer correctly rep-
resent the strain pattern even without disorder, so
discretization artifacts are bound to occur.
(2) Varying the sample size

Now the effect of the specimen size on the
stress-strain response was examined. The
parameters listed in Table 2 were used and the
simulation results are shown in Fig. 7a. The results
indicate that a size effect exists when L is smaller
than 500. For larger systems (L>500), there is no
size effect. It thus seems that there is a critical
value of L, above which the size effect disappears.
This is consistent with the classical idea that the
behavior of a heterogeneous material should become
scale invariant above the scale of some
“representative volume”. In order to investigate the
dependence of the critical value of L on the disorder
parameter , another case with decreased disorder
( = 0.4425, keeping the mean value at 1) was
investigated, and the corresponding results are
shown in Fig. 7b. It is seen that in this case a sample
size effect exist only when L is smaller than 250,
above which there is no size effect. Thus, the critical
value of L decreases with decreasing disorder –
which is intuitively obvious. Recall also that there is
no size effect in low disordered metal foams with
= 10.

In the size effect regime (e.g. L* = 50, 100, 250,
500 for the = 0. 25 case), it’s further noted that a
trend is observed, according to which “larger”
samples have a “weaker” stress-strain response  the
stress-strain curves are located at lower stresses
for the same strain). The low value of  in the Weibull
distribution of the initial yield stress results in a highly
heterogeneous distribution of [S *

0
]
i
, which also var-

ies over a wide range of values. Thus, the increase
on the number of cells will increase the probability
that cells have very low initial yield stresses. Thus,
the flow stress in highly disordered metal foams
decreases as L increases.
(3) Varying the cell size

For the investigation of the effect that the cell
size has, the number of mesh elements is kept
constant at N = 100, while the dimensionless mesh
size * is allowed to vary. This implies that we
consider geometrically similar specimens: the cell
size and the specimen size are proportional to each
other. Fig. 8a shows that despite the geometrical
similarity, changing * results in significant changes
in the deformation behavior. However, these changes
are offset once we re-normalize the disorder to
account for the changing non-dimensional mesh size
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according to Fig. 6a. Using the modified , no sig-
nificant cell size dependence is observed, as shown
in Fig. 8b, which is expected since proportional
scaling of all microstructural parameters should pro-
duce materials with identical deformation behavior.

5. CONCLUSION

The effects of varying the cell size, specimen size,
and mesh size in metal foams that are character-
ized by low and high microstructural disorder, were
investigated using a strain gradient plasticity
framework that was solved numerically using a
cellular automaton. Stochastic effects were
accounted for by allowing the initial yield stress of
the mesh elements to vary according to a Weibull
distribution. For foams that are characterized by a
low disorder it was seen that the stress-strain curves
were not affected either by the specimen size or by
the mesh length. However, significant size effects
were obtained for highly disordered foams, when the
specimen size was varied, following the “the smaller
the stronger” paradigm. Furthermore, an unexpected
mesh dependence in the stress-strain response was
observed in highly disordered foams, which, however,
could be eliminated through the modification of the
yield stress fluctuations with the change of the mesh
size. Similarly, the observed cell size dependence
of the mechanical behavior of disordered foams, can
be eliminated by appropriate re-scaling of the yield
stress fluctuations, reflecting the fact that specimens
of different cell size but similar density are
geometrically similar and should therefore show
identical deformation behavior. This points at an issue
of general importance for deformation models which
include stochastic fluctuations into discretized
plasticity models. In order to prevent such models
from displaying spurious mesh size dependence of
the simulation results, the stochastic model must
be complemented by a scaling rule which tells how
the statistics depends on the ratio between the
discretization length and the physical length scale
of the underlying material microstructure.
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