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Abstract. Theoretical model describing stress-driven migration of low-angle grain boundaries
(GBs) in the vicinity of growing crack in metal matrix nanocomposites with reinforcing (metallic or
ceramic) incoherent nanoinclusions is proposed. Using two-dimensional discrete dislocation
dynamics approach profiles of migrating GBs are analytically calculated and critical stress for
transition into unstable migration mode is found. It is shown that the presence of crack always
promotes stress-driven migration and thus grain growth.

1. INTRODUCTION

The nanoscale and interface effects crucially influ-
ence plastic behavior of nanocrystalline (NC) and
ultrafine-grained (UFG) bulk materials, ultrathin films,
and nanowires showing excellent mechanical prop-
erties (see, e.g., [1–10]). It is known that in NC and
UFG metallic materials, conventional lattice slip is
hampered by large amounts of grain boundaries
(GBs), in which case plastic flow often occurs
through alternative deformation mechanisms medi-
ated by GBs [5]. The stress-driven athermal migra-
tion of GBs is generally recognized as one of the
deformation modes effectively operating in NC met-
als in wide range of their structural parameters [5,11–
35]. The stress-driven GB migration leads to grain
growth that destroys the NC structure and thus re-
sults in degradation of material properties.

In general, thermally activated grain growth is
viewed as the main negative factor that can come
into play in NC metals during their synthesis and
thus destroy their NC structure [5]. To suppress the
thermally activated grain growth, several approaches

are utilized [36,37]. Among them is the use of
nanoinclusions (for example, nanoscale precipitates
of the second metallic phase in metallic alloys and
second-phase ceramic nanoparticles in metal ma-
trix nanocomposites) as obstacles for GB migra-
tion (see, e.g., [5,38,39]). Additionally,
nanoinclusions also serve as reinforcing structural
elements hindering lattice dislocation slip (see, e.g.,
[40–42]) and affecting crack growth [43–45].

Recently, theoretical model [46] describing the
stress-driven GB migration as a plastic deformation
mode in metal matrix nanocomposites containing
incoherent reinforcing (ceramic or metallic)
nanoinclusions was proposed. This model described
the migration of low-angle GBs hindered by the pres-
ence of nanoparticles. Its authors found stress char-
acteristics of this migration as well as equilibrium
and non-equilibrium GB profiles. At the same time,
plastic deformation carried by GB migration is ac-
companied by crystal rotations and thus can be
considered as a partial case of rotational deforma-
tion. Following experimental data [47–51], crystal
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lattice rotations intensively occur in vicinities of
cracks growing in NC and UFG materials. In this
context it is highly interesting to understand how
presence of cracks affects GB migration in metal
matrix nanocomposites containing nanoinclusions.
The main aim of this paper is to extend approach
developed in Ref. [46] on the case of
nanocomposites containing growing cracks. We
examine the effects of nanoinclusions on both the
critical stresses for the GB migration processes and
profiles of migrating GBs.

2. GEOMETRIC ASPECTS OF
STRESS-DRIVEN MIGRATION OF
LOW-ANGLE GRAIN BOUNDARIES
NEAR CRACK TIPS IN
NANOCOMPOSITES WITH
INCOHERENT NANOINCLUSIONS

Let us consider a nanocomposite sample consist-
ing of an NC metal matrix and incoherent reinforc-
ing (metallic or ceramic) nanoinclusions (Fig. 1).
Additionally we assume that there exists an
intergranular nanocrack (Fig. 1). For definiteness,
we focus our analysis on the situation where the

crack crack

0

0

(a)

(b)

Fig. 1. Stress-driven migration of a grain boundary in a cracked nanocomposite solid containing hard
(ceramic or metallic) nanoinclusions inside grains of a metallic matrix. (a) A nanocomposite specimen is
under a mechanical load (a two-dimensional general view). (b) The magnified region highlights the state of
the nanocomposite, after the stress-driven grain boundary migration.

crack is flat, and the sample is under a tensile load

0  normal to the crack plane; that is, a mode I
cracking (Fig. 1a). The applied load and high stress
concentration near the crack tip can induce GB
migration near its tip (Fig. 1). For definiteness and
simplicity, our consideration will be focused on
stress-driven migration of low-angle tilt boundaries
conventionally modeled as walls of edge lattice dis-
locations. Due to the high Peierls barrier for dislo-
cation slip in the ceramic nanoinclusions and the
difference in the types of the crystal lattices be-
tween the matrix and the metallic nanoinclusions,
migrating GBs cannot penetrate them and instead
are bent around the incoherent nanoinclusions (Fig.
1b). In doing so, the migrating GBs can either stop
at nanoinclusions or move further, depending on the
applied load as well as both the geometry and the
size of the GBs and nanoinclusions.

In order to calculate the critical parameters at
which a migrating GB can bypass a nanoinclusion,
we consider a symmetric low-angle tilt boundary
terminated at triple junctions A and B in a compos-
ite solid in its initial state before the migration (Fig.
2a). Point B is also a location of the crack tip, and
GB plane forms angle  with the normal to the crack
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Fig. 2. Migration of a low-angle tilt boundary hindered by an incoherent nanoinclusion impenetrable for
dislocations in the vicinity of a crack tip.

plane (load direction). We assume that crack has
finite length l

cr
. In the initial state, in the absence of

a mechanical load, the low-angle boundary AB is
represented as a straight wall of periodically arranged
edge dislocations having the same Burgers vector
b. The low-angle boundary is characterized by the
tilt misorientation angle  being in the Frank rela-
tionship sin(/2) = b/(2h) [52] with the parameters
(period h and Burgers vector magnitude b) of the
dislocation wall.

In the initial state before the migration process,
other GBs adjacent to the GB AB are assumed to
be symmetric tilt boundaries that form the geometri-
cally compensated triple junctions A and B with the
boundary AB (Fig. 2a). Following the approach
[24,30,32], we do not consider the structure of
neighboring GBs and model their stresses by plac-
ing wedge disclinations in triple junctions A and B.
In doing so, a wedge disclination located at the tri-
ple junction A are characterized by the disclination
strength - = - and wedge disclination located at
the triple junction B and characterized by the
disclination strength  =  (Fig. 2a).

We now consider migration of the GB AB under
the applied tensile stress 

0
 affected by the pres-

ence of crack in the nanocomposite. This stress is
applied normal to the crack plane (mode I cracking)
and induces some shear stress  in dislocation slip
planes (see below). When the shear stress  acts
in slip planes of the lattice edge dislocations be-
longing to the GB AB, these dislocations coopera-
tively glide from their initial positions (Fig. 2a) to the
new positions (Fig. 2b). These stress-driven coop-

erative displacements of the dislocations result in
the migration of the GB AB (Fig. 2b). Similar to the
model [46], we assume that the migrating GB is
retarded by a wire nanoinclusion having both a square
cross section and the long axis normal to the plane
of Fig. 2 (and parallel with dislocations lines that
form the migrating GB). Within the model, the sides
of the square that forms the nanoinclusion cross
section have the length d, and one of the square
sides makes the angle  with the normal to the GB
plane (Fig. 2). Since the inclusion is incoherent, it
is assumed to be impenetrable for dislocations that
form the dislocation wall. As the main role of the
inclusion is in retarding dislocations, we believe that
its exact shape is not important.

3. STRESS CHARACTERISTICS AND
PROFILE OF A MIGRATING GRAIN
BOUNDARY

Let us examine the process of the stress-driven
migration of the low-angle GB AB meeting an inco-
herent nanoinclusion in a metal matrix
nanocomposite. In our analysis, we will exploit the
methods of the two-dimensional discrete disloca-
tion dynamics approach employed previously for
description of the formation, decay or evolution of
GBs (see, e.g., [53–56]). Within the approach in
question, each dislocation at the low-angle GB AB
is under the combined actions of the forces created
by the external stress (affected by the presence of
the crack), other dislocations belonging to the bound-
ary, and the disclination dipole.



29Stress-driven migration of low-angle grain boundaries near crack tips in nanocomposites...

We now calculate these forces and write the
corresponding equations for dislocation motion. To
do so, we assume that dislocations can move along
one slip plane (along the x-axis in the coordinate
system associated with the GB middle point as
shown in Fig. 2), and, therefore, only the projec-
tions of the forces on the x-axis matter. In these
circumstances, the solution of the system of equa-
tions, describing one-dimensional motion of dislo-
cations, will be expressed as dependences x

i
(t),

where x
i
 is the coordinate of the ith dislocation

(i=1,…,N) and t is time. Also, in our examination, in
a first approximation, we neglect the difference in
the elastic moduli between the nanoinclusions and
the matrix and model the nanocomposite as an elas-
tically isotropic, homogeneous solid characterized
by the shear modulus G and Poisson’s ratio .

Within the approach under discussion, the pro-
jection F

i
 of the total force acting on the ith disloca-

tion belonging to the GB AB is written as follows
[53]:
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where D=G/[2(1-)], L denotes the GB length (the
distance between the triple junction disclinations
that form the dipole (see Fig. 2)), while x

i
 and y

i
=h(i-

1/2)-L/2  are the coordinates of the ith dislocation.
The first term on the right-hand side of formula (1)
describes the force created by the shear stress ,
the second term describes the force of the interac-
tion of the ith dislocation with the other dislocations
of the boundary, and the third term describes the
force of the interaction of the ith dislocation with the
disclination dipole AB. In other words, the third term
characterizes the role of GB junctions in the stress-
driven GB migration.

Unlike models [46,53,54], where applied shear
stress  was uniform, in the present model the shear
stress is perturbed by the presence of a crack and
is not uniform anymore. It is known [57] that mode
I cracking under the action of applied tensile stress


0
 produces following stress tensor components in

the crack tip vicinity (written in the coordinate sys-
tem Ox’y’ with the origin at the crack tip; see Fig.
2a):
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Here K
I
 is the stress intensity factor, r and  are

polar coordinates (r x y2 2 ,   = arctan(y’/x’)).

In the case of finite length crack stress intensity

factor can be written as 
I cr

K
0

/ 2.  l  Using (2)

we can write shear stress = 
xy

 by going from co-
ordinate system Ox’y’ to Oxy (see Fig. 2a) using
standard formula for tensor components transfor-
mation (rotation by angle  and parallel translation
to GB middle point by distance L/2):
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Combining (2) and (3) we find shear stresses  fig-
uring in formula (1) induced by tensile load 

0
 in

dislocation slip planes and perturbed by the pres-
ence of a mode I crack.

Now we can write the equations for the motion
of dislocations composing the dislocation wall (low-
angle tilt boundary) in the following form:

i i

i

x x
m F i N

t t

2

2

d d
, 1,..., .

d d
     (4)

The first derivatives dx
i 
/dt in these equations take

into account the dislocation motion friction (associ-
ated with the dynamic retardation of the crystalline
lattice to the dislocation glide), and  is the viscos-
ity coefficient. The dislocation mass m is given by
the standard approximation [53] as m = b2/2, where
 is the material density.

With Eqs. (1)–(4), we simulated the motion of
the low-angle tilt boundary AB in the presence of a
nanoinclusion. In the simulations, it was assumed
that if a dislocation approaches the boundary of the
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nanoinclusion, it stops. Our analysis has shown that
similar to the case of GB migration in single-phase
metallic solids [53,54], GB motion in the
nanocomposite can occur in two different modes.
In the first mode, all the dislocations eventually ap-
proach their equilibrium positions, and we refer to
this mode as the limited GB migration. In the sec-
ond mode, some dislocations stop at the
nanoinclusion boundary, while others move
unrestrictedly far away from it. We define this mode
as the unlimited GB migration (Obviously, in reality,
the unlimited migration of a GB is eventually stopped
when this boundary meets a neighboring GB).

With the calculated positions of the dislocations,
we revealed the profiles of the migrating GB AB in
various cases. As shear stresses acting in slip
planes obviously depend on the angle  between
load direction and GB plane we considered two typi-
cal cases corresponding to the maximum values of
shear stresses:  = -45 and  = 45° (positive values

Fig. 3. Geometry of a migrating grain boundary that bends around a nanoinclusion at various values of
applied stress calculated for angle  = -45°. (a), (b) Equilibrium profiles of a migrating grain boundary. (c)
Nonequilibrium profile of a migrating grain boundary.

of  correspond to the counter clockwise rotation of
GB plane relative to load direction). Figs. 3 and 4
show these profiles in the case of a composite solid
with aluminum matrix, for the following values of pa-
rameters: G = 27 GPa,  = 0.34, b = 0.285 nm, and
 = 2712 kg·m-3. Also, following [58], we take the
value of  as  = 5.10-5 Pa·s as well as put the
values of other parameters as follows: l

cr 
= L,

 = 45°,  = 5°, and N = 30. The latter number of
dislocations at the GB AB corresponds to the GB
length of L  100 nm.

Figs. 3a and 3b present the simulated equilib-
rium profiles of the migrating GB, for d/L = 0.3,
= -45° and two different values of the applies ten-
sile stress 

0
. It is seen that the migrating GB is

bent around the inclusion. Also, from Fig. 3, it fol-
lows that the GB migration length grows with the
increasing applied stress 

0
. When the stress 

0

reaches its critical value 
0c

, the limited GB migra-
tion switches to the mode of unlimited migration, in
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which case the middle segment of the migrating
GB is stopped by the nanoinclusion and separates
from the upper and lower GB segments that move
in the unlimited way (Fig. 3c). In other words, the
GB splits into three GB segments. The middle seg-
ment is stopped by the inclusion, while the upper
and lower segments are mobile. Obviously, the size
of the middle GB segment (which is bent around
the nanoinclusion) is smaller than the size of the
whole migrating GB in Figs. 3a and 3b. Since the
characteristic equilibrium migration length of a GB
decreases with the decreasing GB length [24], the
equilibrium migration length for the middle GB seg-
ment is smaller than that for the whole GB. As a
result, with time, this GB segment falls back a little
toward the initial position of the migrating GB (Fig.
3c). Fig. 3 show moderate asymmetry of the GB
profile relative to the GB middle point, which is more
pronounced in case of unlimited migration (Fig. 3c).
Here we see that upper part (furthest from the crack

Fig. 4. Geometry of a migrating grain boundary that bends around a nanoinclusion at various values of
applied stress calculated for angle  = 45°. (a), (b) Equilibrium profiles of a migrating grain boundary. (c)
Nonequilibrium profile of a migrating grain boundary.

tip) of the GB moves ahead of bottom part. Asym-
metry is obviously caused by non-uniform distribu-
tion of stresses in the crack vicinity.

Similarly, Figs. 4a and 4b show the simulated
equilibrium profiles of the migrating GB, for
d/L = 0.3,  = 45°. Figs. 4a and 4b demonstrate
more pronounced asymmetry of the GB profile than
Fig. 3 due to more non-uniform distribution of stress.
The case of unlimited migration illustrated in Fig.
4c is even more interesting. Here only bottom part
(closest to the crack) switches into unstable migra-
tion mode, while upper part remains stable. This
behavior is not captured in Fig. 3 due to different
stress distribution along migrating GB plane in case
of  = -45°.

Asymmetry of GB profiles was not observed in
Ref. [46], where GB migration under uniform load
was modeled. As it follows from results of earlier
models [53,54], it should not be possible under uni-
form loading due to simple reasons. Critical stress
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Fig. 5. Dependence of the normalized critical stress


0c
 for unlimited migration of a low-angle grain bound-

ary in the vicinity of a crack tip on the ratio d/L of
the nanoinclusion size d to the grain boundary length
L calculated for  = 5°, l

cr
 = L, and angles  = -45°

and 45° (curves 1 and 2, respectively). Dashed curve
illustrate critical stress 

0c
 in the absence of a crack

(calculated after Ref. [32 ]).

for transition into unstable migration mode almost
exclusively depends on applied stress and
misorientation angle [53,54] and independent from
GB length. Thus in case of uniform shear stress
GB segments not stopped by inclusion should tran-
sition into unstable migration mode simultaneously
regardless of their length (provided their
misorientation is the same). Perturbation induced
by crack makes asymmetric transition possible at
certain orientations of GB plane relative to crack
plane.

As follows from above analysis the transition from
limited to unlimited GB migration occurs at some
critical applied stress 

0c
,. We calculated depend-

ence of 
0c

, on normalized nanoinclusion size d/L
for  = 45°,  = 5° and different values of angle
 = -45° and  = 45° (curves 1 and 2, respectively).
These angles represent certain typical ranges of GB
plane orientations relative to axis load producing
maximum shear stresses in GB dislocations slip
plane. As follows from [46] critical stress is directly
proportional to misorientation angle , so it is trivial
to extend dependences at Fig. 5 to an arbitrary
misorientation angle. For comparison dashed line
in Fig. 5 shows dependence calculated using re-
sults of Ref. [46] in the absence of crack, i.e. under
the action of uniform shear stress. Qualitatively
dependences of 

0c
(d/L) are the same as in the ab-

sence of crack, so all conclusions made in [46]
about character of nanoinclusion size dependence
are still valid here. In particular, most important re-
sult is that for small values of d/L, the critical stress

decreases with the rise in nanoparticle size d (Fig.
5). This means that small nanoparticles can pro-
mote migration of low-angle GBs. At the same time,
for comparatively large values of d/L, the critical
stress grows with an increase in the ratio d/L, as
one could expect (Fig. 5) and large enough
nanoinclusions suppress grain growth.  We see that
all orientations of GB plane results in lower critical
stress 

0c
 (by about 20%) as should be expected

due to stress concentration near crack tip and thus
easier transition into unstable migration mode pro-
moting grain growth. The difference between vari-
ous orientations of GB plane characterized by an-
gle j is minimal (less than 5%).

4. CONCLUSION

To summarize, we proposed a model describing
stress-driven migration of low-angle GBs in the vi-
cinity of growing crack in metal matrix
nanocomposites with reinforcing (metallic or ce-
ramic) incoherent nanoinclusions. According to the
results of our theoretical analysis, this migration can
occur in the limited and unlimited modes similar to
the model [32?] describing the same process un-
der uniform external load (without crack). In the lim-
ited migration mode, migrating GBs eventually ap-
proach their equilibrium positions corresponding to
a given value of the applied stress (Figs. 3a,b and
4a,b). In the unlimited migration mode, some seg-
ments of a migrating GB stop at the nanoinclusion
boundary, while others move unrestrictedly far away
from the nanoinclusion (Figs. 4c and 5b). The tran-
sition from limited to unlimited GB migration occurs
at some critical value of the applied stress. This
critical stress serves as the key characteristic for
the effects exhibited by nanoinclusions on the
stress-driven GB migration in nanocomposites. Our
analysis demonstrated that in the examined case
of a nanocomposite containing nanoinclusions, the
critical stress significantly depends on such geo-
metric parameters as the ratio d/L. This implies that
large enough nanoinclusions hinder GB migration.
We showed that critical stress in the vicinity of crack
always lower than that in the absence of crack as
one could expect due to significant stress concen-
tration.
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