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Abstract

The forced oscillations of a cylindrical drop are considered in the present work.
The drop is suspended in the different fluid and confined by two parallel rigid plates,
subjected to vibrations. The vibration axis is perpendicular to the symmetry axis. The
amplitude of vibrations is small in comparison with the drop radius. The equilibrium
contact angle is right. The specific boundary conditions, assumed by Hocking (1987),
is applied to take into account: the contact line starts to slide only when the deviation
of the contact angle exceeds a certain critical value. As a result, the stick-slip dynamics
can be observed.

1 Problem statement

This investigation assumes that a drop with a density ρ∗i is suspended in a fluid of different
density ρ∗e. In the absence of external forces the drop has cylindrical shape with radius
R∗. The system is confined between two parallel rigid plates, subjected to vibrations
perpendicular to the drop axis (fig.1). In the absence of vibrations a contact angle between
a lateral surface of a drop and bounding plate equals π/2. The thickness of the layer is
h. The equilibrium contact angle between the lateral surface of drop and the rigid plate
is θ0.

The vessel is closed at the infinity and undergoes high-frequency oscillations according
to the law ~r=~R+A~jcos(ωt) (~r, ~R are the radius - vectors of an arbitrary point of a drop
surface in the plane parallel to the rigid plates (horizontal plane) in the presence and
absence of vibrations, respectively, A is the amplitude of vibrations, ~j is the unit vector in
a horizontal plane). The vibration amplitude A is small as compared to R. It is assumed,
that the lateral surface of the drop is r = R+ ζ(α, z, t) where α is the polar angle.

Velocity of motion of a contact line is assumed to be proportional to a deviation of a
contact angle from equilibrium value [1]:

ζt =


Λ (γ − γ0) , γ > γ0

0, |γ| < γ0

Λ (γ + γ0) , γ < −γ0
(1)

The following quantities are chosen as the scales: time -
√

(ρ∗e + ρ∗i )h
2R/σ, length - R,

height - h, potential of velocity - A
√
σR/((ρ∗e + ρ∗i )h

2), density -ρ∗e +ρ∗i , pressure - Aσ/h2,
deviations of the drop surface - A.

p = −ρ
(
ϕt +

1

2
ε(∇ϕ)2

)
,∆ϕ = 0, (2)
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Figure 1: Geometry of a problem

r = 1 + εζ [~n · ∇ϕ] = 0, Ft + ε∇ϕ · ∇F = 0, [p] = −div ~n, (3)

z = ±1

2
: veck · ∇ϕ = 0 (4)

z = ±1

2
, r = 1 + εζ : ζt =


λ (γ − γ0) , γ > γ0

0, |γ| < γ0

λ (γ + γ0) , γ < −γ0
(5)

Here ~v = ∇ϕ - velocity potential, F = r − R − εζ(α, z, t) - drop surface, p - pressure,
~n = ∇F

|∇F | - normal vector, ~k - unit vector of z-axis, γ (t) = ∓ζz|z=±1/2 - contact line’s
deviation from equilibrium position, ζ - surface deviation of equilibrium shape. The ef-
fective boundary condition (5) shows that the contact line is fixed, if the absolute value
of the deviation of the surface is less than some characteristic value of γ0. The square
brackets denote the jump in value at the interface between the external fluid and the drop
in the index of the unknown functions are denoted derivatives with respect to relevant
variables. The boundary problem (2)-(5)contains the following dimensionless parameters:
small vibration amplitude - ε = A/R, capillary parameter λ=Λ

√
h2R(ρ∗e + ρ∗i )/σ, the ra-

tio of radius to height - b = R/h, density of internal fluid - ρ = ρ∗i /(ρ
∗
e + ρ∗i ), density of

external fluid - ρ = ρ∗e/(ρ
∗
e + ρ∗i ).

2 Method of solution

Despite the fact that the boundary condition (5) makes the problem (2)-(5) is nonlinear,
the solutions for the functions ϕ, ζ, p can be represented as a series (see [2]-[4]):

ϕi =
∞∑
k=0

ak (t) I0 ((2k + 1)πbr) sin (2k + 1)πz, (6)

ϕe =

∞∑
k=0

bk (t) K0 ((2k + 1)πbr) sin (2k + 1)πz, (7)

ζ =
∞∑
k=0

ck (t) sin (2k + 1)πz, (8)

pi = −ρi
(
ϕit + ω2z cosωt

)
, pe = −ρe

(
ϕet + ω2z cosωt

)
, (9)

bk (t) = ak (t)
I’0 ((2k + 1)πb)

K’0 ((2k + 1)πb)
, ak (t) =

ckt (t)

I0 ((2k + 1)πb)
. (10)

20



The influence of contact angle’s hysteresis on the cylindrical drop’s dynamics

On the other hand, using the normal stress balance condition (3) , the solution of the
surface deviation ζ can be written as:

ζ =
bγ

cos
(

1
2b

) sin
(z
b

)
+
∞∑
k=0

(
cktt
Ω2
k

+
(ρi − ρe)ω2gk cosωt

1− (2k + 1)2π2b2
sin ((2k + 1)πz)

)
(11)

Here gk =
(

2(−1)k
)/(

(2k + 1)2π2
)

is Furie expansion coefficient of function z on

basic functions sin ((2k + 1)πz), Ωk - eigen frequencies of cylindrical drop with free contact
line:

Ω2
mk =

m2 − 1 + 4π2b2k2

Fmk
Rimk r (1) , (12)

whereLk =m = 0, 1, 2, ... - azimuthal number, k = 0, 1, 2, ... - wave number, Rim0(r) =
rm, Rem0(r) = r−m,

Rimk(r) = Im(2πbkr)

for k > 1, Remk(r) = Km(2πbkr) for k > 1, Im, Km - modified Bessel functions , Fmk =

ρRimk (1)−Rimk r (1)Remk (1)/Remk r (1), Ri,emk r (r) = dRi,emk (r)
/
dr - subscript r is derivative

on radius r. In our solution m = 0.

Comparing the solutions 8 and 11 for ζ, we obtain a system of ordinary differential
equations for unknown amplitudes ck (t):

cktt + Ω2
kck = Ω2

kSkγ − Ω2
kLk cosωt, (13)

where Sk = bfk ces
(

1
2b

)
, Lk = (ρi−ρe)ω2gk

(2k+1)2π2b2−1 , fk = 2b(−1)k

(2k+1)2π2b2−1 cos
(

1
2b

)
, fk - Furie expan-

sion coefficient of function sin (z/b).

Equation (13) must be solved together with 95). Note that the series for ζ converges
very slowly. However, the eigen frequencies Ωk are growing rapidly, therefore, from some
k, can neglect the first term on the left side of equation (5) as compared with the rest, ie
. ck ≈ Skγ − Lk cosωt. Thus, using a finite sum and the solution of (8), we obtain

ζt =

N∑
k=0

ckt sin ((2k + 1)πz) +

∞∑
k=N+1

(Skγt + Lkω sin (ωt)) sin ((2k + 1)πz) =

=

N∑
k=0

Dkt sin ((2k + 1)πz),

(14)

where Dk = ck + Skγ −Lk cos (ωt). Substituting (14) into (5), we obtain the equation for
λ:

γt =

− N∑
k=0

(−1)kckt +
N∑
k=0

(−1)kLkω sin (ωt)−


λ (γ − γ0) , γ > γ0

0, |γ| < γ0

λ (γ + γ0) , γ < −γ0


N∑
k=0

(−1)kSk

. (15)

The system of differential equations (13), (15) was solved using the method of Gear.
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3 Results

The boundary condition of Hocking (5) shows that the contact line is fixed, if the contact
angle does not exceed a certain critical value. Otherwise, the contact line moves. Figures
(2-3) shows the areas in which the contact line is moving or at rest.
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Figure 2: The diagram of contact line mo-
tion on the plane (ω, γ0), ρi = 0.3, b = 1.
The solid lines are determined by the con-
dition and separate the domains of oscilla-
tions with the fixed contact line, in gray and
with the contact line moving in the stick-
slip regime
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Figure 3: The diagram of contact line mo-
tion on the plane (ω, γ0), (ρi = 0.7). b = 1
- solid, b = 1.5 - dashed, b = 2 - dotted.

Figures (4-5) show the dependence of the oscillation amplitude of the frequency of the
external influence of the capillary for different values of the parameter and the critical
value of contact angle. Previously, it was found that in the absence of hysteresis are
forcing frequencies at which the contact line is not moving. In the presence of hysteresis,
the contact line is not moving in a certain range of frequencies. By increasing the contact
angle values characteristic time during which the contact line is not moving, growing, and
the frequency range in which it is in motion, is shrinking.

4 Conclusion

The effect of contact angle hysteresis on the dynamics of liquid drops in equilibrium has
the form of a cylinder and axially bounded by two parallel solid surfaces under the action
of axial vibration. The equilibrium contact angle between the side surface of the droplets
and solid surfaces is assumed to be straight. Considered their own and forced vibrations of
the drop. The influence of the dynamics of the contact line was taken into account by an
effective boundary condition, allowing the contact angle hysteresis. Due to the dissipative
nature of the effective boundary condition there is a stable regime of nonlinear oscillations.
There is evidence to reject the surface and the frequency characteristics depending on the
constant Hawking, and the characteristic value of the contact angle. Previously, it was
found that in the absence of hysteresis are forcing frequencies at which the contact line
is not moving. In the presence of hysteresis, the contact line is not moving in a certain
range of frequencies. By increasing the contact angle values characteristic time during
which the contact line is not moving, growing, and the frequency range in which it is in
motion, is shrinking. For large values of the constant Hawking, when the contact line is
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Figure 4: Amplitude-frequency response
(γ0 = 1).λ = 3 - dotted line, λ = 5 - dash-
dotted, λ = 10 - dashed-2-dotted
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Figure 5: Amplitude-frequency response
(γ0 = 10).λ = 0 - dotted line, λ = 3 -
dashed, λ = 5 - dash-dotted, λ = 10 - dash-
2-dotted

weakly interacts with the substrate and the dissipation is small, the possible existence of
resonances.
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