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Abstract

The study concerns the problems of optimal design of shields structures produced
from various given materials. The number of materials is supposed to be finite and
consequently the admissible design set consists of separate discrete values. The im-
pactor was modelled as a short axisymmetrical rigid body that strikes the compound
structure consisting of a system of solid plates. The ballistic limit velocity is taken as
a performance criterion of the designed layered structure that has to be maximized
under some constraints. Best distributions of given materials are found and presented.

1 Introduction

The problems of penetration of rigid projectiles (strikers) into deformable media at super-
sonic entry velocities and the problems of optimal design of layered shield structures are
of significant practical and theoretical importance.

Wide survey on the mechanics of penetration of projectiles into targets was presented
by Backman and Goldsmith [1] and Goldsmith [2] (taking into account complicated con-
ditions). Bivin et al. [3], [4] devoted their study to determination of the dynamic charac-
teristics of deformed media by the method of penetration. Cavitation and the influence of
head shape in attack of thick targets by non-deformable projectiles was investigated by Hill
[5]. Cavitation for vertical input of strikers into elastic-plastic media was also investigated
by Bivin [6]. Experimental aspects of considered problems are described in the book [7].
Laboratory scale penetration experiments into geological targets up to impact velocities of
2.1 km/sec were studied by Forrestal et al. [8]. Experimental and theoretical results on
the problem of penetration into layered materials are contained in the paper of Bivin [9].

Some shape optimization problems have been solved for rigid striker penetrating into
deformable media and published by Ben-Dor et al. [10] - [14] and Banichuk et al. [15] -
[17], Ostapenko et al. [18], [19]. Some problems of optimization for homogeneous shield
structures and for the structure of a layered slab with the penetration of a rigid striker
(in the case of normal impact) were studied by Aptukov [20], Aptukov and Pozdeev [21],
Aptukov et al. [22] - [24]. In [20], [22] Aptukov et al. considered cylindrical and cone-
nosed impactors and determined the optimal distribution of the mechanical characteristics
of a non-homogeneous plate using Pontryagin’s maximum principle. In [23] (Aptukov et
al.) solved the discrete problems of optimization of a layered plate when the shield was
consisted of several layers of different materials which were chosen from a given set. In the
monograph [24] these investigations were summarized by Aptukov et al. Note that in [21],
[22] the problem of optimization of layered structure was investigated using linear relation
between dynamical rigidity Hd and the material density ρ: Hd = c1ρ+ c2 (c1, c2 - material
constants). As a result piece-wise constant optimal design (layered structure) has been
found. Kanibolotsky and Urzhumtsev published a book [25], devoted to analysis and design
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of layered structures, where they included the results concerning the optimization of shield
structure under impact.Alyokhin and Urzhumtsev [26] devoted their studies to optimization
of layered mechanical systems including the problems of penetration of projectiles into
layered structures. In the book [27] Ben-Dor, Dubinsky and Elperin studied as the problems
of shape optimization of impactors penetrating into ductile, concrete and some composite
media as the problems of investigation of ballistic properties. The third part of the book
is devoted to optimization of multi-layered shields including spaced and two-component
ceramic shields. In the recent book [28] Bazhenov and Kotov presented important results
on dynamical contact interaction of rigid bodies and deformable solids.

All mentioned problems devoted to optimization of shield structures were investigated
using necessary extremum conditions and local search. In the given below investigation we
present global approach to finding non-local optimal layered shield structures. We consider
a multi-component armor consisting of a system of solid homogeneous plates. The impactor
is modelled as a short cylindrical rod that strikes the compound plate. It is suppose that
the compound plate breaks progressively into a cone of fractured materials. The goal of
this paper is to determine the layered structure that provide the maximum of the ballistic
limit velocity considered as optimized functional.

2 Basic relations

We consider a multi-layered structure that is consisted from n homogeneous layers (plates)
made of r different given materials (n, r - given numbers). Suppose that materials
of these plates occupy the intervals xi ≤ x ≤ xi+1 in the normal to the plate direc-
tion, such that xi+1 = xi + ∆i, x0 = 0, xn = L, i = 0, 1, ..., n − 1, n where ∆i -
thickness of the plate with number i and L =

∑
∆i - thickness of composed struc-

ture. Material properties of the layer with number i are characterized by two con-
stants: Ai0 (dynamical hardness)and Ai2 (density) which correspond to the material with
number s, i.e. Ai0, A

i
2 ∈ {A0s, A2s} , s = 1, 2, ..., r. Properties of the whole shield

structure will be described by piece-wise constant functions A0(x), A2(x) such that
A0 = Ai0, A2 = Ai2, x ∈ [xi, xi+1). For convenience the following piece-wise constant
function t = t(x), x ∈ [0, L] , t ∈ {ts = s} is introduced and natural parametrization of
structural properties is used: A0

(
t(x)

)
t=ts=s

= Ai0, A2

(
t(x)

)
t=ts=s

= Ai2. To evaluate the
"cost" of the material used in the considered multi-layered shield structure we take the
integral functional

K(t) =
∫L

0 k
(
t(x)

)
dx (1)

where k
(
t(x)

)
is the density of material (k(t(x)) ≡ ρ(x)) or the material cost per unit of

length.
Penetration of the rigid striker into multi-layered structure is described by the following

differential equation and boundary (initial) condition at x = 0:

Mv
dv

dx
= D, (v)x=0 = vimp , D = −πR2

(
A0 + κA2v

2
)

(2)

where R is the radius of cylindrical striker and κ - coefficient characterizing the flatness
of the striker nose ([26], [29]). If the initial penetration with v(0) = vimp is such that
v(x) > 0, 0 ≤ x < L, (v)x=L = 0 then the impact velocity is called "ballistic limit velocity"
v(0) = vimp = vBLV and is taken as a main characteristic of the layered structure. In what
follows it will be considered as an optimized functional

J(t) = vBLV (t) (3)
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To evaluate the ballistic limit velocity (impact velocity vimp = vBLV ) we introduce new
space variable ξ: ξ = L−x, (dξ = −dx) and transform the initial-value problem (2) to the
following form

dv
2

dξ
= β

(
α+ v2

)
,
(
v2
)
ξ=0

= 0, α = A0/(kA2), β = 2πr2A2/M (4)

Determination of the velocity distribution v(ξ) is performed for 0 ≤ x ≤ L using equal
spaced nodes ξi: ξi+1 = ξi + ∆, i = 0, 1, ..., n and the following notation α(t(ξ))t=ts =
αi, β(t(ξ))t=ts = βi, ξ ∈ [ξi, ξi+1), (v2)ξ=ξ0=0 = 0, (v2)ξ=ξN=L = v2

BLV . After integration
of ordinary differential equation (4) with respect to ξ for ξ ∈ [ξi, ξ1+1] we will have

ln
[
(αi + v2

i+1)/(αi + v2
i )
]

= µi (5)

Here µi = βi∆ξ, ∆ξ = ξi+1−ξi, i = 0, 1, ..., n; v0 = 0 , vN = vBLV . Performing elementary
algebraic transformations we obtain the following relation between v2

i and v2
i+1:

v2
i+1 = αi

((1 +
v2
i

αi

)
exp(µi)− 1

 (6)

3 Genetic algorithm for finding global optimal design of
shield structure

Considered problem consists in optimization of multi-layered space shield structure such
that the piece-wise constant function t(x) maximizes the ballistic limit velocity vBLV un-
der constraint imposed on the cost (mass or weight or other important characteristics)
functional K(t) i.e.

J∗ = J(t∗) = max
t
vBLV (t), K(t) ≤ K0 (7)

Here K0 is given problem parameter. To solve formulated problem of maximization of
vBLV (t) and finding of global optimal design (distribution of layers and materials) taking
into account presented isoperimetric inequality (7) we apply the penalty function approach
based on maximization of adjoint functional Ja:

Ja(t) = J(t)− λ(K(t)−K0), λ =

{
0, if K(t)−K0 ≤ 0,
λ0 > 0, if K(t)−K0 > 0

(8)

where λ0 - positive penalty multiplier.
Solution of the problem of the functional Ja(t) maximization for various given values

of the problem parameter K0 ("cost" of materials) is performed with the help of a genetic
algorithm (GAS [30]). We suppose that the interval [0, L] of variable ξ is divided by the
node points ξi, i = 0, 1, ..., n into N equal parts of the length ∆x = L/n. For each subin-
terval the parameters A0 and A2 take the values corresponding to the chosen materials.
Populations under consideration consist of N individuals represented admissible piece-wise
homogeneous shield structure. The number N is supposed to be even and is kept constant
in the population renewal process. Each j -individual of the population is described by the
set of values (elements) t(j, i) representing the design variable for corresponding subinter-
val xi ≤ x ≤ xi+1. The "best" individual, i.e. the set t(j, i) maximizing the augmented
functional Ja is sought by using the genetic algorithm.
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The first step of the algorithm consists in initialization of population that is assigned
random values taken from [1,...,r] to each element t(j, i). For created individuals (j=1,...,N)
of initial population we compute augmented functional Ja and find the individual having
the maximal value of the functional. Using initial data for the next steps of the algorithm
it is possible to determine new population consisting of N individuals and to perform in
what follows successive maximization of the functional Ja.

At the second step of the algorithm we perform successive selection of N/2 individual
pairs - "parents" to obtain N/2 pairs of individuals - "children", those constitute the new
population. Selection of the first parent ("a") is performed by the following manner. Some
natural number NT < N is chosen and then NT individuals are selected by the random
way. From this set of individuals we preserve and use only one individual having the
maximal value of augmented functional Ja. Similarly we find the second parent ("b") and
put together the first pair of individuals. All together we compose N/2 of such pairs.

The third step of the algorithm consists in obtaining of two children from each parent
pair of individuals. To this purpose we take some constant value from the interval [0,1],
that is called as crossover probability pCO. Then for each parent pair it is generated random
number pr from interval [0,1] and random number m from [0,...,n-1]. If it is appeared that
pr ≤ pCO then the values of design variables (elements) of children for i=0,...,m are copied
from their parents "a" and "b", but the meaning of these elements (for i=m+ 1,...,n− 1)
are obtained with the help of crossover. The latter means that for child "a" we copy the
values of the corresponding elements of the parent "b" and vice versa. Successive sorting of
all parent pairs and performing of described operations lead to obtaining of N individuals
- children, that compose new population.

The fourth step of the algorithm consists in mutation of obtained new population. This
step is necessary not to stick at the local maximum of the considered functional. To realize
the mutation procedure we take some small enough (∼ 0.01) parameter pm (probability
of mutation). Then for all elements of each individual of the population we generate the
random number pr from the interval [0,1]. If pr ≤ pm then the value of design variable for
considered element is replaced by the arbitrary value, satisfying given constraints (from 1
to r). For obtained new population we compute the functionals Ja for all numbers j and
select the best individual. Then we go to the second step of applied algorithm. Note that
if the best child from new population is appeared to be worse then the best parent from
previous population then we replace it by this parent. Thus the finding process of global
maximum will be monotonic.

4 Numerical results
Optimal distributions of materials t(x) have been determined for different values of the
problem parameters with the help of described genetic algorithm. The parameters of
computational process have been taken as n = 20, N = 10, NT = 4, pCO = 0.5, pm =
0.05. Calculations were complicated after generation of 10000 populations.Characteristics
of materials considered as admissible for optimal design of nonhomogeneous shield structure
are taken from [29], [31]. The following materials were considered:

s=1 - aluminun (A01 = 350 · 106 N/m2, A21 = 2765 kg/m3)
s=2 - soft steel (A02 = 1850 · 106 N/m2, A22 = 7830 kg/m3)
s=3 - copper (A03 = 910 · 106 N/m2, A23 = 8920 kg/m3)
s=4 - duraluminum (A04 = 1330 · 106 N/m2, A24 = 2765 kg/m3)
The results of numerical solution are presented in Fig.1 for the following problem pa-

rameters: L = 0.1m, R = 0.005m, M = 0.05kg, κ = 1, λ0 = 106 m3/kg · sec. The variant
(a) corresponds to the optimal structure when the constraint on the shield mass is not
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Figure 1: Optimal material distributions

taken into account. In this case the optimal structure is composed of two layers: the first
in the order of penetration - copper (s = 3), the second - steel (s = 2). The ballistic limit
velocity vBLV = 1630 m/sec, K = 816 kg/m2. The variants (b) and (c) correspond to the
values of mass constraint per unit of shield square K0 = 700 kg/m2 and K0 = 500 kg/m2,
respectively. The third layer - duraluminum (s = 4) is presented in the optimal structures
(b) and (c). The values of shield mass and the ballistic limit velocity are: K = 698 kg/m2,
vBLV = 1468 m/sec for the case (b) and K = 495 kg/m2, vBLV = 1133 m/sec for the
case (c). The optimal structure (d) for K0 = 300 kg/m2 has the only layer - duraluminum
(s = 4) with K = 276 kg/m2 and vBLV = 815 m/sec. From the obtained results it is
follows that the inertial properties of shield material (A2 - density) are more actual for
the high velocities of strikers and heavy materials must be presented in front layers of the
optimal structures. For low velocities the dynamical hardness of materials A0 will be more
actual.

5 Some notes and conclusions

In the paper we presented formulation and analysis of the problem of optimization of
multi-layered shield structures that dynamically interacted with rigid axisymmetric bodies
(strikers, impactors) and characterized by such functionals as ballistic limit velocity, mass
of the shield structure and its "cost" and other.

In the previous publications devoted multi-layered structures the finding of the best
solutions have been performed in frame of "local" search. It means that the mathematical
programming methods of local extremum finding or necessary optimality conditions of the
optimal control theory have been used in these studies to find optimal design. In contrast to
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them we developed the procedure of global optimal finding based on evolutionary stochastic
methods (genetic algorithm).

Note also that in proposed paper we developed the procedure of analytical integra-
tion of dynamic equation for each separate homogeneous plate that gave us possibility to
perform rigorous evaluation of ballistic limit velocity in effective manner (in the sense of
computational time consumption for integration that must be performed each considered
admissible variant of multi-layered shield structure).
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