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Abstract

Present paper is aimed at investigating 3D instability effects in displacement of
viscous fluid by a less viscous one from porous medium, and to determine charac-
teristics of displacement quality. Many experimental studies of these were performed
under microgravity conditions. The present paper summarizes results of 3-D numeri-
cal analysis. Fluids are assumed incompressible and miscible. Numerical simulations
are used to study the sensitivity of the displacement process to variation of values
of the main governing parameters. Comparison with results of two-dimensional sim-
ulations enabled us to investigate the effect of aspect ratio on instability growth in
viscous fluids displacement. A 1D model with 2 fitting parameters is created in order
to simulate behavior of the cross section averaged parameters of the flow.

Keywords: Displacement, porous, viscous, fluid, incompressible, miscible, instabil-
ity.

Introduction

The problem of frontal displacement of a more viscous fluid by a less viscous one is relevant
to hydrocarbon recovery, which is performed by the flow of water or solutions under a
pressure gradient displacing the high viscosity oil. Saffman – Taylor instability of the
interface could result in formation of “fingers” of displacing fluid penetrating the bulk
of the displaced one. The growth of fingers and their further coalescence could not be
described by a linear analysis. Growth of fingers causes irregularity of the mixing zone
thus affecting the displacement quality.

Similar models are applicable to description of liquid non-aqueous phase contaminants
underground migration, their entrapment in the zones of inhomogeneity, and forecasting
the results of remediation activities in the vicinity of waste storages and contaminated
sites.

The problems of seepage flows were studied by many authors [1-12]. Investigating
instability in miscible displacement differs greatly from that in immiscible fluids. The
presence of a small parameter incorporating surface tension for immiscible fluids allows to
determine theoretically the characteristic shape and width of viscous fingers [7, 8], while
in miscible fluids theoretical analysis allows to forecast the shape of the tips, but does not
allow to determine the width of fingers, which remains a free parameter [5, 6]. Numerical
simulations of viscous fingering in miscible and immiscible displacement were carried out
in [9, 10]. Those papers contain an extensive bibliography on the history of the research
as well. Numerical simulations [11] made it possible to explain new experimental results
on the pear-shape of fingers and periodical separation of their tip elements from the main
body of displacing fluid. Those separated blobs of less viscous fluid move much faster than
the mean flow of the displaced viscous fluid [12].
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The results of numerical simulations allowed to introduce dimensionless parameters
characterizing the quality of displacement and the mixing flux induced by instability [12].
In the paper [13] the asymptotic behavior of miscible displacements in porous media was
studied in the two limits, where a permeability-modified aspect ratio, became large or
small, respectively.

The influence of inhomogeneity of porous matrix on displacement instability was inves-
tigated [13-15]. The modified Hele-Shaw cell containing regular and randomized obstacles
was used to model and study the effect of inhomogeneity on displacement instability [12,
14]. Results of numerical simulations as well as physical experiment showed that the pres-
ence of inhomogeneity of a definite length scale could stabilize unstable displacement and
could destabilize a stable one [14].

Most of viscous fingering numerical simulations were performed for two-dimensional
problems; one of the first classical publications was by Homsy [9, 16]. This work used the
spectral methods approach. In reality displacement and induced instability have a three
dimensional nature. Papers [17 – 22] investigate 2D and 3D miscible displacement of fluids
with account for gravity using the spectral methods, as in earlier works by Homsy.

First attempts to perform comparative analysis for the instabilities arising in displace-
ment from 3D cells of different aspect ratios were performed in [23]. Theoretical and
experimental studies of entrapped closed domain of fluid were performed in [24].

The present paper is aimed at numerical investigation of incompressible miscible fluids
displacement in 3D geometry porous medium and studying the displacement scenarios
being functions of aspect ratios and other dimensionless governing parameters.

For practical applications, such as simulating hydrocarbons displacement from rock for-
mations, often it is not important to have a detailed picture of viscous fingers development,
rather then to have a quantitative estimate of the mixing flux induced due to displacement
instability. Thus it is necessary to elaborate methods making it possible to simulate in-
stability induced mixing within some integral approach, not sensitive to spatial resolution
[25, 26]. A 1D model describing dynamic behavior of cross section averaged parameters
is built with two fit parameters. Developing those model parameters for description of
displacement quality and the mixing flux due to instability is also one of the goals of the
present research.

Mathematical model

The volume controlled displacement problem was regarded. Detailed problem statement
is present in [25, 26]. The computational domain has dimensions L×H ×Z, displacement
is performed along L direction through cross-section H × Z.

To launch instability in theoretical investigations one should introduce it initially:

t = 0 : s =

{
0, x ≥ x0

sξ · ξ, x < x0

(1)

Here, ξ is a random field which magnitudes are distributed uniformly from 0 to 1, sξ is
the random field scaling factor and x0 should be as close to zero as possible. At x0 → 0 or
sξ → 0 we get close to the physical problem statement: all the domain is filled with fluid
to be displaced off.

The following set of dimensionless governing parameters which control the solution of
2D or 3D displacement problem is obtained: M = µ2/µ1 – viscosity ratio of the fluid being
displaced to that of displacing one; PeL = H

DL
, PeT = H

DT
– Peclet numbers; A = H/L,

a = Z/L – aspect ratios, sξ,x0 – destabilising factors.
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Validation of the numerical scheme

Validation of numerical scheme was performed by qualitative comparing the numerical
2D results with experiments performed in Hele-Shaw cells [12] and with results of numer-
ical calculations undertaken using different numerical schemes. The direct quantitative
comparison of results obtained using random initial conditions (1) is not a fair choice to
validate the results, because those conditions depend directly on the grid parameters in
our simulations. Therefore, in order to validate the scheme, we used initial conditions in-
dependent of the mesh size and of the random seed. However, the initial saturation should
be non-uniform in order to obtain the unstable displacement.

We used the following initial conditions instead of (1), in our verification study:

s =

{
1− 10x x < 0.1

0, otherwise

}
· cos2(10y) cos2(10z)

One should notice that these conditions introduce harmonic variations into the initial
saturation, which are expected to produce fingers.

The artificial diffusion used in TVD method in order to suppress non-physical oscilla-
tions of solutions in the regions of sharp gradients of parameters, depends directly on the
average size of the mesh, and its coefficient and artificial Peclet number could be estimated
as follows:

Pe−1
a |v| =

1

2
|v|∆x

One should notice that the artificial Peclet number is not equivalent to an ordinary Peclet
as if it is some effective value, because the dispersion with artificial Peclet is applied only in
the regions of sharp saturation gradients, and not elsewhere. Normally, it influences only
the slope inclination, but in case of unstable displacement, its presence could influence the
fingers growth as well. Note, that when the flux is promoted to the 2nd order of accuracy,
it does not allow jumps to dissolve above some level, unlike a linear diffusive flux. Thus,
the effect of artificial diffusion is limited and not equal to an effect of diffusion at some
Peclet number.

Two series of investigations were processed in order to investigate the influence of the
mesh size. First series used the grid 80×80×40 cells, second 100×100×50. All the other
parameters were the same. Calculations were processed for high viscosity ratio, medium
Peclet number and high secondary aspect ratio: M = 1000, Pe = 1000, a = 0.5. The
initial conditions were (17), other features of the problem statement, as above. Parameters
correspond to a highly unstable displacement case. The effective artificial Peclet was 160
and 200, respectively. Results on the fig. 1 show 3D patterns of displacement front obtained
by time t = 0.129 for both mesh cases (due to different calculation time interval, difference
in times exists and is lower than 0.001). The 3D displacement front is illustrated by a
surface s(x, y, z) = 0.25; the left picture corresponds to a fine mesh, the right to a coarse
one.
Results shown on the fig.1 illustrate qualitative similarity of the patterns; some details

are slightly different however. Yet many small features (e.g. secondary fingers) are nearly
the same. Symmetry is due to symmetry of the initial and boundary conditions. The main
difference is the advanced fingers length; it is a direct influence of artificial diffusion.

The distributions of cross section mean saturation corresponding to cases shown on the
fig. 1 is presented at the fig. 2. Left and right plots relate to coarse and fine meshes; time
moment is the same. The fingers are advanced more for the case of the fine grid (lower
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Figure 1: Unstable displacement front pattern shown by surface s(x, y, z) = 0.25 in space.
Left plot corresponds to the fine mesh 100× 100× 50, right to the coarse one 80× 80× 40.
Time moment is t = 0.129

Figure 2: Mean saturation average distribution along the domain. Left plot corresponds
to a coarse mesh 80× 80× 40, right to a fine mesh 100× 100× 50

artificial diffusion), but the overall difference of pictures is small: the error is within 3−5%
related to completely displaced state.

The results shown on the figs 1-2 show the expectable dependence of the flow patterns
on the mesh size due to artificial diffusion effect. One of the remedies is using spectral
methods instead of the TVD approach to the transport equation (2), which were applied
to 2D and 3D displacement problems in [9], [16-22].

Thorough investigation of the error behavior due to artificial diffusion level is a subject
of separate investigations; however, the error for Peclet numbers and viscosity ratios used
in the present investigation is not high. We could mention however that the higher Peclet
numbers bring to higher error for a fixed mesh. Probably, spectral methods with higher
number of harmonics[16, 19] would be more effective for high Peclet numbers.

Modeling integral parameters with 1D equation

The integral parameters of the flow can be estimated using a simple 1D one-equation
model. This model simulates the dynamics of cross-section averaged saturation s̄ (14).
Such modeling was processed in [11], [12]; it was also proposed in [31].

If we average the dynamics of saturation equation in each cross-section determined by
longitudinal coordinate x, we will obtain the following model for s̄:

∂s̄

∂t
+

∂

∂x
(ū · s̄) +

∂

∂x
(ú · ś) = APe−1

L

∂

∂x
ū
∂s̄

∂x
(2)

where ū is the mean velocity in the cross-section and ú, ś are deviations of the relative
parameters from the cross-section means. The third term in the equation (2) is a subject of
special modeling. Earlier [11], we have modeled it using convective (Buckley – Leverette)
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and diffusive terms multiplied by model coefficients. It was shown however that this
modeling cannot fit simultaneously both the long-run shape of the cumulative output
curve and the breakthrough time. Then, introducing modifications into the convective
term, modeling of the outflow for 2D case was processed [11] with much better fit.

We will model the additional convective term in (2) only with a convective component
depending on averaged saturation, but using two fitting parameters. One can notice also
that the dimensionless averaged velocity ū is unity due to the constant rate case under
investigation. We assume the following ad hoc dependence of the additional convective
term úś on the mode parameters:

úś = αū · s̄(1− s̄)
(

max{Mγ − 1, 0}
1 + s̄max{Mγ − 1, 0}

)
(3)

The dependence (3) assumes that the additional flux takes place only when both fluids are
present in the same cross section, that it cannot be opposite to average velocity, that its
maximum is regulated by constants α and γ, which are to be modeled using comparison
with multidimensional calculations.

Substituting (3) into (2) forM > 1, and taking into account that ū = 1, we will obtain:

∂s̄

∂t
+

∂

∂x

(
(1− α)s̄+ α

s̄Mγ

1 + s̄(Mγ − 1)

)
= APe−1

L

∂2s̄

∂x2
(4)

The initial and boundary conditions for (4) are obtained from (1) and look as follows:

s̄(0, x) =

{
st(1− x/x0), x < x0

0, otherwise
(5)

s̄(t, 0) = 1, ∂s̄/∂x|x=1 = 0 (6)

Note that there is no specific reason to introduce disturbance parameters into 1D modeling
but they are used in (5) in order to fit the initial conditions of multidimensional modeling.

The outflow obtained by 1D modeling is determined by the convective term at x = 1
due to its definition (3), (4) is calculated as follows:

q(t) =

(
(1− α)s̄+ α

s̄Mγ

1 + s̄(Mγ − 1)

)
x=1

(7)

The breakthrough time obtained by 1D modeling is determined:

tb = min
{
t : q(t) > 0

}
(8)

In order to calculate the fit parameters α and γ depending on the governing parameters of
the displacement process, we will use the following procedure.

• Fix the governing parameters.

• Process multidimensional modeling.

• Choose three time moments tk, and obtain three profiles of cross section mean satu-
ration ck(x) = c(tk, x), k = 1, 2, 3.

• Obtain the outflow temporal profile Q(t) and the breakthrough time Tb.
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Peclet number 100, 200 ,500

Peclet number 1000, 2000 ,10000

Figure 3: Flow patterns illustrated by displacing front surface s(x, y, z) = 0.25 for M =
100, a = 0.5 and various Peclet numbers

• For a given set of fitting parameters α, γ process 1D modeling.

• For the time moments tk, obtain 3 profiles of the average saturation s̄k = s̄(tk, x).

• Obtain the modeled outflow profile q(t) and the breakthrough time tb.

• Calculate the function to be minimized, which is chosen as follows:

Ψ =
1

3

3∑
k=1

[∫1

0
(s̄k(x)− ck(x))2dx

]1/2

+

[
1

T

∫T
0

(q(t)−Q(t))2dt

]1/2

+ [Tb − tb] (9)

Our goal is to find the parameters α and γ which minimize the function Ψ. This function
depends both on the governing parameters of the multidimensional model (parameters of
the process) and on the fitting parameters α, γ. Therefore, the fitting parameters mini-
mizing Ψ will depend on the governing parameters of the model.

Results and discussions

Results for 3-D unstable displacement of viscous fluid from porous medium by a less viscous
one are shown in Figs. 3-4. The Fig. 3 shows the influence of Peclet number. We fix the
medium viscosity ratio (M = 100) and compare patterns of the front for different Pe at
a = 0.5. The Peclet numbers increase from left to right in each row; a wide range of
Peclet numbers was investigated both lower and upper than the characteristic artificial
Peclet number. Each plot corresponds to some characteristic time moment. Numerical
investigations showed high irregularity of the displacing front; however, the fingers number
naturally grows with the growth of the cross section area. For high a, development and
splitting of the most advancing fingers looks similar; for low a, the front is bounded by
the walls, and the fingers split in lower number of daughter structures. Therefore, the
secondary aspect ratio is expected to influence the displacement features mostly when it
is low.

Fig. 4 summarizes the flow patterns for 2D displacement simulations illustrating the
saturation patterns for the displacing fluid. The flow patterns in each row are made for
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Pe = 200

Pe = 1000

Pe = 2000

Pe = 10000

Figure 4: Saturation of the displacing fluid for 2D displacement process. Flow patterns for
different Peclet numbers and viscosity

the same Peclet number and different viscosity ratioM = 10, 100, 1000 (from left to right).
Fig. 4 shows the same tendencies of M and Pe influence on the displacement process as
it was shown for 3D process on the figs. 2 and 4. However, two significant differences take
place. First, the total number of fingers is very small compared with 3D displacement at
high aspect ratio. Second, for high viscosity ratio and Peclet number, separation of tips
of the fingers takes place instead of their split. We can not observe this separation on the
displacement front patterns for 3D case because we monitor the surface of the displacement
front there for s = 0.25 only, but the separated fingers have much less saturation.

Results for the fitting parameters of 1D modeling

The fitting parameters of 1D modeling [12] α and γ were obtained minimizing the function
Ψ (9) for each set of parameters a,M,Pe for which multidimensional calculations were
processed. The optimized values of α and γ were obtained for each variant of the random
seed, and then the average values and deviations of fit parameters were obtained as follows:

α =
1

n

n∑
k=1

αk γ =

 n∏
k=1

γk

1/n

, dα = max
k
|αk − α|, dγ = max

k
|γk − γ| (10)
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Here, n is the number of variants, dα and dγ are deviations. One could notice that, we used
arithmetic averaging for α and geometry averaging for γ due to their specific position in
the formula (3) modeling the additional convective term. The results of fitting procedure
show that the quality of fit is better for 3D case than for 2D, and for lower viscosity
ratios rather than for higher ones. This phenomenon shows that our 1D modeling has its
borders of applicability; expanding those borders may result in introducing an additional
fit parameter, or some other features which are beyond the scope of the present study.

Results shows that change between the regular and irregular displacement modes does
not influence parameter γ so much as α. Analysing the dependence of γ on Pe for different
M , we noticed that it is good to assume independence of γ on M and linear dependence
on lnPe. The dependence on the secondary aspect ratio was assumed as dependence via
a complex β = 2/(a + 1/a) because of the symmetry of physical solution at a = 1. The
following interpolation was derived by least squares method:

γ = (0.0492 + 0.0348β) · lnPe− (0.117 + 0.173β), β = 2/(a+ 1/a) (11)

Fit parameters combination G = αγ dependence on Peclet number, viscosity ratio and sec-
ondary aspect ratio calculated by minimizing the function Ψ for both regular and irregular
displacement modes could be approximated by the following formula:

G(Pe,M, a) = max{0.070− 0.032 lnM + 0.004 ln2M,

0.278 · ln(lnPe− (0.356 + 0.251 lnM + 0.148β + 0.056β lnM))+

(−0.444 + 0.050 lnM − 0.047β + 0.019β lnM)}

Changing two alternatives of the maximum operator in the above formula corresponds to
change from regular to irregular mode of displacement.

Conclusions

Multi-dimensional (2D and 3D) calculations of the displacement process were performed
for a set of governing parameters (viscosity ratio, Peclet number and the secondary aspect
ratio). The outflow of the displacing fluid versus time was obtained, together with profiles
of the cross-section mean saturation of the displacing fluid.

Comparison of the integral parameters development showed that for the displacement
percentage, the results for a = 0.5 differ significantly from the results for a = 0.1 (both
cases) and the 2D case. The results for 2D modeling are close to the results of 3D at a = 0.1.
However, the results for cumulative outflow of the displacing fluid differ insignificantly for
all the cases investigated. The breakthrough of the displacing fluid takes place earlier for
higher values of the "second" aspect ratio a; for 2D case the breakthrough time is the
longest one. Thus flow instability and displacement front irregularity develop much faster
in a 3D case then in a 2D one.

The multi-dimensional irregular displacement was modeled by 1D equation for the
cross-section mean of the displacing fluid saturation. This model has 2 fitting parame-
ters: α and γ, which still depend on the governing problem parameters, which testifies
that the developed phenomenological model represents one possible approximation for the
mixing flux, probably not the best one. However, the fitting parameters were found min-
imizing a functional depending on difference between profiles, 1D modeled and obtained
from multi-dimensional calculations. The functional forms approximating dependence of
fitting parameters on Peclet number, aspect and viscosity ratios were developed, making
it possible to use the developed model for a rather wide range of governing parameters
variation, which are suitable for practical applications.
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It was obtained that 2D displacement integral parameters (such as the outflow of the
displacing fluid) have much higher deviation than those parameters obtained in 3D model-
ing. This can be explained by much higher number of fingers in 3D cases of displacement
reaching the outflow surface, and by the subsequent compensation of disturbances in the
overall outflow.

Analysis of the fitting parameters of 1D modeling show that the “degree” parameter γ
depends mainly on Peclet number and aspect ratio, and not on the viscosity ratio. The
dependence of a complex of those parameters: G = αγ on Pe and M is much clearer
than the corresponding dependence of α. This results in the development of rather simple
interpolation formulae for γ and G, which predict both dependence on Peclet number,
viscosity ratio and secondary aspect ratio, and the conditions of change between regular
and irregular modes of displacement.

Russian Foundation for Basic Research (12-08-00198) is acknowledged for financial
support.
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