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Abstract

We consider the classical three-dimensional Navier–Stokes equations of viscous
compressible gas in a smooth bounded domain. The equations are supplemented
with the no-slip conditions on a fixed boundary and with rapidly oscillating initial
distributions of density. The state equation of the gas is the equation of a barotropic
medium. We strictly justify a homogenization procedure, as frequencies of oscillations
tend to infinity. As a result, we build up an effective homogenized limiting model of
barotropic viscous gas. This model consists of four equations. They are the momentum
and mass equations, which are the same as in the original model; the state equation,
which differs from the original equation of barotropic gas; and an additional kinetic
equation, which endows the model and holds the complete information about evolution
of oscillations.

1 Problem formulation

We consider the system consisting of the balance of mass equation

∂ρ

∂t
+ divx(ρu) = 0, (x, t) ∈ Ω× (0, T ), (1a)

the momentum equation

∂(ρu)

∂t
+ divx(ρu⊗ u)− µ∆xu− ξ∇xdivxu +∇xP = ρg, (x, t) ∈ Ω× (0, T ), (1b)

and the state equation of barotropic gas

P = aργ , (x, t) ∈ Ω× (0, T ). (1c)

The system is supplemented with the no-slip condition on the boundary ∂Ω,

u|∂Ω = 0, t ∈ (0, T ), (1d)

and with the initial data

ρ|t=0 = ρε0, u|t=0 = uε0, x ∈ Ω. (1e)

The domain Ω ⊂ R3 is bounded. Its boundary ∂Ω is smooth. In the problem (1),
(ρ,u, P ) are the sought functions, the constants µ > 0, ξ > −µ, and a > 0 are given, the
function g is a given density of distributed mass forces. In line with [1, formula (7.2)],
we suppose that g belongs to the space L1(0, T ;L2γ/(γ−1)(Ω)) ∩ L2(0, T ;Lr(Ω)), where
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= 1. The adiabatic exponent γ is supposed to be greater than three. The

initial data depend on the small parameter ε > 0 and satisfy the following properties and
limiting relations:

uε0 ∈ L2γ/(γ−1)(Ω), ρε0 ≥ 0 a.e. in Ω, ρε0 ∈ Lγ(Ω), (2a)
ρε0 −→

ε↘0
ρ∗0 weakly in Lγ(Ω), (2b)

uε0 −→
ε↘0

u∗0 strongly in L2γ/(γ−1)(Ω). (2c)

The limiting relation (2b) models an effect of rapidly oscillating initial data. According
to the current theory of compressible Navier–Stokes equations [1, 2], for a fixed ε > 0
the problem (1) has a generalized solution (ρε,uε, P ε), where P ε := a · (ρε)γ . The very
important observation that motivates the present study is outlined by P.-L. Lions in [1,
remark 5.9]. In [1, remark 5.9] it is noticed that the limits of the family of solutions,
arising as ε ↘ 0, cannot be solutions of the problem (1) because if a limit of (ρε,uε, P ε)
is a solution of the problem (1) then necessarily there should be that ρε0 −→

ε↘0
ρ∗0 strongly.

But this limiting relation contradicts the limiting relation (2b).
The aim of the work is to study properties of the limiting points of the sequence

(ρε,uε, P ε) as ε ↘ 0. As the results of this study, we construct a limiting homogenized
model and strictly justify the homogenization procedure.

The notion of generalized solution of the problem (1) is introduced exactly as in [1,
section 5.1], [2].

Definition 1. A triple of functions (ρε,uε, P ε) is called a generalized solution of the
problem (1), if it satisfies the conditions

ρε ≥ 0 a.e. on Ω× (0, T ), (3a)
ρε ∈ L∞(0, T ;Lγ(Ω)) ∩ C([0, T ];Lp(Ω)) for 1 ≤ p < γ, (3b)
uε ∈ L2(0, T ;H1

0 (Ω)), ρε|uε|2 ∈ L∞(0, T ;L1(Ω)), (3c)

ρεuε ∈ C([0, T ];L
2γ/(γ+1)
weak (Ω)), (3d)

the state equation (1c), the integral equality

∫T
0

∫
Ω

[
ρεuε · ∂ϕ

∂t
+ (ρεuε ⊗ uε + P ε I− µ∇xuε − ξdivxuε I) : ∇xϕ

]
dxdt

= −
∫T

0

∫
Ω
ρεg · ϕdxdt −

∫
Ω
ρε0u

ε
0 · ϕ(x, 0)dx (3e)

for any vector-field ϕ ∈ C1(Ω × (0, T )), vanishing on ∂Ω and in the neighborhood of the
plane {t = T}, and the integral equality

∫T
0

∫
Ω

[
b(ρε)

∂ψ

∂t
+ b(ρε)uε · ∇xψ + ψ(b(ρε)− b′(ρε)ρε)divxuε

]
dxdt

= −
∫

Ω
b(ρε0)ψ(x, 0)dx (3f)

for any differentiable function b with a bounded derivative b′ ∈ C(R) and for an arbitrary
function ψ ∈ C1(Ω× (0, T )), vanishing in the neighborhood of the plane {t = T}.
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In (3d) we use the following notation. By C([0, T ];L
2γ/(γ+1)
weak (Ω)) we denote the space

of functions ϕ ∈ L∞(0, T ;L2γ/(γ+1)(Ω)) such that the mapping t 7→ ϕ(·, t) is weakly con-
tinuous on the interval [0, T ] with values in L2γ/(γ+1)(Ω). In other words, for an arbitrary

test function ψ ∈ L2γ/(γ−1)(Ω) the mapping t 7→
∫

Ω
ψ(x)ϕ(x, t)dx is continuous on [0, T ].

Remark 1. In the distribution sense, (3f) is equivalent to the so-called renormalized
balance of mass equation

∂b(ρε)

∂t
+ divx(b(ρε)uε) + (b′(ρε)ρε − b(ρε))divxuε = 0. (4)

Formally this equation follows from (1a) by multiplication on b′(ρε) and by use of the chain
rule.

In [1, section 7.2] (see also in [2]) the following existence result was established.
Proposition 1. For any fixed ε↘ 0 there exists a generalized solution (ρε,uε, P ε) of

the problem (1) in the sense of Definition 1.

Moreover, ρε belongs to Lp̃(K × (0, T )), where p̃ = γ +
2

3
γ − 1 and K is an arbitrary

compact subset of Ω. Also, the generalized solution admits the energy inequality∫
Ω

[1

2
ρε|uε|2dx +

a

γ − 1
(ρε)γ

]
dx +

∫ t
0
ds

∫
Ω

(µ|∇xuε|2 + ξ|divxuε|2)dx

≤
∫

Ω

1

2
|uε0|2ρε0dx +

∫
Ω

a

γ − 1
ργ0dx +

∫ t
0
ds

∫
Ω

(ρεuε · g)dx (5)

for almost every t ∈ [0, T ].

2 Uniform bounds with respect to ε. Limiting relations as
ε↘ 0

Implementing the standard technics for derivation of a priori bounds on solutions of the
Navier–Stokes equations, from (5) we rather easily deduce that

ess sup
τ∈[0,T ]

∫
Ω

[1

2
ρε|uε|2dx +

a

γ − 1
(ρε)γ

]
dx ≤ C1(T ; ‖g‖), (6)

‖uε‖L2(0,T ;H1
0 (Ω)) ≤ C2(T,Ω, C1), (7)

‖uε‖L2(0,T ;L6(Ω)) ≤ C3, (8)∥∥∥∥∂ρε∂t
∥∥∥∥
L∞(0,T ;W−1,2γ(γ+1)(Ω))

≤ C4, (9)

(∥∥∥∥∂(ρεuε)

∂t

∥∥∥∥
L∞(0,T ;W−1,1(Ω))

,

∥∥∥∥∂(ρεuε)

∂t

∥∥∥∥
L2(0,T ;H−1(Ω))

)
≤ C5, (10)

where the constants C1–C5 do not depend on ε.
In [1, theorem 7.1] the following rather delicate result was established.
Proposition 2. Let (ρε,uε, P ε) be a generalized solution of the problem (1). Let

ρε ∈ Lp̃(K × (0, T )), where p̃ = γ +
2

N
γ − 1 and K is an arbitrary compact subset of Ω.

Then ρε is bounded in Lp̃(K× (0, T )) by a constant, which depends only on the data of the
problem and does not depend on ε.
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The above stated bounds allow us to use the result of [1, theorem 5.1, part 1] and
establish the limiting relations

ρεuε →
ε↘0

ρ∗u∗ weakly in L2γ/(γ+1)(Ω× (0, T )), (11)

ρεuεiu
ε
j →
ε↘0

ρ∗u∗iu
∗
j inM(Ω× (0, T )), (12)

weakly* in L∞(0, T ;L1(K)) ∩ L1(0, T ;Lβ(K)), (13)
√
ρεuε →

ε↘0

√
ρu∗ weakly in L2γ/(γ+1)(Ω× (0, T )) (14)

for an appropriate subsequence of {ε ↘ 0}. Here (ρ∗,u∗) := w- lim
ε↘0

(ρε,uε) and √ρ :=

w- lim
ε↘0

√
ρε (in the space L2γ(Ω×(0, T ))). The exponent β is greater than one and depends

on γ. In (13) M is the space of Radon measures, i.e., the dual space to the space of
continuous functions.

The following convergence property of the so-called effective viscous flux [1, remarks
5.13, 5.18], [2, section 3.4] is very important for limiting transitions in (1).

Proposition 3. Let B be an arbitrary continuous on the semi-axis [0,+∞) function
such that B and B′ are bounded. Then the limiting relation

B(ρn){(µ+ ξ)divxun−a · (ρn)γ} →
n↗∞

B̄{(µ+ ξ)divxu∗−P ∗} in D′(Ω× (0, T )) (15)

holds true.
Here we denoted B̄ := w- lim

n↗∞
β(ρn), P ∗ := aw- lim

n↗∞
(ρn)γ ≡ w- lim

n↗∞
Pn.

In order to describe effectively superpositions of nonlinear functions and weakly con-
vergent sequences, we use Ball’s fundamental theorem on a version of Young measures,
which reads as follows [3] (see also in [4]).

Proposition 4. Let Ω be a bounded open subset of R3. Suppose a sequence of measur-
able functions {ρn}n≥1 is bounded in Lγ(Ω), 1 < γ < +∞.

Then there exist a subsequence still denoted by {ρn}n≥1 and a measurable set of
probability measures σx,t ∈ M(R), (x, t) ∈ Ω × (0, T ) with the distribution function
f(x, t, λ) := σx,t(−∞, λ] such that

(1) for a.e. (x, t) ∈ Ω × (0, T ) the function λ 7→ f(x, t, λ) is right continuous and has
the limits 1 and 0, as λ→ ±∞;

(2) for any Carathéodory function G : Ω× (0, T )× R 7→ R satisfying the condition

lim
|λ|→∞

‖G(·, ·, λ)‖C(Ω×(0,T ))

|λ|γ
= 0,

the sequence G(·, ·, ρn) converges weakly in L1(Ω× (0, T )) to the function

Ḡ(x, t) =

∫
R
G(x, t, λ)dλf(x, t, λ).

Moreover, the mapping (x, t) 7→
∫
R
|λ|γdλf(x, t, λ) from Ω×(0, T ) into R belongs to L1(Ω×

(0, T )).
Definition 2. The probability measures σx,t are called the Young measures associated

with the chosen subsequence {ρn}n≥1.
By dλf we denote the standard Stieltjes measure on Rλ generated by the function

λ 7→ f(x, t, λ) for a.e. (x, t) ∈ Ω× (0, T ).
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3 Formulation of the homogenized effective model

The following theorem and formulation of the homogenized effective model of dynamics of
viscous barotropic gas with rapidly oscillating initial data are the main results of the work.

Theorema H. (On homogenization of equations of viscous barotropic gas with rapidly
oscillating initial data.) Let {(ρε,uε)}ε>0 be a family of generalized solutions of the problem
(1) corresponding to the rapidly oscillating initial data (1e).

Then there exist a quadruple of functions (ρ∗,u∗, P ∗, f) and a subsequence {ε ↘ 0}
such that

ρε →
ε↘0

ρ∗ weakly in Lγ(Ω× (0, T )) ∩ Lp̃(K × (0, T )), (16)

uε →
ε↘0

u∗ weakly in L2(0, T ;H1
0 (Ω)), (17)

P ε →
ε↘0

P ∗ weakly in L1+κ(Ω× (0, T )), (18)

and the quadruple of functions (ρ∗,u∗, P ∗, f) is a solution of Problem H formulated imme-
diately below.

Problem H. In the domain (x, t, λ) ∈ Ω × (0, T ) × Rλ it is necessary to find an
effective density ρ∗ = ρ∗(x, t), an effective velocity field u∗ = u∗(x, t), an effective pressure
P ∗ = P ∗(x, t), and the right continuous and monotonously nondecreasing in λ distribution
function f = f(x, t, λ) such that 0 ≤ f ≤ 1 a.e. in Ω× (0, T )× Rλ, satisfying the balance
of mass equation

∂ρ∗

∂t
+ divx(ρ∗u∗) = 0, (x, t) ∈ Ω× (0, T ), (19)

the momentum equation

∂(ρ∗u∗)

∂t
+divx(ρ∗u∗⊗u∗)−µ∆xu

∗−ξ∇xdivxu∗+∇xP ∗ = ρ∗g, (x, t) ∈ Ω×(0, T ), (20)

the kinetic equation

∂f

∂t
+ divx(fu∗)− ∂

∂λ
(λfdivxu∗) +

∂

∂λ
(λM(f)) = 0 (x, t, λ) ∈ Ω× (0, T )×Rλ, (21)

where the nonlinear operator f 7→M(f) is defined by the formula

(M(f))(x, t, λ) :=
1

µ+ ξ

∫∞
λ

(asγ − P ∗(x, t))dsf(x, t, s),

the state equation

P ∗(x, t) = a

∫
[0,∞)

λγdλf(x, t, λ) ≡ aγ
∫

[0,∞)
λγ−1(1− f(x, t, λ))dλ (x, t) ∈ Ω× (0, T ),

(22)

the initial data

ρ∗|t=0 = ρ∗0(x), u∗|t=0 = u∗0(x), f |t=0 = f0(x, λ), (23)

where f0 is the distribution function of the Young measure associated with a subsequence
{ρε0}ε↘0, and the no-slip boundary condition

u∗|∂Ω = 0, t ∈ (0, T ). (24)
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The solution of Problem H is understood in the sense of distributions. That is, the
balance of mass equation (19) and the initial condition (23)1 are understood in the sense
of the integral equality∫T

0

∫
Ω
ρ∗
[∂ψ
∂t

+ u∗ · ∇xψ
]
dxdt = −

∫
Ω
ρ∗0(x)ψ(x, 0)dx (25)

for an arbitrary test-function function ψ ∈ C1(Ω × (0, T )) vanishing in the neighborhood
of the plane {t = T}, the momentum equation (20) and the initial condition (23)2 are
understood in the sense of the integral equality

∫T
0

∫
Ω

[
ρ∗u∗ · ∂ϕ

∂t
+ (ρ∗u∗ ⊗ u∗ − ξdivxu∗I− µ∇xu∗) : ∇xϕ

+
(∫

Rλ
γaλγ−1(1− f(x, t, λ))dλ

)
divxϕ

]
dxdt

= −
∫T

0

∫
Ω
ρ∗g · ϕdxdt −

∫
Ω
ρ∗0u

∗
0 · ϕ(x, 0)dx, (26)

where ϕ ∈ C1(Ω× (0, T )) is an arbitrary test-function vanishing on ∂Ω and in the neigh-
borhood of the plane {t = T}, and the kinetic equation (21) and the initial condition (23)3
are understood in the sense of the integral equality

∫T
0

∫
Ω

∫
Rλ

{∂Φ

∂t
+ u∗(x, t) · ∇xΦ− λ∂Φ

∂λ
divxu∗(x, t)

}
f(x, t, λ)dλdxdt

+

∫T
0

∫
Ω

∫
Rλ

∂Φ

∂λ
λMdλdxdt = −

∫
Ω

∫
Rλ

Φ(x, 0, λ)f(x, 0, λ)dλdx, (27)

where Φ ∈ C1(Ω× (0, T )×Rλ) is an arbitrary test function vanishing in the neighborhood
of the plane {t = T} and for large |λ|.

Remark 2. (Comments about derivation of the equations (19)–(22).) The balance of
mass equation (19) and the momentum equation (20) follow directly from the equations
(1a) and (1b) thanks to the limiting relations (11)–(13) and (18). The state equation (22)
follows directly from the state equation of barotropic gas (1c) on the strength of Proposition
4 due to the uniform bound (6) on (ρε)γ . The derivation of the kinetic equation (21) is
rather sophisticated. In order to construct (21), in the present work we follow the ideas of
P. Plotnikov and J. Sokolowski [5]. The kinetic equation appears as the result of the limiting
transition as ε↘ 0 in the renormalized balance of mass equation (4). The justification of
the limiting transition is heavily based on Proposition 4 and some additional facts from
the Young measure theory and on Proposition 3 on effective viscous flux.

Remark 3. (On an alternative formulation of Problem H.) On the strength of Propo-
sition 4, the effective density ρ∗ has an explicit representation in terms of the distribution
function f in the form of an additional state equation

ρ∗(x, t) =

∫
[0,∞)

λdλf(x, t, λ) ≡
∫

[0,∞)
(1− f(x, t, λ))dλ (x, t) ∈ Ω× (0, T ). (28)

In turn, this equation along with the kinetic equation (21) yield the balance of mass
equation (19). Consequently, in the formulation of Problem H the balance of mass equation
can be equivalently substituted by the state equation (28).
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