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Abstract

It is well known that the miniaturizing of modern mechanical systems
toward micrometer or even nanometer length scale requires new equations
for describing the mechanical and material behavior. The need for became
evident from several experiments [7, 2]. Classical/traditional elasticity theory
of continuum mechanics can not explain material behavior in this length scales
(size e�ect). This is why generalized continuum theories are used to overcome
these limits [2, 3, 4]. Also, lower computing time can be achieved by using
generalized continuum theories for simulation models.

There are di�erent reasons why experiments have to be performed for gen-
eralized continua. On the one hand new parameters show up in generalized
continuum material equations. If one wants to use these equations, for ex-
ample in a simulation study, these parameters have to been measured and
determined in experiments before [7, 2, 3, 8]. On the other hand, simula-
tions using generalized continuum models can be validated by experiments,
provided that all parameters are known [5]. Unfortunately experimental data
in the literature covering the size e�ect in elasticity is very rare. Some basic
research on an Euler beam made out of epoxy is presented in [7, 8]. Other
fundamental work was performed by [2] using atomic-force-microscopy and
micro-Raman-microscopy on silicon nitride in a loading test.

In the recent past new experimental techniques have been developed to
use generalized continuum theories [3, 5, 6]. Di�erent experimental setups,
di�erent materials, and di�erent structures were used [7, 3, 5, 6, 7, 8]. This
state-of-the-art-report gives an overview on the di�erent experimental tech-
niques that have been applied to di�erent generalized continuum theories. An
outlook into future investigations will also be given.

1 Introduction

Modern mechanical and electrical systems are rapidly becoming smaller. Micrometer
or nanometer length scaled systems require new mathematical theories and material
equations. Liebold, for example, proved in [2] that Young's Modulus of epoxy is
increasing if the size of the target is in or below the micrometer scale. The reason of
this behavior lies in the substructure of the target. These intrinsic characteristics,
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which lead to this kind of mechanical behavior, are summarized by the term size
e�ect. Classical/traditional elasticity theory of continuum mechanics can not explain
material behavior in this length scales. That is why generalized continuum theories
are used to overcome these limits.
An convincing example to illustrate the problem is a �nite element simulation of
materials showing small scale phenomena: Models of technical structures classically
use equations based on the traditional Cauchy-Boltzmann continuum and require
a very detailed mesh if details in small structures need to be analyzed. This leads to
higher computing time and associated higher costs. Alternatively, by using equations
developed out of generalized continuum theories, a low-detail mesh can be used to
get the same results. The computing costs are much less.
In the literature, some experiments applied to generalized continuum theories can
be found [7, 2, 3, 5, 7, 8, 10, 14, 15]. Examples for generalized continuum theories
are the strain-gradient-theory [17, 18], the micromorphic theory [4, 16, 17], and the
surface-theory [19, 20], just to mention the most popular ones. When studying these
theories more intensively, two main families of generalized continua representing
extensions to the Cauchy continuum can be identi�ed - the micromorphic theory
and the strain gradient theory. In micromorphic theory the intrinsic deformation is
described by so-called directors. These vectors represent the deformation and the
orientation of the material particles. The micromorphic continuum can be simpli�ed
to the micro-stretch continuum when the directors become orthogonal. The micro-
stretch continuum can be simpli�ed further to the popular micropolar continuum
when the directors do not change their value in length (so that just the rotation is
described by the directors). If desired, micropolar theory can be also transferred
to couple-stress-theory. Then the constitutive equations for an isotropic solid read
[13, 16, 4, 6]:

σij = 2Gεij + λεkkδij + κeijk(rk − φk) , µij = αφk,kδij + βφi,j + γφj,i . (1)

σij is the force-stress tensor (here antisymmetric in contrast to classical theory),
µij is the couple stress tensor (in general antisymmetric), G is the shear modulus,
εij = 1

2
(ui,j + uj,i) is the small strain tensor, uj is the displacement vector, and φi

and ri are the micro- and the macrorotation vector, respectively. φi refers to the ro-
tation of points themselves, while ri refers to the rotation associated with movement
of nearby points [6]. eijk is the permutation symbol, δij is the Kronecker symbol.
The Einstein summation convention is valid for repeated indices and a comma
denotes di�erentiation. α , β , γ and κ are the so-called independent Cosserat con-
stants (in classical theory these constants and the couple stress tensor become zero,
just the Lam�e constants stay). The couple-stress-theory represents the mostly used
extension to the Cauchy continuum in literature. By the use of special restric-
tions, the strain gradient theory can be simpli�ed to the modi�ed strain gradient
theory and transferred into the couple stress theory as well as the micromorphic
theory mentioned before. Also, surface theories, such as the core-shell-theory, gain
in importance in the �eld of generalized continua. Based on the idea that the elastic
behavior of a solid's surface is independent of its volume, these theories are even
able to describe a negative size e�ect (meaning, a softer elastic response to external
forces or deformations during the reduction of the dimensions of the specimen). This
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behavior is shown in [15] for example.
Finally, two well-known and actively developed generalized continuum theories are
the higher gradient [2, 15] and the micropolar theories [4, 13]. During the deriva-
tion of these theories additional constitutive equations are formulated, which include
new and unknown speci�c parameters (e.g., the couple stress tensor). Two possibil-
ities in order to identify these new parameters are given by performing miniature
experiments as well as macroscopic experiments. By choosing a special adjusted ex-
perimental setup applied on the explicit generalized continuum theory it is possible
to localize and to determine the unknown parameters. Experiments on solids are
mostly performed in static or dynamic beam loading tests. However, not just solids
[16, 4] but also liquids or gases [24, 21, 23, 22] can be investigated. Hence there are
a lot of di�erent reasons why experiments have to be performed for generalized con-
tinua. On the one hand side newly identi�ed parameters have to been measured and
determined in experiments [7, 2, 3, 8], and on the other hand parameters obtained
from theory or numerical analysis have to been validated by experiments [15, 5].

2 State of the Art

This section should give an overview of examples of the most important publications
over the last years in the �eld of experiments applied on generalized continuum
theories. Because of limited space not every publication related to this topic will be
discussed.

2.1 Lam et al. 2003: Miniature beams

To �nd experimental data on the size e�ect in the literature is di�cult. Some ba-
sic research on a miniaturized Euler beam made of epoxy is presented in �Ex-
periments and theory in strain gradient elasticity� by Lam et al. (2003) in [7].

Figure 1: A beam with an
applied force or moment at
the free end from [7]

A simple thin cantilever beam bending test on epoxy
was developed by using nano-indentation (see Fig-
ure 1). The load-de�ection dependence of the beam
can be classically described by:

w0 =
Q̄a3

3D′0h
3
. (2)

When strain gradients e�ects are considered, the
load-de�ection dependence becomes according to [7]:

w0 ≈
Q̄a3

3D′h3
. (3)

In classical bending theory, the bending rigidity D′0 is independent of the length and
thickness of the beam. But here a new strain gradient theory was developed: The
higher-order bending rigidity D′ becomes dependent of the thickness h and of the

151



Proceedings of XLIV International Summer School � Conference APM 2016

material length scale parameters li of the beam:

D′ = D′0[1+(
bh
h

)2] , D′0 =
E

12ϕ
, b2

h = 6(1−2ϑ)l20 +
2

5
(4−ϑ)l21 +3(1−ϑ)l22 . (4)

Figure 2: Plot of bending rigidity
over thickness from [7]

The higher-order bending parameter is bh,
which includes the dependent length scale pa-
rameters li. D′0 is a bending sti�ness param-
eter, which is independent of the geometry of
the beam with ϕ = 1− ϑ2 for plain strain and
ϕ = 1 for plane stress. ϑ is Poisson's ratio, a
is the distance between the load and the mount-
ing and h is the thickness of the beam.
The bending rigidity D′ is plotted over the
thickness h in Figure 2. Obviously, the bending
sti�ness is enlarged by a factor 2.4 if the height
of the beam is reduced from 115µm to 20µm.
The measured size e�ect �ts to the developed
higher-order bending solutions and cannot be
described by classical elasticity. Consequently,

this work shows that strain gradients can be a very powerful and important tool in
order to determine parameters that describe the size e�ect in small-scale structures.

2.2 Wei et al. 2001: Strain-gradient plasticity applied to in-
dentation tests

Figure 3: Experimental results
(dots) and predicted results (line)
for di�erent lengths L: plot of
hardness over depth for single
crystal copper from [10]

Another experiment used in context with strain
gradient plasticity theory, which uses micro-
indentation (instead of nano-indentation as
mentioned above), was performed in [10] on
single crystal copper plates (and also with alu-
minum, which is not considered further in this
article): Based on strain gradient plasticity
theory, the size e�ect was predicted by means
of the �nite element method for evaluation of
experimental micro-indentation tests. Results
for the hardness/depth relation are shown in
Figure 3. It can be seen that the size e�ect
is very pronounced, if the indentation depth
is smaller than the micro-scale of the material
(particularly, if the indentation depth is smaller
than 1/3 of the micro-scale). Finally it was
shown that the size e�ect, which occurred in
the experiments, can be described su�ciently
by strain gradient plasticity theory.
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2.3 Dell'Isola et al. 2015: Pantographic beam structures

In the recent past new experimental techniques have been developed with the objec-
tive of working toward making generalized continuum theories useful for technology
[3, 5, 6, 12]. Di�erent experimental setups, di�erent materials, and di�erent struc-
tures were used [7, 3, 5, 6, 7, 8, 10, 14].

Figure 4: 3D-Model of the
lattice structure from [5]

A particularly promising experiment was performed
by [5] last year in �Designing a light fabric meta-
material being highly macroscopically tough under di-
rectional extension: First experimental evidence,� in-
�uenced by and based on the thoughts of Placidi
et al. [12]. So-called pantographic structures have
been designed and afterwards manufactured by 3D-
prototyping, using the material PA 2200 (polyamide
powder). Two families of inextensible ��bers," which
can also be treated as beams, are printed in two
arrays orthogonal to other other in parallel planes, which are then superim-
posed. The parallel planes are interconnected by cylinders (elastic pivots) of
small height. A model of this pantographic lattice is shown in Figure 4.

Figure 5: Force-
displacement plot of
di�erent energy models in
numerical simulation from
[5]

The Pipkin continuum model (for further information
of the Rivlin-Pipkin decomposition of plane displace-
ment of continua see [25, 26, 27]) is used to estimate
the behavior of the samples during a biaxial extension
test in numerical simulations. Here, the elastic pivots
are described by the �rst-gradient (in displacement)
dependence of the deformation energy density. The
bending sti�ness of the �bers is described by a second-
gradient dependence (in displacement). Finally, four
deformation energy densities were used for the numer-
ical simulation. The force-displacement plot for the
considered energy models of the elastic simulation is
shown in Figure 5 for a specimen, one side of which
is three times longer than the other. It can be recog-
nized, that the resultant force increases when the limit
of maximum elongation is reached because of the in-
extensibility constraint. Finally, based on the results
of the simulation, the experimental measurements of
the aforementioned pantographic structures have been
designed. Three samples with di�erent pivot heights
and di�erent pivot diameters were investigated. We
concentrate on sample 2 (0.5mm height and 0.9mm
diameter). Real macroscopic tensile tests were performed, resulting in an elonga-
tion along the direction of the shorter sides of the pantographic samples (an example
of sample 2 is given in Figure 6). The beams at the lower right corner experience a
large elongation between the pivots marked with two black points. In this region, the
bending energy of �bers is concentrated (traction stress of approximately 200MPa).
This could not be shown in the numerical simulations.
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Figure 6: Tensile test of sample 2 from [5]: (a) before �rst beam failure, (b) after
breakage of the �ber in the upper left corner, (c)�(f) damage of further �bers

Figure 7: Force over displace-
ment plot of sample 2 from [5]

The three points, which are arranged in a tri-
angle, visualize the shear angle (one in the mid-
dle and another one on the bottom in Figure 6).
These angles are obviously not constant during
the deformation.Furthermore, in Figure 6 the mo-
ment of �rst beam failure can be recognized when
sample 2 is subjected to increasing stretch. Fig-
ure 6b shows a rupture of a beam in the upper
left corner. From Figure 6c through Figure 6f
more and more beams and pivots fail. In Fig-
ure 7 force over displacement is plotted with its
characteristic points corresponding to the loading steps from Figure 6a through 6f.

Figure 8: Numeri-
cal analysis of wave
propagation from
[11]

In general, toughness can be de�ned as the amount of en-
ergy needed to lead it to failure. By looking at Figure 7,
the failure of the pantographic lattice is visualized by the lo-
cal minima in the plot. Surprisingly after one failure within
the structure, which was subjected to external loading, the
specimen �recovers� and is able to carry even higher loads
than before. Because of the complex geometry the beams
reorganize themselves, resulting in an increasing resistance
to elongation. Hence, the maximum energy before reaching
�nal failure is greater than the maximum of elastic energy
that can be stored in the developed specimen [5]. Conse-
quently, it is likely that this newly developed structure will
serve as an extremely tough metamaterial [5]. Other conceiv-
able applications for pantographic 2D sheets are discussed
in [11]. There a dynamic analysis of pantographic sheets
(where the beams are connected via hinges) is presented.

Figure 8 shows an example of wave propagation as a consequence of an imposed
time-dependent longitudinal displacement at the right side of the sheet [11]. It is
shown that the homogenized limit of this structure is best modeled by a second gra-
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dient theory instead of a classic continuum. Three other dynamic analyses have been
performed, which will not be discussed in this article. Summarizing one may say that
the combination of high mechanical strength, lightness, and �exibility makes these
structures extremely attractive for technical solutions in lightweight constructions,
for space/aircraft technology, or for the medical industry.

2.4 Kong et al. 2009: Static and dynamic analysis of mi-
crobeams

Figure 9: Static plot of de�ections over
the ratio of length to thickness for dif-
ferent thickness values and di�erent the-
ories from [14]

Another static and dynamic simulation-
analysis was conducted by Kong et al.
(2009) in [14]. Based on strain gra-
dient theory from Lam et al. [7] mi-
crobeams were investigated. The newly
developed model contained three addi-
tional material length-scale-parameters.
A static and a dynamic analysis was
performed based on the assumption
that all length-scale-parameters are the
same and that the thickness of the
beam is approximately equal to the
material length-scale-parameter (h =
20µm, l = 17.6µm). The nu-
merical analyses are shown in Fig-
ure 9 for a static simulation (de�ec-
tion vs. ratio of length to thick-
ness) and in Figure 10 for a dy-
namic simulation (natural frequency vs. the ratio of length to thickness).

Figure 10: Dynamic plot of natural
frequencies over the ratio of length to
thickness for di�erent thickness values
and di�erent theories from [14]: a) �rst
natural frequencies, b) second, c) third,
d) fourth

The static analysis shows that the de-
�ection of the beam predicted by classi-
cal beam theory is about 12 times higher
than the one predicted by strain gradi-
ent elastic beam theory for the small-
est thickness (see Figure 9a). Classical
beam theory can only predict the de�ec-
tion of the beam with the biggest thick-
ness with su�cient accuracy (see Fig-
ure 9d). The dynamic analysis showed
that the natural frequencies of the beam
predicted by strain gradient elastic beam
theory are about 3.5 times higher than
the ones predicted by classical beam the-
ory (see Figure 10). If the thickness of
the beam is of the size of the material
length-scale-parameter, the beam de�ec-
tions decrease and the natural frequen-
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cies increase [14]. If the thickness is much
higher than the length-scale-parameter,
the size e�ects almost vanish.

2.5 Lakes et al. 2015: Foams

(a) Inner structure of
�rst investigated foam
from [6], scale bar is
5mm.

(b) Structure of second investigated foam dur-
ing bending of the beam from [6].

Figure 11: The structures of the investigated foams are shown: a) Open cell
polyurethane foam with a cell size of about 1.2mm, b) Bent test beam of foam
with a cell size of about 0.4mm

Fundamental work on experiments in context with generalized continuum theories
was presented in 1995 and 2015 in [7, 6]. Experimental methods for determining the
six Cosserat elastic constants of isotropic solids with size e�ects were considered.
Inter alia Cosserat elasticity [13], micromorphic elasticity and nonlocal elasticity
was used. It has been shown, for example, that polycrystalline and particulate type

Figure 12: Experimental data and its �t is shown as a plot of deformation over
position from [6], the plot of larger cell-sized foam is demonstrated on the left side
and the one of the smaller cell-sized foam is demonstrated on the right side

material microstructures behave nearly classically (like a metal or an amorphous
polymer) and that the behavior of several cellular solids can be characterized by
Cosserat elasticity. A bending test was conducted in [6], where bars of open
cell reticulated polyurethane foams were examined. Two foams, distinguishable by
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cell size, were investigated: One foam with an average cell size of 1.2mm is shown
in Figure 11a, while the other foam with 0.4mm cell size is shown in Figure 11b.
Bending was achieved by bringing the ends of cemented stalks into contact. The
displacement of the surface was measured via digital photography. Figure 12 shows
the experimental results for both foams where deformation is plotted vs. position
(without deformation due to tilting because of lack of su�cient image processing).

Figure 13: Analytical solution based
on the Cosserat model developed
by [6]

A sinusoidal bulge deformation in both spec-
imen can be recognized from the lateral
side. The magnitude of deformation for
the larger cell foam is bigger then the one
for the foam with the smaller cells. This
suggests a local length scale e�ect. The
foam with the 1.2mm-sized cells has a ra-
tio for the moduli in the di�erent direc-
tions of 1.6 and is therefore anisotropic,
the foam with the 0.4mm-sized cells has a
Poisson's ratio of approximately 0.3 and is
considered as isotropic. An approximated
three-dimensional Cosserat bending solu-
tion was developed for the isotropic material
and compared to experimental measurements of the isotropic foam (with 0.4mm-
sized cells). The analytical Cosserat solution is shown in Figure 13. By comparing
Figure 13 with the right plot of Figure 12 it can be recognized that the observed
behavior in the experiments �ts very well to the analytical solution (qualitatively
as well as quantitatively). This reveals the presence of Cosserat elastic e�ects.
Hence, macroscopical experiments can lead to the determination of unknown pa-
rameters, which show up in generalized continuum theories.

2.6 Liebold et al. 2015 and 2016: AFM and Micro-Raman-
spectroscopy

(a) Plot of elastic modulus over thickness for
epoxy from [15].

(b) Plot of elastic modulus over thickness
for SU-8 polymer from [15].

Figure 14: Evaluated �ts of the used generalized continum theories and averaged
results of the measured elastic modulus of: a) epoxy b) SU-8 polymer
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Further experimental work in the �elds of generalized continua was performed by
Liebold in 2015 [2] and in 2016 [15] by using atomic-force-microscopy and micro-
Raman-microscopy on epoxy as well as on the polymer SU-8 during bending tests
with the help of the Euler-Bernoulli beam model.

Figure 15: Plot of elastic modulus over thick-
ness of drilled aluminium sample obtained from
frequency measurements from [15]

Also, a vibration analysis for
measuring eigenfrequencies of
macroscopically sized pieces of
aluminum foams as well as an
aluminum bar with arti�cial het-
erogenities was obtained. Mod-
i�ed strain gradient theory, mi-
cropolar theory, and couple stress
theory, as well as the core-surface
model (surface elasticity) and the
core-shell model (surface layer)
have been developed. The last
model was developed because it
is even able to characterize neg-
ative size e�ects in contrast to

higher-order theories. The averaged results from measurements of the elastic modu-
lus of epoxy and evaluated �t functions for parameters of the generalized continuum
theories are plotted in Figure 14a. The ones for the SU-8 polymer are plotted in
Figure 14b.

Figure 16: Plot of elastic modulus over thickness (on the left side), width (in the
middle) and length (on the right side) of two aluminium foams, which where inves-
tigated in vibration analysis from [15]

Figure 17: A multiscale-graph: Normalized
elastic modulus is plotted over the thickness
for all materials from [15]

It can be recognized that exper-
imentally measured values match
the values of the numerical func-
tions of the generalized contin-
uum models very well. The re-
sults of the frequency measure-
ments of the elastic modulus of
the aluminum with arti�cial het-
erogenities and the evaluation of
the �t functions from the general-
ized continuum theories are plot-
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ted in Figure 15. Experimental
values �t particularly well when
using the surface elasticity model.

The �t functions of the core-shell model of the aluminum foams are plotted in
Figure 16. The results from the frequency analysis point up a negative size e�ect. It
is re�ected in a softer elastic response when outer dimensions of a body are reduced
[15]. The arrows in Figure 16 highlight the values which di�er from the ratio of
length/width = 10. Consequently, a dependence of the width can be established.

Figure 18: Elastic modulus is plotted over the length for epoxy (on the left side)
and for SU-8 polymer (on the right side) for di�erent thicknesses from [15]

To visualize the size e�ect of all materials used in this work in a better way, the
normalized elastic modulus is plotted for all di�erent materials over the thickness
in Figure 17. The dependence of measured elastic moduli to the length of the beam
for epoxy and SU-8 polymer is made obvious in Figure 18: The shorter the length
of the beam, the smaller the elastic modulus. But no model is able to describe
the dependence of the elastic modulus from both, the length and the thickness of a
beam.
With the macroscopic samples of drilled aluminum, it could be shown, that the
parameter l is of the order of the physical dimension of the internal structure, i.e,
the diameter of the holes. No size e�ect was observed during tensile testing of epoxy
samples of the same thickness. This was also reported by [7].

3 Conclusion and Outlook

An overview of the developments of di�erent experimental techniques applied on
generalized continuum theories in the recent past was given. Noticeably, micropolar
theory and higher-strain-gradient theory are one of the most used theories for char-
acterizing size e�ects [15]. There are di�erent experimental techniques, macroscopic
as well as small scale experiments, which are capable of determining the speci�c
higher material parameters pertinent to generalized continuum theories. New type
of structures, such as the pantographic ones developed in [5], lead to new technical
opportunities for strong lightweight materials. This is important in the space and
aircraft as well as automobile or medicine industries, where inexpensive and light
materials are of high importance and great urgency. Moreover, it should be men-
tioned that numerical analyses, which use generalized continuum models, should be
improved to get more knowledge of how to develop and construct new experiments
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to investigate, for example, new lightweight materials or the size e�ects in nano-
and microstructures. In the recent past, mostly models for isotropic solids were de-
veloped, but also anisotropic solids or even �uids and gases should be investigated
more intensively in the future [4, 22].

References

[1] Lam, D. C. C., Yang, F., Chong A. C. M., Wang, J., Tong, P. (2003): Exper-
iments and theory in strain gradient elasticity. Journal of the Mechanics and
Physics of Solids. 51(8), pp. 1477-1508

[2] Liebold, C. (2015): Gr�oßene�ekt in der Elastizit�at, Dissertation, TU Berlin.

[3] Liebold, C., M�uller, W.H. (2013): Measuring material coe�cients of higher
gradient elasticity by using AFM techniques and Raman-spectroscopy. In: Gen-
eralized continua as models for materials, Altenbach, H., Forest, S., Krivtsov,
A. (editors). Springer Berlin Heidelberg, pp. 255-271.

[4] Eremeyev V.A., Lebedev L.P., Altenbach H. (2013): Foundations of micropolar
mechanics. Springer.

[5] Dell'Isola, F., Lekszycki, T., Pawlikowski, M., Grygoruk, R., Greco, L. (2015):
Designing a light fabric metamaterial being highly macroscopically tough under
directional extension: �rst experimental evidence. Zeitschrift fÃ¼r angewandte
Mathematik und Physik, ZAMP, 66(6), pp. 3473-3498.

[6] Lakes, R., Drugan, W.J. (2015): Bending of a Cosserat elastic bar of square
cross section: Theory and experiment. Journal of Applied Mechanics, 82(9),
091002.

[7] Lakes, R. (1995): Experimental methods for study of Cosserat elastic solids and
other generalized elastic continua. Ed. H. M�uhlhaus, J. Wiley, N.Y., Ch. 1, pp.
1-25.

[8] Chong, C.M. (2002): Experimental investigation and modeling of size e�ect in
elasticity, Dissertation, Hong Kong University of Science and Technology.

[9] Fleck N.A., Muller G.M., Ashby M.F., Hutchinson J.W. (1994): Strain gra-
dient plasticity: Theory and experiment. Acta metall. mater., 42(2), pp. 475-487.

[10] Wei Y., Wang X., Wu X., Bai Y. (2001): Theoretical and experimental
researches of size e�ect in micro-indentation test, Science in China Science in
China Series A: Mathematics, 44(1), pp. 74-82.

[11] Dell'Isola, F., Della Corte, A., Giorgio, I., Scerrato, D. (2016): Pantographic
2D sheets: Discussion of some numerical investigations and potential applica-
tions. International Journal of Non-Linear Mechanics, Elsevier, 80, pp. 200-208.

[12] Placidi, L., Andreaus, U., Della Corte, A., Lekszycki, T. (2015): Gedanken
experiments for the determination of two-dimensional linear second gradient
elasticity coe�cients. ZAMP, 66(6), pp. 3699-3725.

[13] Cosserat, E. and F. (1909): Theorie des Corps Deformables. Hermann et Fils,
Paris

160



REFERENCES

[14] Kong, S., Zhou, S., Nie, Z., Wang, K. (2009): Static and dynamic analysis of
micro beams based on strain gradient elasticity theory. International Journal of
Engineering Science, 47(4), pp. 487-498.

[15] Liebold, C., M�uller, W.H. (2016): Applications of Higher-Order Continua
to Size E�ects in Bending: Theory and Recent Experimental Results. In:
Generalized Continua as Models for Classical and Advanced Materials (pp.
237-260). Springer International Publishing.

[16] Eringen, A.C. (2010): Nonlocal Continuum �eld theories. Springer-Verlag,
2010, New York.

[17] Toupin, R.A. (1962): Elastic materials with couple-stresses. ARMA, 1962,
11(1), pp. 385-414.

[18] Bertram, A. (2013): The Mechanics and Thermodynamics of Finite Gradient
Elasticity and Plasticity. Preprint, Institut fuer Mechanik, Otto-von-Guericke
Universit�at Magdeburg.

[19] Javili, A., McBride, A., Steinmann, P. (2013): Thermomechanics of Solids
With Lower-Dimensional Energetics: On the Importance of Surface, Interface,
and Curve Structures at the Nanoscale. A Unifying Review, Applied Mechanics
Reviews, 65, pp. 010802-1-010802-31.

[20] Gurtin, M.E., Murdoch, A.I. (1975): A Continuum Theory of Elastic Material
Surfaces. ARMA, 57(4), pp. 291-323.

[21] Atkin, R.J., Leslie, F.M. (1970): Couette �ow of nematic liquid crystals. The
Quarterly Journal of Mechanics and Applied Mathematics, 23(2), 3-24.

[22] Sengupta, A. (2013): Topological Micro�uids: Nematic Liquid Crystals and
Nematic Colloids in Micro�uidic Environment. Springer Science & Business
Media.

[23] M�uller, I. (1985): Thermodynamics. Pitman Advanced Publishing Program,
Boston, London, Melbourne.

[24] Leslie, F.M. (1968): Some Constitutive Equations for Liquid Crystals. Archive
for Rational Mechanics and Analysis, 28(4), pp. 265-283.

[25] Pipkin, A.C. (1981): Plane Traction Problems for inextensible Networks. Q.J.
Mech. Appl. Math., 34(4), pp. 415-429.

[26] Rivlin, R.S. (1997): Plane Strain of a Net formed by inextensible Cords.
Collected Papers of RS Rivlin, Springer, Berlin, pp. 511-534.

[27] Dell'Isola, F., d'Agostino, M. V., Madeo, A., Boisse, P., Steigmann, D. (2016):
Minimization of shear energy in two dimensional continua with two orthogonal
families of inextensible �bers: the case of standard bias extension test. Journal
of Elasticity, 122(2), pp. 131-155.

Wolfgang H. M�uller, Berlin University of Technology, Department of Mechanics, Chair of

Continuum Mechanics and Materials Theory, Einsteinufer 5, 10587 Berlin, Germany

Gregor Ganzosch, Berlin University of Technology, Department of Mechanics, Chair of

Continuum Mechanics and Materials Theory, Einsteinufer 5, 10587 Berlin, Germany

161


