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Preface

Dear Reader,

in this book you will �nd the Proceedings of the Summer School � Conference �Advanced Problems
in Mechanics (APM) 2016�. The conference had been started in 1971. The �rst Summer School
was organized by Prof. Ya.G. Panovko and his colleagues. In the early years the main focus of
the School was on nonlinear oscillations of mechanical systems with a �nite number of degrees of
freedom. Since 1994 the Institute for Problems in Mechanical Engineering of the Russian Academy
of Sciences organizes the Summer School. The traditional name of �Summer School � has been kept,
but the topics covered by the School have been much widened, and the School has been transformed
into an international conference. Now it is held under the patronage of the Russian Academy of
Sciences. The topics of the conference cover now almost all �elds of mechanics, being concentrated
around the following main scienti�c directions:

� aerospace mechanics;
� computational mechanics;
� dynamics of rigid bodies and multibody dynamics;
� �uid and gas;
� mechanical and civil engineering applications;
� mechanics of media with microstructure;
� mechanics of granular media;
� nanomechanics;
� nonlinear dynamics, chaos and vibration;
� molecular and particle dynamics;
� phase transitions;
� solids and structures;
� wave motion.

The Summer School � Conference has two main purposes: to gather specialists from di�erent
branches of mechanics to provide a platform for cross-fertilization of ideas, and to give the young
scientists a possibility to learn from their colleagues and to present their work. Thus the Scienti�c
Committee encouraged the participation of young researchers, and did its best to gather at the
conference leading scientists belonging to various scienti�c schools of the world.

We believe that the signi�cance of Mechanics as of fundamental and applied science should much
increase in the eyes of the world scienti�c community, and we hope that APM conference makes
its contribution into this process.

We are happy to express our sincere gratitude for a partial �nancial support to Russian Foundation
for Basic Research, Russian Academy of Sciences, St.Petersburg Scienti�c Center and Ministry of
Education and Science of Russian Federation (project indenti�cator RFMEFI 60715X0120). This
support has helped substantially to organize the conference and to increase the participation of
young researchers.

We hope that you will �nd the materials of the conference interesting, and we cordially invite
you to participate in the coming APM conferences. You may �nd the information on the future
�Advanced Problems in Mechanics� Schools � Conferences at our website:

http://apm-conf.spb.ru

With kind regards,

Co-Chairmen of APM 2016

Dmitri A. Indeitsev, Anton M. Krivtsov
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Comparison of di�erent methodologies leading to a
generalized elasticity theory for modeling of the

size e�ect

B. Emek Abali, Wolfgang H. M�uller

abali@tu-berlin.de

Abstract

Miniaturization in the production technology necessitates more accurate
modeling of structures in the micrometer length scales. The well-known the-
ory of elasticity shows inadequacies when trying to mimic experimental ob-
servations. Hence, it needs to be generalized. There are two di�erent ways
in continuum mechanics for the formulation of elasticity: Rational mechanics
and classical analytical mechanics. Both methods can be used to study and
generalize traditional elasticity theory. In this work we aim at a comparison
of these methods in order to obtain more insight into their pros and cons as
well as their limitations.

1 Introduction

Traditional elasticity theory of continuum mechanics fails to model structures on the
micrometer length scale with su�cient accuracy. However, nowadays, for example
in micro-electro-mechanical systems (MEMS), modeling and simulation of small
scale designs are of paramount importance. Many experimental observations over
the last decades�see for example [6], [7], [5]�indicate a size e�ect showing up at
the micrometer length scale. By scaling down the dimensions of a structure, the
deformation starts to deviate from the expected results calculated by traditional
elasticity theory. This behavior is referred to as the size e�ect. As justi�ed by
many experimental observations we need a generalization of elasticity theory. There
are, indeed, many propositions about possible generalizations in the literature. The
di�erent theories can be grouped into two methods.
Rational mechanics can be used to obtain a generalization of the elasticity theory.
In addition to the balance of linear momentum, the balances of angular momentum
and spin are used in order to capture the e�ects introduced by materials showing
a size e�ect. In this work, we give a brief outline of the method based on rational
mechanics, which has already been discussed in [3] and [2].
Classical analytical mechanics delivers a straightforward way for generalizing elastic-
ity theory. Starting from the principle of least action, we can incorporate the e�ects
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necessary for modeling the size e�ect. We will also outline the method stemming
from classical analytical mechanics as done in [1].
The two di�erent methodologies lead to weak forms that allow us to compute the
size e�ect as observed in experiments. Both methods deliver the same deformation
behavior as observed in experiments. However, the methods are inherently di�erent.
Hence, in this work, we want to compare the methods and �nd out their analogies
as well as dissimilarities.

2 Rational mechanics

Throughout the paper we use the standard notation of continuum mechanics. Sum-
mation is implied if double indices appear in a product. In rational mechanics we
start axiomatically with the balance equations. They are given at the current time
for a material system, where the totality of particles compiling the continuum body
remains the same. The continuum body, B, consists of the same particles and the
balances of mass, linear and angular momenta are:(∫

B
ρ dv

)
�

= 0 ,(∫
B
plin.i dv

)
�

=

∫
∂B
σji daj +

∫
B
ρfi dv ,(∫

B
pang.i dv

)
�

=

∫
∂B
αji daj +

∫
B
ρzi dv ,

(1)

respectively. The mass density, ρ, is the mass per unit volume. The linear and
angular momenta densities read:

plin.i = ρvi , pang.i = ρai , (2)

where the speci�c linear momentum (per mass) or velocity, vi, and the speci�c
angular momentum, ai, are the sought variables. On the right-hand sides of the
balance equations the �uxes and supplies of momenta appear. The �ux of linear
momentum, σji, is called Cauchy's stress. The �ux term of angular momentum,
αji, has no particular name. The supply of the linear momentum, fi, is the speci�c
body force, for example the gravitational force per mass (acceleration). The supply
of the angular momentum, zi, is also a volumetric e�ect, leading to a change in the
angular momentum.
In solid mechanics we transform the balance equations onto the reference frame from
where the particles can be tracked. For example, we can use the initial positions
of particles, Xi, as the reference frame such that Xi denotes the particles. This
con�guration is called a Lagrangean frame and by employing tensor calculus we
obtain the balance of mass and momenta in the Lagrangean frame, locally,

ρ0 = ρJ ,

ρJ
∂vi
∂t

=
∂Pji
∂Xj

+ ρJfi ,

ρJ
∂ai
∂t

=
∂Aji
∂Xj

+ ρJzi ,

(3)

11
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with the �uxes of linear and angular momenta in the Lagrangean frame:

Pji = (F−1)jkJσki , Aji = (F−1)jkJαki . (4)

The deformation gradient, Fij, is the mapping between the current and reference
(here initial) frame and J is its determinant:

Fij =
∂xi
∂Xj

=
∂ui
∂Xj

+ δij , J = det(F ) . (5)

The balance of mass is an equation instead of a di�erential equation, so we just use
it instead of solving it. From the solution of the following di�erential equations:

ρ0
∂vi
∂t

=
∂Pji
∂Xj

+ ρ0fi ,

ρ0
∂ai
∂t

=
∂Aji
∂Xj

+ ρ0zi ,

(6)

we obtain vi and ai as functions of (Xi, t). We may introduce another quantity,
called spin, si, as follows:

ai = si + εijkXjvk . (7)

In rigid body mechanics the second part of this relation is well-known. However, in
continuum mechanics spin is an intrinsic property of a polar material, which we fail
to observe directly, like internal energy. The best example is a nematic �uid (as in a
liquid crystal display) where the change of spin varies the interaction of the matter
with light. For non-polar materials spin vanishes, si = 0. The Levi-Civita symbol,
εijk, allows to determine the cross product between the particle's position Xi and
its velocity vi. It is called the moment of linear momentum in the Lagrangean
frame. Since we have to ful�ll all balance equations simultaneously, we can multiply
the balance of linear momentum with εkliXl and then subtract from the balance of
angular momentum to obtain the balance of spin exclusively:

ρ0
∂sk
∂t

=
∂

∂Xj

(
Ajk − εkliXlPji

)
+ Pji

∂εkliXl

∂Xj

+ ρ0(zk − εkliXlfi) ,

ρ0
∂sk
∂t

=
∂µjk
∂Xj

+ εkjiPji + ρ0lk ,

(8)

with the �ux of spin and the speci�c supply of spin,

µjk = Ajk − εkliXlPji , lk = zk − εkliXlfi , (9)

respectively. In case of a non-polar material the spin vanishes, si = 0. Then we
multiply the spin balance for a non-polar material by 1

2
εmnk and employ the identity

εmnkεkji = δmjδni − δmiδnj, such that we obtain

0 =
1

2
εmnk

∂µjk
∂Xj

+
1

2
εmnkεkjiPji +

1

2
εmnkρ0lk ,

0 =
∂µjmn
∂Xj

+
1

2

(
Pmn − Pnm

)
+ ρ0lmn ,

−∂µjmn
∂Xj

− 1

2

(
Pmn − Pnm

)
− ρ0lmn = 0

(10)
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with:

µjmn =
1

2
µjkεkmn , lmn =

1

2
lkεkmn . (11)

By using a shorthand notation with antisymmetric brackets we acquire:

−∂µjmn
∂Xj

− P[mn] − ρ0lmn = 0 . (12)

The tensor of rank three, µjmn, is often called the couple stress. Since the spin
vanishes for a non-polar material, the only unknown to be calculated that remains
is the displacement. Its rate is velocity such that the balance of linear momentum
reads:

ρ0
∂2ui
∂t2
− ∂Pji
∂Xj

− ρ0fi = 0 . (13)

The nominal stress tensor, Pji, as well as couple stress, µjmn, need to be de�ned
by means of the displacement or its gradients in order to close Eqs. (12), (13). We
refer to [4] for the detailed derivation of the following constitutive equations for an
isotropic material:

Sij = CijklEkl , µijk = DijklmnElm,n , (14)

where the second Piola-Kirchhoff, Sij, and Green-Lagrange strains, Eij, are
given by

Sij = (F−1)jkPik , Eij =
1

2

(
FkiFkj − δij

)
. (15)

We start using a simpli�ed notation for the derivative in space:

(·),i =
∂(·)
∂Xi

. (16)

For isotropic materials the stress depends only on strain and the couple stress de-
pends only on strain gradients. The dependency is such that the sti�ness tensor,
Cijkl, and the material tensor, Dijklmn, is expanded as follows:

Cijkl = c1δijδkl + c2(δikδjl + δilδjk) ,

Dijklmn = c3(δijδklδmn + δinδjkδlm + δijδkmδln + δikδjnδlm) + c4δijδknδml+

+c5(δikδjlδmn + δimδjkδln + δikδjmδln + δilδjkδmn) + c6(δilδjmδkn + δimδjlδkn)+

+c7(δilδjnδmk + δimδjnδlk + δinδjlδkm + δinδjmδkl) .

(17)

For a linear, isotropic, homogeneous material, the seven material parameters, c×, are
constant values. It is also bene�cial to note the following relation for the so-called
stored energy density:

w =

∫
Sij dEji +

∫
µijk dEkj,i =

1

2
CijklEklEji +

1

2
DijklmnElm,nEkj,i , (18)
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which holds, because Cijkl andDijklmn are constants for a linear material. Obviously,
the following relations result:

Sij =
∂w

∂Eji
, µijk =

∂w

∂Ekj,i
. (19)

For a numerical computation we need a so-called weak form. In order to obtain the
weak form for the whole continuum body, B0, we multiply the balance Eqs. (12),
(13) written as a residuals by the so-called test functions, δui, δun,m, respectively,

∫
B0

((
ρ0
∂2ui
∂t2
− Pji,j − ρ0fi

)
δui −

(
µjmn,j + P[mn] + ρ0lmn

)
δun,m

)
dV = 0 . (20)

We discretize in time by using a Euler backwards �nite di�erence scheme,∫
B0

(
ρ0
ui − 2u0

i + u00
i

∆t2
δui − Pji,jδui − ρ0fiδui − µjmn,jδun,m−

−P[mn]δun,m − ρ0lmnδun,m

)
dV = 0 ,

(21)

where u0
i denotes the value from the last time step and u00

i indicates the value from
the two time steps before. According to the Galerkin procedure in the �nite
element method, we choose the test functions, δui, from the same space as ui.
Stress and couple stress have already a derivative in ui and ui,j such that another
di�erentiation with respect to Xi increases the necessity of di�erentiability. We
can weaken this fact by �shifting� the derivative to the test functions by employing
integrations by parts as follows:∫

B0

(
ρ0
ui − 2u0

i + u00
i

∆t2
δui + Pjiδui,j − ρ0fiδui + µjmnδun,mj−

−P[mn]δun,m − ρ0lmnδun,m

)
dV −

∫
∂B0

(
Pjiδui + µjmnδun,m

)
Nj dA = 0 .

(22)

The boundary terms shall be known. The force per area, t̂i = NjPji, is called the
traction vector. Analogously, we can call the moment per area, m̂mn = Njµjmn,
the torsion vector. Finally, the weak form for a non-polar, isotropic, linear elastic
material reads:

Form =

∫
B0

(
ρ0
ui − 2u0

i + u00
i

∆t2
δui + Pjiδui,j − ρ0fiδui + µjmnδun,mj+

−P[mn]δun,m − ρ0lmnδun,m

)
dV −

∫
∂B0

(
t̂iδui + m̂mnδun,m

)
dA .

(23)

By using the �nite element method we can compute the displacement, ui(Xj, t),
satisfying the balance of momenta in the Lagrangean frame.
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3 Classical analytical mechanics

In the case of classical analytical mechanics we start from a Lagrangean density,
L, and de�ne an action:

S =

∫
Ω

L dΣ , dΣ = dx1 dx2 . . . dxm , (24)

in m-dimensional space. In mechanics the space, xν , is space-time, xν =
{X1, X2, X3, t}, so that the in�nitesimal volume element reads dΣ = dV dt. The
axiom is the principle of least action stating the postulate that the action remains
the same, if we transform the primitive variables. Primitive variables are displace-
ments. In the application of the traditional elasticity theory, the Lagrangean
density depends on the primitive variables and its derivatives:

L = L
(
xν , ui, ui,ν

)
. (25)

The comma notation means a partial derivative with respect to space-time:

ui,ν =
∂ui
∂xν

=


∂ui
∂xj
∂ui
∂t

 . (26)

For the next higher gradient theory, we incorporate the second derivatives, such that
the Lagrangean density becomes:

L = L
(
xν , ui, ui,ν , ui,νµ

)
. (27)

The principle of least action states:

δS =

∫
Ω

L′ dΣ−
∫

Ω

L dΣ = 0 , (28)

where the transformed Lagrangean density is:

L′ = L
(
xν , u

′
i, u
′
i,ν , u

′
i,νµ

)
, (29)

with arbitrary variations made linear by using a small constant number, ε, as follows:

u′i = ui + εδui , u′i,ν = ui,ν + εδui,ν , u′i,νµ = ui,νµ + εδui,νµ . (30)

Now by expanding L′ around L we obtain:

L′ = L+
∂L
∂ui

εδui +
∂L
∂ui,ν

εδui,ν +
∂L
∂ui,νµ

εδui,νµ . (31)

Hence, the principle of least action results in:

δS =

∫
Ω

(
∂L
∂ui

δui +
∂L
∂ui,ν

δui,ν +
∂L
∂ui,νµ

δui,νµ

)
dΣ = 0 , (32)
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since ε is constant in space, xν . Moreover, the space, xν , is space-time in the
Lagrangean frame, {Xi, t}, thus, the principle of least action asserts:∫

τ

∫
B0

(
∂L
∂ui

δui +
∂L
∂u�

i

δu�

i +
∂L
∂ui,j

δui,j +
∂L
∂u��

i

δu��

i +

+
∂L
∂u�

i,j

δu�

i,j +
∂L
∂ui,jk

δui,jk

)
dV dt = 0 .

(33)

By using integration by parts on the terms with a time rate in test functions, we
acquire:∫

τ

∫
B0

(
∂L
∂ui

δui −
(
∂L
∂u�

i

)
�

δui +
∂L
∂ui,j

δui,j +

(
∂L
∂u��

i

)
��

δui+

−
(
∂L
∂u�

i,j

)
�

δui,j +
∂L
∂ui,jk

δui,jk

)
dV dt = 0 .

(34)

The boundary terms in time vanish by selecting the time domain in a speci�c way.
The same arguments are used for a di�erential equation in time; instead of using
an initial and an end value, we can use an initial value and a value for its rate.
Furthermore, we may write the integral form locally in time:∫

B0

(
∂L
∂ui

δui −
(
∂L
∂u�

i

)
�

δui +
∂L
∂ui,j

δui,j +

(
∂L
∂u��

i

)
��

δui−

−
(
∂L
∂u�

i,j

)
�

δui,j +
∂L
∂ui,jk

δui,jk

)
dV = 0 .

(35)

Moreover, for the boundary values we can select an appropriate action:

S =

∫
τ

∫
B0
L dV dt+

∫
τ

∫
∂B0

Ws dA dt+

∫
τ

∫
∂∂B0

We d` dt , (36)

where on the boundary surface a potential, Ws, and on the boundary edge another
potential, We, have to be prescribed. After the analogous steps, the integral form
becomes:∫

B0

(
∂L
∂ui

δui −
(
∂L
∂u�

i

)
�

δui +
∂L
∂ui,j

δui,j +

(
∂L
∂u��

i

)
��

δui −
(
∂L
∂u�

i,j

)
�

δui,j+

+
∂L
∂ui,jk

δui,jk

)
dV +

∫
∂B0

∂Ws

∂ui
δui dA+

∫
∂∂B0

∂We

∂ui,j
δui,j d` = 0 .

(37)

For elasticity we choose the following Lagrangean density and boundary poten-
tials:

L =
1

2
ρ0u

�

iu
�

i − ρ0ψ + ρ0(fiui + lijui,j) , Ws = t̂iui + m̂ijuj,i , We = 0 , (38)

where the free energy density, ρ0ψ, is simply the stored energy density, w, in the case
of isothermal systems. The stored energy density is a potential such that it depends
on ui,j and ui,jk, but not on their time rates. The �rst term is the kinetic energy
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Comparison of di�erent methodologies leading to a generalized elasticity theory for
modeling of the size e�ect

density and the last terms model the supply terms performed on the displacement
and its gradient. The traction vector, t̂i, is given as a force per unit area and by
the torsion vector, m̂ij, a moment per unit area is applied. Moreover, we neglect an
edge boundary energy by setting We = 0 for easier comparison with the weak form
attained from rational mechanics. Finally, by inserting the Lagrangean density
and boundary potentials into the integral form we obtain:∫

B0

(
ρ0fiδui − ρ0u

��

i δui +
(
lij −

∂w

∂ui,j

)
δui,j −

∂w

∂ui,jk
δui,jk

)
dV+

+

∫
∂B0

(
t̂iδui + m̂ijδuj,i

)
dA = 0 .

(39)

Since it is zero we can multiply it by minus one. We discretize in time by using the
same scheme as before and acquire the weak form:

Form =

∫
B0

(
− ρ0fiδui + ρ0

ui − 2u0
i + u00

i

∆t2
δui −

(
ρ0lij −

∂w

∂ui,j

)
δui,j+

+
∂w

∂ui,jk
δui,jk

)
dV −

∫
∂B0

(
t̂iδui + m̂ijδuj,i

)
dA = 0 .

(40)

Out of that weak form we can compute the displacement, ui(Xj, t), by using the
�nite element method. We obtain the same displacement �eld if the weak forms
obtained by the rational and classical analytical mechanics are identical.

4 Comparison and discussion

We have formulated one weak form of generalized elasticity by using rational me-
chanics in Eq. (23) and another weak form of generalized elasticity by using classical
analytical mechanics in Eq. (40). A comparison shows an interesting result. We
start with:

∂w

∂ui,j
=

∂w

∂Ekl

∂Ekl
∂ui,j

= SlkFnk
∂Fnl
∂ui,j

= SlkFnk
∂un,l
∂ui,j

= SlkFnkδniδlj = SjkFik , (41)

and obtain after using the relation from Eq. (15)1, FkjSij = Pik,

∂w

∂ui,j
= Pji . (42)

The latter shows that these two terms are equal in the weak forms. However, this
is not the case for the following term:

∂w

∂ui,jk
=

∂w

∂Elm,n

∂Elm,n
∂ui,jk

= µnml
∂FolFom,n
∂ui,jk

= µnmlFol
∂uo,mn
∂ui,jk

=

= µnmlFolδoiδmjδnk = µkjlFil .

(43)

This latter inconsistency may be amended by suggesting another formulation of the
stored energy. Moreover, in Eq. (23) there is one term, P[ij], which does not vanish in
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general. This term is introduced by �rst transforming into the Lagrangean frame
and then de�ning the angular momentum with respect to Xi. This fact is another
inconsistency between the formulations. These two ambiguities can be eliminated
only for a special case, where Fij ≈ δij is assumed. Then Pij ≈ σij and we know
that for non-polar materials σij = σji leading to σ[ij] = 0. This case is known as
neglecting the geometric nonlinearities so that the formulation is accurate only for
small deformations.

By using two di�erent methodologies we have realized that there are some ambigu-
ities easily introduced to the formulation by both of the methodologies. Either we
postulate a stored energy bringing an inconsistency, or transform from the current
into the Lagrangean frame and de�ne the physical variable in a speci�c way intro-
ducing another inconsistency. The correct formulation can be suggested by learning
from both of methodologies. Unfortunately, many researchers get used to only one
of the methodologies and, even further, they pretend that their used methodology
is the only true one. We believe that human-beings' creativity is great enough to
simply incorporate some ambiguities into one formulation. Hence, two di�erent pos-
sibilities leading to the same formulation is an invaluable double-check for us. We
have achieved a generalized elasticity only for small deformations and left a better
theory including geometric nonlinearities to further research.
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Abstract

We develop methods of �nding of exact analytical solutions of the nonlin-
ear nonautonomic Klein-Fock-Gordon equation. These methods are based on
�nding of functionally invariant solutions of the partial di�erential equations.
Solutions are received in the form of some arbitrary function f(W ) withW de-
pending on one τ(x, y, t) or two specially certain functions α(x, y, t), β(x, y, t),
which are called as ansatzes. Methods of construction of the ansatzes are
developed.

1 Introduction

The nonlinear Klein-Fock-Gordon (NKFG) equation

Uxx + Uyy −
Utt
v2

= F (U) (1)

appears in many �eld of modern natural sciences. Here F (U) is arbitrary function,
and the subscript means the derivative with respect to the corresponding variable.
Eq. (1) is widely applied in fundamental and applied physics, mechanics, biology,
chemistry and other �eld of science, when the right-hand side is a part of the ex-
ponential (enU) series, or hyperbolic function (sinhnU , coshnU) series, or Fourier
(sinnU , cosnU) series, or Taylor (Un, n = 1, 2, . . .) series. These equations describe
the di�erent physical phenomena and are modeling various technological processes.
In case of nonhomogeneous external media or external �elds the corresponding equa-
tion is the nonlinear nonautonomic Klein-Fock-Gordon equation

Uxx + Uyy −
Utt
v2

= p(x, y, t)F (U). (2)

Here p(x, y, t) is some function.
In literature there are practically no methods of obtaining exact analytical solutions
of the nonautonomic NKFG equation. The methods for �nding of the solutions
based on construction of the functionally invariant solutions of the partial di�erential
equations are o�ered below.
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2 Methods of construction of exact analytical solu-

tions of nonautonomic nonlinear Klein-Fock-Gordon

equation

The solution U = W of the di�erential equation is called functionally invariant if
for arbitrary function f the complex function of U = f(W ) is also the solution.
The function W is called as ansatzes. For the �rst time the idea about existence
of the functionally invariant solutions were stated by C. Jacobi [1]. A. Forsyth has
found the functionally invariant solutions of the Laplace equation, the wave equation
and the Helmholtz equation [2]. Idea of C. Jacobi has fundamentally developed
H.Bateman in relation to the theory of propagation of electromagnetic waves [3].
S.L. Sobolev and V.I. Smirnov have successfully applied method of construction of
the functionally invariant solutions to the problems of di�raction and distribution
of a sound in homogeneous and layered media [4]� [6]. N.P. Erugin has made a big
contribution to development of the theory [7]. Functionally invariant solutions of the
autonomic NKFG equation and sine-Gordon equation are found by authors [8]� [12].
We will seek the solution of Eq. (2) in the form of complex function U = f(W ).
Then Eq. (2) takes the form

f ′′
[
W 2
x +W 2

y −
W 2
t

v2

]
+ f ′

[
Wxx +Wyy −

Wtt

v2

]
= p(x, y, t)F [f(W )]. (3)

Here and further the prime designates an ordinary derivative with respect to argu-
ment. From (3) it is possible to make two obvious statements.
Proposition 1. If function W satis�es the equations

W 2
x +W 2

y −
W 2
t

v2
= 0, Wxx +Wyy −

Wtt

v2
= p(x, y, t), (4)

then the solution of Eq. (2) is given by the inversion of integral∫
df

F (f)
= W (x, y, t). (5)

Proposition 2. If function W satis�es the equations

W 2
x +W 2

y −
W 2
t

v2
= p(x, y, t), Wxx +Wyy −

Wtt

v2
= 0, (6)

then the solution of Eq. (2) is given by the inversion of integral∫
df√

E + V (f)
= ±
√

2W (x, y, t). (7)

In integral (7) F (U) = V ′(U), and E is a constant of integration.
So, the problem of solution of the nonautonomic Eq. (2) is reduced to the �nding
of the function W , which satis�es Eqs. (4), (6). This problem can be solved by the
methods of construction of functionally invariant solutions of the partial di�erential
equations.
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1-st way. The solution of Eqs. (4) we seek in the form

W = ϕ(τ). (8)

Here ϕ(τ) is arbitrary function, τ is a root of the algebraic equation

x ξ(τ) + y η(τ)− v2tτ =
s2 + q2

2
, (9)

s2 = x2 + y2 − v2t2, q2 = ξ2(τ) + η2(τ)− v2τ 2,

ξ(τ), η(τ) are arbitrary functions of τ .
Eq. (9) de�nes implicit dependence τ on time and space coordinates. From (9), we
�nd

τ 2
x + τ 2

y −
τ 2
t

v2
= 0, τxx + τyy −

τtt
v2

=
2

ν
, (10)

ν = ξτ (x− ξ) + ητ (y − η)− v2(t− τ). (11)

In Eq. (10) it was taking into account that

ξττx + ηττy + τt = 1, νxτx + νyτy −
νtτt
v2

= 1. (12)

On the basis of Proposition 1 and Eqs. (10) we come to a conclusion that (8) will
be the solution of Eq. (2), if f(W ) is an inversion of the integral (5) and

p(x, y, t) =
ϕτ
ν
. (13)

For the purpose of obtaining new solutions of Eq. (2), we will introduce the function

λ = l(τ)(x− ξ) +m(τ)(y − η)− v2w(τ)(t− τ). (14)

here l(τ), m(τ), w(τ) are arbitrary functions. We will impose on them the following
restrictions

lξτ +mητ − v2w = 0, l2 +m2 = v2w2. (15)

The function λ satis�es the equations

λ2
x + λ2

y −
λ2
t

v2
= 2ω

λ

ν
, (16)

λxx + λyy −
λtt
v2

= 3
ω

ν
, (17)

ω = lτ (x− ξ) +mτ (y − η)− v2wτ (t− τ). (18)

Besides, it is possible to prove that function τ, l,m,w, ν, λ are connected by the
following relations

lτx +mτy + ωτt =
λ

ν
, (19)

22



Functionally invariant solutions of the Klein-Fock-Gordon equation

lττx +mτy + ωττt =
ω

ν
, (20)

λxτx + λyτy −
λtτt
v2

=
λ

ν
, (21)

λxνx + λyνy −
λtνt
v2

= ω + (σ0 − q2
1)
λ

ν
, (22)

σ0 = ξττ (x− ξ) + ηττ (y − η)− q2
1, q2

1 = ξ2
τ + η2

τ − v2. (23)

We will seek the solution of Eqs. (6) in the form of arbitrary function depending
from τ and λ

W = f(τ, λ). (24)

Then Eqs. (6) will take a form

W 2
x +W 2

y −
W 2
t

v2
= 2

λ

ν

(
ω +

fτ
fλ

)
f 2
λ , (25)

Wxx +Wyy −
Wtt

v2
=

1

ν
[2λfλ + f ]τ +

ω

ν
[2λfλ + f ]λ . (26)

From (25), (26) it follows that W will satisfy Eqs. (6) if

2λfλ + f = 0, f =
ϕ(τ)√
λ
, (27)

ϕ(τ) are an arbitrary function.
On the basis of Proposition 2 we �nd that solution of Eq. (2) is an inversion of the
integral (7) for

W =
ϕ(τ)√
λ
, p(x, y, t) =

ϕ2

2νλ2

[
ω − 2λ

ϕτ
ϕ

]
. (28)

2-nd way. Ansatz τ , which is found from Eq. (9) depends on time and space
coordinates. Set of analytical expressions for ansatz τ can be expanded assuming
that τ , in addition to space coordinates and time, depends on some parameters
(α, β). Certainly the new equations are necessary for �nding of parameters (α, β).
Let's �nd ansatz τ = τ(x, y, t, α, β) from the equations

xξ(α, β, τ) + yη(α, β, τ)− v2tθ(α, β, τ) =
s2 + q2

2

2
, (29)

xξα + yηα − v2tθα =
1

2

(
q2

2

)
α
, (30)

xξβ + yηβ − v2tθβ =
1

2

(
q2

2

)
β
, (31)

q2
2 = ξ2 + η2 − v2θ2. (32)

Eq. (29) is algebraic. This equation is linear to time and space coordinates like
Eq. (9) but its coe�cients are the functions of three arguments (τ, α, β). Eqs. (30),
(31) are partial di�erential equations of the �rst order. From Eqs. (29)�(31) one can
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calculate partial derivatives τ of the �rst and second orders with respect to the time
and space coordinates and to receive the following relations

τ 2
x + τ 2

y −
τ 2
t

v2
= 0, (33)

τxx + τyy −
τtt
v2

=
1

ν
[3− (ξx + ηy + θt)] , (34)

On the basis of Proposition 1 and Eqs. (33), (34) we �nd that solution of Eq. (2) is
an inversion of the integral (5), W is arbitrary function of τ , W = f(τ), τ is de�ned
by Eqs. (29)�(31), and the function p(x, y, z, t) is de�ned by the equation

p(x, y, t) =
1

ν
[3− (ξx + ηy + θt)] fτ . (35)

3-d way. Let ansatz α(x, y, t) is a solution of the algebraic equation

xl(α) + ym(α)− v2tw(α) + q(α) = 0. (36)

Here l(α), m(α), w(α), q(α) are arbitrary functions coupled by the condition

l2 +m2 = v2w2. (37)

Let's introduce the function β in according to the de�nition

β = xlα + ymα − v2twα + qα. (38)

From Eqs. (36), (38) one can calculate the partial derivatives of the functions α, β
and verify that they satisfy the equations

α2
x + α2

y −
α2
t

v2
= 0, αxx + αyy −

αtt
v2

= 0, (39)

β2
x + β2

y −
β2
t

v2
= l2α +m2

α − v2w2
α, βxx + βyy −

βtt
v2

=
2

β
(l2α +m2

α − v2w2
α). (40)

αxβx + αyβy −
αtβt
v2

= 0. (41)

In Eqs. (40) the relation

l lα,α +mmα,α − v2wwα,α = −(l2α +m2
α − v2w2

α) (42)

has been taken into account.
Let's that W is an arbitrary functions of the two variables (α, β)

W = f(α, β) (43)

Taking into account (39)�(41), we �nd

W 2
x +W 2

y −
W 2
t

v2
= f 2

β

(
l2α +m2

α − v2w2
α

)
, (44)
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Wxx +Wyy −
Wtt

v2
=

(
fββ +

2

β
fβ

)(
l2α +m2

α − v2w2
α

)
. (45)

Let's

fββ +
2

β
fβ = 0, f = A(α) +

B(α)

β
, (46)

A(α), B(α) are arbitrary functions. Therefore, the function W , which is given
by (43), (46), satis�es Eqs. (6) with

p(x, y, t) =
(
l2α +m2

α − v2w2
α

) B2(α)

β4
. (47)

The obtained results allows to construct the solution of Eq. (2) on the basis of the
Proposition 2.
Ansatz α is possible to use for construction of the function

W = xL+ yM − v2tV +Q. (48)

Here

Lα = l, Mα = m, Vα = w, Qα = q. (49)

The function W , de�ning by (48), (49), satis�es the equations

W 2
x +W 2

y −
W 2
t

v2
= L2 +M2 − v2V 2, (50)

Wxx +Wyy −
Wtt

v2
= − 1

β

(
l2 +m2 − v2w2

)
. (51)

From (50), (51) it follows that W will be the solution of Eqs. (4) if

L2 +M2 − v2V 2 = 0, p = − 1

β

(
l2 +m2 − v2w2

)
, (52)

or the solution of (6), if

l2 +m2 − v2w2 = 0, p = L2 +M2 − v2V 2. (53)

Thus, if the functions l,m,w, q satisfying to the conditions (52) or (53) are obtained,
then one can �nd the function W and to construct the solution of Eq. (2).
So, if

L =
1

coshα
, M =

sinhα

coshα
, vV = 1, Q = 0, (54)

then

W = vt−
√
x2 + y2, p =

1√
x2 + y2

. (55)
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Abstract

Polymers and polymer-based materials are used in many applications
in medicine and industry. These applications frequently have a very high
performance demand, which makes their long-term aging characteristics of
paramount importance. At the same time they are subjected to degradation
due to environmental factors, including light, temperature, stress, and others.
During the aging the degradation of polymers lead to changes in the physi-
cal and mechanical properties. As a result of degradation the material may
become less deformable and brittle. These e�ects are studied in long-term
tests of specimens made of polyurethane in tension, compression, cyclic load-
ing, climatic and strain aging, as well as in experiments carried out on the
rubber samples in tension and climatic aging at room temperature. In all
experiments a signi�cant e�ect of hardening and embrittlement of materials
during long-term aging is observed. The obtained results allow us to formulate
the interconnected kinetic equations for the creep rate and damage parame-
ter. These equations are written in the scale of real and e�ective time. The
analytical relations for creep, damage parameter and the criteria of long-term
strength are obtained. Corresponding theoretical curves are constructed and
their qualitative agreement with the experimental curves is shown.

1 Introduction.

Polymers were introduced in many �elds of modern industry as structural materials
because they were relatively cheap and easy to manufacture compared with com-
monly known materials such as metals and wood. Today polymers and polymer-
based materials are used in many applications in medicine and industry, includ-
ing electronic and optical production. These applications frequently have a very
high performance demand, which makes their long-term aging characteristics of
paramount importance. At the same time they are subjected to degradation due to
environmental factors, including light, temperature, stress, pollutants and others.
During the aging the degradation of polymers lead to changes of their physical and
mechanical properties. As a result of degradation the material may become less
deformable and brittle. To predict these behaviors and useful lifetimes the aging
of polymers to weathering is usually studied. However, the problem of deformation

28



Mechanical model of damage and fracture of aging polymer materials

aging is not considered su�ciently in literature. In this paper an e�ective time is
introduced and a mechanical model (modi�ed Maxwell model) for description of
deformation aging behavior of polymer materials is presented. The relaxation time
is considered as a measure of the aging process and the parameters of the model
are de�ned to describe the experimental creep curves for aged and unaged polymer
materials.
The most important results of polymer aging are obtained for the case of outdoor
exposition [1-4], which often called weathering or UV-degradation. UV radiation
can initiate chemical reactions, which may lead to breaking of the chemical bonds in
the polymer chains. UV-radiation together with oxygen can lead to photo oxidation
reactions. For example, in polyethylene products used outdoors, photo oxidation
is a principal degradation process. Chain breaking and cross-linking will change
the structure of polymers and �nally may cause embrittlement (the strain decrease
at failure). The increase in Young's modulus with exposure time is attributed to
the uptake of oxygen, the change in the number of tie-molecules, the increase in
crystallinity and the increase in density. The free volume concept can be applied to
explain the aging phenomena. It states that the transport mobility of particles in a
closely packed system primarily depends on the degree of packing, in other terms,
on the free volume. With increasing degree of packing, this mobility decreases,
at �rst slowly, but later on at an ever increasing rate. Since the relaxation time
of polymers is directly related to the mobility and free volume, the mechanical
parameters (elastic modulus and viscosity coe�cient) also will be in�uenced by
way of changing in the relaxation time. The other conclusion is that the viscosity
coe�cient changes essential relative to the elastic modulus. It happens because of
the strong structural dependence of viscosity coe�cient. In contrast the value of
elastic modulus is in a very week dependence of the material structure.
As it was mentioned above, the deformation aging of polymers is not studied well.
However it is known that, the processing methods (like injection molding or extru-
sion) can have an e�ect on the degradation and aging behavior. Some aspects of
deformation aging were considered in [5]. It was determined that the deformation
may promote the acceleration of aging process and, the additional increase in elastic
modulus.

2 Modi�ed Maxwell model for description of defor-

mation aging of polymer materials.

To describe the process of deformation the aging parameter α is introduced [6]

dα = f1(α, ε, T, t)dt+ f2(α, ε, T, t)dε, (1)

where ε is the value of deformation, t is the real time, T is temperature.
Parameter α will be considered as an e�ective time, which is capable to describe
the aging (deformation and quench). According to relation (1) in the instantaneous
active loading this parameter can be considered as 'deformation time' ε. In unloading
state dε = 0 and α reduces to the real time t. We may call it as the 'chemical time'.
For the Maxwell equation we will receive the following modi�ed relation
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dε

dα
=

d

dα

[
σ

E(α)

]
+

σ

η(α)
. (2)

Further we will consider the simple version of elastic viscous model (2) expressed in
scale of e�ective time (1)

dε

dα
=

1

E

dσ

dα
+
σ

η
, (3)

dα = k(α∞ − α)tmdt, (4)

where E, η, k, α∞, n are constants, α is a parameter of material degradation (α =
N/N0, N0 are the initial numbers of chemical bonds, N are the current numbers of
fractured chemical bonds). So the equation (4) can be considered as an equation
of chemical reaction and parameter α has a meaning of chemical time. With the
initial conditions t = 0, α = α0, ε = σ0/E0, the solution of the system (3)-(4) can
be written in the form

ε =
σ0

E0

[
1 +

α∞ − α0

τ

(
1− exp

(
− k

m+ 1
tm+1

))]
. (5)

The theoretical creep (compliance) curves (5) for the following coe�cients: α0 = 0,
α∞ = 1, n = 0, k = 0, 021 s−1, relaxation times and modulus of elasticity τ1 = 1 s,
E0 = 25 MPa (curve 1) and τ2 = 1 s, E0 = 30 MPa (curve 2) are shown on Fig. 1.
The experimental results are marked by cross and circle points. The theoretical
curves in this �gure are in good agreement with the results of creep aging experi-
ments [7] for the polyethylene �lms. Upper curve was received in experiments with
unaged specimens; lower curve was received in experiments with aged specimens.
The specimens were aged seven days at temperature 373◦K.

3 The long-term strength criterion of polymer ma-

terials based on damage parameter.

For the formulation of long-term strength criterion in addition to the equations (3)-
(4) we will consider the damage (continuity) parameter ψ [6, 8] which is determined
by the following kinetic equation

ψa
dψ

dt
= −Aσn. (6)

Taking into account the mass conservation law ρ0l0F0 = ρlF , from which follows
the relation σ = σ0ψe

ε, equation (6) can be written in the form

ψα
dψ

dt
= −Aσn0ψnenε. (7)

where a, A, n are constants, ψ = ρ/ρ0 (1 ≥ ψ ≥ 0, ρ0 is initial, ρ is current density).
We have considered several variants of the approximate solution of equation (7).
The simplest solution, describing qualitatively the experimental curves of damage,
can be obtained by taking the following approximations
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Figure 1: The theoretical creep curves according relation (5): τ1 = 1 s, E0 =
25 MPa (curve 1) and τ2 = 1 s, E0 = 30 MPa (curve 2).

ε =
σ0

E0

[
1 +

(α∞ − α0)k

τ(m+ 1)
tm+1

]
, (8)

ψα
dψ

dt
= −Aσn0ψn(1 + nε). (9)

Introducing the relation (8) into equation (9) and solving it with the initial condi-
tions t = 0, ψ = 1, we will receive the following relation

ψ =

[
1− (a− n+ 1)Aσn0

(
nσ0(α∞ − α0)k

E0τ(m+ 1)(m+ 2)
tm+2 +

(
nσ0

E0

+ 1

)
t

)] 1
a−n+1

. (10)

In Fig. 2 are shown the curves for the continuity parameter according to equation
(10) for di�erent values of constants (α = 6 - curve 1, α = 4 - curve 2 and α = 2 -
curve 3), which are in agreement with the corresponding experimental curves. In the
calculations the following values of coe�cients were used: n = 0, A = 10−7 [MPa]−2,
σ0 = 60 MPa, α0 = 0, α∞ = 1, m = 0, k = 0, 021 s−1, τ = 1 s, E0 = 2000 MPa.
Taking the fracture condition t = tf , ψ = 0 and for m = 0 from (10) we obtain the
creep fracture criterion
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Figure 2: The curves for the parameter of continuity ψ according to the formula
(10) for di�erent values of constants: α = 6 - curve 1, α = 4 - curve 2 and α = 2 -
curve 3.

tf =
E0τ

nσ0(α∞ − α0)k

−(nσ0

E0

+ 1

)
+

((
nσ0

E0

+ 1

)2

+
n(α∞ − α0)k

E0τ(a− n+ 1)Aσn−1
0

) 1
2

 .
(11)

Figure 3: The long-term strength curves under criterion (11) for di�erent values of
constants: α = 6 - curve 1, α = 4 - curve 2 and α = 2 - curve 3.

In Fig. 3 in the double logarithmic coordinates are shown the creep fracture curves
according to the formula (11) for di�erent values of the coe�cients (α = 6 - curve
1, α = 4 - curve 2 and α = 2 - curve 3). In the calculations the following values
of coe�cients were used: n = 0, A = 10−7 [MPa]−2, α0 = 0, α∞ = 1, m = 0,
k = 0, 021 s−1, τ = 1 s, E0 = 2000 MPa.
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Abstract
Numerous experimental studies on changes of the porosity and density of

various metals and alloys due to the formation and development of micropores
and microcracks in the process of high-temperature creep are carried out. The
results of these studies allow us to consider the density as an integral measure
of the structural micro-defects accumulation, and the damage parameter is
de�ned as the ratio of current density to initial density. Taking into account
this parameter and the mass conservation law interconnected kinetic equations
for creep deformation and damage parameter are formulated. In the case of
pure brittle fracture the analytical solutions of these equations are received and
the criterion of long-term strength is formulated. The ductile-brittle fracture
is also considered. An analytical solution connecting the damage parameter
to the value of deformation is obtained. In this case, the creep deformation
is calculated approximately. The appropriate choice of the coe�cients of the
approximate solution allows describing the experimental creep curves.

1 Introduction.

Under the long action of high temperatures and relatively small stresses many metal-
lic alloys and pure metals lose plasticity and fractured as brittle (the phenomenon of
thermal brittleness). Because these e�ects are observed in elements of many impor-
tant engineering objects, in particular, in power and nuclear, the problem of brittle
fractures became a subject of numerous theoretical and experimental researches. In
the Kachanov's brittle fracture model [1] the parameter of continuity ψ (1 ≥ ψ ≥ 0
is introduced formally without giving to it a certain physical meaning. In the model
of Rabotnov brittle fracture [2, 3] the damage parameter ω (0 ≤ ω ≤ 1) is introduced
by the ratio ω = FT/F0 (F0 is initial, FT is total area of pores) and characterize the
degree of reduction of cross-section area of the specimen.
To materialize the damage parameter various de�nitions were o�ered: the relative
size of pores or irreversible change of volume (loosening on Novozhilov's terminology
[4]) or density (Arutyunyan [5, 6, 7]). In the paper the parameter of continuity is
determined by the ratio ψ = ρ/ρ0 (ρ0 is initial, ρ is current density) and it is an
integral measure of the structural microdefects accumulation during long-term high-
temperature loading [8-14]. In the initial conditions t = 0, ρ = ρ0, ψ = 1, at the
fracture time t = tf , ρ = 0, ψ = 0.
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2 Interrelated Rabotnov's equations for the rate of

creep and damage.

Robotnov's damage concept is based on the following system of equations for the
creep ε and damage parameter ω [3]

dε

dt
= bσm(1− ω)−q, (1)

dω

dt
= cσn(1− ω)−r, (2)

where b, c, m, n, q, r are constants, ε = ln(l/l0) is deformation, l0, l are initial and
current length of the specimen.
In the case of pure brittle fracture and small strains can be considered that F = F0,
σ = σ0 = const, and solving the system of equations (1)-(2) we will receive the
relation for the creep strain

ε =
k

m

tbf
tvf

1−

(
1− t

tbf

)1/k
 , (3)

where k = r+1
r+1−q

, tbf = 1
c(1+r)σn0

, tvf = 1
bmσm0

.

Formula (3) is considered as a basic result of the Rabotnov's theory, because using
it it is possible to describe the third region of the creep curve, which, in the region of
brittle fractures, is completely determined by the damage of material. At the same
time, the derivation of this formula is based on the condition F = F0 from which
follows ω = 0, i.e. the conception of damage is lose the meaning itself. Further,
when the criterion of ductile-brittle fracture is determined using equations (1)-(2),
the condition of incompressibility, which is also contrary to the damage conception,
is accepted.

3 The system of equations for the creep rate and

the continuity parameter.

To overcome these contradictions in this paper a system of equations for the rate of
creep and damage, based on the continuity parameter ψ = ρ/ρ0, is proposed. Let's
consider the following system of equations

ψβ
dε

dt
= Bσm, (4)

ψα
dψ

dt
= −Aσn, (5)

where B, A, α, β are constants.
Taking into account the mass conservation law ρ0l0F0 = ρlF , from which follows
the relation σ = σ0ψe

ε, these equations can be written in the form
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dε

dt
= Bσm0 ψ

m−βemε, (6)

dψ

dt
= −Aσn0ψn−αenε. (7)

The system of equations (6)-(7) can be solved approximately, for example, for the
case of purely brittle fracture and small deformations, when the approximations
emε ≈ 1, enε ≈ 1 can be considered. In this case, taking into account the initial
conditions t = 0, ψ = 1, ε = 0, we can receive the following analytical solutions

ψ = [1− (α− n+ 1)Aσn0 t]
1

α−n+1 , (8)

ε =
Bσm−n0

Aγ

{
1− [1− (α− n+ 1)Aσn0 t]

γ
α−n+1

}
, (9)

where γ = m− β + α− n+ 1.
On Fig. 1 the curves ψ(t) according the formula (8) for di�erent values of parameter
α (α = 6 - curve 1, α = 4 - curve 2 and α = 2 - curve 3) are shown. In the calculations
the following values of coe�cients were used: A = 1 ·10−9 [MPa]−2, σ0 = 100MPa,
n = 2.

Figure 1: The curves ψ(t) according (8) for di�erent values of parameter α: α = 6
- curve 1, α = 4 - curve 2 and α = 2 - curve 3.

From equations (6)-(7) the exact solution for function ψ(ε) can be received. Dividing
(7) to (6), we will obtain the following equation

dψ

dε
= −A

B
σn−m0 ψn−α−m+βe(n−m)ε. (10)

Using the initial condition ψ = 1, ε = 0 and solving (10) we receive

ψ =

[
1 +

Aσn−m0 (1− n+ α +m− β)

B(n−m)
(1− e(n−m)ε)

] 1
1−n+α+m−β

. (11)
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On Fig. 2 the curves ψ(ε) according (11) for di�erent values of parameter α (α = 6
- curve 1, α = 4 - curve 2 and α = 2 - curve 3) are shown. In the calculations
the following values of coe�cients were used: A = 1 · 10−12 [MPa]−2, B = 5 ·
10−17 [MPa]−4, σ0 = 100MPa, n = 2, m = 4, β = 1.

Figure 2: The curves ψ(ε) according (11) for di�erent values of parameter α: α = 6
- curve 1, α = 4 - curve 2 and α = 2 - curve 3.

As can be seen from Fig. 1 and 2 the damage curves for formulas (8) and (11) are
identical.
In scienti�c literature there are many experimental data on porosity changes (dam-
age) of di�erent metals and alloys on creep conditions. For comparison with the
corresponding theoretical curves we chose the most characteristic experimental data
for pure copper, aluminum and nickel [8, 9, 10, 12]. On Fig. 3 theoretical curves
of density changes according (11) for α = 6 and experimental points of density
changes for pure copper in the process of high-temperature creep at 500◦ C [8] are
shown. From this �gure it follows that the experimental points are described well by
straight line and have the general character for di�erent metals tested under various
temperature and force conditions [9, 10, 12]. These results allow us to consider the
damage parameter ψ = ρ/ρ0 as universal characteristic of porosity accumulation in
the creep process [14]. In the calculations the following values of coe�cients were
used: A = 3 · 10−9 [MPa]−2, B = 7 · 10−12 [MPa]−4, σ0 = 100MPa, n = 2, m = 4,
β = 1.
Taking the fracture condition t = tf , ψ = 0, from (8) we obtain the creep fracture
criterion

tbf =
1

(α− n+ 1) · Aσn0
. (12)

When α = 2n the criterion (12) coincides with the Kachanov-Rabotnov criterion.
In Fig. 4 in the double logarithmic coordinates are shown the creep fracture curves
according to (12) for di�erent values of the coe�cient α (α = 6 - curve 1, α = 4 -
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Figure 3: Theoretical curves of density changes (solid line) for α = 6 and experi-
mental points of density changes of pure copper during creep under 500◦ C [8] (circle
points).

curve 2 and α = 2 - curve 3). In the calculations the following values of coe�cients
were used: A = 1 · 10−9 [MPa]−2, n = 2.

Figure 4: Curves of long-term strength under criterion (12): α = 6 - curve 1, α = 4
- curve 2 and α = 2 - curve 3.

In Fig. 5 are shown the theoretical creep deformation curves according to the relation
(9) for di�erent values of the coe�cient α (α = 6 - curve 1, α = 4 - curve 2 and α = 2
- curve 3). As can be seen from this �gure, the system of equations (6)-(7) is able
to describe the third phase of creep curves, which is determined by the processes of
damage accumulation. In the calculations the following values of coe�cients were
used: A = 1 · 10−12 [MPa]−2, B = 5 · 10−17 [MPa]−4, σ0 = 100MPa, n = 2, m = 4,
β = 1.
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Figure 5: The theoretical creep deformation curves according to the relation (9) for
di�erent values of the coe�cient α: α = 6 - curve 1, α = 4 - curve 2 and α = 2 -
curve 3.

Acknowledgements

Financial support of the Russian Foundation for Basic Research (Grants N 15-01-
03159, N 14-01-00823) is gratefully acknowledged.

References

[1] Kachanov L.M. Time of fracture under creep // Proceedings USSR Academy
of Sciences. OTN. 1958. N 8. P. 26-31. (in Russian).

[2] Rabotnov Y.N. On the mechanism of long-term fracture // Problems of strength
of materials and structures. M.: Publishing House of the USSR Academy of
Sciences. 1959. P. 5-7. (in Russian).

[3] Rabotnov Y.N. Creep of elements of designs: M.: Nauka. 1966. 752p. (in Rus-
sian).

[4] Novozhilov V.V. On plastic loosening // Applied Mathematics and Mechanics.
1965. N 4. P. 681-689. (in Russian).

[5] Arutyunyan R.A. The problem of strain aging and long-term fracture in me-
chanics of materials. SPb.: Publishing House of the St. Petersburg State Uni-
versity. 2004. 252p. (in Russian).

39



REFERENCES

[6] Arutyunyan R.A. High-temperature embrittlement and long-term strength of
metallic materials // Mechanics of solids. 2015. vol. 50. Issue 2. P. 191-197.

[7] Arutyunyan R.A. Embrittlement problem in mechanics of materials // Vestn.
St. Petersburg. Univ. 2009. ser. 1. vol. 1. P. 54-57. (in Russian).

[8] Boethner R.C., Robertson W.D. A study of the growth of voids in copper during
the creep process by measurement of the accompanying change in density //
Trans. of the Metallurg. Society of AIME. 1961. vol. 221. N 3. P. 613-622.

[9] Beghi C., Geel C., Piatti G. Density measurements after tensile and creep tests
on pure and slightly oxidised aluminium // J. Mat. Sci. 1970. vol. 5. N 4. P.
331-334.

[10] Brathe L. Macroscopic measurements of creep damage in metals // Scand. J.
Metal. 1978. vol. 7. N 5. P. 199-203.

[11] Ratcli�e R.T., Greenwood G.W. Mechanism of cavitation in magnesium during
creep // Phil. Mag. 1965. vol. 12. P. 59-69.

[12] Woodford D.A. Density changes during creep in nickel // Metal science journal.
1969. vol. 3. N 11. P. 234-240.

[13] Bowring P., Davies P.W., Wilshire B. The strain dependence of density changes
during creep // Metal science journal. 1968. vol. 2. N 9. P. 168-171.

[14] Kumanin V.I., Kovalev L.A., Alekseev S.V. The durability of the metal in the
creep conditions. M.: Metallurgy. 1988. 223p. (in Russian).

Alexander R. Arutyunyan, Robert A. Arutyunyan, Regina R. Saitova, Universitetskii pr.,

28, Faculty of Mathematics and Mechanics St.-Petersburg State University, St.-Petersburg,

Petrodvoretz, 198504, Russia.

40



E�ect of electron beam processing on the characteristics of tool steels

E�ect of electron beam processing on the
characteristics of tool steels

S.A. Atroshenko

satroshe@mail.ru

Abstract

One of the promising methods of energetic in�uences that have a signi�cant
impact on the structure, phase composition, physical and mechanical proper-
ties of metals and alloys is an electron beam processing (EBP). This method
consists in treating the surface of the low� energy pulse high� current electron
beams, providing adjustable over a wide range of energy density on the surface
of the irradiated material. Ultrahigh heating speed to melting and subsequent
cooling of a thin surface layer of material forms the limit temperature gra-
dients. It is provides cooling of the surface layer due to heat transfer in the
bulk material at a speed of 104..109 K/s, which can signi�cantly improve the
characteristics of the surface material. The electron beam treatment causes a
change in the physicochemical properties of the metal surface layer that can
be used to obtain protective and reinforcing coatings.

1 Materials and experimental technique

Investigation was carried out on 12Cr-V tool steel and speed steel R6M5 and R18.
In this work it is used low-energy electron beam (20 KeV) [1], whereby hardened
layer thickness of several tens of microns is heated by heat transfer. Using pulsed
high-current electron beams with high-energy particles, it is possible to heat the
surface layer of such thickness without heat transfer - as direct result of the energy
of the electron beam. Experiments were conducted by electron-pulse treatment on
the electron accelerator �Inus� (electron beam energy is E ≈ 230KeV , the duration
of the current pulse is ≤ 7mks).
The phase state of metals was controlled by metallographic method using a micro-
scope Axio-Observer-Z1-M after the appropriate chemical etching. The investigation
of cross section structure was carried out on the optical microscope in the bright
�eld. Quantitative phase relationship was determined by metallographic analysis
with the help of random secant method.
Microhardness was determined using the Vickers method: measurements were car-
ried out on a PMT-3 device with a load of 100g.
To determine the main parameters of the surface roughness pertometr M1 was used
in the study. This device is designed to determine the most frequently used charac-
teristics according to the ISO 4287. The average roughness Ra is arithmetic average
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of all points of the roughness pro�le from the center line in the length of the assess-
ment. The average height of roughness Rz is the arithmetic mean of the maximum
protrusion height and the largest pro�le cavities. The greatest depth of roughness
Rmax is the largest of the existing single roughness depths . The number of emis-
sions per 1 cm Rpc is number of pro�le elements, which are sequentially intersect
one upper and one lower section line.
Experimental conditions are shown in Table 1.

Table 1. Conditions of experiments
No number of pulse energy current density pulse duration tool steel

pulses
1 200 Mev 12Cr-V
2 200 Mev 12Cr-V
3 1 400 Mev R18 quenched
4 1 400 Mev R18 tempered
5 5 170 Kev 60 A/cm2 2µs R6M5
6 9 170 Kev 60 A/cm2 2µs R6M5
7 15 170 Kev 60 A/cm2 2µs R6M5

2 Results and discussion

The microstructure of the surface layer of steels after the EBP is shown in Figure 1.

a b

Figure 1: The structure of the surface layer of steel samples after the electron beam
treatment: a - R18 steel, b - 12Cr-Vsteel

On the submitted micrographs in tool steels it can be seen weakly etching light
or dark layer with uniform distribution of �ne carbides. This area in the result of
impact pulses was subjected to rapid heating up to the quenched temperature and
rapid cooling, resulting in the formation of �ne-grained, but in some cases of the
amorphous structure in the layer.
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The microstructure in the center of the sample of tool steels is shown in Figure 2. It
is a dark matrix with bright carbides, among which there are also large, sometimes
they form clusters.

a b

Figure 2: Structure of tool steel specimens in the center of the cross section: a -
12Cr-Vsteel, b - R18

Microhardness in the surface layer of the samples was higher microhardness values
of the basic metal, which indicates an increase in the hardness of the material after
electron beam processing, i.e. improved strength properties. Microhardness mea-
surement results are shown in Table 2. The thickness of the strengthened layer was
18 − 86 microns (Table 3). The most signi�cant hardening of the surface layer as
compared to the steel base metal occurs in 12Cr-Vsteel - in 2.5 times. The surface
layer of high-speed steels strengthened less - in 1−1, 3 times since its initial strength
is much higher. At the same time, the maximum hardening observed in R18 steel �
up to 9235 MPa.

Table 2. Values of microhardness

No material microhardness, MPa
layer Basic metal

1 12Cr-V steel 3360± 10 1255± 10
2 R18 quenched steel 9235± 10 7015± 10
3 R6M5 steel - â��1 8390± 10 7016± 10
4 R6M5 steel - â��2 8640± 10 7480± 10
5 R6M5 steel - â��3 8005± 10 7702± 10

The results of the quantitative characteristics of the structure in the processed ma-
terials state (after EBP) are shown in Table 3. It can be seen that the maximum
thickness layer is in steel R6M5 treated with the maximum number of pulses, and
a minimum one is in steel R6M5 treated with a minimum number of pulses. The
minimum grain size is in high speed steels - R18 and R6M5, so they have the max-
imum microhardness. Maximum carbide heterogeneity is observed in 12Cr-V steel
(Figure 2 a) � 2 grade carbide heterogeneity according to standard.
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Table 3 - Results of the quantitative characteristics of the steel structure.

Material Layer thickness, Grain size, Carbide heterogeneity
µm µm Carbide size, Carbide

µm grade
R6M5 steel â��1 69.7± 0.2 7.1± 0.1 1.5± 0.1 1
R6M5 steel No 2 18.6± 0.2 3.2± 0.1 2.9± 0.1 1
R6M5 steel No 3 87.0± 0.2 3.6± 0.1 2.2± 0.1 1
R18 quenched steel 21.5± 0.2 2.0± 0.1 2.0± 0.1 1
R18 tempered steel 46.4± 0.2 1.6± 0.1 2.5± 0.1 1
12Cr-V steel No 4 31.3± 0.2 8.0± 0.1 2.0± 0.1 1
12Cr-V steel No 5 41.0± 0.2 8.6± 0.1 1.5± 0.1 2

Surface layer roughness of R6M5 steel after processing by EBP is higher than before
the treatment (Table 4).

Table 4 - Results of the measurement of R6M5 steel surface roughness
N, pulses condition parameter

Ra, µm Rz, µm Rmax, µm Rpc cm−1

5 initial 0.1± 0.02 0.60± 0.02 0.85± 0.02 0.0± 1
after EBP 2.9± 0.5 14.8± 1.8 18.5± 1.7 37± 4

9 initial 0.39± 0.02 3.79± 0.02 6.17± 0.02 48± 1
after EBP 3.0± 0.5 14.2± 3.0 20.3± 3.1 27.7± 7

15 initial 0.12± 0.02 0.76± 0.02 0.90± 0.02 0.0± 1
after EBP 3.9± 0.01 18.8± 0.9 26.1± 1.6 28± 6

After treatment by an electron beam regular relief of surface roughness is observed,
which characterized by an increase of their number and height as compared with
untreated surfaces. A more detailed analysis taking into account all characteristics
shows that with increasing number of pulses the average roughness Ra and roughness
depth Rmax increase. The average height roughness Rz is also maximum under the
highest number of pulses. Regarding parameter Rpc � number of emissions per 1
cm, it is maximum with the minimum number of pulses.

3 Conclusion

1. The in�uence of electron beam processing on the quality of the surface layer
of tool steels and the mechanical properties characteristics was carried out.

2. Changes of the structure of the material was revealed under EBP. There is a
grain re�nement and increase in microhardness. Electron beam processing of
tool steels studied showed a signi�cant improvement in the strength properties
of the material.

3. The e�ect of the treatment of the electron beam on the geometry of the surface
of the material was determined. The surface roughness of high-speed steel
is strongly correlated with the number of pulses used in the processing, i.e.
according to the selected treatment regime.
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Abstract

This work shows that being constructed, the block elements have several
stages, where they may have di�erent opportunities and functions. It was
established that some stages are more opportune for the research aims and
for the construction of new block structures. This stage is called packing up
the block element and the element is called packed. At another stage, which
is called unpacking, the block elements are more opportune for the perform-
ing calculations and clear research of solutions. It is shown that analyses of
boundary-value problems by existed methods of variable separation, integral
transformations and di�erent insertions from the view of the developed theory
are aimed at the analysis speci�cally in the form of the unblocked element.
Exactly this restrained the use of these methods in the boundary problems in
nonclassical �elds, that didn�t correspond to the framework of space trans-
formation groups [1], [2]. The method of the block-level element, as it shown
in [3], is convergent not only because it unites several approaches but also
because it increases opportunities in research of boundary-value problems in
nonclassical �elds. Keywords: packed block element, factorization, topology,
integral and di�erential factorization methods, exterior forms, block struc-
tures, boundary problems.

1 Introduction

For method�s using it is necessary to make a few steps of transformations connected
with engaging of external analysis device, factorization, topology and other branches
of mathematics. In this work in collating of brick-element method with existing
approaches and more complete revealing of ties with them and also with the view
of convenience by its using in practical purposes three stages of transformations
by building brick-element are represented which simplify its building and using.
Algorithm of method`s using on these stages by the example of boundary values in
classical and non-classical areas is showed below.
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2 The factorization method for block element

It is reasonable to call the �rst stage forming of block element. It comprises state-
ment of boundary valufor system of di�erential equations in partial derivatives with
constant coe�cients considered in space of slow-growing generalized functions Hs.
Boundary value for system P of di�erential equations with constant coe�cients in
partial derivatives of random order of di�erentiation in gibbous three-dimensional
area Ω in speculation of resolvability without reference to type of boundary value of
consideration can be written down in the form

KKK(∂x1, ∂x2, ∂x3)ϕ =
M∑
m=1

N∑
n=1

K∑
k=1

P∑
p=1

Aspmnkϕp,
(m)(n)(k)
x1 x2 x3

= 0, s = 1, 2, ..., P,

Asqmnk = const, ϕ = {ϕ1, ϕ2, ..., ϕP}. (1)

ϕϕϕ = {ϕϕϕs} , ϕϕϕ (xxx) = ϕϕϕ (x1, x2, x3) , xxx = {x1, x2, x3} ,

On the boundary ∂Ω following boundary conditions are assumed:

RRR(∂x1, ∂x2, ∂x3)ϕ =
M1∑
m=1

N1∑
n=1

K1∑
k=1

P∑
p=1

Bspmnkϕp,
(m)(n)(k)
x1 x2 x3

= fs, s = 1, 2, ..., s0 < P, x ∈ ∂Ω,

M1 < M, N1, < N, K1 < K. (2)

We can notice that in common with represented above integral method of factor-
ization, boundary value in di�erential method of factorization is solved precisely if
Ω is semispace. In case if area Ω is gibbose value reduces to solution of system of
normally resolvable pseudodi�erential equations. With the purpose of systemization
of representation di�erential method of factorization let us a few stages. Reducing
of di�erential equations by Fourier transformation or by other integral transfor-
mation to functional equation. Three-dimensional Fourier transformation of form
Φn (ααα) =

t

Ω

ϕϕϕn (x) ei<αααxxx>dxxx ≡ Fϕϕϕn, Φm = Fϕm, 〈ανxxxν〉 = αααν1x
ν
1 +αααν2x

ν
2 +αααν3x

ν
3

It reduces to functional equation presentable in form

KKK(ααα)ΦΦΦ =
x

∂Ω

ωωω ≡
N∑
n=1

x

∂Ωn

ωωωn, KKK (ααα) ≡ −KKK (−iααα1, − iααα2, − iααα3) = ‖knm(ααα)‖ ,

(3)

Here ∂Ωn is orientable element of topological separation of boundary unity ∂Ω, ωωωn

is vector of exterior form built on this element. Here KKK(ααα) is polynomial function
matrix of order P . Vector of exterior forms ωωω has in the function of component
two-dimensional functions of the form

ωωω = {ωsωsωs} , s = 1, 2, ..., P, ωs = P12sdx1Λdx2 +P13sdx1Λdx3 +P23sdx2Λdx3 (4)

It relates also to exterior forms ωωωn on elements ∂Ωn . Operations of exte-
rior forms have indications dx1Λdx2 = dx1

1dx
2
2 − dx2

1dx
1
2, dx1Λdx3 = dx1

1dx
3
2 −

dx3
1dx

1
2, dx2Λdx3 = dx2

1dx
3
2−dx3

1dx
2
2. Here vectors of spontaneous coordinate system

from the covers of tangent �bration of body surface are introduced. In rectangular
coordinate system for tangent vectors of spontaneous element cover are assumed.
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x1 = {x1
1, x

2
1, x

3
1} , x2 = {x1

2, x
2
2, x

3
2{. Coe�cients of exterior forms are presented

in [4]. Su�cing to stated boundary conditions (5) is reached by introducing in pre-
sentation of exterior forms of amounts of solution vector ϕ (∂Ω) and its derivatives
along the normal on ∂Ω taken from boundary conditions. Presence of derivatives
on tangent line is left out of account. Exterior forms contain amounts of solu-
tion ϕnϕnϕn and its derivatives on boundary ∂Ω .From boundary values (-) functions
or derivatives along the normal on boundary are found by trial and error and con-
version of nondegenerate matrix and are introduced in corresponding presentations
of exterior forms ωωω . The rest of functions or derivatives along the normal must
be found from pseudodi�erential equations received by transformation of functional
equations. Di�erential factorization of function matrix KKK(α) of functional equation
is occurred [4]. Consolidation of the functional equation to the system of pseudod-
i�erential equation is achieved by calculation of residue form of Lerey for functions
of some complex variables. By such action the automorphism under the mapping
of support towards itself is made. Waiving computations, which are in the noticed
works were presented, we achieve correlations of the form

N∑
ν=1

P∑
p=1

x

∂Ων

ωωωνpZmp(z
ν
s−) = 0, s− = 1, 2, ..., G−, (5)

Here αααν3s± ≡ zνs±(αααν1,ααα
ν
2) laid above positive and under negative semiplanes nulls of

determinant of function matrix KKK(ααα). Built system is pseudodi�erential equations.
Admitted that demanded by problem to solve integral equations are derived from
pseudodi�erential equations and solved and the result is introduced to outer forms,
the second stage of block element, named packing, is accomplished. Packed brick

element has compact form. ϕ(xν) = 1
8π3

∞t

−∞
KKK−1 (α)

s

∂Ω

ωωωe−i〈α
νxxxν〉dαν1dα

ν
2dα

ν
3 , xxx

ν ∈ Ω

,KKK−1 (α) = KKK−1
r (αν3) K−1 (αν3 ,−) . Here functions matrix KKKr (αν3) , KKK (αν3 ,−) are

the results of di�erential factorization of functional matrix KKK (α) by argument αν3
besides, determinant of the �rst contains nulls only on the upper semiplane, the sec-
ond is on the lower one. In this pattern it represents topological manifold with the
edge. In such form it is convenient for formation of brick structure for building non-
homogeneity, hollows, and cracks, �xed and deformable inclusions couplings with
deformable and �xed bricks in it. All of it is achieved by the formation of equality
relations between given brick and similar adjoined one. For it on the basis of equiva-
lence relations quotient topology of Cartesian product of brick elements� supporter
and topological space of vector-function built on them is building. An attribute of
right built up brick element is the opportunity of calculation in model of solution of
one integral by the method of theory of residues. It is called opening or unpacked of
block element. Calculated this integral we achieve following presentation of opened
brick element.

ϕϕϕ (xxxv) =
1

4π2

∞x

−∞

∑
s

[ AAA+

(
αv1,α

v
2, z

v
s+

)
e−i(z

v
s+x

v
3+αv1x

v
1+αv2x

v
2) +

BBB−
(
αv1,α

v
2, z

v
s−
)
e−i(z

v
s−x

v
3+αv1x

v
1+αv2x

v
2) ] dαν1dα

ν
2 (6)

Here matrixes- functions AAA+

(
αv1,α

v
2, z

v
s+

)
, BBB−

(
αv1,α

v
2, z

v
s−
)
depend on speci�ed

boundary conditions, form of Ω area and also on qualities of matrixes- function
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KKK (ααα) . Considering the form of opened brick element (6) it is easy to notice in
it the form of representation, in which solutions of common di�erential equations
and also equations in partial di�erential quotient with constant coe�cients with the
method of exponential substitution or separation of variables are searched. [5], [6]
on the base of it, it could be said that all practice of mentioned methods� appliance
is summarized to researches of opened or unpacked block elements. As a result scope
of available for solution problems narrowed. It may be used only for classic areas
denial of which excluded the opportunity to solve boundary problem with mentioned
methods.

3 The packed block elements for cylindrical domain

For illustration of mentioned above let us look at examples. Example 1. In the layer
Ω with parallel limits of thickness b − a boundary problem for partial di�erential
equation following form is placed:

∂2ϕ

∂x2
1

+
∂2ϕ

∂x2
2

+
∂2ϕ

∂x2
3

− r2ϕ = 0, |x1| ≤ ∞, |x2| ≤ ∞, a ≤ x3 ≤ b (7)

. On the limits (-) boundary conditions are accepted

ϕ (x1, x2, x3) = f1 (x1, x2) , x3 = a,

∂ϕ (x1, x2, x3)

∂x3

= f2 (x1, x2) , x3 = b (8)

Applied to equations and boundary conditions double transformation in x1, x2 in
form

Φ (α1, α2, x3) =

∞x

−∞

ϕ (x1, x2, x3) ei(α1x1+α2x2)dx1dx2,

ϕ (x1, x2, x3) =
1

4π2

∞x

−∞

Φ (α1, α2, x3) e−i(α1x1+α2x2)dα1dα2

Achieve one-dimensional boundary problem

∂2Φ

∂x2
3

−k2Φ = 0, Φ (α1, α2, a) = F1 ,Φ′ (α1, α2, b) = F2, k2 = α2
1+α2

2+r2, (9)

Similar F1, F2 are obtained Fourier transformation of right parts of boundary con-
ditions For building of boundary problem�s solution use exponential substitution
and receive solution in the form

Φ (α1, α2, x3) = c1 e
kx3 + c2 e

−kx3 , (10)

Complying with the given solution of boundary problem receives constant describing
solution as following:

c1 =
F1ke

−kb + F2e
−ka

2kchk (b− a)
, c2 =

F1ke
kb − F2e

ka

2kchk (b− a)
(11)
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Inserted value (11) into (10) and made double Fourier inversion following parameters
α1, α2 receive a solution of boundary problem. Let us apply method of block element
in the Ω area for solution of this boundary problem. No complicated constructions
lead to the functional equation with using of outer formula in form

(α2
3 + k2) Φ0 (α1, α2, α3) =

b∫
a

dω, ω (x3, α3) =
(
∂Φ
∂x3
− i α3Φ

)
ei α3x3 .

(α2
3 + k2) Φ0 (α1, α2, α3) = Φ′ (α1, α2, b) e

iα3b − Φ′ (α1, α2, a) eiα3a −
−iα3Φ (α1, α2, b) e

iα3b + iα3Φ (α1, α2, a) eiα3a

(12)

Inserted in right part (11) given boundary conditions (9) achieve equation as (-)

Φ0 (α3) =
(
α2

3 + k2
)−1 [

F2e
iα3b − Φ′ (a) eiα3a − iα3Φ (b) eiα3b + iα3F1e

iα3a
]
(13)

Here for formula simpli�cation of function Φ (α1, α2, a) , Φ (α1, α2, b) , Φ (α1, α2, x3),
two �rst arguments are omitted and all actions are accomplished towards the third
one i.e. their noti�cations Φ (a) ,Φ (b) ,Φ (x3) , are accepted. Considering correla-
tion in local coordinate system and requested accomplishment of automorphism -
re�ection of segment on yourself, we reach such pseudodi�erential equation.{

kF1e
−k(b−a) + F2 − Φ′ (a) e−k(b−a) − kΦ (b) = 0,

−kF1 + F2e
−k(b−a) − Φ′ (a) + kΦ (b) e−k(b−a) = 0,

(14)

Their decision gives the follow meanings of sought expressions.

Φ′ (a) =
−kF1shk (b− a) + F2

chk (b− a)
, Φ (b) =

kF1 + F2shk (b− a)

kchk (b− a)

Inserting these meanings in formula and applied triple access Fourier, we reach
presence of decision- block element boundary problem in layer in the form of

ϕ (x1, x2, x3) = 1
8π3

t

R3

e−i(αxαxαx)(α2
3 + k2)

−1
[ { k2F1e

iα3ashk (b− a) + iαkF1chk (b− a) eiα3a −

−kF2e
iα3a }+

{
−iαeiα3bF2shk (b− a) + F2kchk (b− a) eiα3b − kF1iαe

iα3b
}

] (15)

[ kchk (b− a) ]−1dα1dα2dα3, (αx) = α1x1 + α2x2 + α3x3, a ≤ x3 ≤ b

Received expression, representing topological object - manifold with boundary, is
called packed block element. Similar packed block elements for other layers can
conjugate with each other very simply, if they are in such form. According to
topology, it is necessary to make factor - topology and determined functions on them,
taking into account equivalence relation of boundary condition. In this simplest case,
transit of boundary condition in arears of pasting together of layers is enough. In
packed block element, if operations of building are carried out rightly, integral of
parameter is always calculated according to theory of residues. Accomplished this
act, we get uncovered or unpacked block element, which has form

ϕ (x1x2x3) = 1
4π2

s

R2

e−i(α1x1+α2x2) ×

{ (f1ke
−kb + f2e

−ka)ekx3 + (f1e
kbk − f2e

ka)e−kx3 } 2kchk (b− a)
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Decision coincides with decision, built by means of exponential substitutions. As
mentioned above, precisely these unpacked block elements were built by means of
separation of variables, integral transformations, di�erence substitutions. They are
slightly simpler, than packed block element, containing in it, but, as the follow
example show, have more restricted set of boundary tasks, which can be researched
by these methods. Below here is comparatively simple example of boundary task,
which is accessibly for research by means of block element, and not solvable by listed
approaches. Example 2. Learn considering above boundary task for di�erential
equation (1) in domain Ω, occupying cylinder in direction of axis 0x3 with triangular
section in plane x10x2 , having tops in point (0, 0) , (x01, 0) , (0, x02) , x01 >
0, x02 > 0 . Outer normal line to side x01x02 makes up ν with axis0x1 , but distance
of this side from beginning of coordinate is p . In this case in accepted coordinate
system, which we will call absolute, coordinate of top of triangle have expressions

x10 =
p

cos ν
, x20 =

p

sin ν

. Applied to boundary task transformation Fourier on parameter x3 we get two-
dimension boundary task in section x10x2. We will consider, that on reference
bounders, sides of triangle x010, 0x02, x02x01, right local coordinate system of
ccordinates xπ1 0πxπ2 , x0,5π

1 00,5πx0,5π
2 , x0,5π−ν

1 00,5π−νx0,5π−ν
2 , are built, at that co-

ordinate axis with index 1 have direction along the sides, but with index 2 - on
outer normal line. The upper indexes in accepted indication characterized degree
of rotation of local coordinate system concerning to absolute. On mentioned above
sides of triangle, in such consistency, boundary conditions are assigned in form of
functions g1(xπ1 ), g2(x0,5π

1 ), g3(x0,5π−ν
1 ) which are considered su�ciently smooth.

Inserting boundary task in topology structure, described above, and accomplished
acts, connected with method of block element, as in the �rst items and example by
analogy, we reach to packed element, having form

ϕ(x1, x2, x3) = 1
8π3

t

R3

e−i(αx) i
(α2

1+α2
2+k2)

[ F1(απ1 )(απ2− − απ2 ) + F2(α0,5π
1 )(α0,5π

2− − α
0,5π
2 )

+F3(α0,5π−ν
1 )eiα

0,5π−ν
2 p(α0,5π−ν

2− − iα0,5π−ν
2 ) ] dα1dα2dα3 (16)

απ2± = ±i
√

(απ1 )2 + k2, α0,5π
2± = ±i

√
(α0,5π

1 )
2

+ k2 α0,5π−ν
2± = ±i

√
(α0,5π−ν

1 )
2

+ k2

x1 = x0,5π−ν
1 sin ν + x0,5π−ν

2 cos ν, x2 = −x0,5π−ν
1 cos ν + x0,5π−ν

2 sin ν

α1 = α0,5π−ν
1 sin ν + α0,5π−ν

2 cos ν, α2 = −α0,5π−ν
1 cos ν + α0,5π−ν

2 sin ν,

α0,5π−ν
1 = α1 sin ν − α2 cos ν, α0,5π−ν

2 = α1 cos ν + α2 sin ν

x0,5π
1 = x2, x0,5π

2 = −x1, xπ1 = −x1, xπ2 = −x2

α0,5π
1 = α2, α0,5π

2 = −α1, απ1 = −α1, απ2 = −α2

Here vector { F1(απ1 ), F2(α0,5π
1 ), F3(α0,5π−ν

1 ) } is result of some linear continuous
re�ection of vector { g1(xπ1 ), g2(x0,5π

1 ), g3(x0,5π−ν
1 ) } in space of transformation

Fourier on basis vector. Unpacked block element by means of calculation one in-
tegral, it is possible in rightly packed block element, we reach to uncovered block
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element, which is presented in form

ϕ(x1, x2, x3) = 1
4π2

s

R2

〈[ F2(α0,5π
1 ) exp [ − i(α0,5π

1 x0,5π
1 + α0,5π

2+ x0,5π
2 + α3x3) ] dα0,5π

1 −

−F1(απ1 ) exp [ − i(απ1xπ1 + απ2+x
π
2 + α3x3) ] dαπ1 − (17)

−F3(α0,5π−ν
1 ) exp [ − i(α0,5π−ν

1 x0,5π−ν
1 + α0,5π−ν

2+ x0,5π−ν
2 + α3x3) ] dα0,5π−ν

1 〉 dα3

By calculating of integrals, it is necessary to claim the same point (x1, x2, x3), which
situates in inside of triangle, to examine and Jacobean determinants by substitution
of variable in integrals to take into account. The authors don�t know works, in which
decision of mentioned boundary task was accomplished by means of separation of
variables or other analytical approach.

4 Conclusion

The di�erence between packed and uncovered block element consists, of that in
packed form block element, which is capable boundary tasks, not yielding to other
methods, can uniformly conjugate with other block elements of such or other dimen-
sions and build packed block family, keeping singly topology structure. In his turn
unpacked block element gives pictorial presentation about decision�s character and
allow learning its properties, to pick out features of localization�s zone. In partic-
ular because of enumerated above, it was succeed in building of model of starting
earthquake, revealed dangerous zones of stress concentration [7], [8].
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Abstract

The problem of stability and out-of-plane deformation analysis is consid-
ered for an axially moving elastic web modelled as a beam (undergoing cylin-
drical deformation). The beam is under homogeneous pure mechanical in-
plane tension and thermal strains corresponding to the thermal tension and
bending. In accordance with the static approach of stability analysis the prob-
lem of out-of-plane thermomechanical divergence (buckling) is reduced to an
eigenvalue problem which is analytically solved. This problem corresponds to
the case of in-plane thermomechanical tension and zero thermal bending. The
general case of deformations induced by combined thermomechanical bend-
ing and tension is reduced to nonhomogeneous boundary-value problem and
analyzed with the help of Fourier series.

1 Introduction

The study of the mechanical behavior of axially moving elastic systems has attracted
the attention of researchers for a long time beginning with Skutch [1]. Studies in
this direction written in the English language began to appear half a century later
starting with those by Sack [2], Archibald and Emslie [3], Miranker [4]. Other
classic studies of moving elastic systems include those by Mote [5] - [8], Thurman
and Mote [9], Simpson [10], Mujumdar and Douglas [11], Pramila [12], [13], Wickert
and Mote [14]. Recent studies include Wang et al. [15], Banichuk et al. [16] - [18].
Wide exposition of obtained results in domain of mechanics of moving materials is
presented in the books by Marynowski [19] and Banichuk et al. [20]. An extensive
literature review can also be found in these books.

2 Basic relations

Let us consider a beam which occupies the domain (0 ≤ x ≤ l, −h/2 ≤ z ≤
h/2, 0 ≤ y ≤ b = 1 � l) in the rectangular coordinate system xyz and moves
axially at a constant transport velocity V0 in the x-direction. The transverse (out-
of-plane) displacement is described by the function w = w(x, t). By considering
the wave equation in the co-moving coordinate and using transformations from the
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Lagrange derivatives to the Euler derivatives of transverse displacements we can
write the equation for small transverse vibrations in the following form [20]:

m
d2w

dt2
= LM(w)− LB(w), (1)

where m is the mass per unit length of the beam and

LM(w) = T
∂2w

∂x2
=

(
T0 −

Eh

1− ν
εθ

)
∂2w

∂x2
, (2)

LB(w) = −∂
2M

∂x2
= D

[
∂4w

∂x4
+ (1 + ν)

∂2κθ
∂x2

]
. (3)

Here LM , LB are operators on w, Tx = T is the in-plane tension, E is the Young
modulus, ν is the Poisson ratio,M is the bending moment, D is the bending rigidity,
h is the thickness of the beam. The quantities εθ and κθ are the generalized thermal
strains corresponding to the thermal tension and bending of the beam de�ned as

εθ =
1

h

∫ h/2

−h/2
αθθdz, κθ =

12

h3

∫ h/2

−h/2
αθθzdz, (4)

where αθ is the coe�cient of linear thermal expansion.
In the stationary case the behavior equation takes the form(

mV 2
0 +

Eh

1− ν
εθ − T0

)
d2w

dx2
+D

[
d4w

dx4
+ (1 + ν)

d2κθ
dx2

]
= 0 (5)

with simply supported boundary conditions

w = 0,
d2w

dx2
+ (1 + ν)κθ = 0, x = 0, l. (6)

3 Divergence problem

Suppose that

T = T0 −
Eh

1− ν
εθ (7)

and κθ = 0. Then, using (5) with dimensionless variables x̃ = x/l (the tilde will be
omitted) and introducing the auxiliary function

ψ(x) =
d2w

dx2
, 0 ≤ x ≤ 1 (8)

and the quantity

λ =
l2

D

(
mV 2

0 +
Eh

1− ν
εθ − T0

)
(9)
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we formulate the eigenvalue problem

d2ψ

dx2
+ λψ = 0, ψ(0) = 0, ψ(1) = 0. (10)

Integrating the behavior equations and taking into account the formulated boundary
conditions we �nd the unknown shape function w = C sin(jπx), j = 1, 2, 3, ... (C -
arbitrary constant) and the correspondent critical velocity(

V div
0

)2

j
=
j2π2D

ml2
+
T0

m
− Eh

m(1− ν)
εθ. (11)

Thus, we observe that the shape of the eigenmode coincides with the membrane
(with D = 0 and κθ = 0) eigenmode regardless of the value of the bending rigidity
D and the thermal strain εθ, but the bending rigidity and thermal strain contribute
additional terms to the divergence speed.

4 Deformations under combined thermomechanical

bending and tension

Using dimensionless coordinate x (0 ≤ x ≤ 1) and assuming that κθ = const 6= 0,
εθ = const we consider an axially moving beam subjected to tension and bending
and represent the behavior equation in the form

d2

dx2

[
d2w

dx2
+ λw + (1 + ν)κθ

]
= 0, 0 ≤ x ≤ 1, (12)

where λ is given by (9). Integrating (12) with boundary conditions (6) we obtain
the second order di�erential equation for the displacement function:

d2w

dx2
+ λw + (1 + ν)κθ = 0, 0 ≤ x ≤ 1. (13)

To solve this equation we represent the desired solution w(x) and the quantity
(1 + ν)κθ as the Fourier series

w =
∞∑

n=1,3,...

an sinnπx, (14)

(1 + ν)κθ =
4(1 + ν)κθ

π

∞∑
n=1,3,...

1

n
sinnπx. (15)

Substituting (14), (15) into (13) and perfprming elementary operations we obtain
the equation

∞∑
n=1,3,...

sinnπx

{
an
[
λ− (nπ)2

]
+

4(1 + ν)

nπ
κθ

}
= 0 (16)

leading to the expressions for unknown coe�cients

an =
4(1 + ν)κθ

nπ [(nπ)2 − λ]
, n = 1, 3, ... (17)
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5 Conclusions

In this paper the deformation and stability of an axially moving elastic panel were
considered. The panel was travelling at a constant velocity between the rollers
modelled by the corresponding boundary conditions. Small transverse elastic dis-
placements of the panel were described by a fourth-order di�erential equation that
includes the terms expressing the action of in-plane tension and out-of-plane cen-
trifugal forces and the terms taking into account a thermomechanical action. We
investigated separately two important cases: the divergence of the panel loaded
by in-plane thermomechanical tension and the deformation of the beam subjected
to combined thermomechanical bending and tension. In both cases the considered
problems have been studied analytically and the solutions have been found in an
explicit form.
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Abstract

The results of theoretical and experimental studies of the ascending twist-
ing �ows encountered in nature in the form of tornadoes and tropical cyclones
[1-3] are represented.

Theorems on the existence and the uniqueness of the solutions to speci�c
initial-boundary value problems that, in particular, set the rotation direction
of tornadoes, tropical cyclones and �re vortices are proved for the system of
gas dynamics equations and the complete system of Navier-Stokes equations.

There are the constructed numerically the solutions of indicated systems
of partial di�erential equations that model the gas �ow from the simple planar
spiral currents to the three-dimensional nonstationary �ows in general. The
calculation results are consistent with both the data of natural observations
and the results of laboratory experiments.

Results of laboratory experiments on the vertical upwards motion of air
along the pipe, which con�rmed the occurrence of the twisting in the near-
bottom and the vertical parts of the �ow in the appropriate direction are given
in this investigations.

The results of theoretical and experimental studies of the ascending twisting �ows
encountered in nature in the form of tornadoes and tropical cyclones [1-3] are proven
in this research.
We consider the complete system of Navier-Stokes equations in dimensionless vari-
ables under the action of gravity and Coriolis forses [3, 4]:

ρt + V · ∇ρ+ ρdivV = 0,

Vt + (V · ∇) V + T
γρ∇ρ+ 1

γ∇T = g − 2Ω×V+

+
µ0
ρ

[
1
4∇ (divV) + 3

4∆V
]
,

Tt + V · ∇T + (γ − 1)TdivV = κ0
ρ ∆T+

+
µ0γ(γ − 1)

2ρ

{[
(ux − vy)2 + (ux − wz)2 + (vy − wz)2] +

+3
2

[
(uy + vx)

2 + (uz + wx)
2 + (vz + wy)

2]} ,

(1)
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Which for the case of zero viscosity and vanishing thermal conductivity: µ0 = κ0 = 0
� the system (1) is the system of gas dynamics equations.

Fig. 1.

The symbols in system (1) are the following: ρ � is the density; u, v, w � are the
projections of the velocity vector V on the axis of Cartesian coordinate system Oxyz
(see Fig.1) rotating together with the Earth and the beginning of which lies on the
surface of the Earth at the point O on the parallels with the latitude ψ; T � is the
temperature; g � is the acceleration vector of gravity; a = 2Ω sinψ; b = 2Ω cosψ; Ω
� is the modulus of the angular velocity vector Ω of the Earth's rotation.
The theorem on the smooth �ow into the vertical cylinder. For the system
of gas dynamics equations there are the speci�ed conditions describing the initial
time of the uniform, resting outside the cylinder

√
x2 + y2 = r0, r0 > 0 gas. Also

the smooth radial �ow into the cylinder are given. Then this problem has a unique
solution in the neighbourhood of the given point (t = 0, r = r0, ϕ = ϕ0, z = 0). Here
r, ϕ � are the polar coordinates in the plane xOy.
The properties of the solution of this problem that since the time t = 0 in the gas
�ow occurs the twisting directed in the positive direction in the case of the Northern
Hemisphere and the negative direction in the case of the Southern Hemisphere. This
direction of rotation corresponds to the direction of air like tornadoes and tropical
cyclones. If for the problem Ω = 0, so the twisting does not arize.
The theorem on the smooth heating of the vertical cylinder. For the system
of gas dynamics equations there are the speci�ed conditions describing the initial
time of the uniform, resting outside the cylinder

√
x2 + y2 = r0, r0 > 0 gas. Also the

smooth heating of this cylinder are given. Then this problem has a unique solution
in the neighbourhood of the given point (t = 0, r = r0, ϕ = ϕ0, z = 0).
The properties of the solution of this problem that since the time t = 0 the twisting
directed in the negative direction in the case of the Northern Hemisphere and the
positive one in the case of the Southern Hemisphere appears in the gas �ow. The
air around the �re vortices has such direction of twisting. If for the problem Ω = 0,
the twisting in the �ow is absent.
The paper provides examples of numerical construction of �ows under the action of
gravity and Coriolis forces for the system (1) as in the case µ0 = κ0 = 0, as well, in
the case µ0 6= 0, κ0 6= 0. They are constructed from the simple planar spiral �ows in
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the bottom parts of the being investigated �ows to the three-dimensional stationary
and notstationary �ows in general. In numerical simulation time is set from the
beginning of a natural atmospheric vortex before its release to stationary state.
The calculation results are consistent with both the data of natural observations of
tornadoes and tropical cyclones of varying intensity, and the results of laboratory
experiments.

Fig. 2.

The results of laboratory experiments on the vertical upwards motion of air along
the pipe, which con�rmed the occurrence of twisting in the near-bottom and the
vertical parts of the �ow in the appropriate direction are represented. Fig. 2 shows
the photograph of the room in which the experiment was conducted.

Fig. 3.

Fig. 3 shows the instantaneous streamlines constructed at di�erent times in the
simulation �ow of the experiment with blowing.

References

[1] Bautin S.P. Tornado i sila Koriolisa (Tornado and the Coriolis Force),Novosi-
birsk:Nauka, 2008.

[2] Bautin S.P. and Obukhov A.G. Matematicheskoe modelirovanie razrushi-
tel'nykhatmosfernykh vikhrei (Mathematical Modeling of Destructive Atmosphe-
ric Vortices),Novosibirsk: Nauka, 2012.

[3] Bautin S.P., Krutova I.Yu., Obukhov A.G., Bautin K.V. Razrushitel'nye atmos-
fernyevikhri: Teoremy, raschety eksperimenty (Destructive Atmospheric Vor-
tices: Theorems, Calculations, and Experiments), Novosibirsk: Nauka, 2013.

61



REFERENCES

[4] Bautin S.P. Kharakteristicheskaya zadacha Koshi i ee prilozheniya v gasovoi
dinamike(Characteristic Cauchy Problem and Its Applications to Gas Dyna-
mics), Novosibirsk: Nauka, 2009.

S. P. Bautin, Ural State University of Railway Transport, Yekaterinburg, Russia

I.Yu. Krutova, National Research Nuclear University MEPhI, Mosñow, Russia

A.G. Obukhov, Tyumen State University of Oil and Gas, Tyumen, Russia

62



Statics and harmonic oscillatoins of springs as rods of arbitrary spatial shape

Statics and harmonic oscillatoins of springs as rods
of arbitrary spatial shape

Vladimir V. Eliseev, Evgenii A. Oborin

oborin1@yandex.ru

Abstract

The springs are considered as linearly elastic rods of arbitrary spatial shape
with taking into account tension and shear. The equations of rod dynamics
are written in direct tensor form. The system of equations in components
is derived using the assumption of cross-section symmetry. These equations
admit the solution in quadratures. Also they can be solved by the shooting
method implemented in the built-in function of computer mathematics pack-
ages. As an example, we present the static and dynamic analysis of a conical
helical spring. The algorithm of calculation is presented for the forced and
free harmonic oscillations.

1 Introduction

The springs applied in mechanical engineering have often forms of rods [1]. The
progress in mechanics of deformable solid bodies [2] resolves the previous problems
[3]. The calculation of rods is simpli�ed especially by wide-spreading of computer
mathematics [4, 5]. The transition to the case of harmonic oscillations has no di�-
culties.
From the recent studies into the spring dynamics, we note [6]�[9]. In [6] the e�ect
of axial comression on the natural frequencies is studied. The comparison between
di�erent dynamic models of helical springs is discussed using dispersion curves in [7].
The barrel and hyperboloidal springs are investigated in the paper [8] using Laplace
transform. The e�ects of rotational inertia, axial, shear and torsional deformation
for helical springs of di�erent cross sections are studied in [9].

2 Linear theory of rods

The equations of linear theory of rods are reliably established [2]. For harmonic
oscillations with the frequency ω, they have the form:

Q′ = −q− ω2ρ(u + θ × ε),
M′ = −r′ ×Q−m− ω2(I · θ + ρε× u),

θ′ = A ·M + C ·Q,
u′ = θ × r′ + B ·Q + M ·C. (1)
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The rods are considered as material lines whose particles are the elementary bodies
with the vectors of displacement u and rotation θ. The loads are external distributed
per unit length forces and moments q, m and internal (in the cross sections) ones
Q, M. Prime indicates derivative with respect to material coordinate s (not nec-
essarily arc coordinate). The tensors of the second rank A, B, C characterize the
elastic compliances of rod including the bending, twisting, tension and shear com-
pliance. Three-dimensional models have to be used to calculate them; for example,
the Saint-Venant problem. The inertial rod parameters are the density ρ, the eccen-
tricity vector ε and the tensor of inertia I. The initial form of rod is given by the
position vector dependence r(s) on the material coordinate.
The �rst two equations in (1) are the balance of momentum and the balance of
moment of momentum. The third and the fourth are the relations of elasticity.
These relations connect the strain vectors κ ≡ θ′, γ ≡ u′ − θ × r′ with the force
factors Q, M. The entire system (1) can be derived from the principle of virtual
work [2].

3 Integration of static equations in quadratures

In statics (ω = 0) the equations (1) are integrated in quadratures [3] as follows:

Q = −
s∫

0

qds+ Q0, M =

s∫
0

(Q× r′ −m) ds+ M0, (2)

θ =

s∫
0

(A ·M + C ·Q) ds+ θ0, u =

s∫
0

(θ × r′ + B ·Q + M ·C) ds+ u0.

Here four vector constants arise, and they are determined by using the boundary
conditions. If the rod is �xed at the tip s = 0 and loaded at the other tip s = L,
then from the �rst two equations we determine Q0, M0 right away, and in another
equations we have θ0 = 0, u0 = 0 - it is the statically determined problem. With
the arbitrary given initial form r(s), the integrals (2) are calculated in components
easily by means of computer mathematics. We can use the integration by parts:∫

Q× r′ds = Q×r+

∫
q× rds,

∫
θ × r′ds = θ×r−

∫
(A ·M + C ·Q)× rds

In the case of statically indetermined problem, we need to construct and solve the
linear algebraic system following from the boundary condition in order to determine
the vector constants Q0, M0, θ0, u0.
The case of a closed rod requires a special consideration. Instead of boundary
conditions we have the conditions of periodicity: Q(0) = Q(L) etc. For the �rst
two equalities in (1), we obtain the identities, namely the balances of forces and
moments. The constants Q0, M0 are indeterminate herewith. The least equalities
give the following conditions of the uniqueness of rotations and displacements:∮

(A ·M + C ·Q) ds = 0,∮
[r× (A ·M + C ·Q) + B ·Q + M ·C] ds = 0. (3)
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This is the linear algebraic system for the unknowns Q0, M0.
Let us clarify the form of compliances. If the section has two axes of symmetry,
then they are

A = (A⊥E + (Aτ − A⊥) ττ ) |r′| , τ = r′/|r′|,
B = (B⊥E + (Bτ −B⊥) ττ ) |r′| , C = 0 (4)

We denoted: A⊥, Aτ are the bending and twisting compliances, Bτ , B⊥ are the
tension and shear compliances. E is the identity tensor, τ is the tangent vector.
The factor |r′| is here because the length of the element is |r′| ds. For the thin rods
one usually assumes the absence of tension and shear B = 0 (hence C = 0).

4 Use of computer mathematics

We think about another approach to be more e�cient. We use the numerical in-
tegration of the system of ordinary di�erential equations (ODE) of 12th order by
means of the computer mathematics [5]. This requires to write the equations (1) in
components. Projecting (1) into the Cartesian axes x, y, z, we have:

Qx
′ = −qx, Qy

′..., Mx
′ = Qyz

′ −Qzy
′ −mx, My

′...,

θx
′ = A⊥ |r′|Mx + (Aτ − A⊥)x′|r′|−1

(x′Mx + y′My + z′Mz), θy
′...,

ux
′ = θyz

′ − θzy′ +B⊥ |r′|Qx + (Bτ −B⊥)x′|r′|−1
(x′Qx + y′Qy + z′Qz), uy

′... (5)

Then we rewrite it to the matrix form:

Y ′ = F (s, Y ); Y = (Qx Qy ... uz)
T , F0 = −qx(s), ...,

F11 = Y6y
′ − Y7x

′ +B⊥m(s)Y2 +
Bτ −B⊥
m(s)

z′(x′Y0 + y′Y1 + z′Y2);

m(s) ≡
√
x′2 + y′2 + z′2. (6)

With the given boundary conditions (six at both the ends), the system is solved
in Mathcad by the shooting method with the built-in functions sbval�Rkadapt [4].
The same results are obtained by the �nite di�erence method and the standard
solver of algebraic systems in Wofram Mathematica.
As a benchmark example we consider the steel conical spring with the following
equations:

x(s) = ρ(s) cos s, y(s) = ρ(s) sin s, z(s) = z1s; ρ(s) = ρ0 + ρ1s (7)

Here we have three constants; with ρ1 = 0 the curve is the helix. The end s = 0 is
�xed, hence displacement and rotation are zero: u = 0,θ = 0. The free end s = 10π
(5 coils) is loaded by the force Q (the moment is absent). We show the initial state
of the spring and two deformed states: with Q = −P1k (along z-axis) (Fig. 1a)
and Q = P2 i (along x-axis) (Fig. 1b). The geometric parameters are: the section
radius is r = 1 cm, the parameters of the curve are ρ0 = 10 cm, ρ1 = −1.5 cm,
z1 = 2 cm. The rod compliances are A⊥ = 4/Eπr4, Aτ = 2/µπr4, Bτ = 1/Eπr2

B⊥ = 7/6µπr2 (E is the Young's modulus, µ is the shear modulus and 6/7 is the
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(a) (b)

Figure 1: Con�gurations of spring

shear coe�cient). In Fig. 1a the load is P1 = 5000 N, in Fig. 1b P2 = 500 N.
Cartesian coordinates in the initial state correspond to the formulas (7), and in the
actual state they correspond to x+ ux, y + uy, z + uz.

In Fig. 1 the deformations are large, because the loads are so. But the problem is
linear, and hence the displacements are proportional to the loading parameters. In
numerical integrating we can restrict ourselves with the small loads, avoiding the
problems with convergence of the shooting method.

We can use the set of points instead of the analytic dependences as in (7) to de�ne
the initial shape. Using the set of points we apply the built-in functions for the
regression (regress�interp in Mathcad). This approach is realized in [5] for the
plane nonlinearly elastic springs.

5 Harmonic oscillations

The numerical algorithm discussed above can be extended easy to the case of forced
harmonic oscillations. For this purpose we need to add the inertial loads (pro-
portional to ω2) [10]. In the case of the free oscillations we have the eigenvalue
problem, for obtaining the solution of which we include in the system one more
equation: (ω2)

′
= 0. We can prescribe an additional boundary condition because

the modes of oscillations are determined to within a constant factor.

As a benchmark example we analyse the free oscillations of the spring considered
above in Sect. 4. Eccentricity and inertia of rotation are not taken into account.
The resulting eigenmodes are in Fig. 2.
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(a) (b) (c)

Figure 2: Eigenmodes of spring

6 Conclusion

One-dimensional rod model was applied to statical and dynamical analysis of springs
of arbitrary spatial shape. The linear equations in the direct tensor form and in
components were presented. The solution in quadratures and the solution by means
of computer mathematics were proposed. The �rst approach is helpful in statically
determined problems. The second approach uses the numerical integration methods
such as the shooting method and the �nite di�erence method. A benchmark example
of conical spring was considered. Con�guration of spring under the static loading
and the �rst three eigenmodes were shown.
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Abstract

Experimental study of the steady-state cyclonic vortex from isolated heat
source in a rotating �uid layer is described. The structure of laboratory cy-
clonic vortex is similar to the typical structure of tropical cyclones from ob-
servational data and numerical modelling including secondary �ows in the
boundary layer. Di�erent constraints of the steady-state hurricane-like vortex
were studied. The three main dimensional parameters that de�ne the vortex
structure for a �xed geometry - heating �ux, rotation rate and viscosity were
varied independently. It was shown that viscosity is one of the main param-
eters that de�ne steady-state vortex structure. Along with the experiment
a numerical simulation in a similar geometry was performed. For numerical
simulation we used CFD package FlowVision. Numerical results showed good
agreement with experimental data and proved e�ciency of the use of numerical
modeling.

1 Introduction

The phenomenon of vortex generation is found in a wide range of �ows of di�erent
nature and scales. Synoptic vortices, such as cyclones and anticyclones, play a major
role in the formation of weather conditions over the large areas. And secondary �ows
in the hurricane boundary layers may have a considerable e�ect on the heat and mass
transfer between the water and the air [1]. Despite decades of research the problem
of the intense large-scale atmospheric vortices generation is unsolved and attracts
close attention from many scienti�c groups. The complexity of the problem forces
researchers to study cyclones formation step by step using laboratory experiments
as well as numerical modeling.
The main reason of the vortices formation in the atmosphere and ocean is interaction
between Coriolis force and mass forces caused by the local temperature inhomogene-
ity. In this way laboratory model of hurricane-like vortex was proposed and studied
in [2, 3, 4]. They considered rotating layer of �uid with the localized heater in the
bottom. Local velocity measurements showed that the general structure of mean
radial and azimuthal �ows in a proposed model is similar to the typical structure of
a hurricane and proved that chosen con�guration is very promising for a studying
of hurricane-like vortices. The studies were done with the use of the buoyant probe
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for measurement of cyclonic rotation in a central part and many questions were left
open for further studies.
In the current study, like [2, 3, 4], we consider steady-state hurricane-like vortex
using a modern experimental technique and numerical simulation. For a �xed ge-
ometry there are only three main dimensional parameters that de�ne the vortex
structure - heating �ux, rotation rate and viscosity. Independent controlled varia-
tion of these parameters gives possibility to analyse the in�uence of each dimensional
parameter on the cyclonic vortex structure and to de�ne government nondimensional
parameters.
In addition to laboratory modeling the numerical calculations using CFD package
Flow Vision were conducted. Despite of experiment numerical modeling provides an
opportunity to get information about instantaneous velocity and temperature dis-
tribution throughout the volume. The geometrical dimensions of the computational
domain and the values of the control parameters selected in accordance with the
experimental regimes. Numerical results showed good agreement with experimental
data. Using numerical modeling instant velocity and temperature distribution were
obtained.

2 Experimental Setup

The formation of cyclonic vortex was studied in a cylindrical vessel of diameter 300
mm, and height 40 mm (Fig. 1, a). The sides and bottom were made of Plexiglas
with a thickness 3 mm and 20 mm respectively. There was no cover or additional
heat insulation at the sidewalls. The heater is a brass cylindrical plate mounted
�ush with the bottom. The diameter of the plate is 104 mm, and its thickness is
10 mm. The brass plate is heated by an electrical coil placed on the lower side of
the disc. For studying the in�uence of the heating on the �ow structure the series
of experiments was carried out. For di�erent experimental realizations the heating
power was varied from 17 Wt to 78 Wt. For each realization the heating power
was constant and controlled by Termodat system. Cylindrical vessel was placed
on a rotating horizontal table (Fig. 1, b). The table provides uniform rotation in
the angular velocity range 0.04 ≤ Ω ≤ 0.30 s−1. In the present study the angular
velocity was varied from Ω = 0.07 s−1 to Ω = 0.17 s−1. Silicon oils with di�erent
values of kinematic viscosity, PMS-20, PMS-10, PMS-5 and PMS-3 (25, 10, 5 and
3 cSt at T = 25 0C) were used as working �uids. In all experiments, the depth of
the �uid layer was 30 mm and the surface of the �uid was always open. The room
temperature is kept constant by air-conditioning system, and cooling of the �uid is
provided mainly by the heat exchange with surrounding air on the free surface and
some heat losses through sidewalls. For low values of kinematic viscosity it takes
about 2 hours to obtain a steady-state regime. Temperature inside the �uid layer
was measured by copper-constantan thermocouples.
The velocity �eld measurements were made with a 2D particle image velocimetry
(PIV) system Polis (Fig.1, b). The system included a dual pulsed Nd-YaG laser
(1), a control unit, a digital CCD camera (3), placed in a rotating frame, and a
computer. The synchronization of the operation of the laser and the CCD camera,
the measurement, and the processing of the results were performed using the software
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Figure 1: Experimental setup: (a) Dimensions and location of the coordinate system,
(b) - Measurement system

package Actual Flow. All data were obtained in rotating coordinate system using
optical mirrors (2). Optical mirrors rout laser beam (4) from �xed laser to rotating
vessel. Cylindrical vessel works as a lens and narrow horizontal light sheet (5) from
the periphery to the center but all area of our interest in the central part of the
vessel was illuminated. Also we need to note that due to strong optical distortions
we did not make PIV measurements in a close proximity to the heater at height
less than 2 mm. All PIV measurements were done for horizontal crosssections at
di�erent heights. Even variation of the three main dimensional parameters (heating,
viscosity, rotation) leads to the many experimental realizations (62 in our case). So
for the most of regimes the measurements were done only at three heights, near the
bottom (z = 3 mm), in the central horizontal crosssection (z = 15 mm), and near
the upper surface (z = 27 mm). It allowed us to study the �ow structure in the
boundary layers and in the bulk of the �ow. Iteration algorithms and decreasing
of the size of the interrogation windows from 32×32 to 16×16 pixels provided a
dynamic range of approximately 500. The main subject of this study is cyclonic
vortex over the heating area, so for keeping high spatial resolution the most of
the PIV measurements were made only in a central part of the layer at di�erent
horizontal cross-sections.

3 Dependence of the cyclonic vortex structure on

the main parameters

In this chapter we describe the general structure of large-scale radial �ow and for-
mation of the cyclonic motion in the central part of the vessel. The heat �ux in the
central part of the bottom initiates the intensive upward motion above the heater.
Warm �uid cools at the free surface and moves toward the periphery where the
cooled �uid moves downward along the side wall. After some time, large-scale ad-
vective �ow occupies the whole vessel(Fig. 2, vertical cross-section). Structure and
speci�cs of �ows in the case of non-rotating cylindrical layer are described in details
in [5].
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Figure 2: The structure of main �ow in a rotating frame

In rotating case large-scale radial circulation leads to the angular momentum trans-
port and angular momentum exchange on the solid boundaries. Convergent �ow
in the lower layer brings �uid parcels with large values of angular momentum from
periphery to the center and produces cyclonic motion (Fig.2, lower horizontal cross-
section). In the upper layer situation is the opposite - divergent �ow takes �uid with
low values of angular momentum to the periphery resulting in anticyclonic motion
(Fig.2, upper horizontal cross-section).
The main motivation of investigation is to separate the role of the three main pa-
rameters of the problem - heating, rotation and viscosity, and analyze the in�uence
of each dimensional parameter on the cyclonic vortex structure. In details research
was described in [6]. Here the main results of this work are presented.
Relative motion in our system is driven by localized heating so the clear understand-
ing how the increase of the heating changes the �ow structure is very important. As
is expected the increase of the heating produce more intensive meridional circulation.
Meridional circulation provides angular momentum transport in the lower layer and
magnitude of azimuthal velocity also increases with the heating. Structure of the
cyclonic vortex changes with the heating, it becomes more uniform over depth. The
shape of the vortex is conical for the weak heating and becomes cylindrical (in the
central part) in the developed state.
Another important parameter is the rotation rate. In our case the rotation is the
source of angular momentum so the faster we rotate the layer the more intensive
vortex we potentially may produce. From the other side rotation suppresses convec-
tion which is the main source of the meridional circulation that brings extra angular
momentum to the center and produces cyclonic vortex. It means that for the �xed
rotation rate increasing of the heating leads to increasing of cyclonic vortex intensity
but for the �xed heating there is the optimal rotation rate that provides the most
intensive cyclonic vortex. Spatially and time averaged azimuthal velocity pro�les
for the �xed heating and di�erent rotation rates in the middle of the layer (z =
15mm) for the two working �uid (PMS-5 and PMS-10) are presented in Fig. 3 .
There is remarkable change of the �ow structure with a relatively small variation of
the rotation rate. Maximum of azimuthal �ow moves to the periphery and decrease
with the rotation rate growth, it means that convective cell moves from the center
and its intensity is declined.
One more parameter that has crucial importance on the cyclonic vortex formation
is viscosity. In order to separate e�ects of viscosity we have made three series of
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(a) (b)

Figure 3: Mean azimuthal velocity pro�les for height z = 15mm for regimes with
di�erent rotation rates and �xed heat power P = 17wt: a - PMS-5, b - PMS-10

measurements for �uids with substantially di�erent values of kinematic viscosity for
�xed values of heat �ux and rotation rate. It means that we consider the rotating
layer of �uid with constant energy source and study what would happen with the
cyclonic vortex with variation of the physical properties of the �uid.
In (Fig. 4) mean vector �elds at z = 15 mm for the �xed value of heating and rotat-
ing rate and for �uid with di�erent viscosity are presented. Decrease of kinematic
viscosity leads to the remarkable increase of cyclonic vortex intensity. The struc-
ture of vortex is also changed. We believe that this result might be very important
because spatial or time dependence of turbulent viscosity in the atmospheric �ows
may lead to the strong variation of the magnitude of the wind velocity and spatial
inhomogeneity of temperature and velocity �elds.

(a) (b) (c)

Figure 4: Mean vector velocity �elds at z = 15 ìì, heat power P = 17 Wt, Ω =
0.081s−1: a - PMS-10, b - PMS-5, c - PMS-3

Along with the experiment a numerical simulation in a similar geometry was per-
formed.For the numerical simulation we used the CFD package Flow Vision. The
�uid is assumed to be Newtonian and the �ow is considered to be incompressible and
laminar. The numerical �nite volume code is used to solve the Boussinesq equations
for thermal convection. Impermeable and no-slip velocity conditions are applied at
the side wall and bottom. The upper boundary was stress-free. The bottom has
a localized heat source in the central part de�ned through a heat �ux and the di-
ameter of the heating area was �xed at 100 mm. All numerical runs were done in
3D and the integration domain was a cylindrical cavity, equivalent to the one in the
laboratory experiments. Silicon oil PMS-3 was used as a working �uid. The depth
of the layer was 3 cm. The spatial resolution was 0.5 mm over the heat area in all
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directions. At the periphery, the spatial resolution was decreased up to 1 mm in
order to save computational costs.1 mm in all directions.
The structure of the steady-state radial and azimuthal �ows (in a rotating frame)
for di�erent values of heat �ux and rotating rate are shown in Fig. 5. Positive (nega-
tive) values of velocity describe convergent and cyclonic (divergent and anticyclonic)
motion respectively. To verify the numerical results,the vertical pro�les of the mean
radial velocity in the place of their maximum (Fig. 6) were compared. One can
see that for regimes are shown below the mean velocity pro�les have a very good
quantitative agreement.

(a) (b)

(c) (d)

Figure 5: Mean radial (a, c) and azimuthal (b, d) velocity �elds obtained from Flow
Vision (PMS-3): a, b - P = 26 Wt, Ω = 0.081s−1, c, d - P = 38 Wt, Ω = 0.041s−1

(a) (b)

Figure 6: Mean radial velocity pro�les (PMS-3): a - P = 14 Wt, Ω = 0.081s−1, b -
P = 17 Wt, Ω = 0.041s−1

The signi�cant advantage of the numerical simulation is that it gives full informa-
tion about the 3D distribution of the di�erent �ow characteristics, which is hardly
achievable experimentally. Instantaneous temperature and velocity �elds give us a
better understanding of the formation and evolution of the �ow. Here instantaneous
and mean vector velocity (Fig. 7) �elds over a heat source at the height z = 15 mm
are presented. One can see that instantaneous and mean velocity �elds greatly dif-
fer. In this regime cyclonic vortex becomes unstable and start to precess around
the center of the vessel. This precession leads to expansion of the vortex on the
mean velocity �eld and to displacement of the azimuthal velocity maximum at the
experimental pro�les.
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(a) (b)

Figure 7: Instantaneous - a and mean - b vector velocity �eld at z = 15 mm, P =
14 Wt, Ω = 0.081s−1, PMS-3
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Abstract

We outline, according to Marsden's approach, the semi-direct product
structure that allows to consider, from the general point of view, all kine-
matics groups such as Euclidean, Galilei, Poincare. Then we consider the
proper invariant Lie-Poisson equations and present the manifestation of the
semi-product structure of (kinematic) symmetry group on the dynamical level.
After that, we consider the Lagrangian theory related to the semi-product
structure and the explicit form of the variation principle and the corresponding
(semi-direct) Euler-Poincare equations. All that provides the needful invariant
background for CWT and the corresponding analytical technique that allows
to consider covariant wavelet analysis. The proper orbit technique allows to
construct di�erent types of invariant wavelet bases which are very useful in
applications to a number of the beam dynamics problems.

1 Introduction

In this paper, we brie�y consider the dynamical consequences of some set of general
invariant approaches based on investigation of a structure of the underlying hidden
symmetry, which is the key property of any reasonable complex dynamical problem.
Our main examples are located in the areas of accelerator/beam/plasma/quantum
physics [1].
First of all, we are interested in covariance properties [2] regarding to relativity (kine-
matical) groups and our main instrument here is the so-called Continuous Wavelet
Transform (CFT) as a method for investigation of dynamical properties [3].
In Section 2.1, we explain, according to very productive Marsden's approach [2], the
semi-direct product structure, which allows us to consider all kinematical groups
such as Euclidean, Galilei or Poincare from the general point of view in uni�ed
framework.
Then, in Section 2.2 we move to the dynamical consequences of such an algebraic
description: we consider proper (invariant) Lie-Poisson equations and obtain the
manifestation of semi-product structure of (kinematic) symmetry group on the dy-
namical level. So, as usually, the correct description of dynamics is a consequence of
the correct understanding of the underlying symmetry of a concrete problem under
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investigation. Strictly speaking, we consider right equations on representations of
proper orbits generated by actions of hidden symmetries we like to take into account.
In Section 2.3, we consider the technique for simpli�cations of dynamics related
to semi-product structure by using reduction to the corresponding orbit structure.
As a result, we have the simpli�ed Lie-Poisson equations in the momentum map
approach.
In Section 2.4 we move from the Lie-Poisson side to the Lagrangian one: we present
the Lagrangian theory based on semi-product structure, the explicit form of the
variation principle and the corresponding dual (semi-direct) Euler-Poicare equations
[2].
Section 3 is devoted to Continuous Wavelet Transform [3] as a natural and high-
power analytical invariant instrument for analysis on orbits and the corresponding
analytical technique allows to consider covariant wavelet analysis, very important
part of Nolinear (non-abelian) Local Harmonic Analysis [4] which is a very useful
non-commutative and localized generalization of orthodox (abelian) Fourier Analy-
sis.
In concluding Section 4, we consider the corresponding orbit technique for construct-
ing di�erent types of invariant wavelet bases in the important for us a�ne (Galilei)
group with the semi-product structure. Such a technique, considered here, together
with the related ones presented in the companion paper in this Volume [5], based on
analysis of the underlying symplectic structure, was applied by authors to a number
of physical problems of beam physics, accelerator physics, plasma physics and quan-
tum physics. In this short exposition we constrain ourselves by ideological paradigm
only. All details, constructions, and results can be found in [6]-[28].

2 Semi-direct Product Structures and Momentum

Maps: From Lie-Poisson to Euler-Poincare

2.1 Semi-direct Product

Relativity groups such as Euclidean, Galilei or Poincare groups are the particular
cases of semi-direct product construction, which is very useful and simple general
construction in the group theory [2]. We may consider as a basic example the
Euclidean group SE(3) = SO(3) ./ R3, the semi-direct product of rotations and
translations. In general case we have S = G ./ V , where group G (Lie group or
automorphisms group) acts on a vector space V and on its dual V ∗. Let V be a
vector space and G is the Lie group, which acts on the left by linear maps on V (G
also acts on the left on its dual space V ∗). The semi-direct product S = G ./ V is
the Cartesian product S = G× V with group multiplication

(g1, v1)(g2, v2) = (g1g2, v1 + g1v2), (1)

where the action of g ∈ G on v ∈ V is denoted as gv. Of course, we can consider
the corresponding de�nitions both in case of the right actions and in case, when G
is a group of automorphisms of the vector space V. As we shall explain below both
cases, Lie groups and automorphisms groups, are important for us.
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So, the Lie algebra of S is the semi-direct product Lie algebra, s = G ./ V with
brackets

[(ξ1, v1), (ξ2, v2)] = ([ξ1, ξ2], ξ1v2 − ξ2v1), (2)

where the induced action of G by concatenation is denoted as ξ1v2. Also we need
expressions for adjoint and coadjoint actions for semi-direct products. Let (g, v) ∈
S = G × V, (ξ, u) ∈ s = G × V , (µ, a) ∈ s∗ = G∗ × V ∗, gξ = Adgξ, gµ = Ad∗g−1µ,
ga denotes the induced left action of g on a (the left action of G on V induces a left
action on V ∗ � the inverse of the transpose of the action on V), ρv : G → V is a
linear map given by ρv(ξ) = ξv, ρ∗v : V ∗ → G∗ is its dual. Then these actions are
given by simple concatenation:

(g, v)(ξ, u) = (gξ, gu− (gξ)v), (3)

(g, v)(µ, a) = (gµ+ ρ∗v(ga), ga)

Below we use the following notation: ρ∗va = v �a ∈ G∗ for a ∈ V ∗, which is a bilinear
operation in v and a. So, we have the coadjoint action:

(g, v)(µ, a) = (gµ+ v � (ga), ga). (4)

Using concatenation notation for Lie algebra actions we have alternative de�nition
of v � a ∈ G∗. For all v ∈ V , a ∈ V ∗, η ∈ G we have

< ηa, v >= − < v � a, η > (5)

2.2 The Lie-Poisson Equations and Semi-product Structure

Below we consider the manifestation of semi-product structure of symmetry group
on dynamical level [2]. Let F,G be real valued functions on the dual space G∗,
µ ∈ G∗. Functional derivative of F at µ is the unique element δF/δµ ∈ G:

lim
ε→0

1

ε
[F (µ+ εδµ)− F (µ)] =< δµ,

δF

δµ
> (6)

for all δµ ∈ G∗, <,> is pairing between G∗ and G.
De�ne the (±) Lie-Poisson brackets by [2]

{F,G}±(µ) = ± < µ, [
δF

δµ
,
δG

δµ
] > (7)

The Lie-Poisson equations, determined by

Ḟ = {F,H} (8)

read intrinsically

µ̇ = ∓ad∗∂H/∂µµ. (9)
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For the left representation of G on V ± Lie-Poisson bracket of two functions f, k :
s∗ → R is given by

{f, k}±(µ, a) = ± < µ, [
δf

δµ
,
δk

δµ
] > ± < a,

δf

δµ

δk

δa
− δk

δµ

δf

δa
>, (10)

where δf/δµ ∈ G, δf/δa ∈ V are the functional derivatives of f (6). The Hamiltonian
vector �eld of h : s∗ ∈ R has the expression

Xh(µ, a) = ∓(ad∗δh/δµµ−
δh

δa
� a,−δh

δµ
a). (11)

Thus, Hamiltonian equations on the dual of a semi-direct product are [2]:

µ̇ = ∓ad∗δh/δµµ±
δh

δa
� a (12)

ȧ = ±δh
δµ
a

So, we can see the explicit di�erence between Poisson brackets (7) and (10) and the
equations of motion (9) and (12), which come from the semi-product structure.

2.3 Reduction of Dynamics on Semi-product

There is a technique for reducing dynamics that is associated with the geometry
of semi-direct product reduction theorem[2]. Let us have a Hamiltonian on T ∗G
that is invariant under the isotropy Ga0 for a0 ∈ V ∗. The semi-direct product
reduction theorem states that reduction of T ∗G by Ga0 gives reduced spaces that
are simplectically di�eomorphic to coadjoint orbits in the dual of the Lie algebra
of the semi-direct product (G ./ V )∗. If one reduces the semi-direct group product
S = G ./ V in two stages, �rst by V and then by G one recovers this semi-direct
product reduction theorem. Thus, let S = G ./ V , choose σ = (µ, a) ∈ G∗× V ∗ and
reduce T ∗S by the action of S at σ giving the coadjoint orbit Oσ through σ ∈ S∗.
There is a symplectic di�eomorphism between Oσ and the reduced space obtained
be reducing T ∗G by the subgroup Ga (the isotropy of G for its action on V ∗ at the
point a ∈ V ∗) at the point µ|Ga, where Ga is the Lie algebra of Ga.
Then we have the following procedure.

1. We start with a Hamiltonian Ha0 on T
∗G that depends parametrically on a

variable a0 ∈ V ∗.

2. The Hamiltonian regarded as a map: T ∗G×V ∗ → R is assumed to be invariant
on T ∗G under the action of G on T ∗G× V ∗.

3. The condition 2 is equivalent to the invariance of the function H de�ned on
T ∗S = T ∗G × V × V ∗ extended to be constant in the variable V under the
action of the semi-direct product.

4. By the semi-direct product reduction theorem, the dynamics of Ha0 reduced
by Ga0 , the isotropy group of a0, is simplectically equivalent to Lie-Poisson
dynamics on s∗ = G∗ × V ∗.
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5. This Lie-Poisson dynamics is given by equations (12) for the function h(µ, a) =
H(αg, g

−1a), where µ = g−1αg.

2.4 Lagrangian Theory, the Euler-Poincare Equations, Vari-
ational Approach on Semi-product

Now we consider according to [2] Lagrangian side of a theory. This approach is
based on variational principles with symmetry and is not dependent on Hamilto-
nian formulation, although it is well-known that this purely Lagrangian formulation
is equivalent to the Hamiltonian formulation on duals of semi-direct product (the
corresponding Legendre transformation is a di�eomorphism).
We consider the case of the left representation and the left invariant Lagrangians (`
and L), which depend in additional on another parameter a ∈ V ∗ (dynamical param-
eter), where V is representation space for the Lie group G and L has an invariance
property related to both arguments. It should be noted that the resulting equations
of motion, the Euler-Poincare equations, are not the Euler-Poincare equations for
the semi-direct product Lie algebra G ./ V ∗ or G ./ V .
So, we have the following:

1. There is a left presentation of Lie group G on the vector space V and G acts
in the natural way on the left on TG× V ∗ : h(vg, a) = (hvg, ha).

2. The function L : TG× V ∗ ∈ R is the left G-invariant.

3. Let a0 ∈ V ∗, Lagrangian La0 : TG → R, La0(vg) = L(vg, a0). La0 is left
invariant under the lift to TG of the left action of Ga0 on G, where Ga0 is the
isotropy group of a0.

4. Left G-invariance of L permits us to de�ne

` : G × V ∗ → R (13)

by

`(g−1vg, g
−1a0) = L(vg, a0). (14)

This relation de�nes for any ` : G × V ∗ → R the left G-invariant function
L : TG× V ∗ → R.

5. For a curve g(t) ∈ G let be

ξ(t) := g(t)−1ġ(t) (15)

and de�ne the curve a(t) as the unique solution of the following linear di�er-
ential equation with time dependent coe�cients

ȧ(t) = −ξ(t)a(t), (16)

with initial condition a(0) = a0. The solution can be written as a(t) =
g(t)−1a0.
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Then we have four equivalent descriptions of the corresponding dynamics:

1. If a0 is �xed then Hamilton's variational principle

δ

∫ t2

t1

La0(g(t), ġ(t)dt = 0 (17)

holds for variations δg(t) of g(t) vanishing at the endpoints.

2. g(t) satis�es the Euler-Lagrange equations for La0 on G.

3. The constrained variational principle

δ

∫ t2

t1

`(ξ(t), a(t))dt = 0 (18)

holds on G × V ∗, using variations of ξ and a of the form δξ = η̇ + [ξ, η],
δa = −ηa, where η(t) ∈ G vanishes at the endpoints.

4. The Euler-Poincare equations hold on G × V ∗

d

dt

δ`

δξ
= ad∗ξ

δ`

δξ
+
δ`

δa
� a (19)

So, we may apply our wavelet methods either on the level of variational formulation
(17) or on the level of Euler-Poincare equations (19).

3 Continuous Wavelet Transform

At this point, we need to take into account all features of the Hamiltonian or La-
grangian structures related with systems covered by (12) or (19). Therefore, we
need to consider generalized (covariant) wavelets. It allows us to consider the corre-
sponding invariant representations instead of standard and non-covariant ones, e.g.,
compactly supported wavelet decompositions [3].
In Nonlinear Local Harmonic Analysis the following three concepts are used now:
1). a square integrable representation U of a group G, 2). coherent states (CS) over
G, 3). the wavelet transform associated to U. We consider now their uni�cation [3],
[4], [29], [30].
Let G be a locally compact group and Ua strongly continuous, irreducible, unitary
representation of G on Hilbert spaceH. Let H be a closed subgroup of G, X = G/H
with (quasi) invariant measure ν and σ : X = G/H → G is a Borel section in a
principal bundle G→ G/H. Then we say that U is square integrable mod(H, σ) if
there exists a non-zero vector η ∈ H such that

0 <

∫
X

| < U(σ(x))η|Φ > |2dν(x) =< Φ|AσΦ > <∞, ∀Φ ∈ H (20)

Given such a vector η ∈ H called admissible for (U, σ) we de�ne the family of
(covariant) coherent states or wavelets, indexed by points x ∈ X, as the orbit of η
under G, though the representation U and the section σ [29], [30]:

Sσ = ησ(x) = U(σ(x))η|x ∈ X (21)
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So, coherent states or wavelets are simply the elements of the orbit under U of a �xed
vector η in representation space. We have the following fundamental properties:

1. Overcompleteness:
The set Sσ is total in H : (Sσ)⊥ = 0

2. Resolution property:
the square integrability condition (20) may be represented as a resolution
relation:∫

X

|ησ(x) >< ησ(x)|dν(x) = Aσ, (22)

where Aσ is a bounded, positive operator with a densely de�ned inverse. De�ne
the linear map

Wη : H → L2(X, dν), (WηΦ)(x) =< ησ(x)|Φ > (23)

Then the range Hη of Wη is complete with respect to the scalar product <
Φ|Ψ >η=< Φ|WηA

−1
σ W−1

η Ψ > and Wη is unitary operator from H onto Hη.
Wη is Continuous Wavelet Transform (CWT).

3. Reproducing kernel
The orthogonal projection from L2(X, dν) onto Hη is an integral operator Kσ

and Hη is a reproducing kernel Hilbert space of functions:

Φ(x) =

∫
X

Kσ(x, y)Φ(y)dν(y), ∀Φ ∈ Hη. (24)

The kernel is given explicitly by Kσ(x, y) =< ησ(x)|A−1
σ ησ(y) >, if ησ(y) ∈

D(A−1
σ ), ∀y ∈ X. So, the function Φ ∈ L2(X, dν) is a wavelet transform

(WT) i� it satis�es this reproducing relation.

4. Reconstruction formula.
The WT Wη may be inverted on its range by the adjoint operator, W−1

η = W ∗
η

on Hη to obtain for ησ(x) ∈ D(A−1
σ ), ∀x ∈ X

W−1
η Φ =

∫
X

Φ(x)A−1
σ ησ(x)dν(x), Φ ∈ Hη. (25)

This is inverse WT.

If A−1
σ is bounded then Sσ is called a frame, if Aσ = λI then Sσ is called a tight

frame. This two cases are generalization of a simple case, when Sσ is an (ortho)basis.
The most simple cases of this construction are:
1. H = {e}. This is the standard construction of WT over a locally compact group.
It should be noted that the square integrability of U is equivalent to U belonging to
the discrete series. The most simple example is related to the a�ne (ax+ b) group
and yields the usual one-dimensional wavelet analysis

[π(b, a)f ](x) =
1√
a
f

(
x− b
a

)
. (26)
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For G = SIM(2) = R2 ./ (R+
∗ ×SO(2)), the similitude group of the plane, we have

the corresponding two-dimensional wavelets.
2. H = Hη, the isotropy (up to a phase) subgroup of η: this is the case of the
Gilmore-Perelomov CS. Some cases of group G are:
a). Semisimple groups, such as SU(N), SU(N|M), SU(p,q), Sp(N,R).
b). the Weyl-Heisenberg group GWH which leads to the Gabor functions, i.e. canon-
ical (oscillator)coherent states associated with windowed Fourier transform or Gabor
transform [4], [5]:

[π(q, p, ϕ)f ](x) = exp(iµ(ϕ− p(x− q))f(x− q) (27)

In this case H is the center of GWH . In both cases time-frequency plane corresponds
to the phase space of group representation.
c). The similitude group SIM(n) of Rn(n ≥ 3): for H = SO(n − 1) we have the
axisymmetric n-dimensional wavelets.
d). Also we have the case of bigger group, containing both a�ne and Weyl-Heisen-
berg group, which interpolate between a�ne wavelet analysis and windowed Fourier
analysis: a�ne Weyl�Heisenberg group [30].
e). Relativity groups. In a nonrelativistic setup, the natural kinematical group
is the (extended) Galilei group. Also we may adds independent space and time
dilations and obtain a�ne Galilei group. If we restrict the dilations by the relation
a0 = a2, where a0, a are the time and space dilation we obtain the Galilei-Schr�odinger
group, invariance group of both Schr�odinger and heat equations. We consider these
examples in the next section. In the same way we may consider as kinematical group
the Poincare group. When a0 = a we have a�ne Poincare or Weyl-Poincare group.
Some useful generalization of that a�nization construction we consider for the case
of hidden metaplectic structure in companion paper [5].
But the usual representation is not square�integrable and must be modi�ed: restric-
tion of the representation to a suitable quotient space of the group (the associated
phase space in our case) restores square � integrability: G −→ homogeneous space.
Also, we can consider much more general approach which allows to describe gen-
eralized wavelets corresponding to more general groups and representations [29],
[30].
Our �nal goal is the application of these results to Hamiltonian/Lie-Poissonian back-
ground and as a consequence we need to take into account symplectic/Poissonian
nature of our dynamical problems [5]. So, the symplectic and wavelet structures
must be consistent (like we have in the symplectic or Lie-Poisson integrator theory).
We hope to use the point of view of geometric quantization theory (orbit method)
instead of orthodox harmonic analysis, so it seems that we can consider the points
(a)�(e) above in the uni�ed framework.

4 Invariant Bases for Solutions

We consider an important particular case of a�ne relativity group (relativity group
combined with dilations) � a�ne Galilei group in n-dimensions. So, we have combi-
nation of Galilei group with independent space and time dilations: Gaff = Gm ./ D2,
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where D2 = (R+
∗ )2 ' R2, Gm is extended Galilei group corresponding to mass pa-

rameter m > 0 (Gaff is noncentral extension of G ./ D2 by R, where G is usual
Galilei group). Generic element of Gaff is g = (Φ, b0, b; v;R, a0, a), where Φ ∈ R is
the extension parameter in Gm, b0 ∈ R, b ∈ Rn are the time and space translations,
v ∈ Rn is the boost parameter, R ∈ SO(n) is a rotation and a0, a ∈ R+

∗ are time
and space dilations. The actions of g on space-time is then x 7→ aRx + a0vt + b,
t 7→ a0t+ b0, where x = (x1, x2, ..., xn). The group law is [4], [29], [30]:

gg′ = (Φ +
a2

a0

Φ′ + avRb′ +
1

2
a0v

2b′0, b0 + a0b
′
0, b+ aRb′ + a0vb

′
0; (28)

v +
a

a0

Rv′, RR′; aaa
′
0, aa

′)

It should be noted that D2 acts nontrivially on Gm. Space-time wavelets associated
to Gaff corresponds to unitary irreducible representation of spin zero. It may be
obtained via orbit method. The Hilbert space is H = L2(Rn × R, dkdω), k =
(k1, ..., kn), where Rn × R may be identi�ed with usual Minkowski space and we
have for representation:

(U(g)Ψ)(k, ω) =
√
a0anexpi(mΦ + kb− ωb0)Ψ(k′, ω′), (29)

with k′ = aR−1(k + mv), ω′ = a0(ω − kv − 1
2
mv2), m′ = (a2/a0)m. Mass m

is a coordinate in the dual of the Lie algebra and these relations are a part of
coadjoint action of Gaff . This representation is unitary and irreducible but not
square integrable. So, we need to consider reduction to the corresponding quotients
X = G/H. We consider the case in which H={phase changes Φ and space dilations
a}. Then the space X = G/H is parametrized by points x̄ = (b0, b; v;R; a0). There
is a dense set of vectors η ∈ H admissible mod(H, σβ), where σβ is the corresponding
section. We have a two-parameter family of functions β(dilations): β(x̄) = (µ0 +
λ)a0)1/2, λ0, µ0 ∈ R. Then any admissible vector η generates a tight frame of
Galilean wavelets [4], [29]:

ηβ(x̄)(k, ω) =
√
a0(µ0 + λ0a0)n/2ei(kb−ωb0)η(k′, ω′), (30)

with k′ = (µ0 + λ0a)1/2R−1(k + mv), ω′ = a0(ω − kv − mv2/2). The simplest
examples of admissible vectors (corresponding to usual Galilei case) are Gaussian
vector: η(k) ∼ exp(−k2/2mu) and binomial vector: η(k) ∼ (1 + k2/2mu)−α/2,
α > 1/2, where u is a kind of internal energy. When we impose the relation a0 = a2

then we have the restriction to the Galilei-Schr�odinger group Gs = Gm ./ Ds, where
Ds is the one-dimensional subgroup of D2. Gs is a natural invariance group of
both the Schr�odinger equation and the heat equation. The restriction to Gs of the
representation (29) splits into the direct sum of two irreducible ones U = U+ ⊕ U−
corresponding to the decomposition L2(Rn ×R, dkdω) = H+ ⊕H−, where

H± = L2(D±, dkdω (31)

= {ψ ∈ L2(Rn ×R, dkdω), ψ(k, ω) = 0 for ω + k2/2m = 0}

These two subspaces are the analogues of usual Hardy spaces on R, i.e. the subspaces
of (anti)progressive wavelets (see also [5]). The two representation U± are square
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integrable modulo the center. There is a dense set of admissible vectors η, and each
of them generates a set of CS of Gilmore-Perelomov type. Typical wavelets of this
kind are [4], [29]:
the Schr�odinger-Marr wavelet:

η(x, t) = (i∂t +
4
2m

)e−(x2+t2)/2 (32)

the Schr�odinger-Cauchy wavelet:

ψ(x, t) = (i∂t +
4
2m

)
1

(t+ i)
∏n

j=1(xj + i)
(33)

So, in the same way we can construct invariant bases with explicit manifestation
of the underlying symmetry to solve Hamiltonian (12) or Lagrangian (19) type of
background equations.
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Abstract

We consider general symplectic set-up which provides common framework
for a class of problems related to the (quasi)classical description of nonlin-
ear beam dynamics: metaplectic structure, Segal-Bargmann representation,
orbital theory. All that allows to unify di�erent important and needful acces-
sories of any reasonable dynamical approach: (Melnikov) perturbations, qua-
siclassics, Floer loops, symplectic/wavelet scales. After that, we consider the
applications of discrete wavelet analysis technique (Harten's multiresolution
calculus for maps) to the maps which arise as the discretization of continuous
invariant nonlinear polynomial problems (Veselov-Marsden's approach). Our
main point is a generalization of wavelet analysis which can be applied for both
discrete and continuous cases. It provides explicit multiresolution decomposi-
tion for solutions of discrete problems which are the correct discretizations of
the corresponding continuous cases.

1 Introduction

In this paper, we consider hidden dynamical symmetry as a key generic feature in-
stead of kinematical one presented in the companion paper in this Volume [1]. In
Section 2, according to the orbit method in geometric quantization theory back-
ground, we construct the symplectic and Poisson structures [2] associated with gen-
eralized representations and orbital theory [3], [4] by using metaplectic structure.
We apply such an approach to analysis of Melnikov functions in the theory of homo-
clinic chaos in perturbed Hamiltonian systems [5] in Section 3 and for calculation of
the Arnold�Weinstein curves (closed loops) in the Floer variational approach [6] in
Section 4. In Sections 5 and 6, we sketched out possible applications of very useful
fast wavelet transform technique [4] for analysis of symplectic scale of spaces [7], [8]
and for quasiclassical Wigner-Weyl evolution dynamics [2], [3]. This method gives
maximally sparse representation of the (di�erential) operator that allows, at least
in principle, to calculate very fast the contributions from each level of resolution
of the whole tower of hidden scales. Section 7 is divided in two parts devoted to
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very useful scheme(s) of discretization. In Subsection 7.1, according to the Marsden-
Veselov approach, we consider symplectic and Lagrangian background for the case
of discretization of �ows by the corresponding maps [9] and in Subsection 7.2, we
present the construction of the corresponding solutions by applications of the multi-
scale approach of A. Harten [10] based on generalization of multiresolution analysis
for the case of maps. �All that jazz� considered here, was applied by the authors to
a number of physical problems of beam physics, accelerator physics, plasma physics,
and quantum physics. In this short exposition, we constrain ourselves by ideological
paradigms only. All details, constructions, and results can be found in [11]-[33].

2 Symplectic Structure, Metaplectic Group, Repre-

sentations

Let Sp(n) be symplectic group,Mp(n) be its unique two- fold covering � metaplectic
group [2], [3]. Let V be a symplectic vector space with symplectic form ( , ), then
R⊕ V is nilpotent Lie algebra - Heisenberg algebra:

[R, V ] = 0, [v, w] = (v, w) ∈ R, [V, V ] = R.

Sp(V ) is a group of automorphisms of Heisenberg algebra.
Let N be a group with Lie algebra R ⊕ V , i.e. Heisenberg group. By Stone� von
Neumann theorem Heisenberg group has unique irreducible unitary representation
in which 1 7→ i. Let us also consider the projective representation of simplectic
group Sp(V ): Ug1Ug2 = c(g1, g2) ·Ug1g2 , where c is a map: Sp(V )×Sp(V )→ S1, i.e.
c is S1-cocycle.
This representation is unitary representation of universal covering, i.e. metaplectic
group Mp(V ). We give this representation without Stone-von Neumann theorem.
Consider a new group F = N ′ ./ Mp(V ), ./ is semidirect product (we consider
instead of N = R ⊕ V the N ′ = S1 × V, S1 = (R/2πZ)). Let V ∗ be dual to V,
G(V ∗) be automorphism group of V ∗.Then F is subgroup of G(V ∗), which consists
of elements, which acts on V ∗ by a�ne transformations.
This is the key point!
Let q1, ..., qn; p1, ..., pn be symplectic basis in V, α = pdq =

∑
pidqi and dα be

symplectic form on V ∗. Let M be �xed a�ne polarization, then for a ∈ F the map
a 7→ Θa gives unitary representation of G: Θa : H(M)→ H(M).
Explicitly we have for representation of N on H(M):

(Θqf)∗(x) = e−iqxf(x), Θpf(x) = f(x− p)

The representation of N on H(M) is irreducible. Let Aq, Ap be in�nitesimal operators
of this representation

Aq = lim
t→0

1

t
[Θ−tq − I], Ap = lim

t→0

1

t
[Θ−tp − I],

then Aqf(x) = i(qx)f(x), Apf(x) =
∑

pj
∂f

∂xj
(x)
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Now we give the representation of in�nitesimal basic elements. Lie algebra of the
group F is the algebra of all (nonhomogeneous) quadratic polynomials of (p,q) rela-
tively Poisson bracket (PB). The basis of this algebra consists of elements 1, q1, ..., qn,
p1, ..., pn, qiqj, qipj, pipj, i, j = 1, ..., n, i ≤ j,

PB is {f, g} =
∑ ∂f

∂pj

∂g

∂qi
− ∂f

∂qi

∂g

∂pi
and {1, g} = 0 for all g,

{pi, qj} = δij, {piqj, qk} = δikqj, {piqj, pk} = −δjkpi, {pipj, pk} = 0,

{pipj, qk} = δikpj + δjkpi, {qiqj, qk} = 0, {qiqj, pk} = −δikqj − δjkqi

so, we have the representation of basic elements f 7→ Af : 1 7→ i, qk 7→ ixk,

pl 7→
δ

δxl
, piqj 7→ xi

∂

∂xj
+

1

2
δij, pkpl 7→

1

i

∂k

∂xk∂xl
, qkql 7→ ixkxl

All that provides the structure of the Poisson manifolds for representation of any
(nilpotent) algebra or in other words to some sort of continuous wavelet transform.
The Segal-Bargman Representation. Let z = 1/

√
2 · (p − iq), z̄ = 1/

√
2 ·

(p+ iq), p = (p1, ..., pn), Fn is the space of holomorphic functions of n complex
variables with (f, f) <∞, where

(f, g) = (2π)−n
∫
f(z)g(z)e−|z|

2

dpdq

Consider a map U : H → Fn , where H is with real polarization, Fn is with complex
polarization, then we have

(UΨ)(a) =

∫
A(a, q)Ψ(q)dq, where A(a, q) = π−n/4e−1/2(a2+q2)+

√
2aq

i.e. the Bargmann formula produce wavelets.We also have the representation of
Heisenberg algebra on Fn :

U
∂

∂qj
U−1 =

1√
2

(
zj −

∂

∂zj

)
, UqjU

−1 = − i√
2

(
zj +

∂

∂zj

)
and also : ω = dβ = dp ∧ dq, where β = iz̄dz.
Orbital Theory for Representations. Let coadjoint action be < g · f, Y >=<
f,Ad(g)−1Y >, where <,> is pairing g ∈ G, f ∈ g∗, Y ∈ G. The orbit is
Of = G · f ≡ G/G(f). Also, let A=A(M) be algebra of functions, V(M) is A-
module of vector �elds, Ap is A-module of p-forms. Vector �elds on orbit is

σ(O, X)f (φ) =
d

dt
(φ(exp tXf))

∣∣∣
t=0

where φ ∈ A(O), f ∈ O. Then Of are homogeneous symplectic manifolds with
2-form Ω(σ(O, X)f , σ(O, Y )f ) =< f, [X, Y ] >, and dΩ = 0. PB on O have the next
form {Ψ1,Ψ2} = p(Ψ1)Ψ2 where p is A1(O) → V (O) with de�nition Ω(p(α), X) =
i(X)α. Here Ψ1,Ψ2 ∈ A(O) and A(O) is Lie algebra with bracket {,}. Now let
N be a Heisenberg group. Consider adjoint and coadjoint representations in some
particular case. N = (z, t) ∈ C×R, z = p+ iq; compositions in N are (z, t) ·(z′, t′) =
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(z+ z′, t+ t′+B(z, z′)), where B(z, z′) = pq′− qp′. Inverse element is (−t,−z). Lie
algebra n of N is (ζ, τ) ∈ C×R with bracket [(ζ, τ), (ζ ′, τ ′)] = (0, B(ζ, ζ ′)). Center is
z̃ ∈ n and generated by (0,1); Z is a subgroup exp z̃. Adjoint representation N on n is
given by formula Ad(z, t)(ζ, τ) = (ζ, τ +B(z, ζ)) Coadjoint: for f ∈ n∗, g = (z, t),
(g · f)(ζ, ζ) = f(ζ, τ) − B(z, ζ)f(0, 1) then orbits for which f |z̃ 6= 0 are plane in
n∗ given by equation f(0, 1) = µ . If X = (ζ, 0), Y = (ζ ′, 0), X, Y ∈ n then
symplectic structure is

Ω(σ(O, X)f , σ(O, Y )f ) =< f, [X, Y ] >= f(0, B(ζ, ζ ′))µB(ζ, ζ ′)

Also we have for orbit Oµ = N/Z and Oµ is Hamiltonian G-space.
According to this approach, we can construct, in principle, many generalized "sym-
plectic wavelet constructions" with corresponding symplectic or Poisson structure on
it by using methods of geometric quantization theory Very useful particular spline�
wavelet basis with uniform exponential control on strati�ed and nilpotent Lie groups
was considered in [4].

3 Invariant Perturbations: Melnikov Functions

We give now some point of applications of wavelet methods [11]-[33] to Melnikov
approach in the theory of homoclinic chaos in perturbed Hamiltonian systems [5].
In explicit Hamiltonian form we have:

ẋ = J · ∇H(x) + εg(x,Θ), Θ̇ = ω, (x,Θ) ∈ Rn × Tm,

for ε = 0 we have:

ẋ = J · ∇H(x), Θ̇ = ω (1)

For ε = 0 we have homoclinic orbit x̄0(t) to the hyperbolic �xed point x0. For ε 6= 0
we have normally hyperbolic invariant torus Tε and condition on transversally inter-
section of stable and unstable manifolds W s(Tε) and W u(Tε) in terms of Melnikov
functions M(Θ) for x̄0(t):

M(Θ) =

∞∫
−∞

∇H(x̄0(t)) ∧ g(x̄0(t), ωt+ Θ)dt

This condition has the next form:

M(Θ0) = 0,
2∑
j=1

ωj
∂

∂Θj

M(Θ0) 6= 0

According to the approach of Birkho�-Smale-Wiggins we determine the region(s) in
parameter space in which we can observe the chaotic-like behaviour [13].
If we cannot solve equations (1) explicitly in time, then we use our wavelet approach
[11]-[33] for the computations of homoclinic (heteroclinic) loops as the solution of
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system (1) in general multiscale basis. For analysis of quasiperiodic Melnikov func-
tions

Mm/n(t0) =

∫ mT

0

DH(xα(t)) ∧ g(xα(t), t+ t0)dt

we used periodization of our wavelet construction.
We also used symplectic Melnikov function approach in which we have:

Mi(z) = lim
j→∞

Tj∫
−T ∗j

{hi, ĥ}Ψ(t,z)dt

di(z, ε) = hi(z
u
ε )− hi(zsε) = εMi(z) +O(ε2)

where {, } is the Poisson bracket, di(z, ε) is the Melnikov distance. So, we need
symplectic invariant expression for Poisson brackets. The computations can be done
according to invariant calculation of Poisson brackets considered here.

4 Floer Approach for Closed Loops

Now we consider the generalization of wavelet variational approach to the sym-
plectic invariant calculations of closed loops in Hamiltonian systems [6]. As we
demonstrated in [13] we have the parametrization of our solution by some reduced
algebraical problem, but in contrast to the standard cases, where the solution is
parametrized by construction based on scalar re�nement equation, in symplectic
case we have parametrization of the solution by matrix problems � Quadratic Mir-
ror Filters equations. Now we consider a di�erent approach.
Let(M,ω) be a compact symplectic manifold of dimension 2n, ω is a closed 2-form
(nondegenerate) on M which induces an isomorphism T ∗M → TM . Thus every
smooth time-dependent Hamiltonian H : R × M → R corresponds to a time-
dependent Hamiltonian vector �eld XH : R×M → TM de�ned by

ω(XH(t, x), ξ) = −dxH(t, x)ξ (2)

for ξ ∈ TxM . Let H (and XH) is periodic in time: H(t + T, x) = H(t, x) and
consider corresponding Hamiltonian di�erential equation on M :

ẋ(t) = XH(t, x(t)) (3)

The solutions x(t) of (3) determine a 1-parameter family of di�eomorphisms ψt ∈
Diff(M) satisfying ψt(x(0)) = x(t). These di�eomorphisms are symplectic: ω =
ψ∗tω. Let L = LTM be the space of contractible loops in M which are represented
by smooth curves γ : R → M satisfying γ(t + T ) = γ(t). Then the contractible T-
periodic solutions of (3) can be characterized as the critical points of the functional
S = ST : L→ R:

ST (γ) = −
∫
D

u∗ω +

∫ T

0

H(t, γ(t))dt, (4)
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where D ⊂ C be a closed unit disc and u : D → M is a smooth function, which on
boundary agrees with γ, i.e. u(exp{2πiΘ}) = γ(ΘT ). Because [ω], the cohomology
class of ω, vanishes then ST (γ) is independent of choice of u. Tangent space TγL is
the space of vector �elds ξ ∈ C∞(γ∗TM) along γ satisfying ξ(t + T ) = ξ(t). Then
we have for the 1-form df : TL→ R

dST (γ)ξ =

∫ T

0

(ω(γ̇, ξ) + dH(t, γ)ξ)dt (5)

and the critical points of S are contractible loops in L which satisfy the Hamiltonian
equation (3). Thus the critical points are precisely the required T-periodic solution
of (3).
To describe the gradient of S we choose a on almost complex structure on M which
is compatible with ω. This is an endomorphism J ∈ C∞(End(TM)) satisfying
J2 = −I such that

g(ξ, η) = ω(ξ, J(x)η), ξ, η ∈ TxM (6)

de�nes a Riemannian metric on M. The Hamiltonian vector �eld is then represented
by XH(t, x) = J(x)∇H(t, x), where ∇ denotes the gradient w.r.t. the x-variable
using the metric (6). Moreover the gradient of S w.r.t. the induced metric on L is
given by

gradS(γ) = J(γ)γ̇ +∇H(t, γ), γ ∈ L (7)

Studying the critical points of S is confronted with the well-known di�culty that
the variational integral is neither bounded from below nor from above. Moreover,
at every possible critical point the Hessian of f has an in�nite dimensional positive
and an in�nite dimensional negative subspaces, so the standard Morse theory is not
applicable. The additional problem is that the gradient vector �eld on the loop
space L

d

ds
γ = −gradf(γ) (8)

does not de�ne a well posed Cauchy problem. Fortunately, Floer [6] found a way to
analyse the spaceM of bounded solutions consisting of the critical points together
with their connecting orbits. He used a combination of variational approach and
Gromov's elliptic technique. A gradient �ow line of f is a smooth solution u : R→
M of the partial di�erential equation

∂u

∂s
+ J(u)

∂u

∂t
+∇H(t, u) = 0, (9)

which satis�es u(s, t+T ) = u(s, t). The key point is to consider (9) not as the �ow on
the loop space but as an elliptic boundary value problem. It should be noted that (9)
is a generalization of equation for Gromov's pseudoholomorphic curves (correspond
to the case ∇H = 0 in (9)). LetMT = MT (H, J) the space of bounded solutions

93



Proceedings of XLIV International Summer School � Conference APM 2016

of (9), i.e. the space of smooth functions u : C/iTZ → M , which are contractible,
solve equation (9) and have �nite energy �ow:

ΦT (u) =
1

2

∫ ∞
−∞

∫ T

0

|∂u
∂s
|2 + |∂u

∂t
−XH(t, u)|2dtds <∞. (10)

For every u ∈MT there exists a pair x, y of contractible T-periodic solutions of (3),
such that u is a connecting orbit from y to x:

lim
s→−∞

u(s, t) = y(t), lim
s→+∞

= x(t) (11)

So, our approach, which we may apply as on the level of standard boundary problem
(9) as on the level of variational approach (10), together with FWT representation for
all involved operators (in our case, J and ∇) can provide economically computable
multiscale representation for Hamiltonian closed loops.

5 Quasiclassical Evolution

Let us consider classical and quantum dynamics in phase space Ω = R2m with
coordinates (x, ξ) and generated by Hamiltonian H(x, ξ) ∈ C∞(Ω;R). If ΦHt :
Ω −→ Ω is (classical) �ow then time evolution of any bounded classical observable
or symbol b(x, ξ) ∈ C∞(Ω, R) is given by bt(x, ξ) = b(ΦHt (x, ξ)). Let H = OpW (H)
and B = OpW (b) are the self-adjoint operators or quantum observables in L2(Rn),
representing the Weyl quantization of the symbols H, b [2], [3]:

(Bu)(x) =
1

(2π~)n

∫
R2n

b

(
x+ y

2
, ξ

)
· ei<(x−y),ξ>/~u(y)dydξ,

where u ∈ S(Rn) and Bt = eiHt/~Be−iHt/~ be the Heisenberg observable or quantum
evolution of the observable B under unitary group generated by H. Bt solves the
Heisenberg equation of motion

Ḃt =
i

~
[H,Bt].

Let bt(x, ξ; ~) is a symbol of Bt then we have the following equation for it

ḃt = {H, bt}M , (12)

with initial condition b0(x, ξ, ~) = b(x, ξ). Here {f, g}M(x, ξ) is the Moyal brackets
of the observables f, g ∈ C∞(R2n), {f, g}M(x, ξ) = f]g − g]f , where f]g is the
symbol of the operator product and is presented by the composition of the symbols
f, g

(f]g)(x, ξ) =
1

(2π~)n/2

∫
R4n

e−i<r,ρ>/~+i<ω,τ>/~ · f(x+ ω, ρ+ ξ) ·

g(x+ r, τ + ξ)dρdτdrdω.
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For our problems it is useful that {f, g}M admits the formal expansion in powers of
~:

{f, g}M(x, ξ) ∼ {f, g}+ 2−j
∑

|α+β|=j≥1

(−1)|β| · (∂αξ fDβ
xg) · (∂βξ gD

α
xf),

where α = (α1, . . . , αn) is a multi-index, |α| = α1 + · · · + αn, Dx = −i~∂x. So,
evolution (12) for symbol bt(x, ξ; ~) is

ḃt = {H, bt}+
1

2j

∑
|α|+β|=j≥1

(−1)|β| · ~j(∂αξHDβ
xbt) · (∂

β
ξ btD

α
xH). (13)

At ~ = 0 this equation transforms to classical Liouville equation

ḃt = {H, bt}. (14)

Equation (13) plays a key role in many quantum (semiclassical) problem. We note
only the problem of relation between quantum and classical evolutions or how
long the evolution of the quantum observables is determined by the correspond-
ing classical one [3]. Our approach to solution of systems (13), (14) is based on
our technique from [11]-[33] and very useful FWT [4] parametrization for general
(pseudo)di�erential operators.

6 Symplectic Hilbert Scales via Wavelets

We can solve many important dynamical problems such that KAM perturbations,
spread of energy to higher modes, weak turbulence, growths of solutions of Hamil-
tonian equations in case if we consider scales of underlying functional spaces instead
of one functional space. For Hamiltonian system and their perturbations for which
we need take into account underlying symplectic structure we need to consider sym-
plectic scales of spaces. So, if u̇(t) = J∇K(u(t)) is Hamiltonian equation we need
wavelet description of symplectic or quasicomplex structure on the level of functional
spaces. It is very important that according to [5] Hilbert basis is in the same time
a Darboux basis to corresponding symplectic structure. We need to provide Hilbert
scale {Zs} with symplectic structure [5], [7]. All what we need is the following. J
is a linear operator, J : Z∞ → Z∞, J(Z∞) = Z∞, where Z∞ = ∩Zs. J determines
an isomorphism of scale {Zs} of order dJ ≥ 0. The operator J with domain of
de�nition Z∞ is antisymmetric in Z: < Jz1, z2 >Z= − < z1, Jz2 >Z , z1, z2 ∈ Z∞.
Then the triple

{Z, {Zs|s ∈ R}, α =< J̄dz, dz >}
is symplectic Hilbert scale. So, we may consider any dynamical Hamiltonian problem
on functional level. As an example, for KdV equation we have

Zs = {u(x) ∈ Hs(T 1)|
∫ 2π

0

u(x)dx = 0}, s ∈ R, J = ∂/∂x,

J is isomorphism of the scale of order one, J̄ = −(J)−1 is isomorphism of order
−1. According to [8] general functional spaces and scales of spaces such as Holder�
Zygmund, Triebel�Lizorkin and Sobolev can be characterized through wavelet coef-
�cients or wavelet transforms. As a rule, the faster the wavelet coe�cients decay,
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the more the analyzed function is regular [8]. Most important for us example is the
scale of Sobolev spaces. Let Hk(R

n) is the Hilbert space of all distributions with
�nite norm

‖s‖2
Hk(Rn) =

∫
dξ(1 + |ξ|2)k/2|ŝ(ξ)|2.

Let us consider wavelet transform

Wgf(b, a) =

∫
Rn

dx
1

an
ḡ

(
x− b
a

)
f(x),

b ∈ Rn, a > 0, w.r.t. analyzing wavelet g, which is strictly admissible, i.e.

Cg,g =

∫ ∞
0

da

a
| ¯ˆ(ak)g|2 <∞.

Then there is a c ≥ 1 such that

c−1‖s‖2
Hk(Rn) ≤

∫
Hn

dbda

a
(1 + a−2γ)|Wgs(b, a)|2 ≤ c‖s‖2

Hk(Rn).

This shows that localization of the wavelet coe�cients at small scale is linked to
local regularity.
So, we need representation for di�erential operator (J in our case) in localized
multiscale wavelet basis. The problem can be soved by the same FWT approach,
mentioned above.

7 Maps and Multiresolution

7.1 Veselov-Marsden Discretization

Discrete variational principles lead to evolution dynamics analogous to the Euler-
Lagrange equations [9]. Let Q be a con�guration space, then a discrete Lagrangian
is a map L : Q × Q → R. usually L is obtained by approximating the given
Lagrangian. For N ∈ N+ the action sum is the map S : QN+1 → R de�ned by

S =
N−1∑
k=0

L(qk+1, qk), (15)

where qk ∈ Q, k ≥ 0. The action sum is the discrete analog of the action integral
in continuous case. Extremizing S over q1, ..., qN−1 with �xing q0, qN we have the
discrete Euler-Lagrange equations (DEL):

D2L(qk+1, qk) +D1(qk, qq−1) = 0, (16)

for k = 1, ..., N − 1.
Let

Φ : Q×Q→ Q×Q (17)
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and

Φ(qk, qk−1) = (qk+1, qk) (18)

is a discrete function (map), then we have for DEL:

D2L ◦ Φ +D1L = 0 (19)

or in coordinates qi on Q we have DEL:

∂L

∂qik
◦ Φ(qk+1, qk) +

∂L

∂qik+1

(qk+1, qk) = 0. (20)

It is very important that the map Φ exactly preserves the symplectic form ω:

ω =
∂2L

∂qik∂q
j
k+1

(qk+1, qk)dq
i
k ∧ dqjk+1 (21)

7.2 Generalized Discrete (Data) Multiresolution

Our approach to solutions of equations (20) is based on applications of general
and very e�cient methods developed by A. Harten [10], who produced a "General
Framework" for multiresolution representation of discrete data. It is based on con-
sideration of basic operators, decimation and prediction, which connect adjacent
resolution levels. These operators are constructed from two basic blocks: the dis-
cretization and reconstruction operators. The former obtains discrete information
from a given continuous functions (�ows), and the latter produces an approxima-
tion to those functions, from discrete values, in the same function space to which
the original function belongs. A "new scale" is de�ned as the information on a
given resolution level which cannot be predicted from discrete information at lower
levels. If the discretization and reconstruction are local operators, the concept of
"new scale" is also local. The scale coe�cients are directly related to the prediction
errors, and thus to the reconstruction procedure. If scale coe�cients are small at a
certain location on a given scale, it means that the reconstruction procedure on that
scale gives a proper approximation of the original function at that particular loca-
tion. This approach may be considered as some generalization of standard wavelet
analysis approach. It allows to consider multiresolution decomposition when usual
approach is impossible or not e�cient (δ-functions case, e.g.).
Let F be a linear space of mappings

F ⊂ {f |f : X → Y }, (22)

where X, Y are linear spaces. Let also Dk be a linear operator

Dk : f → {vk}, vk = Dkf, vk = {vki }, vki ∈ Y. (23)

This sequence corresponds to k level discretization of X. Let

Dk(F ) = V k = span{ηki } (24)
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and the coordinates of vk ∈ V k in this basis are v̂k = {v̂ki }, v̂k ∈ Sk:

vk =
∑
i

v̂ki η
k
i , (25)

Dk is a discretization operator. Main goal is to design a multiresolution scheme
(MR) [10] that applies to all sequences s ∈ SL, but corresponds for those sequences
v̂L ∈ SL, which are obtained by the discretization (22).
Since Dk maps F onto V k then for any vk ⊂ V k there is at least one f in F such
that Dkf = vk. Such correspondence from f ∈ F to vk ∈ V k is reconstruction and
the corresponding operator is the reconstruction operator Rk:

Rk : Vk → F, DkRk = Ik, (26)

where Ik is the identity operator in V k (Rk is right inverse of Dk in V k).
Given a sequence of discretization {Dk} and sequence of the corresponding recon-
struction operators {Rk}, we de�ne the operators Dk−1

k and P k
k−1

Dk−1
k = Dk−1Rk : Vk → Vk−1 (27)

P k
k−1 = DkRk−1 : Vk−1 → Vk

If the set Dk in nested [10], then

Dk−1
k P k

k−1 = Ik−1 (28)

and we have for any f ∈ F and any p ∈ F for which the reconstruction Rk−1 is
exact:

Dk−1
k (Dkf) = Dk−1f (29)

P k
k−1(Dk−1p) = Dkp

Let us consider any vL ∈ V L, Then there is f ∈ F such that

vL = DLf, (30)

and it follows from (29) that the process of successive decimation [10]

vk−1 = Dk−1
k vk, k = L, ..., 1 (31)

yields for all k

vk = Dkf (32)

Thus the problem of prediction, which is associated with the corresponding MR
scheme, can be stated as a problem of approximation: knowing Dk−1f , f ∈ F , �nd
a "good approximation" for Dkf . It is very important that each space V L has a
multiresolution basis

B̄M = {φ̄0,L
i }i, {{ψ̄

k,L
j }j}Lk=1 (33)
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and that any vL ∈ V L can be written as

vL =
∑
i

v̂0
i φ̄

0,L
i +

L∑
k=1

∑
j

dkj ψ̄
k,L
j , (34)

where {dkj} are the k scale coe�cients of the associated MR, {v̂0
i } is de�ned by (25)

with k = 0. If {Dk} is a nested sequence of discretization [10] and {Rk} is any
corresponding sequence of linear reconstruction operators, then we have from (34)
for vL = DLf applying RL:

RLDLf =
∑
i

f̂ 0
i φ

0,L
i +

L∑
k=1

∑
j

dkjψ
k,L
j , (35)

where

φ0,L
i = RLφ̄

0,L
i ∈ F, ψk,Lj = RLψ̄

k,L
j ∈ F, D0f =

∑
f̂ 0
i η

0
i . (36)

When L → ∞ we have su�cient conditions which ensure that the limiting process
L → ∞ in (35, 36) yields a multiresolution basis for F . Then, according to (33),
(34) we have very useful representation for solutions of equations (20) or for di�erent
maps construction in the form which are a counterparts for discrete (di�erence) cases
of our constructions in [11]�[33].
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Abstract

The sedimentation process of nanoparticles in a liquid considering their
Brownian di�usion was investigated with the methods of mathematical mod-
eling. We have received solution of the equation of convective di�usion of
nanoparticles in the case of the boundary layer formed at the bottom of the
glassful.

1 Introduction

The problem of the in�uence of Brownian di�usion occurring between the nanopar-
ticles on their deposition is still remain relevant [1].
Since the times of the experiment about the movement of pollen particles in a
liquid drop, which was open by Scottish physicist Robert Brown in 1827, many
scientists have studied the behavior of particles in di�erent types of environments.
For example, in works [2]-[3] studied the theoretical aspects of the sedimentation of
nanoparticles and their characteristics, and in the works [4]-[6] - Brownian motion
of nanoparticles in speci�c environments.
The examples of the elementary colloidal systems (a mixture in which small particles
of the substance are distributed in another substance) are "Indian ink" (coal particles
in water), smoke (particulate matter in the air) and butterfat (tiny balls of fat in a
water).
In this paper, we investigate the sedimentation of spherical nanoparticles in a liquid.
As object of research we take glassful with liquid, which contains particles of di�erent
sizes. More heavy particles settle to the bottom, a lighter particles stay at the
surface, and thus it is distributed over the depth and creating a gradient medium.

2 A mathematical model

In this work we deals with the sedimentation process of spherical nanoparticles
occurring under the in�uence of gravity in a glassful with liquid taking into account
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Figure 1: The object of research

the Brownian di�usion between them; where f(x, t, R) - the density of function of
particle size distribution in the time t at the depth x. The equation of convective
di�usion:

∂f

∂t
+ v

∂f

∂x
= D(R)

∂2f

∂x2
(1)

where v(R) - velocity of sedimentation, f - the particle distribution function, D -
di�usion, x - coordinate, t- time of sedimentation.
The initial condition:

f |t=0= f0(R, x)Θ(x) (2)

where Θ(x) - the Heaviside step function.
The boundary conditions:

j |x=0= 0 (3)

f |x=L= 0 (4)

where j = v(R)f −D ∂f
∂x

â�� the particles �ux density, L - a boundary layer.
Let suppose formally D = 0 in the equation (1). Then we get a �rst order di�erential
equation:

v(R)
∂f

∂x
+
∂f

∂t
= 0 (5)

The solution of this equation (see [5]) The solution of this equation (which we de-
scribe in [5]) contain only one arbitrary constant, whereby it is impossible to satisfy
two boundary conditions (3) and (4).The second boundary condition manifested in
a rather small coordinate interval (a boundary layer) adjacent to the coordinate
x = L.
To �nd the solution inside the boundary layer we are reduce (5) to a dimensionless
form. For this we introduce the dimensionless parameters for variables x Ð¸ t:
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x = Lx̄

t = T t̄ (6)

ε =
L

γR2

D(R)

L2
=
D(R)

γR2L
, (7)

where T = L
v(R)

, L � height of liquid in the glass, v(R) = γR2 � velocity of sedimen-
tation.
Rewrite the the equation in the new notation:

ε1−2λ∂
2f

∂ξ2
+ ε−λ

∂f

∂ξ
− ε0∂f

∂t̄
= 0, (8)

where ξ = ε−λ(L− x̄) = ε−λz̄ � another dimensionless parameter.
For cross-linking the solution f̄p(ξ) of the equation (8) inside the boundary layer,
with the solution f 0 = Ae−αR outside the boundary layer (see. [7]), the next asymp-
totic equality is must perform:

lim
x̄→1

f 0(x̄, t̄) = lim
ξ→∞

fp(ξ) (9)

Let consider the behavior of individual members of the equation for ε → 0. Each
term in (8) has form εP (λ), where P (λ) � the linear function.

Figure 2: the Newton polygon

The asymptotic of (8) for ε→ 0 is determined by the term with the lowest degree of
ε, ie the bottom of the curve the family of lines. This curve which allocated a thick
line is called the Newton polygon.
The solution of this equation outside the boundary layer:
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f 0(x̄, t̄) = ARe−λR
2

Θ(x̄− t̄) (10)

The solution of this equation intside the boundary layer:

f = A+Be−ξ (11)

Let substitute this solutions into (9) and then �nd the required coe�cients.
Finally we �nd the �nal formula for the particle size distribution:

f = f0(R)Θ(1− tv(R)

L
)(1 +

D(R)

D(R) + v(R)L
e−

v(R)
D(R)

(L−x)) (12)

This equation is investigated analytically at the moment.
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Abstract

One of important applications of the automatic control theory is suppres-
sion of vibrations of continuous systems, which have an in�nite number of
degrees of freedom. The study investigates the modal (or biomorphic) ap-
proach to this problem. The speci�ed approach, unlike the local one, implies
separate control of the eigenmodes of object, and requires appropriate set-
ting of the control loops. The study analyses methods of identi�cation of the
object, which is necessary for correct mode separation in the control system.

The experimental part of the research is devoted to the comparison of local
and biomorphic approaches to the problem of suppression of forced �exural
vibrations of the metal beam. All control systems created use the same ele-
ments � piezoelectric sensors and actuators attached to certain locations on
the beam. It is shown that the created modal control system is more e�cient
than the local ones in cases where it is necessary to suppress vibrations in the
frequency range that include several resonance frequencies of the object.

1 Introduction

Vibrations occur in a great variety of mechanical systems during their exploitation.
In certain cases, these vibrations can be undesirable or even dangerous for the system
and cause failure, damage or unwanted noise. The problem of vibration control is
especially complicated in the case of elastic systems with distributed parameters,
such as antennas, cables, robot manipulators, di�erent beam and shell structures
etc.
The absence of controllability and observability for continuous mechanical systems
is due to an in�nite number of eigenmodes, each of them being a separate degree
of freedom. Of course, the modal sti�ness is growing rapidly with increasing mode
number, which allows one to neglect the higher modes of the object. However, the
presence of higher modes leads to reduced accuracy and stability of the feedback
control system. Moreover, the resonance behavior of the elastic object causes phase
shifts that limit gain values in the control loops.
Traditionally for controlling continuous systems the local method is used which
implies that each sensor is connected to only one corresponding actuator located
at the same region of the mechanical object. The phase shifts in this case are
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to be compensated by means of a sophisticated design of the feedback controllers.
The methods of optimal control are widely used for designing controllers [1�5] as
well as for determining the optimal spatial con�guration of the control system (the
mechatronic approach).

Alternatively, there is a modal method [6,7] based on the idea of independent control
of di�erent vibration modes of the mechanical system. This method allows one to
compensate the phase shift for each mode in the corresponding controller, and it can
provide stability of the system for the case of di�erent spatial locations of sensors
and actuators. At the same time, the modal system requires su�cient number of
sensors and actuators to provide independent control of the modes.

Today the mechatronic systems are developing rapidly, but in the control aspect
they are still far from biological systems. Control process in the living organisms
has been optimized during millions of years of evolution. The most natural types of
motion are inertial motion and motion with eigenmodes, therefore muscles activate
these two types of motion. For example, when walking, legs move with the �rst
eigenmode; when running, they move faster with the second eigenmode. Thus, the
separate control of eigenmodes of the object can be called biomorphic.

The present study investigates the modal or biomorphic approach to control of
continuous systems. Firstly, it analyses methods of identi�cation of the control
object, which can be used for correct mode separation in the modal control system.
Secondly, it contains experimental part, where the both methods described above
are implemented and their e�ciency in the problem of suppression of forced bending
vibrations of a thin metal beam is analyzed.

2 Mode separation in the biomorphic control sys-

tem

Consider a system designed to control forced �exural vibrations of a thin cantilevered
beam. The control system contains sensors and actuators - piezoelectric patches
mounted to both sides of the beam. The actuators cause the bending deformation
of the beam at the places where they are located, while the sensors measure this
deformation (or curvature) as the beam vibrates. Let there be n sensors and n
actuators in the control system. Therefore, this system can control independently
not more than n eigenmodes of the beam.

It is obvious that sensors and actuators should be located at special places of the
beam, so that they could measure and activate the needed eigenmodes most e�-
ciently. To ensure this e�ciency, it is necessary to de�ne the eigenmodes of the
beam theoretically or experimentally as the �rst stage of the control system design.
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Fig.1. A beam with sensors and actuators

When the sensors and the actuators are mounted to the beam, it is necessary to set
the control system, which links them together. We are going to analyze how this
system should be organized in order to control the needed n eigenmodes of the beam
separately. Consider that m eigenmodes are enough to describe the motion of the
beam. The equation of motion of the beam in the form of mode decomposition has
the following form:

q̈ + Ω2q = Qc +Qd, (1)

where qm×1 is a vector of generalized coordinates, corresponding to each of m eigen-
modes; Ωm×m is a diagonal matrix of the eigenfrequencies; Qd

m×1 is a vector of
external disturbances; Qc

m×1 is a vector of control in�uences.
The actuator in�uences on the modes depends on the control signals:

Qc = Θ1u, (2)

where un×1 is a vector of control signals at the actuators, and Θ1m×n is an in�uence
matrix, de�ning the in�uence of each actuator on each of the eigenmodes.
The sensor signals depend on the generalized coordinates q:

y = Θ2q, (3)

where yn×1 is a vector of sensor signals, and Θ2n×m is a measurement matrix, de�ning
the reaction of each sensor to activation of each eigenmode.
If the sensors and the actuators are located in pairs (at the same places of the beam),
matrices Θ1 and Θ2 are related:

Θ1 = ΘT
2

In the simplest case of proportional control the control signal to the actuators de-
pends on the measured signal as follows:

u = Ky (4)

The work of the control system is speci�ed by the matrix Kn×n. The system of
equations looks as follows:

q̈ + Ω2q = Θ1KΘ2q +Qd (5)

For the separate control of the �rst n modes of the beam the matrix Θ1KΘ2 should
be diagonal. To separate the modes it is necessary to satisfy the following conditions:

K = FKT, Θ̃1F = D1, T Θ̃2 = D2, (6)
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where Θ̃1n×n Ð¸Θ̃2n×n are square parts of matrices Θ1 and Θ2, corresponding to the
�rst n eigenmodes; Kn×n is a diagonal matrix of gain values for each mode; Fn×n and
Tn×n are modal matrices (mode synthesizer and mode analyzer), which are de�ned
in such a manner that their multiplication by matrices Θ̃1 and Θ̃2 gives diagonal
matrices D1n×n and D2n×n.
Matrix T is a mode analyzer, it converts the vector of measured sensor signals y into
a vector of estimations of the �rst n generalized coordinates q̂n×1:

q̂ = Ty = TΘ2q (7)

For the control system working correctly the following condition should be met:

T = Θ̃−1
2 (8)

Matrix K de�nes the gain values, which convert the vector of estimations of the
modes q̂ into a vector of in�uences on each mode Q̂n×1:

Q̂ = Kq̂ (9)

Matrix F is a mode synthesizer, it converts the vector of in�uences to modes Q̂ into
the vector of control signals to actuators u:

u = Ky = FKTy = FKq̂ = FQ̂, Qc = Θ1u = Θ1FQ̂ (10)

To provide the separate mode control it is necessary to satisfy the condition:

F = Θ̃−1
1 (11)

In this case the system of equations for the �rst n modes is the following:

q̈ + Ω2q = Kq +Qd (12)

The equations are separate since the matrix K is diagonal. Generally, it is possible to
specify individual control laws for each of the eigenmodes. In this case the elements
of the matrix K will be the functions of the complex variable s:

ki = ki(s)

3 De�ning the modal matrices F and T

First, the modal matrices F and T can be calculated theoretically. To do this, it
is necessary to know the eigenmodes of the beam and the locations of the sensors
and the actuators on the beam. This allows one to calculate matrices Θ̃1 and Θ̃2.
One needs to invert these matrices in order to obtain the desired matrices F and
T. However, for most accurate determination of the desired matrices one needs to
conduct certain experiments.
Each column of the measurement matrix Θ̃2 corresponds to one of the beam eigen-
modes and shows, in what proportions sensors measure this eigenmode. In order to
obtain this information experimentally it is necessary to induce resonant vibrations
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of the beam at each of the n resonance frequencies. At each resonance one needs to
measure the amplitude of signals of each sensor. Thus one obtains matrix Θ̃2.
Analogously, each row of the in�uence matrix Θ̃1 corresponds to one of the eigen-
modes and shows, in what proportions actuators excite this mode. In order to
obtain this information experimentally it is necessary to induce resonant vibrations
of the beam by each actuator at each of the n resonance frequencies and measure
the intensity of beam vibrations. This is the way to obtain matrix Θ̃1.
Modal matrices F and T are then calculated by inverting matrices Θ̃1 and Θ̃2.
After that, one needs to perform veri�cation of the obtained matrices F and T. For
matrix T it means that at resonant modes vector of estimations of the generalized
coordinates q̂ = Ty should be zero except for only one component corresponding to
the resonance frequency excited. In order to verify matrix F one needs to ensure
that each control loop excites only one corresponding eigenmode and does not excite
the others even if the excitation have resonance frequency. That means in fact that
the vector of control in�uences on modes Qc = Θ1FQ̂ matches the vector of desired
in�uences on modes Q̂.
However, sometimes it can be di�cult to carry out all the experiments at each of
the n resonance frequencies, especially if the number of sensors and actuators is
redundant. Moreover, di�culties can occur with inverting of the experimentally
obtained matrices. So let us assume that we want to limit ourselves to controlling
independently only the �rst k eigenmodes of the object. Consider an algorithm of
gradual increasing the number of eigenmodes used to control the system, or gradual
optimization algorithm, for the mode synthesizer F. For the mode analyzer T this
procedure is similar.
So, it is necessary that each column of the matrix F (denote them as Fi) is orthogonal
to each row of the matrix Θ̃1 (denote them as θi) except for one row with the same
number. Then the following condition will be met (6):

Θ̃1F = D1,

where D1 is a diagonal matrix.
At the �rst step we want to control only the �rst eigenmode of the beam, and
we are looking for only the �rst column of the mode synthesizer matrix F1. The
other columns are zero. Experiments at the �rst resonance frequency give the �rst
row of the in�uence matrix θ1. Vector F1 is found from the condition of maximum
correspondence to the vector θ1. This means that the �rst control loop have the
maximum in�uence at the �rst eigenmode:

max θT1 F1 (13)

In addition, the normalization condition for the vector F1 should be satis�ed:

F T
1 F1 = 1 (14)

The method of Lagrange multipliers for this problem gives the following result:

J = θT1 F1 − λ(F T
1 F1 − 1) (15)
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∂J

∂F1

= θ1 − λF1 = 0 (16)

Then,

F1 =
1

λ
θ1, λ2 = θT1 θ1 (17)

At the second step of the algorithm the �rst and the second columns of matrix F
are calculated. In order to do this the �rst and the second rows of matrix Θ̃1 are
obtained experimentally. Along with the conditions of maximum correspondence
and normalization there are two orthogonality conditions: the �rst control loop
should not excite the second eigenmode, while the second one should not excite the
�rst mode. All this requirements have the following form:

max θT1 F1,max θT2 F2; F T
1 F1 = 1, F T

2 F2 = 1; θT2 F1 = 0, θT1 F2 = 0 (18)

For the �rst column F1 we obtain the following equations:

J = θT1 F1 − λ1(F T
1 F1 − 1)− λ2θ

T
2 F1;

∂J

∂F1

= θ1 − λ1F1 − λ2θ2 = 0 (19)

Then,

F1 =
1

λ1

θ1 −
λ2

λ1

θ2, λ2 =
θT2 θ1

θT2 θ2

, λ2
1 = θT1 θ1 −

(θT2 θ1)2

θT2 θ2

(20)

For the second column F2 the result is analogous:

F2 =
1

λ̂1

θ2 −
λ̂2

λ̂1

θ1, λ̂2 =
θT1 θ2

θT1 θ1

, λ̂2
1 = θT2 θ2 −

(θT1 θ2)2

θT1 θ1

(21)

Thus, the same procedure can be repeated for the next steps of the algorithm up to
the n-th step. At k-th step for each vector Fi the conditions of maximum correspon-
dence and normalization are formulated along with k−1 conditions of orthogonality.
This algorithm allows one to carry out the identi�cation without any mathematical
model of the object getting all necessary data from the certain limited number of
experiments.

4 Experimental set-up

A control object is an aluminium beam 70 cm long with the cross-section 3 × 35 mm.
It is disposed vertically and �xed at one point at the distance of 10 cm from the lower
end. The external loading is a base excitation applied by means of a piezoelectric
stack actuator which is a part of the �xation constructionas it is shown in �gure
2. The stack actuator A is connected to the beam through a �exible plate B. It
allows the �xation point to move in single direction along the stack and prohibits
to move in other directions. Through this plate two screws C and D at the top
and the bottom of the stack actuator perceive the weight of the beam releasing
the actuator itself from this weight. Longitudinal vibrations of the actuator cause
bending vibration of the beam.
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Fig.2. The �xation construction of the beam

Fig.3. The scheme of the experiment

The control system includes two piezoelectric sensors and two actuators attached
in pairs to the beam as it is shown in �gure 3. Once attached, they keep the same
positions for all the control systems created. The actuators change the curvature of
the beam depending on the control signal applied, while the sensors measure this
curvature as the beam vibrates [8,9]. Actuators and sensors are connected through
a controller.
The purpose of the control system is to suppress forced resonance vibrations of
the beam with the �rst and the second resonance frequencies. These frequencies
correspond to the �rst and the second bending modes of the beam. Therefore,
sensors and actuators are attached to special locations on the beam, so that they
can most e�ciently measure and in�uence these particular modes.
In order to design local and modal control systems with the best performance fre-
quency methods of the Automatic Control Theory are used. To monitor the e�-
ciency of the control systems obtained the vibration amplitude of the upper endpoint
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of the beam is measured by the laser vibrometer. This choice is caused by the fact
that the vibration amplitude of this point is the greatest one among all points of
the beam for the vibration modes under consideration.
To work with the highest e�ciency the piezoelectric sensors and actuators should
be placed at the areas where the curvature of the modes to be controlled takes the
maximum values. In order to satisfy this condition the �rst and the second bending
modes of the beam are analyzed theoretically and experimentally (�gure 4).

Fig.4. The �rst and the second bending modes of the beam

As a result, the location of the �rst pair of piezoelectric patches was de�ned to be
near to the �xation point (10.5cm ≤ x ≤ 16.5cm), and the second pair was placed
not far from the beam center (37.5cm ≤ x ≤ 43.5cm).

5 Local control system

The working scheme of the controller for the local control system is shown in �gure
5. Here y1 and y2 mean the signals measured by the sensors, while u1 and u2 are
the control signals being sent to the actuators. In order to design such a system one
needs to determine transfer functions R1(s) and R2(s), which establish the relation
between measured and control signals.

Fig.5. The scheme of the controller for the local control system

To design the transfer functions for the controller the logarithmic characteristics of
the open-loop system are analyzed. The transfer function for each control loop is
chosen in order to provide the most e�ective vibration suppression at the �rst and
the second resonance frequencies of the beam. At the same time, special attention
is paid to ensure stability of the systems obtained.
As a result two most e�ective local control systems were created. The �rst system
shows the optimal performance at the �rst resonance frequency, while the second
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one gives the best result at the second resonance. Frequency response functions in
the vicinity of the �rst and the second resonance frequencies measured for the upper
point of the beam are shown in �gure 6 for the �rst and the second local control
systems, respectively. The black curve represents the uncontrolled system while the
other curves correspond to the di�erent gain values in control loops.

Fig.6. FRF of the local system #1 at the �rst resonance and the local system #2
at the second resonance

The �rst control system is e�ective at the �rst resonance, providing the decrease of
the vibration amplitude by 77% (using gain values K(1)

p = 0.45, K(2)
p = 0.55), but

it fails to suppress the second resonance. On the contrary, the second system has
great performance at the second resonance (reduction of the amplitude is 88% with
gain values K(1)

p = K
(2)
p = 0.055), but at the �rst resonance it is not so good (only

45% reduction). The attempts to create a local system that could suppress both
resonances with good e�ciency were not successful.

6 Modal control system

The scheme of the controller for the modal or biomorphic control system is shown in
�gure 7. As before, y1 and y2 are the measured signals, while u1 and u2 are the control
signals. In the control system all the sensors measure and all the actuators a�ect
both �rst and second vibration modes of the beam, therefore the mode analyzer T
and the mode synthesizer F are used to perform a linear transformation of signals
in order to separate the modes. To design a modal system one needs to de�ne these
matrices and to determine the transfer functions R1(s) and R2(s).

Fig.7. The scheme of the controller for the modal control system

At the �rst stage of creating a modal system mode analyzer T and synthesizer F
are to be speci�ed properly. As a result of this work, two requirements should
be observed: the �rst control loop should not a�ect and react to the activation of
the second bending mode of the beam, and the second one should not a�ect and
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react to the activation of the �rst mode. The matrices T and F are �rst evaluated
theoretically based on the known mode shapes and the measured frequency response
functions of the control object. It is known that �rst and the second actuator excite
the �rst mode in the ratio of approximately 3 to 1 with the same sign, and they
excite the second mode in the ratio of 1 to 1 with the opposite sign. The same can
be said about the sensors. Therefore, the in�uence matrix Θ̃1 and the measurement
matrix Θ̃2 are estimated as follows:

Θ̃
(th)
1 =

(
Θ̃

(th)
2

)T
=

(
0.75 0.25
−0.5 0.5

)
(22)

Consequently, an estimation for matrices T and F is calculated according to the
formulas (8) and (11):

F (th) =
(

Θ̃
(th)
1

)−1

=

(
1 −0.5
1 1.5

)
, T (th) =

(
Θ̃

(th)
2

)−1

=

(
1 1
−0.5 1.5

)
(23)

Then, the matrices are to be speci�ed more precisely by performing a set of addi-
tional experiments. Matrices Θ̃1 and Θ̃2 are de�ned experimentally:

Θ̃
(exp)
1 =

(
0.76 0.25
−0.52 0.49

)
, Θ̃

(exp)
2 =

(
0.76 −0.51
0.24 0.49

)
(24)

Thus, matrices T and F have the following form:

F =
(

Θ̃
(exp)
1

)−1

=

(
0.98 −0.49
1.02 1.51

)
, T =

(
Θ̃

(exp)
2

)−1

=

(
0.99 1.03
−0.49 1.53

)
(25)

Then the transfer functions are designed in order to provide the optimal performance
of each modal control loop at the corresponding resonance frequency. The e�ciency
of the control systems obtained is limited by the requirement of their stability.
Frequency response functions in the vicinity of the �rst and the second resonance
frequencies measured for the upper point of the beam for the created modal control
system are shown in �gure 8. The black curve represents the uncontrolled system
while the other curves correspond to the di�erent gain values in control loops.

Fig.8. FRF of the modal system at the �rst and the second resonances

The graphs show that the modal system is very e�ective at both resonance fre-
quencies, providing the reduction of the vibration amplitudes by 84% and 87%,
respectively (the gain values in the control loops are K(1)

p = 0.2 and K(2)
p = 0.04).
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7 Conclusions

The present research highlights application of the local and the modal or biomorphic
approaches to active vibration control of continuous elastic systems. Firstly, it fo-
cuses on the problem of identi�cation within the modal approach. This identi�cation
means the correct calculation of mode analyzer and mode synthesizer matrices. The
algorithm of gradual optimization has been proposed, which allows one to control
only the needed number of eigenmodes of the object.
Secondly, local and modal approaches were compared experimentally for the prob-
lem of suppression of bending vibrations of a thin metal beam. For both methods
under consideration e�cient control systems have been created. However, the lo-
cal system failed to suppress e�ciently vibrations at both resonances, showing the
optimal performance either at the �rst or at the second resonance frequency. On
the contrary, the modal system succeeded in reducing vibrations at both resonance
frequencies e�ciently. Thus, the advantage of the modal approach over the local one
has been demonstrated for the cases where it is necessary to suppress vibrations in
the frequency range containing multiple resonance frequencies of the control object.
The result obtained can be explained by the fact that, in contrast to the local one,
in the modal system each control loop corresponds to a particular vibration mode
and can be designed to provide optimal performance at the corresponding resonance
frequency.
Further investigation is devoted to development of the modal method and its gen-
eralization to a wider class of mechanical systems and di�erent types of control el-
ements. Further experimental study is aimed at implementing the modal approach
and comparing it with the local one for systems with larger number of sensors and
actuators. In addition, the problems of interest are to develop the methods of au-
tomatic identi�cation and to modify the methods of biomorphic control in order to
improve stability and robustness of modal control systems.
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Abstract

The problem of oscillations of the systems containing pipelines �lled with
the liquid is one of the actual problems of modern techniques. It is important
to estimate the parameters of vibrations and acoustical �elds of such objects
in order to provide the construction from damaging, but calculation of these
complicated systems demands major computing resources. Therefore the con-
sideration of simple model problems which have exact analytical solution ([1]
- [5]) is actual. On these models it is possible to analytically explore main
e�ects and also to use them as the test problems for computing packages.

The problem of joint oscillations of in�nite thin cylindrical shell with ideal
acoustical �uid inside it is considered. The propagating waves and energy �ux
are analyzed in the system shell-liquid. The comparison of di�erent mecha-
nisms of energy transmission in the shell and input of the energy �ux in the
water is ful�lled.

1 Statement of the problem

Let us start considering an in�nite cylindrical shell �lled with an ideal compressible
liquid, where the acoustic pressure P (x, y, z) is described by the Helmholtz equation
in the cylindrical system of coordinates where the axis 0z coincides with axis of the
cylinder (see �g. 1). All processes are supposed to be harmonic with frequency ω
and independent from angle ϕ.

(∆ + k2)P (r, z) = 0, where k = ω/c, 0<r<R. (1)

The factor e−iωt describes the time-dependence and is omitted. The liquid is sup-
posed to be ideal and compressible. The density is ρw, the velocity of sound is equal
to c.
Two relations take place on the shell � �uid boundary: kinematic (the adhesion
condition)

un(R, z) =
1

ρwω2

∂P (r, z)

∂r

∣∣∣∣
r=R

; (2)

and dynamic (balance of forces acting on the shell)
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Figure 1: Physical Model
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Figure 2: Dispersion curves 1-9

ρc2
s

R2
L~u = (0, P )t. (3)

Here following notations are introduced: ~u = (uz, un)t (t is a badge of transpos-
ing) is the displacement vector of the shell, L is matrix di�erential operator of the
cylindrical shell of Kirchho��Love type

L ≡ [Lij] = w2I + L̃, i, j = 1, 2.

The following notations are also used: I is the unit matrix operator, L and L̃ are
matrix di�erential operators. All these operators are represented by the matrixes
2× 2. In particular the elements of L̃ are as follows:

L̃=

(
∂̃z

2
ν∂̃z

−ν∂̃z α2(2ν∂̃z
2
− ∂̃z

4
− 1)− 1

)
, (4)

where ∂̃z = R∂z. Here the following geometrical parameters of the shell are used:
R is radius, h is thickness. Properties of a material of the cylinder are character-
ized by E, ν and ρs � Young's module, Poisson coe�cient and volumetric density
accordingly.
The surface density of the shell ρ (ρ=ρsh) and the velocity of median surface defor-
mation waves of the cylindrical shell cs are introduced cs =

√
E/(1− ν2)ρs.

The following dimensionless parameters are put in: α2 = 1
12

(
h
R

)2
(the relative thick-

ness of the cylindrical shell) and w = ωR/cs (the dimensionless frequency).
The source of an acoustic �eld in a wave guide is the vibrations of the cylinder
shell, caused by the incident wave propagating from in�nite part of the shell. The
frequency of this incident harmonic wave is equal to ω. All processes in the system
shell � liquid are supposed to be harmonic with this frequency.
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2 Determination of the general representation for

acoustic and vibrational �elds

The exact expression for displacements of the shell can be derived only after de�ning
a �eld in the medium. So we come to the boundary problem with the Helmholtz
equation. Further it is more convenient to involve the new vector (uz, P )T

(
uz

un

)
= M

(
uz

P

)
, where M=

(
1 0
0 1

ρwω2
∂
∂r

∣∣
r=R

)
, (5)

then the equation (3) can be rewritten in the form

S

(
uz

P

)
=

(
0

0

)
≡ 0, where S=LM−N, N=

w2

ρω2

(
0 0
0 1

)
(6)

The solution of the equation (3) is searching in the form

(
uz

P

)
= Aeiλz

(
ξ

γJ0

(
r
√
k2 − λ2

) ) , (7)

believing that |ξ|2 + |γ|2=1. Here following notations are introduced: J0 is Bessel
function with index 0, and A, ξ, γ are arbitrary constants, λ is the the wavenumber
which we are looking for. It can be noted that if k<λ then Bessel function J0 is
converted to I0 function.
After substituting (7) into (3) the following algebraic system is obtained

Ŝx=0, where x=(ξ, γ)T (8)

Operator Ŝ is the Fourier image of operator S. The dispersion equation is obtained
from the condition of existence of nontrivial solution of this system

det Ŝ=0 (9)

We are looking for real positive solutions of this equation. If the corresponding set
of wavenumbers is founded one can solve the equation (8) and de�ne the previously
unknown constants ξ, γ. After de�ning constants, the complete solution of the
problem in terms of displacements of the shell ~u(z) and pressure P (r, z) in the
liquid is determined.

3 Energy streams in the system shell-liquid

As it was mentioned above all processes in the liquid and shell are supposed to be
harmonic with frequency ω. It is convenient to average the energy streams on period
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of oscillations T = 2π/ω. The integral energy stream Υliq in the liquid along axes z
through the cross-section of the cylinder can be written in the form

Υliq =
ω

2

1

2ρω

2π∫
0

dϕ

R∫
0

Im

(
P̄
∂P

∂z

)
rdr. (10)

The integral stream of the energy along axes z through the cross-section of the
cylinder shell has a view

Υcyl =
ω

2

2π∫
0

Im
(
~u3, ~f 3

)
C

3
Rdϕ = Υz

cyl + Υn
cyl + Υm

cyl, where (11)

~f 3 = F~u3 =

 fz

fn

fp

 , F=
ρc2

R

 ∂̃z ν 0

0 −ν −∂̃z
0 0 ν − ∂̃z

2



~u3 =

 uz

un

−∂̃zun

 ,


Υz
cyl

Υn
cyl

Υm
cyl

 = −πRω Im


uz(∂̃zuz + νun)

−νunun + un∂̃z
2
un

∂̃zun(ν∂̃zun − ∂̃zun)

 (12)

4 Numerical calculations

The formula (11) can be used for obtaining the normalized energy stream Π in the
shell and it components Π = Υcyl/(Υcyl + Υliq), Πz,n,m = Υz,n,m

cyl /(Υcyl + Υliq). On
�gures the curves corresponding Π,Πz,Πn,Πm are marked by letters S,Z,N,M .
The pressure P and vectors of generalizes displacements ~u3 and forces ~f 3 are also
normalized: P := P/|P |, ~u3 := ~u3/|~u3|, ~f 3 := ~f 3/|~f 3|. On �gures the curves
corresponding components vectors ~u3, ~f 3 (12) are marked by letters Z,N,M .
The following values of parameters of the system are assumed for calculations ν=0.3,
cs/c=3.6, ρs/ρw=7.8, h/R=0.05 that corresponds to interaction of water with shell
made of steel.
On �g.2 the dependence of dimensionless wavenumber λ := λR with respect to
nondimensional frequency w is shown for the �rst nine dispersion curves (these
curves are marked by numbers 1-9). The multiple veering (quasiintersection) of
these curves is well noted. It is caused by interaction of the two waveguides (liquid
and cylindrical shell).
The behavior of the wave from the �rst dispersion branch di�ers from others sig-
ni�cantly. On �gure 3a and 3b is well seen that wave energy �ux from the �rst
dispersion branch is signi�cant in more wide diapason of frequencies. The banding
component in energy �ux is dominated in it (�g. 4a,b).
The veering of the dispersion curves is well corresponds with the changing of the
speci�c weight of di�erent components of the energy �ux (�g. 2 and �g.4).
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Figure 3: Normalized energy �ux of the waves in the shell from �rst �ve dispersion
branches (curves 1-5)(a); in greater scale (b)
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Figure 4: Energy �uxes in the shell for the wave from the �rst dispersion branch
(a); in greater scale (b).

Pressure and energy �ux in the wave from �rst dispersion curve are concentrated
near the shell surface (curves 1a, 1b, 1c on �g. 5 and curve 1 on �g. 6). This
dependence is most distinctive in the diapason of frequencies where the velocity of
the waves in the shell is less then in the liquid in�nite space. Unlike it the pressure
and energy �ux in the liquid in next dispersion branches are concentrated near the
center of the cross section of the cylinder (curves 2a, 2b, 2c on �g. 5 and curves
2-7 on �g. 6). The general tendency is increasing of the role of the center part of
the cross section for propagating of the energy in the system via increasing of the
branch number or frequency increasing.
Even and odd branches (since second branch) have di�erent behavior near the shell
surface (�g. 6). While pressure and energy �ux of even branches are near zero
(dotted lines), the normal component of displacement vector is near zero for the
odd branches (dashed lines). It corresponds to the wave guide with free and rigid
surface correspondingly. But this dependence can be changed to opposite (�g.3b)
due to the veering of the dispersion curves (�g.2).
Another speciality is that energy �ux in even branches (corresponding to the "free
surface") is stabilized on high frequencies (�g. 3b)).
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Abstract

The modi�cation of existing human eye models and the creation of new
ones, which take into account an increasing number of sclera parameters, allow
ophthalmologists to correct disorders of the eye created by trauma, disease, or
aging more rationally and qualitatively. The viscosity of the sclera is ignored
in most existing models. The reason is that direct measurements of the sclera
viscosity cause technical problems. However, the sclera has viscoelastic proper-
ties [1]. This paper investigates a method for determining the shear viscosity
of the sclera based on a comparison of results from mathematical modeling
with experimental data from discrete measurements of the IntraOcular Pres-
sure (IOP) during several minutes after intravitreal injection (injection into
the eyeball aqueous humor) [2]. We propose to �nd the time-dependent IOP by
applying Laplace transforms. In the present case a numerical inverse Laplace
transform is required. Several approximation criteria can be applied based on
the numerical approach [3], [4], [5]. The main idea of this paper is to present
a comparison of numerical approaches based on three di�erent sets of nodes
and weights for a quadrature formula for the inverse Laplace transform by the
example of IOP determination.

1 Introduction

Healthy human eyes are roughly spherical, �lled with a transparent gel-like substance
called the aqueous or vitreous humor. The eyeball consists of three concentric layers:
A �brous tunic, including the opaque part called sclera behind and the transparent
part called cornea in front; a vascular pigmented tunic called choroid and a nervous
tunic called retina [6] (see Fig. ??). The �brous tunic performs a protection function
and determines the eyeball shape. The sclera occupies 93% of the eyeball layers [7].
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Figure 1: Schematic diagram of the human eye.

The biomechanical properties
of the sclera play the leading
role when determining the eye-
ball shape or the volume un-
der IntraOcular Pressure (IOP).
Therefore we will consider only
the sclera during modeling of the
eye behavior after intravitreal in-
jection (injection into the eye,
namely into the vitreous humor,
near the retina at the back of the
eye).

Experimental curves based on IOP measurements for several minutes after intrav-
itreal injection show an increase of the IOP in form of a jump immediately after
injection followed by steady decrease. Intraocular �uid out�ow can be a reason for
the reducing IOP. However, experience indicates that the sclera is a viscoelastic
material [1]. Therefore one can explain a time-dependent IOP behavior also by an
existing viscosity of the sclera. Direct measurements of sclera viscosity cause tech-
nical problems and so the viscosity of the sclera is ignored in most existing models.
This paper presents a method for determining the shear viscosity of the sclera based
on a comparison between results from mathematical modeling and experimental data
of discrete IOP measurements during several minutes after intravitreal injection [2].
Moreover, this work investigates the underlying system of equations with two types
of boundary conditions. In the �rst case we suppose that the eyeball volume does
not change during the time of experiment. Therefore we explain the IOP reduction
only by the viscous properties of the sclera. In the second case we take intraocular
�uid out�ow into account. Thus we explain the reducing IOP by both facts, the
existing sclera viscosity and the existing intraocular �uid out�ow.
The considered solution is based on the Laplace transform approach. We have to
apply an inverse Laplace transform in order to determine the sclera displacement
and the IOP. Because the mathematical expressions are complicated we apply a
numerical approach. Several approximation criteria can be applied as a basis of the
numerical inverse Laplace transform. Of particular interest is a comparison of results
based on the well-known Zakian's technique [3], [4] and on a numerical approach
o�ered by Je�reson and Chow [5].

2 Problem statement and governing equations

The experiment we are going to describe is based on discrete measurements of the
IOP for several minutes after an intravitreal injection equal to 0.05 ml. The IOP is
de�ned as the di�erence between the pressure inside the eye and the atmospheric
pressure. The experimental curve showing the IOP dependence on time is shown in
Fig. 2 (obtained by Kotlyar, Bauer, and Plange [2]). Points on the graph correspond
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to average IOP values (n =34 patients took part in the experiment). The red line
shows the average IOP of vaccinated eyes, the green line corresponds to an IOP
control based on measurements of IOP of the second eye in a pair, which was not
vaccinated. So far as we are going to use the Pascal (Pa) unit to express the IOP
in the framework of this paper we would like to note that 1 mm Hg=133.322 Pa.

Figure 2: Time dependence of IOP: experimental curve.

In order to model the observed IOP reduction we consider a viscoelastic spherical
layer of inner radius Ri and outer radius Ro under a centrally symmetric load: an
external pressure is absent, the displacement of the inner boundary is speci�ed and
takes the intravitreal injection volume into account. We suppose the material of
human sclera to be linear transversally isotropic (the axis of symmetry coincides
with the radial direction). The problem will be considered within the framework of
3D-dimensional linear viscoelastic theory. The equation of motion reduces to the
following equilibrium equation in so far as we consider a quasi-static problem:

∇ · σσσ = 0, (1)

where σσσ is the stress tensor.
Linear viscoelastic theory allows us to consider the elastic and the viscous behavior
of the sclera separately. We use a Kelvin-Voigt rheological model, which means
that we add elastic and viscous stresses. Moreover, in order to �nd the solution, we
restrict ourselves to only one unknown viscous parameter, the shear viscosity of the
sclera, η, and ignore volume viscosity. The constitutive equations in this case read:

σσσ = 4CCC : εεε+ 2ηė̇ėe, (2)

where CCC is the fourth-order sti�ness tensor [8], εεε is the linear strain tensor, and eee is
the strain tensor deviator. To rewrite the sti�ness tensor by using elastic modules
we use the ratios between coe�cients of the sti�ness tensor and technical constants
named elastic modules which are shown in [9], p.79.
Due to the inherent radial symmetry only the radial component of displacement in
spherical coordinates is di�erent from zero. Shear strains and stresses are absent.
All components of vectors and tensors depend only on the radial coordinate. In this
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case we have only one equilibrium equation in coordinate form:

∂σrr
∂r

+ 2
σrr − σϕϕ

r
= 0. (3)

The nonzero components of the strain tensor read:

εrr =
dur
dr

, εϕϕ = εθθ =
ur
r
. (4)

We de�ne dimensionless quantities for (radial) position, β = Ri/Ro ≤ x = r/Ro ≤ 1,
displacement, u = ur/Ro, stress components, σij dim = σij/Eθθ (where σij,Eθθ are
given in Pa unit), time, τ = Eθθt/η and Young's modulus, ξ = Err/Eθθ, where Err
is Young's modulus in radial direction, and Eθθ is Young's modulus for the isotropic
plane. The equilibrium equation (3) can be rewritten by applying Eqns. (2), (4). In
this case we obtain the following di�erential equation for the radial displacement:

ξ2(1− νθϕ)

ξ(1− νθϕ)− 2ν2
rθ

[
∂2u

∂x2
+

2

x

∂u

∂x
− 2(1− νrθ)
ξ(1− νθϕ)

u

x2

]
+

4

3

[
∂2u̇

∂x2
+

2

x

∂u̇

∂x
− 2

u̇

x2

]
= 0, (5)

where νij refers to Poisson's ratios. Here the indices i and j represent the longitudinal
and the transverse direction, respectively.
The IOP is the negative radial stress at the inside of the sclera: The outward normal
of the inner boundary of a spherical layer is directed inside the body. The IOP
tends to in�ate the body. Therefore the dimensionless IOP reads: IOPdim(τ) =
−σxx(τ)|x=β. By applying Eqns. (2), (4) we determine the dimensionless radial
stress σxx(τ) = σrr dim(τ) as a function of displacement (6):

σxx(τ) =
2νrθξ

ξ(1− νθϕ)− 2ν2
rθ

u

x
+

(1− νθϕ)ξ2

ξ(1− νθϕ)− 2ν2
rθ

∂u

∂x
+

4

3

[
∂u̇

∂x
− u̇

x

]
. (6)

Two types of boundary condition for the inner radius displacement are considered.
In the �rst case we suppose that the eye volume, which consists of the intravitreal
injection volume, ∆V , which is added inside the eye (r < Ri), and of the eyeball
volume before loading, V eye

0 , is constant during the time of the experiment. Hence,
the displacement of the inner boundary depends on the intravitreal injection volume
as follows:

σxx(τ) |x=1 = 0 , u(τ) |x=β = u0H(τ), (7)

where u0 ≈ ∆V /(4πRoR
2
i ), H(τ) is the Heaviside unit step function.

In the second case the displacement of the inner boundary is caused by the intraoc-
ular �uid hydrodynamics. In order to estimate the eyeball volume change based on
intraocular �uid in- and out�ow we apply the tonography method [10], [11] which
uses the velocity associated with the volume change of the eyeball. The current
eyeball volume is:

V (t) = V (0) +

t̃=t∫
t̃=0

V̇ (t̃)dt̃ = V eye
0 + ∆V +

t̃=t∫
t̃=0

V̇ (t̃)dt̃. (8)
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The change of the eyeball volume due to the intraocular �uid hydrodynamics is:
V (t) − V (0) = V (t) − V eye

0 −∆V = 4πR2
injur(t), where Rinj ≈ 3

√
R3

i + 3∆V /(4π).
The boundary conditions in this case are:

σxx |x=1 = 0, u (t) |x=β = u0 +

t̃=t∫
t̃=0

V̇
(
t̃
)
dt̃

4πR2R2
inj

. (9)

Further use of the dimensionless time in the equation system in combination with
the second type of BC becomes di�cult because of the time occurs in the integral
as well.
In order to estimate

∫ t̃=t
t̃=0

V̇ (t̃)dt̃ we turn to the tonography method consisting in IOP
measurement during the time when the cornea is loaded by a known weight [10],
[11]. In the framework of this method it is assumed that the velocity of the eyeball
volume change depends on the intraocular �uid hydrodynamics (intraocular �uid
in- and out�ow). Based on the method proposed by Lyubimov and colleagues [11]
we estimate the integral in the BC for the inner radius by the following expression:

t̃=t∫
t̃=0

V̇ (t̃)dt̃ =

t̃=t∫
t̃=0

C(P0 − Pe0 − P (t̃) + Pe)dt̃, (10)

where C is a parameter characterizing the ease of intraocular �uid out�ow, Pe is an
intraepiscleral veins pressure, the index "0" corresponds to the values characterizing
the eye condition before the weight is applied. To obtain the function P (t) authors
of [11] took the entire time dependence of the IOP into account and applied an
exponential approximation. They obtained that P (t) = Pst+(P (0)−Pst) exp(−t/τ̂),
where Pst is an intraocular pressure which would take place if the cornea is loaded
during the in�nite time, P (0) is an initial intraocular pressure, τ̂ is a characteristic
time of an intraocular pressure change. We use the following average values for the
corresponding values for 10 patients given in [11]: P0 = 13.8 mm Hg, Pe0 = 8 mm
Hg, Pe = 9.25 mm Hg, Pst = 15.0 mm Hg, P (0) = 27.0 mm Hg, τ̂ = 2.8 min. We
also calculated that C = 0.0087 mm3/(mm Hg · s) due to the value of τ̂ obtained by
Ljubimov and colleagues and formulas describing the dependence between C and τ̂ ,
which are given in [10].

3 Laplace transform approach and numerical ap-

proaches for inverse Laplace transform

We obtain expressions for the time-dependent displacement and the radial stress by
applying its Laplace transform, which, in general, is de�ned by:

f̄(x, s) =

∞∫
0

exp(−sτ)f(x, τ)dτ, (11)

where s is a complex variable, s = c+ iω, c > s0
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The advantage of this method is that di�erentiation is replaced by multiplication

by the operator variable s: ḟ(x, τ)→
∞∫
0

e−sτ ḟ(x, τ)dτ = sf̄(x, s)− f(x, 0). The par-

tial di�erential equation in space-time turns into an ordinary di�erential equation in
space-Laplace-time. As initial condition for displacement we cannot use correspond-
ing experimental data because they are not known (due to measurement problems).
Therefore, we assume that at the initial moment the displacement depends linearly
on the radial coordinate. Consequently, the partial di�erential equations (5), (6)
become ordinary di�erential equations with derivatives with respect to the coordi-
nate:[

ξ2(1− νθϕ)

ξ(1− νθϕ)− 2ν2
rθ

+
4

3
s

](
∂2ū

∂x2
+

2

x

∂ū

∂x
− 2

ū

x2

)
− 2ξ[1− νrθ − ξ(1− νθϕ)]

ξ(1− νθϕ)− 2ν2
rθ

ū

x2
= 0.

σxx =

[
2νrθξ

ξ(1− νθϕ)− 2ν2
rθ

− 4

3
s

]
ū

x
+

[
(1− νθϕ)ξ2

ξ(1− νθϕ)− 2ν2
rθ

+
4

3
s

]
dū

dx
. (12)

In order to solve these equations we use BCs that are converted according to the
Laplace transform. The solution technique is based on applying of DSolve and
Solve commands from the computer algebra system WolframMathematica. As
a result we obtain the displacement and the stress in Laplace time space.
The inverse Laplace transform is given by the following complex integral, which is
known as the Bromwich inversion integral:

f(x, τ) =
1

2πi

∫
C

f̄(x, s) exp(sτ)ds, τ > 0, (13)

where C is a contour extending from c − i∞ to c + i∞, falling to the right of all
singularities of f̄ [12].
In order to �nd the true time-dependent displacement and radial stress we apply
the inverse Laplace transform to σxx(s) and u(s). Due to the complex structures of
these functions we use a numerical solution method instead of an analytical solution
based on Eqn. (13), which is likely not to exist. We solve the numerical problem by
applying a quadrature formula which approximates an unknown function by a �nite
linear combination of transform values [13]:

f(x, τ) ≈ fn(x, τ) ≡ fn,a,K(x, τ) =
1

τ

n∑
j=1

Kj f̄(x,
aj
τ

), (14)

where a, K are vectors, called nodes and weights, respectively. Eqn. (13) turns into
Eqn. (14) after using a MacLaurin series for the exponential function exp(z), where
z = sτ , and an additional Pad�e approximation [14].
We would like to note that Zakian obtained Eqn. (14) alternatively by approxi-
mating a delta function by a �nite linear combination of exponential functions. He
showed [3] that the coe�cients aj, Kj have to be determined such that they provide
a good approximation to the scaled Dirac delta function δ(τ̃ − 1), τ̃ ∈ [0,∞):

δ(τ̃ − 1) ≈ δn(τ̃ − 1) =
n∑
j=1

Kj exp(−aj τ̃), (15)
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where aj, Kj are complex numbers of vectors a,K respectively. As Zakian observed
[4], the possibility of good approximations is evident if we take the Laplace transform
of the scaled delta function: δ(τ̃−1)→ τ̃ exp(−τ̃ s). The nodes and weights obtained
by Zakian are shown in Table 1. He also showed that if one uses these nodes and
weights it is necessary to write fZakiann,a,K (x, ˜̃τ) = 2fn,a,K(x, ˜̃τ) instead of Eqn. (14).

Table 1: Nodes and weights obtained by Zakian

aj Kj

1.283767675E + 01 + 1.666063445iE + 00 −3.690208210E + 04 + 1.969904257E + 05i

1.222613209E + 01 + 5.012718792iE + 00 6.127702524E + 04− 9.540862551E + 04i

1.093430308E + 01 + 8.409673116iE + 00 −2.891656288E + 04 + 1.816918531E + 01i

8.776434715E + 00 + 1.192185389iE + 01 4.655361138E + 03− 1.901528642E + 00i

5.225453361E + 00 + 1.572952905iE + 01 −1.187414011E + 02− 1.413036911E + 02i

Je�reson and Chow o�er di�erent least-square (LS) sets of nodes and weights [5].
Their solution is based on the method of LS approximation by exponential functions
as proposed by Miller [15]. They apply the LS approximation to match the function
δ(τ̃ − 1) by δn(τ̃ − 1) . In order to derive a set of LS coe�cients Je�reson and Chow
minimize the following function:

E(a,A) =

∞∫
0

{f(τ̃)−
n∑
j=1

Aj exp(−aj τ̃)}
2

dτ̃., (16)

where Aj = Kj/aj. They consider the square pulse function:

f(τ̃) = m(τ̃ − 1) = 1−
τ̃∫

0

δ(θ − 1)dθ =

{
1, τ̃ ∈ [0, 1]
0, τ̃ ∈ (1,∞)

, (17)

which gives a �nite integral in Eqn. (16). The values of the LS coe�cients for n = 10
and n = 15 obtained by Je�reson and Chow are shown in Table 2.
Stress and displacement are real-valued functions, so we approximate them by the
real part of Eqn. (14). Then we obtain true time-dependent displacement and radial
stress.

4 Results and conclusions

We obtained expressions for the displacement and radial stress in real time by apply-
ing the numerical approaches for the inverse Laplace transform. Consequently, we
obtained di�erent functions by using the sets of notes and weights for a quadrature
formula for the inverse Laplace transform (Eqn. 14) obtained by Zakian, Je�reson
and Chow for n = 10 and n = 15. The shear viscosity of the sclera has been deter-
mined for two types of BC for the inner radius. During the numerical calculations
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Table 2: Nodes and weights obtained by Je�reson and Chow

aj Kj ∗

n = 10

1.1230093058E + 01− 2.352672861E + 01i 4.860502512E − 01 + 2.422640698E + 00i (2)

1.948441344E + 00− 1.838606040E + 01i 5.552772067E + 00 + 2.015535066E + 00i (2)

2.486321472E + 00− 1.294069981E + 01i 9.328911705E + 00− 4.782670037E + 00i (2)

3.049851019E + 00− 7.477695691E + 00i 4.688193150E + 00− 1.756397771E + 01i (2)

3.662673996E + 00− 2.340402588E + 00i −2.290775011E + 01− 1.934430556E + 01i (2)

n = 15

1.20190013E + 001− 3.839128154E + 01i +1.454512148E + 00− 1.896165496E + 00i (2)

1.862570769E + 00− 3.320749609E + 01i −1.715333565E + 00− 5.172539073E + 00i (2)

2.292993575E + 00− 2.766209815E + 01i −7.541523912E + 00− 4.523961971E + 00i (2)

2.661840425E + 00− 2.198372929E + 01i −1.295649648E + 01 + 7.506458220E − 01i (2)

3.035577722E + 00− 1.625582381E + 01i −1.547416249E + 01 + 1.099375660E + 01i (2)

3.470465540E + 00− 1.055035834E + 01i −1.018991823E + 01 + 2.717989379E + 01i (2)

4.014204990E + 00− 5.028754130E + 00i +1.938392606E + 01 + 4.294784889E + 01i (2)

4.382910986E + 00 6.166590165E + 01 (1)

(*) means that the complex conjugate pair is also available.

we used the following values: Ri = 11.75 mm, Ro = 12.25 mm, E22 = 14.3 MPa,
E11 = 0.01E22, ν12 = 0.01, ν23 = 0.45 [16].
We start with a discussion of results obtained under the assumption that the eye-
ball volume does not change during the time of the experiment. In this case we
describe everything in dimensionless coordinates as listed in the second chapter
of this paper, including dimensionless time. As it has already been discussed,
IOPdim(τ) = −σxx(τ)|x=β. Note that the dimensionless radial stress is explicitly
independent on the shear viscosity of the sclera. It depends on dimensionless time,
which depends on the shear viscosity of sclera. This coe�cient is not used in the
equation system and is not speci�ed as a known parameter. In order to estimate the
value of the shear viscosity of the sclera we use the expression linking dimensionless
and dimensional time. Consequently we write:

η = Eθθt/τ . (18)

Let us consider four experimental values of the IOP for �xed values of time measured
by K. Kotlyar [2] (see Fig. 2): IOP = 6266 Pa (IOPdim · 10−6 = 438.2), t = 10 s;
IOP = 4533 Pa (IOPdim ·10−6 = 317.0), t = 120 s; IOP = 3466 Pa (IOPdim ·10−6 =
242.4), t = 300 s; IOP = 2800 Pa (IOPdim · 10−6 = 195.8), t = 500 s. We use the
theoretical function σxx(τ) which we have already obtained in order to determine τ ,
when the module of σxx(τ) is equal to the experimental data. The range of numerical
IOP values obtained by simulation is less than the range of experimental values of
IOP measured by Kotlyar. Indeed, IOPdim · 10−6 ∈ 195.8 − 438.2 for experimental
data and IOPdim · 10−6 ∈ 285− 430 for numerical simulation. Therefore we are able
to use only the experimental value of IOP measured when the time is 120 s. Then
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we estimate the value of dimensionless time corresponding to this value of IOP and
obtain the shear viscosity of the sclera by applying Eqn. (18). When using Zakian's
set of nodes and weights and Je�reson's and Chow's set of nodes and weights for
n = 10 we obtain η = 12.8 MPa · s. By using Je�reson's and Chow's set of nodes and
weights for n = 15 we arrive at η = 12.9 MPa · s. The time dependence of the IOP
is shown in Fig. 3a. The graph is based on three di�erent numerical approaches for
the inverse Laplace transform considered in this paper coinciding for such an IOP
scale.

Figure 3: Time dependence of IOP.

A noticeable di�erence between the three considered approaches is observed only
for the second half of the experimental time (see Fig. 3b). As we can use only the
second point of the experimental curve corresponding to IOP = 4533 Pa we cannot
really determine which numerical approach is the most acceptable on the whole, but
we may say that all of these three approaches are good enough for application in the
framework of the problem of IOP determination. However, Je�reson's and Chow's
approaches are more complicated due to a higher number of coe�cients in Eqn. (14).
As we can see from Fig. 3a stress relaxation cannot be explained only by an existing
sclera viscosity. The match between the theoretical results and experimental data
is not good enough since theoretical curves have another character of the decline.
We now discuss the results obtained under the assumption that an intraocular �uid
out�ow exists. In this case we used a dimensional time (in seconds). The shear
viscosity of the sclera is explicitly included in the system of equations. Since we
use a numerical solution a starting value must be speci�ed before simulation. The
shear viscosity determination was based on the bisection-root-�nding method which
repeatedly bisects an interval and then selects a subinterval in which the root must
be located for further processing. This method is based on Bolzano's Theorem:
Φ(η) ∈ C[ηa, ηb],Φ(ηa) · Φ(ηb) < 0 ⇒ ∃ηc ∈ [ηa, ηb] : Φ(ηc) = 0 [17]. As function
Φ(η) we use the function Φ(η) = (IOPexperiment(dim) − (−σxx|x=β))

∣∣
t=texperiment

. This
method allows us to �nd roots for all experimental values of IOP from Fig. 2 apart
from the �rst value characterizing the IOP jump immediately after the intravitreal
injection. As an initial range we used η ∈ 0− 200 MPa. The reason of this choice is
that it is a really wide range. We obtained values of the function Φ(η) when η = 0
MPa and η = 200 MPa and made sure that they have di�erent signs. The shear
viscosity obtained by applying Zakian's, Je�reson's and Chow's (n = 10), (n = 15)
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vectors of nodes and weights are shown in Table 3. Coe�cients are presented with
one decimal of accuracy. The time dependence of the IOP is shown in Fig. 4.

Table 3: Values of shear viscosity obtained by applying di�erent numerical ap-
proaches

Experimantal point Zakian, MPa · s J&C, n=10, MPa · s J&C, n=15, MPa · s

IOP = 4533 Pa, time = 120 s 57.1 57.1 57.1

IOP = 3466 Pa, time = 300 s 58.6 59.1 58.3

IOP = 2800 Pa, time = 500 s 33.8 35.3 33.0

Figure 4: Time dependence of IOP.

The graphs based on three di�erent numerical approaches for inverse Laplace trans-
form considering in this paper coincide on the IOP scale. We also observe coinciding
graphs for η obtained for the two middle points from the experimental curve (see
Fig. 2). A minor di�erence can be observed for the last point. The decrease of
the curve depends on the shear viscosity coe�cient. The more the value of this
coe�cient the longer the relaxation time and the less abrupt the IOP will reduce.
If η = 0 (this means that the sclera shows no viscosity) the match between the the-
oretical results and experimental data is not good enough. Hence, stress relaxation
cannot be explained only by the existing intraocular �uid out�ow. As we can see
by comparison of Fig. 3a and Fig. 4 it is necessary to take both into account, the
existing sclera viscosity and the existing intraocular �uid out�ow, leading to the
best agreement between theoretical results and experimental data.
In order to compare the time dependence of the IOP based on the di�erent numerical
approaches discussed in this paper we use average values of the IOP for the two
middle points and for the three last points of the experimental curve (see Fig. 2).
From the average values for the two middle points we �nd for the viscosity by
applying Zakian's and Je�reson's and Chow's approach for n = 10 and for n = 15,
respectively: η = 57.8 MPa · s, η = 58.1 MPa · s, η = 57.7 MPa · s. The average
values for three last points lead to η = 49.8 MPa · s, η = 50.5 MPa · s, η = 49.5
MPa · s, respectively for the listed approaches. A comparison of these approaches
by using the average values for two middle points for the second point, the third
point, and for the last point is shown in Fig. 5a, Fig. 5b, Fig. 5c respectively.
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Figure 5: Time dependence of IOP: comparison of numerical approaches.

A comparison of these approaches by using the average values for three last points
for the second point, the third point, and for the last point is shown in Fig. 6a, Fig.
6b, Fig. 6c, respectively.

Figure 6: Time dependence of IOP: comparison of numerical approaches.

By comparing the results based on two di�erent types of boundary condition for the
inner radius displacement considering in this paper we can conclude that the value of
the shear viscosity of the sclera is less if we suppose that the eye volume is constant
during the time of the experiment. The possible reason of such a result is that by
applying this type of BC we don't have a possibility to take into account all points
from the experimental curve (see Fig. 3). We also can see by comparing Fig. 3
and Fig. 4 that we should take into account both facts: the existing sclera viscosity
and the existing intraocular �uid out�ow, - to have the best coincidence between the
experimental data and theoretical results. We conclude that all approaches discussed
in this paper are good enough for application in the framework of the problem of
IOP determination. Hence, applying any of these approaches is reasonable. We
should also note that Zakian's approach is the least complicated due to the least
number of coe�cients in Eqn. (14).

Consequently, a method for determination the shear viscosity of the sclera based on a
comparison of results of mathematical modeling in the framework of 3D-dimensional
linear viscoelastic theory and experimental data of IOP discrete measurements dur-
ing several minutes after the intravitreal injection has been established. A compar-
ison of numerical approaches based on three di�erent sets of nodes and weights for
a quadrature formula for the inverse Laplace transform has been performed.
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Abstract

Two-dimensional elastic contact problem is considered. Finite element
method with bilinear shape functions is used. The Lagrange multiplier method
for contact conditions implementation is used in three ways: node-to-surface
method, mortar method and advanced mortar method. In the �rst method
integration is performed with one point from master body and one point from
slave body (for each �nite element), in the second method integral over a seg-
ment of master body is evaluated. The third method is more like the second,
except dividing each segment of master body on subsegments according to seg-
ments of slave body. Tests showed that the mortar method and the advanced
mortar method are more accurate than the node-to-surface method. The ad-
vanced mortar method is able to smooth the stress �eld �uctuations, but only
in limited number of problems. A plane problem of contact interaction of the
metal rail and composite orthotropic shell in cross-cut section of the electro-
magnetic accelerator barrel (railgun) is considered. Parallel software package
for sparse linear systems of equations solving with MPI technology is designed.

1 Introduction

The contact of one deformable body with another has a�ect on in almost every
mechanical structure behavior. Because of the contact problems importance, a con-
siderable e�ort has been made in the modeling and numerical simulations.
The problem of elastic contact has been treated numerically by many authors [1, 2,
3, 4].
Contact problems are di�cult for simulation since the most surfaces of solid bodies
are rough. In addition, contact problems are often beeing simulated with mismatches
meshes. Also, implementation of the stress contact conditions isn't a trivial problem.
There are a few methods used for implementation of contact conditions: Lagrange
multiplier method[5, 6], penalty method[6], Schwarz method [7] and others.
In this paper we consider Lagrange multiplier method for contact conditions with
three variants of numerical integration: node-to-surface contact method, standart
mortar method and advanced mortar method[8]. Methods e�ciency are compared,
numerical results are shown.
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2 2d contact problem

2.1 Contact theory

Description of the problem is given in [10, 6].

Figure 1: Contact between two bodies

Consider a 2-dimensional contact between two bodies B1 and B2. A contact law is
characterized by a geometric condition of non-penetration:

gα = min
xβ∈Γβ

(xα − xβ) · nα ≥ 0, xα ∈ Γα, (1)

where α, β are indexes of contact bodies, Γα is surface of body Bα, turn to Bβ, Γβ

is surface of body Bβ, turn to Bα, nα is outer normal line in point xα to contact
surface for body Bα, gα is a gap between xα and body Bβ. There is a contact
between bodies if at least for one point of body Bα gap is null.
During the contact proccess distributed contact forces t are appeared. There are
normal and tangent components of the contact force:

tn = t · n ≤ 0, (2)

tt = t · τ , (3)

where n is outer normal line to contact surface, τ is tangent vector to contact
surface.
We consider the case without fricion and sticking. In this case tangent component
of contact force is equal to zero.

tt = 0. (4)

2.1.1 Basic equations

In this paper we use Cartesian coordinate system and consider a plane stress case.
There are a few basic equations:
1) Cauchy tensor:

{ε} = {εx, εy, γxy}T = [B]{u}, (5)

where {ε} � strain tensor, {u}(M) = {u(M), v(M)}T � displacement of point M .

B =


∂

∂x
0

0
∂

∂y
∂

∂y

∂

∂x

 .
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2) Hooke's law:

{σ} = {σx, σy, τxy}T = [H]{ε− ε0}, (6)

where {σ} is a stress tensor, {ε} is a strain tensor, {ε0} is a start strain tensor,
(consider as zero-vector), [H] is a elasticity tensor. For the case of plane strain,
elasticity tensor for isotropic material becomes:

H =
E(1− ν)

(1 + ν)(1− 2ν)


1

ν

1− ν
0

ν

1− ν
1 0

0 0
(1− 2ν)

2(1− ν)

 ,

where E and ν � Young's modulus and Poisson's ratio.
3) Equilibrium equations (without outer forces):

[B]T{σ} = {f}, (7)

4) Boundary conditions:

u(M) = ũ(M),M ∈ Γ,

v(M) = ṽ(M),M ∈ Γ,

σx(N)nx(N) = p̃x(N), N ∈ Γ,

σy(N)ny(N) = p̃y(N), N ∈ Γ,

τxy(N)ny(N) = p̃xy(N), N ∈ Γ,

where Γ is a surface of the body.
5) Contact conditions:

u(1)
n |ΓC = u(2)

n |ΓC , (8)

σ(1)
n |ΓC = σ(2)

n |ΓC , (9)

where u(i)
n and σ(i)

n are normal component of displacement and bf stress for body i,
i = 1, 2, ΓC is a contact surface.

2.2 Numerical method

The popular displacement �nite element method is largely used for scienti�c com-
puting in engineering. Without going into all the details, we present here just the
algorithm for contact modeling. After �nite element discretization in the context of
small displacements, the global set of equilibrium equations of two contacting elastic
bodies can be written as

[K]{u} = {f}+R, (10)
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where

[K] =
∑
e

[k]e, {f} =
∑
e

{f}e +G,

[k]e =

∫
Se

[BN ]T [H][BN ]dS, {f}e =

∫
Γe

[N e]T{p}dΓ,

[K] � global sti�ness matrix, [k]e � local sti�ness matrix, {f} � global right-side
vector, {f}e � local right-side vector, G � vector of node forces, [BN ] = [B][N ]T �
derivative matrix for shape functions, Se � square of element, Γe � load bound of
body, R � contact reaction vector.

2.2.1 Contact conditions

In this paper we use a Lagrange multiplier method for contacn condotions [10].
According to the Lagrange multiplier method, we add a potential of contact forces
to the potential energy of the whole system. Adding element can be written as:

WC = −
∫

ΓC

Λ · (x(1) − x(2))dΓ, (11)

where ΓC is a contact surface betweenB1 andB2, Λ is a Lagrange multiplier function,
x(i) = X(i) + u(i) are deformed positions of the congruent points for bodies B1 and
B2, X(i) and u(i) are start positions of the congruent points for bodies B1 and B2.
Consider energy minimization method:

δΠ =

∫
B

δ{ε}T [H]{ε}dS −
∫
Γ

δ{u}T{t}dΓ−
∫

ΓC

δΛ · (u(1) − u(2))dΓ−

−
∫

ΓC

Λ · (δu(1) − δu(2))dΓ = 0. (12)

Components u and Λ ate independent, so we can write system of equations as:
∫
S

δ{ε}T [H]{ε}dS −
∫
Γ

δ{u}T{t}dΓ−
∫

ΓC

Λ · (δu(1) − δu(2))dΓ = 0,∫
ΓC

δΛ · ((X(1) + u(1))− (X(2) + u(2)))dΓ = 0.
(13)

Calculation of integral (11) consist of next steps. Let one discretizate the intefral
(11). One of two bodies is called ¾master¿, another one - ¾slave¿ [8]. The main
points are chosen from master body, after that we �nd congruent points from slave
body. Then (11) can be written as:

WC = −
∫

ΓC

λT · (x(m) − x(s))dΓ, (14)
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where x(m) and x(s) are deformed positions for congruent points from master body
and slave body, λ is a vector of Lagrange multipliers, ΓC is contact surface on master
body.
Common case for interpolation is:

x(m) = Nα(ξ)x̃(m)
α (t); x(s) = Nβ(ξ)x̃

(s)
β (t); λ = Nc(ξ)λ̃c(t), (15)

where Nα, Nβ are shape functions for system (10), Nc is shape functions for Lagrange
multiplier. There are three methods for interpolation in this paper � Node-to-
surface contact, Standart mortar method, Advanced mortar method.
According to Node-to-surface contact method

Nc = δ(ξ − ξc), (16)

where ξc � conquerent point on slave.
Only one point from master and one point from slave are used for each element.
According to mortar method, integral carried out by quadrature on subsegments.
Master shape function Nc = δcβNβ(ξ) gives standart mortar method. Partition-
ing subsegments in accordance with slave �nite elements gives advanced mortart
method. In this case (14) can be written as

WC = −
∑
m

λ̃Tc

[
Gm
cαx̃

(m)
α −Gs

cβx̃
(s)
β

]
dΓ, (17)

where

Gm
cα =

∫
ΓC

Nc(ξ)Nα(ξ)dΓI,

Gm
cβ =

∫
ΓC

Nc(ξ)Nβ(ξs)dΓI,

I � identity matrix.
There is vector λ = {λn, λτ} in each node of master.

2.3 Numerical results

Figure 2: System of bars

Two numerical examples are solved for
comparison by the previously describe
node-to-surface, standart mortar and
advanced mortar methods.

2.3.1 Two solid bars contact

One solid bar lies on another one. The
�rst one lies on the smooth surface.
The second bar is loaded with pressure
p.
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Problem is symmetrical, so we consider only a half of the area. This way, x compo-
nent of displacement in the left side of both bars and y component of displacement
in the bottom of �rst bar are equal to zero.
In Fig. 3 - 4, we present the distribution of contact stresses σy over the contact
surface for Node-to-surface cotact and standart mortar methods. Advanced mortar
method gives almost the same results as standart. Displacements scaling factor is
equal to 100.

Node-to-surface contact Standart mortar meethod

Figure 3: Step h = 0.25

Node-to-surface contact Standart mortar meethod

Figure 4: Step h = 0.125

Table 4: Input parametres

l1 l2 h1 h2 ν1 ν2 E1 E2 p
10 cm 6 cm 3 cm 3 cm 0.3 0.3 70 GPa 70 GPa 50 MPa

Due to geometry of the problem vertical components of displacements and stresses
at the contact surface are close to the corresponding normal components. There
are in�nite normal stress in the corner point according to the analitical solution.
Numerically obtained values of normal stresses are growing in absolute value when
the step is decreasing.
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Di�erence between results for both methods are small (0.1 percent). But the second
method is more �t the physic parametres of the problem.
In Fig. 5 - 6 we present the distribution on the contact surface. Black line is used for
distribution of contact stress for the �rst body, red line - for distribution of contact
stress for the second body.

Node-to-surface contact Standart mortar method

Figure 5: Distribution of contact stress, step h = 0.25

Node-to-surface contact Standart mortar method

Figure 6: Distribution of contact stress, step h = 0.125

Consider the problem with mismatching meshes. Step is 0.08 cm for bottom body
and 0.1 cm for top body.
In graphics 8 we present the distribution of contact stresses σy over the contact
surface for Node-to-surface cotact and standart mortar methods. Black line is used
for distribution of contact stress for the �rst body, red line - for distribution of
contact stress for the second body.

Figure 7: System of thwo bars

As seen in the graphics, node-to-
surface contact method gives di�er-
ence of stress to the entire contact sur-
face. Standart mortar method gives
accurate contact stresses in the center
of the system of bars, however,corner
point, than bigger oscillations are and
its amplitude is greater than in the
node-to-surface contact method.
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Node-to-surface contact method Standart mortar method

Figure 8: Distribution of contact stress, step h = 0.08 and h = 0.1

2.3.2 Two same-sized solid bars
contact with mismatching meshes

Consider a contact problem with the same-sized bars to show the di�erence between
standart mortar and advanced mortar methods (pic.7).
One solid bar lies on another one. The �rst one lies on the smooth surface. The
second bar is loaded with a force p.
Problem is symmetrical, so we consider only a half of the area. This way, component
x of displacement in the left side of both bars and component y of displacement int
the bottom of �rst bar equals to zero.

Table 5: Input parameters

l1 l2 h1 h2 ν1 ν2 E1 E2 p
10 cm 10 cm 3 cm 3 cm 0.3 0.3 700 GPa 70 GPa 50 MPa

Consider the problem with mismatching meshes. Step is 0.12 sm for bottom body
and 0.15 sm for top body.
In graphics 9 we present the distribution of contact stresses σy over the contact
surface for Node-to-surface contact and standart mortar methods. Black line is
used for distribution of contact stress for the �rst body, red line - for distribution of
contact stress for the second body.

Standart mortar method Advanced mortar method

Figure 9: Distribution of contact stress, step h = 0.12 and h = 0.15
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There is an analitic solution for this problem: σy = p. Standart mortar method
gives oscillations in the contact surface. Advanced mortar method gives practically
exact solution.

3 Conclusion

Methods for solving elastic frictionless contact problems are considered. Finite ele-
ment method for numerical modeling and Lagrange multiplier method with di�erent
variants of presenting is used. Node-to-surface contact method, standart and ad-
vanced mortar method are described.
Mortar methods are more �t the physic parametres of the problem than node-to-
surface contact method. But there are oscillations of stress during the contact
surface. Node-to-surface contact method has di�erence between numerical and the-
oretical stress to the entire contact surface. Standart mortar method gives accurate
contact stresses in the center of the system of bars, however, oscillations is appear
to closer to the corner point and its amplitude is greater than in the node-to-surface
contact method. Advanced mortar method gives smoother results, but in some class
if problems.
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Abstract

It is well known that the miniaturizing of modern mechanical systems
toward micrometer or even nanometer length scale requires new equations
for describing the mechanical and material behavior. The need for became
evident from several experiments [7, 2]. Classical/traditional elasticity theory
of continuum mechanics can not explain material behavior in this length scales
(size e�ect). This is why generalized continuum theories are used to overcome
these limits [2, 3, 4]. Also, lower computing time can be achieved by using
generalized continuum theories for simulation models.

There are di�erent reasons why experiments have to be performed for gen-
eralized continua. On the one hand new parameters show up in generalized
continuum material equations. If one wants to use these equations, for ex-
ample in a simulation study, these parameters have to been measured and
determined in experiments before [7, 2, 3, 8]. On the other hand, simula-
tions using generalized continuum models can be validated by experiments,
provided that all parameters are known [5]. Unfortunately experimental data
in the literature covering the size e�ect in elasticity is very rare. Some basic
research on an Euler beam made out of epoxy is presented in [7, 8]. Other
fundamental work was performed by [2] using atomic-force-microscopy and
micro-Raman-microscopy on silicon nitride in a loading test.

In the recent past new experimental techniques have been developed to
use generalized continuum theories [3, 5, 6]. Di�erent experimental setups,
di�erent materials, and di�erent structures were used [7, 3, 5, 6, 7, 8]. This
state-of-the-art-report gives an overview on the di�erent experimental tech-
niques that have been applied to di�erent generalized continuum theories. An
outlook into future investigations will also be given.

1 Introduction

Modern mechanical and electrical systems are rapidly becoming smaller. Micrometer
or nanometer length scaled systems require new mathematical theories and material
equations. Liebold, for example, proved in [2] that Young's Modulus of epoxy is
increasing if the size of the target is in or below the micrometer scale. The reason of
this behavior lies in the substructure of the target. These intrinsic characteristics,
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which lead to this kind of mechanical behavior, are summarized by the term size
e�ect. Classical/traditional elasticity theory of continuum mechanics can not explain
material behavior in this length scales. That is why generalized continuum theories
are used to overcome these limits.
An convincing example to illustrate the problem is a �nite element simulation of
materials showing small scale phenomena: Models of technical structures classically
use equations based on the traditional Cauchy-Boltzmann continuum and require
a very detailed mesh if details in small structures need to be analyzed. This leads to
higher computing time and associated higher costs. Alternatively, by using equations
developed out of generalized continuum theories, a low-detail mesh can be used to
get the same results. The computing costs are much less.
In the literature, some experiments applied to generalized continuum theories can
be found [7, 2, 3, 5, 7, 8, 10, 14, 15]. Examples for generalized continuum theories
are the strain-gradient-theory [17, 18], the micromorphic theory [4, 16, 17], and the
surface-theory [19, 20], just to mention the most popular ones. When studying these
theories more intensively, two main families of generalized continua representing
extensions to the Cauchy continuum can be identi�ed - the micromorphic theory
and the strain gradient theory. In micromorphic theory the intrinsic deformation is
described by so-called directors. These vectors represent the deformation and the
orientation of the material particles. The micromorphic continuum can be simpli�ed
to the micro-stretch continuum when the directors become orthogonal. The micro-
stretch continuum can be simpli�ed further to the popular micropolar continuum
when the directors do not change their value in length (so that just the rotation is
described by the directors). If desired, micropolar theory can be also transferred
to couple-stress-theory. Then the constitutive equations for an isotropic solid read
[13, 16, 4, 6]:

σij = 2Gεij + λεkkδij + κeijk(rk − φk) , µij = αφk,kδij + βφi,j + γφj,i . (1)

σij is the force-stress tensor (here antisymmetric in contrast to classical theory),
µij is the couple stress tensor (in general antisymmetric), G is the shear modulus,
εij = 1

2
(ui,j + uj,i) is the small strain tensor, uj is the displacement vector, and φi

and ri are the micro- and the macrorotation vector, respectively. φi refers to the ro-
tation of points themselves, while ri refers to the rotation associated with movement
of nearby points [6]. eijk is the permutation symbol, δij is the Kronecker symbol.
The Einstein summation convention is valid for repeated indices and a comma
denotes di�erentiation. α , β , γ and κ are the so-called independent Cosserat con-
stants (in classical theory these constants and the couple stress tensor become zero,
just the Lam�e constants stay). The couple-stress-theory represents the mostly used
extension to the Cauchy continuum in literature. By the use of special restric-
tions, the strain gradient theory can be simpli�ed to the modi�ed strain gradient
theory and transferred into the couple stress theory as well as the micromorphic
theory mentioned before. Also, surface theories, such as the core-shell-theory, gain
in importance in the �eld of generalized continua. Based on the idea that the elastic
behavior of a solid's surface is independent of its volume, these theories are even
able to describe a negative size e�ect (meaning, a softer elastic response to external
forces or deformations during the reduction of the dimensions of the specimen). This
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behavior is shown in [15] for example.
Finally, two well-known and actively developed generalized continuum theories are
the higher gradient [2, 15] and the micropolar theories [4, 13]. During the deriva-
tion of these theories additional constitutive equations are formulated, which include
new and unknown speci�c parameters (e.g., the couple stress tensor). Two possibil-
ities in order to identify these new parameters are given by performing miniature
experiments as well as macroscopic experiments. By choosing a special adjusted ex-
perimental setup applied on the explicit generalized continuum theory it is possible
to localize and to determine the unknown parameters. Experiments on solids are
mostly performed in static or dynamic beam loading tests. However, not just solids
[16, 4] but also liquids or gases [24, 21, 23, 22] can be investigated. Hence there are
a lot of di�erent reasons why experiments have to be performed for generalized con-
tinua. On the one hand side newly identi�ed parameters have to been measured and
determined in experiments [7, 2, 3, 8], and on the other hand parameters obtained
from theory or numerical analysis have to been validated by experiments [15, 5].

2 State of the Art

This section should give an overview of examples of the most important publications
over the last years in the �eld of experiments applied on generalized continuum
theories. Because of limited space not every publication related to this topic will be
discussed.

2.1 Lam et al. 2003: Miniature beams

To �nd experimental data on the size e�ect in the literature is di�cult. Some ba-
sic research on a miniaturized Euler beam made of epoxy is presented in �Ex-
periments and theory in strain gradient elasticity� by Lam et al. (2003) in [7].

Figure 1: A beam with an
applied force or moment at
the free end from [7]

A simple thin cantilever beam bending test on epoxy
was developed by using nano-indentation (see Fig-
ure 1). The load-de�ection dependence of the beam
can be classically described by:

w0 =
Q̄a3

3D′0h
3
. (2)

When strain gradients e�ects are considered, the
load-de�ection dependence becomes according to [7]:

w0 ≈
Q̄a3

3D′h3
. (3)

In classical bending theory, the bending rigidity D′0 is independent of the length and
thickness of the beam. But here a new strain gradient theory was developed: The
higher-order bending rigidity D′ becomes dependent of the thickness h and of the
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material length scale parameters li of the beam:

D′ = D′0[1+(
bh
h

)2] , D′0 =
E

12ϕ
, b2

h = 6(1−2ϑ)l20 +
2

5
(4−ϑ)l21 +3(1−ϑ)l22 . (4)

Figure 2: Plot of bending rigidity
over thickness from [7]

The higher-order bending parameter is bh,
which includes the dependent length scale pa-
rameters li. D′0 is a bending sti�ness param-
eter, which is independent of the geometry of
the beam with ϕ = 1− ϑ2 for plain strain and
ϕ = 1 for plane stress. ϑ is Poisson's ratio, a
is the distance between the load and the mount-
ing and h is the thickness of the beam.
The bending rigidity D′ is plotted over the
thickness h in Figure 2. Obviously, the bending
sti�ness is enlarged by a factor 2.4 if the height
of the beam is reduced from 115µm to 20µm.
The measured size e�ect �ts to the developed
higher-order bending solutions and cannot be
described by classical elasticity. Consequently,

this work shows that strain gradients can be a very powerful and important tool in
order to determine parameters that describe the size e�ect in small-scale structures.

2.2 Wei et al. 2001: Strain-gradient plasticity applied to in-
dentation tests

Figure 3: Experimental results
(dots) and predicted results (line)
for di�erent lengths L: plot of
hardness over depth for single
crystal copper from [10]

Another experiment used in context with strain
gradient plasticity theory, which uses micro-
indentation (instead of nano-indentation as
mentioned above), was performed in [10] on
single crystal copper plates (and also with alu-
minum, which is not considered further in this
article): Based on strain gradient plasticity
theory, the size e�ect was predicted by means
of the �nite element method for evaluation of
experimental micro-indentation tests. Results
for the hardness/depth relation are shown in
Figure 3. It can be seen that the size e�ect
is very pronounced, if the indentation depth
is smaller than the micro-scale of the material
(particularly, if the indentation depth is smaller
than 1/3 of the micro-scale). Finally it was
shown that the size e�ect, which occurred in
the experiments, can be described su�ciently
by strain gradient plasticity theory.
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2.3 Dell'Isola et al. 2015: Pantographic beam structures

In the recent past new experimental techniques have been developed with the objec-
tive of working toward making generalized continuum theories useful for technology
[3, 5, 6, 12]. Di�erent experimental setups, di�erent materials, and di�erent struc-
tures were used [7, 3, 5, 6, 7, 8, 10, 14].

Figure 4: 3D-Model of the
lattice structure from [5]

A particularly promising experiment was performed
by [5] last year in �Designing a light fabric meta-
material being highly macroscopically tough under di-
rectional extension: First experimental evidence,� in-
�uenced by and based on the thoughts of Placidi
et al. [12]. So-called pantographic structures have
been designed and afterwards manufactured by 3D-
prototyping, using the material PA 2200 (polyamide
powder). Two families of inextensible ��bers," which
can also be treated as beams, are printed in two
arrays orthogonal to other other in parallel planes, which are then superim-
posed. The parallel planes are interconnected by cylinders (elastic pivots) of
small height. A model of this pantographic lattice is shown in Figure 4.

Figure 5: Force-
displacement plot of
di�erent energy models in
numerical simulation from
[5]

The Pipkin continuum model (for further information
of the Rivlin-Pipkin decomposition of plane displace-
ment of continua see [25, 26, 27]) is used to estimate
the behavior of the samples during a biaxial extension
test in numerical simulations. Here, the elastic pivots
are described by the �rst-gradient (in displacement)
dependence of the deformation energy density. The
bending sti�ness of the �bers is described by a second-
gradient dependence (in displacement). Finally, four
deformation energy densities were used for the numer-
ical simulation. The force-displacement plot for the
considered energy models of the elastic simulation is
shown in Figure 5 for a specimen, one side of which
is three times longer than the other. It can be recog-
nized, that the resultant force increases when the limit
of maximum elongation is reached because of the in-
extensibility constraint. Finally, based on the results
of the simulation, the experimental measurements of
the aforementioned pantographic structures have been
designed. Three samples with di�erent pivot heights
and di�erent pivot diameters were investigated. We
concentrate on sample 2 (0.5mm height and 0.9mm
diameter). Real macroscopic tensile tests were performed, resulting in an elonga-
tion along the direction of the shorter sides of the pantographic samples (an example
of sample 2 is given in Figure 6). The beams at the lower right corner experience a
large elongation between the pivots marked with two black points. In this region, the
bending energy of �bers is concentrated (traction stress of approximately 200MPa).
This could not be shown in the numerical simulations.
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Figure 6: Tensile test of sample 2 from [5]: (a) before �rst beam failure, (b) after
breakage of the �ber in the upper left corner, (c)�(f) damage of further �bers

Figure 7: Force over displace-
ment plot of sample 2 from [5]

The three points, which are arranged in a tri-
angle, visualize the shear angle (one in the mid-
dle and another one on the bottom in Figure 6).
These angles are obviously not constant during
the deformation.Furthermore, in Figure 6 the mo-
ment of �rst beam failure can be recognized when
sample 2 is subjected to increasing stretch. Fig-
ure 6b shows a rupture of a beam in the upper
left corner. From Figure 6c through Figure 6f
more and more beams and pivots fail. In Fig-
ure 7 force over displacement is plotted with its
characteristic points corresponding to the loading steps from Figure 6a through 6f.

Figure 8: Numeri-
cal analysis of wave
propagation from
[11]

In general, toughness can be de�ned as the amount of en-
ergy needed to lead it to failure. By looking at Figure 7,
the failure of the pantographic lattice is visualized by the lo-
cal minima in the plot. Surprisingly after one failure within
the structure, which was subjected to external loading, the
specimen �recovers� and is able to carry even higher loads
than before. Because of the complex geometry the beams
reorganize themselves, resulting in an increasing resistance
to elongation. Hence, the maximum energy before reaching
�nal failure is greater than the maximum of elastic energy
that can be stored in the developed specimen [5]. Conse-
quently, it is likely that this newly developed structure will
serve as an extremely tough metamaterial [5]. Other conceiv-
able applications for pantographic 2D sheets are discussed
in [11]. There a dynamic analysis of pantographic sheets
(where the beams are connected via hinges) is presented.

Figure 8 shows an example of wave propagation as a consequence of an imposed
time-dependent longitudinal displacement at the right side of the sheet [11]. It is
shown that the homogenized limit of this structure is best modeled by a second gra-
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dient theory instead of a classic continuum. Three other dynamic analyses have been
performed, which will not be discussed in this article. Summarizing one may say that
the combination of high mechanical strength, lightness, and �exibility makes these
structures extremely attractive for technical solutions in lightweight constructions,
for space/aircraft technology, or for the medical industry.

2.4 Kong et al. 2009: Static and dynamic analysis of mi-
crobeams

Figure 9: Static plot of de�ections over
the ratio of length to thickness for dif-
ferent thickness values and di�erent the-
ories from [14]

Another static and dynamic simulation-
analysis was conducted by Kong et al.
(2009) in [14]. Based on strain gra-
dient theory from Lam et al. [7] mi-
crobeams were investigated. The newly
developed model contained three addi-
tional material length-scale-parameters.
A static and a dynamic analysis was
performed based on the assumption
that all length-scale-parameters are the
same and that the thickness of the
beam is approximately equal to the
material length-scale-parameter (h =
20µm, l = 17.6µm). The nu-
merical analyses are shown in Fig-
ure 9 for a static simulation (de�ec-
tion vs. ratio of length to thick-
ness) and in Figure 10 for a dy-
namic simulation (natural frequency vs. the ratio of length to thickness).

Figure 10: Dynamic plot of natural
frequencies over the ratio of length to
thickness for di�erent thickness values
and di�erent theories from [14]: a) �rst
natural frequencies, b) second, c) third,
d) fourth

The static analysis shows that the de-
�ection of the beam predicted by classi-
cal beam theory is about 12 times higher
than the one predicted by strain gradi-
ent elastic beam theory for the small-
est thickness (see Figure 9a). Classical
beam theory can only predict the de�ec-
tion of the beam with the biggest thick-
ness with su�cient accuracy (see Fig-
ure 9d). The dynamic analysis showed
that the natural frequencies of the beam
predicted by strain gradient elastic beam
theory are about 3.5 times higher than
the ones predicted by classical beam the-
ory (see Figure 10). If the thickness of
the beam is of the size of the material
length-scale-parameter, the beam de�ec-
tions decrease and the natural frequen-
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cies increase [14]. If the thickness is much
higher than the length-scale-parameter,
the size e�ects almost vanish.

2.5 Lakes et al. 2015: Foams

(a) Inner structure of
�rst investigated foam
from [6], scale bar is
5mm.

(b) Structure of second investigated foam dur-
ing bending of the beam from [6].

Figure 11: The structures of the investigated foams are shown: a) Open cell
polyurethane foam with a cell size of about 1.2mm, b) Bent test beam of foam
with a cell size of about 0.4mm

Fundamental work on experiments in context with generalized continuum theories
was presented in 1995 and 2015 in [7, 6]. Experimental methods for determining the
six Cosserat elastic constants of isotropic solids with size e�ects were considered.
Inter alia Cosserat elasticity [13], micromorphic elasticity and nonlocal elasticity
was used. It has been shown, for example, that polycrystalline and particulate type

Figure 12: Experimental data and its �t is shown as a plot of deformation over
position from [6], the plot of larger cell-sized foam is demonstrated on the left side
and the one of the smaller cell-sized foam is demonstrated on the right side

material microstructures behave nearly classically (like a metal or an amorphous
polymer) and that the behavior of several cellular solids can be characterized by
Cosserat elasticity. A bending test was conducted in [6], where bars of open
cell reticulated polyurethane foams were examined. Two foams, distinguishable by
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cell size, were investigated: One foam with an average cell size of 1.2mm is shown
in Figure 11a, while the other foam with 0.4mm cell size is shown in Figure 11b.
Bending was achieved by bringing the ends of cemented stalks into contact. The
displacement of the surface was measured via digital photography. Figure 12 shows
the experimental results for both foams where deformation is plotted vs. position
(without deformation due to tilting because of lack of su�cient image processing).

Figure 13: Analytical solution based
on the Cosserat model developed
by [6]

A sinusoidal bulge deformation in both spec-
imen can be recognized from the lateral
side. The magnitude of deformation for
the larger cell foam is bigger then the one
for the foam with the smaller cells. This
suggests a local length scale e�ect. The
foam with the 1.2mm-sized cells has a ra-
tio for the moduli in the di�erent direc-
tions of 1.6 and is therefore anisotropic,
the foam with the 0.4mm-sized cells has a
Poisson's ratio of approximately 0.3 and is
considered as isotropic. An approximated
three-dimensional Cosserat bending solu-
tion was developed for the isotropic material
and compared to experimental measurements of the isotropic foam (with 0.4mm-
sized cells). The analytical Cosserat solution is shown in Figure 13. By comparing
Figure 13 with the right plot of Figure 12 it can be recognized that the observed
behavior in the experiments �ts very well to the analytical solution (qualitatively
as well as quantitatively). This reveals the presence of Cosserat elastic e�ects.
Hence, macroscopical experiments can lead to the determination of unknown pa-
rameters, which show up in generalized continuum theories.

2.6 Liebold et al. 2015 and 2016: AFM and Micro-Raman-
spectroscopy

(a) Plot of elastic modulus over thickness for
epoxy from [15].

(b) Plot of elastic modulus over thickness
for SU-8 polymer from [15].

Figure 14: Evaluated �ts of the used generalized continum theories and averaged
results of the measured elastic modulus of: a) epoxy b) SU-8 polymer
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Further experimental work in the �elds of generalized continua was performed by
Liebold in 2015 [2] and in 2016 [15] by using atomic-force-microscopy and micro-
Raman-microscopy on epoxy as well as on the polymer SU-8 during bending tests
with the help of the Euler-Bernoulli beam model.

Figure 15: Plot of elastic modulus over thick-
ness of drilled aluminium sample obtained from
frequency measurements from [15]

Also, a vibration analysis for
measuring eigenfrequencies of
macroscopically sized pieces of
aluminum foams as well as an
aluminum bar with arti�cial het-
erogenities was obtained. Mod-
i�ed strain gradient theory, mi-
cropolar theory, and couple stress
theory, as well as the core-surface
model (surface elasticity) and the
core-shell model (surface layer)
have been developed. The last
model was developed because it
is even able to characterize neg-
ative size e�ects in contrast to

higher-order theories. The averaged results from measurements of the elastic modu-
lus of epoxy and evaluated �t functions for parameters of the generalized continuum
theories are plotted in Figure 14a. The ones for the SU-8 polymer are plotted in
Figure 14b.

Figure 16: Plot of elastic modulus over thickness (on the left side), width (in the
middle) and length (on the right side) of two aluminium foams, which where inves-
tigated in vibration analysis from [15]

Figure 17: A multiscale-graph: Normalized
elastic modulus is plotted over the thickness
for all materials from [15]

It can be recognized that exper-
imentally measured values match
the values of the numerical func-
tions of the generalized contin-
uum models very well. The re-
sults of the frequency measure-
ments of the elastic modulus of
the aluminum with arti�cial het-
erogenities and the evaluation of
the �t functions from the general-
ized continuum theories are plot-
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ted in Figure 15. Experimental
values �t particularly well when
using the surface elasticity model.

The �t functions of the core-shell model of the aluminum foams are plotted in
Figure 16. The results from the frequency analysis point up a negative size e�ect. It
is re�ected in a softer elastic response when outer dimensions of a body are reduced
[15]. The arrows in Figure 16 highlight the values which di�er from the ratio of
length/width = 10. Consequently, a dependence of the width can be established.

Figure 18: Elastic modulus is plotted over the length for epoxy (on the left side)
and for SU-8 polymer (on the right side) for di�erent thicknesses from [15]

To visualize the size e�ect of all materials used in this work in a better way, the
normalized elastic modulus is plotted for all di�erent materials over the thickness
in Figure 17. The dependence of measured elastic moduli to the length of the beam
for epoxy and SU-8 polymer is made obvious in Figure 18: The shorter the length
of the beam, the smaller the elastic modulus. But no model is able to describe
the dependence of the elastic modulus from both, the length and the thickness of a
beam.
With the macroscopic samples of drilled aluminum, it could be shown, that the
parameter l is of the order of the physical dimension of the internal structure, i.e,
the diameter of the holes. No size e�ect was observed during tensile testing of epoxy
samples of the same thickness. This was also reported by [7].

3 Conclusion and Outlook

An overview of the developments of di�erent experimental techniques applied on
generalized continuum theories in the recent past was given. Noticeably, micropolar
theory and higher-strain-gradient theory are one of the most used theories for char-
acterizing size e�ects [15]. There are di�erent experimental techniques, macroscopic
as well as small scale experiments, which are capable of determining the speci�c
higher material parameters pertinent to generalized continuum theories. New type
of structures, such as the pantographic ones developed in [5], lead to new technical
opportunities for strong lightweight materials. This is important in the space and
aircraft as well as automobile or medicine industries, where inexpensive and light
materials are of high importance and great urgency. Moreover, it should be men-
tioned that numerical analyses, which use generalized continuum models, should be
improved to get more knowledge of how to develop and construct new experiments
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to investigate, for example, new lightweight materials or the size e�ects in nano-
and microstructures. In the recent past, mostly models for isotropic solids were de-
veloped, but also anisotropic solids or even �uids and gases should be investigated
more intensively in the future [4, 22].
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Abstract

Polymers and various composites on their basis have long and successfully
used in a variety of industries. Currently one of the most promising directions
for further improvement of their mechanical and operational characteristics
associated with di�erent types of nanoparticles as a �ller, i.e. the creation
of nanostructured materials. Atomic force microscopy (AFM) is one of the
most promising tools for the study of such materials internal structure. Its
principal advantage is that the AFM allows to obtain information not only
on the morphology of the matter structure at the nanoscale level, but also
on its local physical and mechanical properties (which, as experience shows,
may di�er signi�cantly from what we see at the macro level). The successful
development of modern nanotechnologies in materials science is not possible
without this knowledge.

Atomic force microscopy also allows to explore local strength properties
of nanostructured materials. Appropriate experimental studies of the nanos-
tructure of elastomers and elastomeric nanocomposites, pre-stretched at the
macro level until prescission states were held in ICMM UB RAS. Experiments
have shown that the interaction of the AFM probe with previously deformed
surface di�ers substantially from that observed in samples unloaded. Most of
the standard models used for interpretation of the results of AFM scanning,
are based on the solution of the classical problem of Hertz contact between
a rigid sphere and a �at linearly elastic half-space, which does not take into
account the given factor.

Model studies of contact interaction between the AFM probe and the sur-
face of uniaxially stretched polymer sample were carried out to assess emerging
errors. Two types of materials have been considered: 1) neo-Hookean mate-
rial; 2) real natural rubber NR0-799A (its mechanical properties were approx-
imated by Ogden potential). Contact boundary problem on pressing of hard
cone probe with a rounded tip (probe) in a nonlinearly elastic surface has been
solved for this purpose. At calculations the sample was subjected to uniaxial
tension before the probe indentation. Pre-stretching elongation ratio varied
from 1 to 7. The problem was solved in a three-dimensional formulation, �-
nite element method was used. As a result the dependencies between elastic

162



Determination of nanoscale mechanical properties of rubbers under uniaxial
stretching by means atomic force microscopy

reaction force on the indenter F , the indentation depth of the AFM probe into
the material u and pre-stretching elongation ratio of the sample λs were built.

Calculations showed that the indentation force essentially depends on the
pre-stretching of the sample, with the relationship between F and λs is nonlin-
ear. The more deformed polymer is the more it manifests itself. These results
are planned further to use in the study of the destruction of nanostructured
polymer materials with the help of atomic force microscopy.

Using advanced nanostructured materials in modern industry we need more pro-
found knowledge of their internal structure and physical properties at micro, meso
and nanolevels. Atomic force microscope (AFM) is one of the most promising tools
to solve this problem [1, 2]. The force interaction between investigated surface and
the cantilever beam (cantilever) with a sharp silicon probe at the free end underlies
of its work. Typically, this probe (indenter) has a conical shape with rounded apex.
The length of the beam is around 100�200 microns, the height of the cone is equal to
1�3 microns, tip radius (de�ning measurement accuracy) varies from 10 to 100 nm.
Three operating modes of an atomic force microscopy are determined depending
on the interaction between cantilever and sample surface: contact, non-contact and
semi-contact. The greatest interest for the materials science is the contact mode
(power or indentation mode) when the top of the probe is in direct contact with the
surface and pressed monotonically into a specimen surface [3]. This mode allows to
obtain information not only about the surface topography but also local mechanical
properties at micro and nanoscale [4, 5, 6, 7], which can be very much di�erent from
the macroscopic characteristics [8].
AFM probe scans the surface of the test sample in an experiment. Obtained thereby
data are the relationship between the coordinates of scanning points, the reaction
force acting on the probe and the depth of indentation. These results of themselves
are not su�ciently informative. Therefore the further theoretical decoding involving
various physical and mechanical models is required (taking into account the various
factors that a�ect the interaction of the probe and the surface, as well as additional
knowledge about the research subject) [9, 10].
Atomic force microscopy allows you also to investigate the local strength prop-
erties of nanostructured materials. Experimental studies of the nanostructure of
elastomers and elastomeric nanocomposites, pre-stretched at the macro level until
prescission state, were carried out in ICMM UB RAS [11]. It was established that
nano�bers (nanostrands) with mechanical properties di�erent on characteristics of
the base material can be formed in the top of the microcrack and the interaction
of the AFM probe and the pre-deformed surface di�ers substantially from that ob-
served in samples unloaded.
Standard software supplied to decrypt the atomic force scanning (AFM), based
mainly on the models using Hertz classical solution of the contact between rigid
sphere and a linearly elastic �at halfspace [12, 13]. In case of pre-loaded specimens
these methods should be used with great caution for the following reasons: At �rst,
the Hertz solution takes no account of that halfspace can be deformed previously.
Secondly, the studied polymers are "soft" non-linear elastic materials, that is, an
AFM probe can be pressed into the surface under study to a considerable depth
(thereby the theory of �nite deformations must be used).
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The computer modeling of the AFM probe indentation in pre-stretched non linear
elastic specimen was carried out to evaluate arising due to this errors in decoding
results of AFM scanning. Mechanical response of the interaction was determined
from the solution of the contact boundary value problem of pressing a hard cone
with rounded apex in a soft elastic surface. Calculated scheme is shown in Fig. 1.
The sample was subjected to a uniaxial pre-deformation (λs is the extension ratio of
pre-stretching). Solution was sought by �nite element method (in 3D formulation).
Mechanical properties of elastomer were described by using various elastic potentials.
As a result, dependences of the elastic reaction force F on mechanical properties of
the sample material and geometric characteristics of the probe (tip radius R and
cone angle α) were calculated. Typical values of R=10 nm and α = 40◦ for modern
probes were taken in the calculations.

Figure 1: Calculated scheme of the model study of AFM probe indentation in pre-loaded
specimen

Fig. 2 shows the dependence of F (u, λs) when the mechanical properties of the
polymer sample are described by neo-Hookean potential (Es is the Young's initial
modulus). Extension ratio λs was varied from 1 to 7 (tension) and from 1 to 0.45
(compression). The �nite element mesh was composed of linear tetrahedral elements
(polymer � about 250,000 elements, the probe � 25000). It was found that pre-
deformation of the surface signi�cantly a�ects the reaction force of the probe F for
su�ciently large stretchings and not so much at small. For example, at the depth
of probe indentation u = 0.5R force F for λs = 5 increases 2.67 times compared
with the case λs = 1, but for sample extension λs = 2 the increase was only 16%.
Clear from the graph that the reaction force F on indentation the probe into a pre-
compressed polymer with decreasing values of λs weakens. This can be explained
by the fact that uniaxial compression of the body (e.g., a cube) with free lateral
boundaries is equivalent to biaxially stretched on other faces. That is, pressing at
λs < 1 is equivalent to the case of indentation into material, stretched along mutually
perpendicular directions.
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Figure 2: The interaction of the AFM probe with uniaxially deformed polymer sample
(neo-Hooke). Solid lines � stretching, dashed lines � compression

Similar model studies were also carried out for the real elastomer (natural rubber
NR0-799). As before, the contact boundary value problem of the AFM probe inden-
tation in the polymer was solved using �nite element method (in 3D setting). The
�nite element mesh composed of the same linear tetrahedral elements was similar
to the previous neo-Hookean version.
Mechanical macro uniaxial tensile test (sevenfold elongation of the sample) was
carried out to determine the elastic properties of this rubber. The resulting strain
curves were approximated by Ogden potential of the 2nd order (N = 2) [14, 15].
Approximation error was less than 2%.

wOgden =
N∑
i=1

2µi
α2
i

(
λ̄αi1 + λ̄αi2 + λ̄αi3 − 3

)
+

N∑
i=1

1

Di

(
Jel − 1

)2i
,

where Jel = λ1λ2λ3, λ̄n = J−1/3λn are deviators of principal extensions λn. Di are
material parameters responsible for the thermal expansion. The initial shear mod-
ulus µ0, bulk modulus K0, as well as the initial Young's modulus E0 and Poisson's
ratio ν0 (for the sample µs = µ0, Ks = K0, Es = E0, ν=ν0) are expressed through
the parameters of Ogden potential as

µs =
N∑
i=1

µi, Ks =
2

D1

, Es =
9Ksµs

3Ks + µs
, νs =

3Ks − 2µs
6Ks + 2µs

.

The depedence of nominal stess σ0 on the sample extention ratio λ in uniaxial tension
is shown in Fig. 3. The values of Ogden potential parameters were determined from
this curve. They are given in Table 1.

Table 1. Parameters of Ogden elastic potential for natural rubber NR0-799A

i = 1, N µi, MPa αi Di, MPa−1

1 +7.269567E-17 +7.28334893 5.3885E-1
2 +7.473002E-2 -3.19357443 0.0
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Figure 3: Approximation of the real stress�strain dependence (dashed line) for natural
rubber NR0-799A by means Ogden potential (solid line)

Fig. 4 shows dependences of the reaction force on the probe F on the indentation
depth u in the pre-stretched samples of natural rubber NR0-799A. The pre-stretched
extension ratio λs has ranged from 1 to 7.

Figure 4: Model dependences of the force pressing an AFM probe into a sample of the
natural NR0-799A rubber on the indentation depth u and pre-stretched extension ratio λs

Comparing these results with the neo-Hookean material showed that in natural
rubber the pre-stretching of material considerably stronger e�ect on the process of
probe indentation. For example, in case of λs=7, and u=20 nm in the reaction force
F for natural rubber increases almost by 30 times as compared to not pre-stretched
sample, whereas for neo-Hookean material the increase is about 6 times. That is to
say this factor a�ects the process of AFM probe indentation and consequently the
determination of material nanoscale elastic characteristics very essentially.
Obtained dependences are planned to be used in 2016 for the correct interpretation
of the results of AFM scanning pre-stretched real natural rubber, i.e. in studying
the processes of its destruction at nano and micro levels.
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Abstract

The results of experimental and theoretical studies of the mechanical prop-
erties of nanocomposites based on polyethylene �lled with ultrathin �akes of
modi�ed clay (montmorillonite) are presented. Experimental studies were car-
ried out using a special technique, based on the cyclic deformation of the sam-
ple in the mode: stretching � stress relaxation � reducing the strain to some
predetermined constant value of tensile strength � again relaxation � the next
cycle of deformation. Each subsequent cycle is made with increasing ampli-
tude in the deformations. The calculations were executed using structural-
phenomenological model describing elastic- viscous-plastic behavior of �nite-
deformable medium. The model is based on a di�erential approach to the
construction of constitutive equations of material mechanical behavior with
the help of symbolic schemes. The model symbolic schema consists of two
parallel branches containing two serially connected elements: a) the elastic
and plastic, b) the elastic and viscous. As a result, theoretical deformation
and relaxation dependences of model parameters that characterize the change
in the elastic, viscous and plastic properties of the composite during deforma-
tion were obtained. Comparison of calculated and experimental dependences
showed that they are practically identical.

Polymer clay nanocomposites is a promising class of industrial materials. At present
time they are the subject of intense basic and applied research [1, 2]. The main ad-
vantages of �lled polyole�ns compared to metal products are light weight (low mass
density), high corrosion resistance, good heat and electrical insulation properties.
These materials are easy to various kinds of mechanical machining and well molded.
They are thermoplastic, that is, they are easy to recycle, and then re-used to make
new products, which is important from an environmental point of view. Disadvan-
tages include a lower strength, so the plastic parts are usually used as elements of
designs, and mechanisms where the load is relatively small.
The object of these studies were nanocomposites based on polyethylene (semicrys-
talline polymer) �lled with nanoparticles of a modi�ed clay (montmorillonite). The
�ller particles have a shape of ultrathin �akes: thickness about 1 nm, characteristic
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transverse size � from 30 nm to several microns. These materials are characterized
by a complex mechanical behavior, showing well-de�ned elastic-plastic and visco-
elastic properties during deformation. The experimental and theoretical study of
these properties is the subject of this work.
Experimental studies were carried out using a special technique based on cyclic
uniaxial loading of the sample with increased amplitude of strain at each step.
This type of test is used for the study of polymers, when you want to get in one
experiment data not only on the elastic, but also the viscous or plastic material
properties [3, 4, 5, 6]. Novelty of the proposed test method consists in entering
relaxation stops into the loading cycle when the direction of the motion of gripping
clamps changes [7]. This mode allowed to clearly separate the visco-elastic and
elastic-plastic behavior of the sample and to obtain all necessary input data for
further theoretical studies.
The calculations were carried out using structural-phenomenological model describ-
ing elastic- viscous-plastic behavior of �nite-deformable structural-heterogeneous
medium. The model is based on a di�erential approach to the construction of
constitutive equations of material mechanical behavior with the help of symbolic
schemes. The mathematical apparatus of mechanics of nonlinear �nite deforma-
tions involving Runge�Kutta computing method and Nelder�Mead simplex method
[8] are used. Additive decomposition of the strain rate tensors (elastic, viscous and
plastic) by analogy with the decomposition proposed by Palmov for elastoplastic
medium [9] is used at construction of constitutive equations. One major advan-
tage of the additive decomposition is that in this case the dissipation inequality is
satis�ed automatically [10], so these math expressions are always correct from the
point of view of thermodynamics. Algorithm for automated selection of the model
parameters from experimental curves of cyclic loading and relaxation dependences
is realized in the software suite MatLab.

1 Experiment and computer modeling

The widespread industrial polyethylene PE 107-02K �lled by clay ultrathin
nano�akes (modi�ed montmorillonite brand Clousite 20A) was taken as a main
research object. The �ller concentration ϕ was varied from 0 to 15%-mas. Mechan-
ical tests were carried out using a tensile testing machine Testometric FS100kN CT
and a mechanical sensor LC100.
Each cycle of the loading program includes the following operations:
1) stretching to some value exceeding the maximum strain obtained in the pre-

vious cycle;
2) stop of the gripping clamps for a given time for stress relaxation;
3) unloading up to the given (but not zero) stress;
4) again stop of the gripping clamps for relaxation (the same time period);
5) termination of the cycle and beginning of the next cycle (with increasing strain

amplitude).
The speed of motion of the gripping clamps under loading�unloading was set 100%
per minute. The relaxation time was equal to 10 minutes. The test program con-
sisted of 8 cycles at maximum strain 10%, 20%, 30%, 40%, 60%, 80%, 100%, and
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120%. The tensile force during unloading was reduced to 0.6 MPa at each cycle.
The possibility of transverse bending of the sample during the return stroke of grips
due to error of the force sensor was excluded by this � sample remained stretched all
the test time. As a result, the dependencies of experimental stresses on strain and
time (relaxation curves) were obtained for nanocomposites with �ller concentration
0, 5, 10 and 15%-mas.
The proposed phenomenological model of the elastic-viscous-plastic medium is a
further development of the di�erential approach to the construction of constitutive
equations based on the interpretation of the mechanical behavior of the material with
the help of symbolic schemes. Previously, this approach has been used to describe
the elastic-plastic behavior of polymers. The results of modeling the elastic-plastic
properties of nanocomposites based on the polyole�n matrix and ultra�ne �ller of
layered clay minerals (smectites) are presented in [11]. Further, this model has been
modernized, which allows us to take into account the changes in the volume of the
polymer due to the accumulation of internal damage (micro debondings) [12].
This approach was extended to the modeling of not only plastic, but viscous polymer
properties of the medium in 2014�2015. Detailed description of this variant of the
model is given in [7, 13]. The symbolic model scheme (Fig. 1) consists of two parallel
branches containing two serially connected elements: a) elastic (1) and plastic (3),
b) elastic (2) and viscous (4). Tensor equations that specify the properties of the
medium correspond to each element. Stresses in the elements in each branch are the
same, and strain rates are summed to such combination of elements. The overall
stress in the material is the sum of stresses in the branches, and strain rates in the
branches are equal to the total rate of deformation of the material. That is, the
additive decomposition of the strain rate tensor (elastic, viscous and plastic) was
used in the model.

Figure 1: Symbolic scheme of elastic-viscous-plastic model

It was assumed that the elastic-plastic branch simulates displacements, destruction
or rearrangement of agglomerates of crystallites (more rigid than the amorphous
phase) and �ller particles (i.e. irreversible changes in the material structure). The
visco-elastic one describes the �ow of the amorphous polymer between the lamellae
inside crystallites and in the space around the crystallites and particles [14, 15].
The equations of the nonlinear elasticity theory are used to calculate stress tensors
in elastic elements 1 and 2. It is assumed that the body volume and temperature
in the deformation process do not change, and the elastic properties of the mate-
rial are described by the neo-Hookean potential. The mechanical properties of the
plastic element are determined by analogy with the basic Prandtl-Reuss equations
of plastic �ow. To close the system of equations de�ning the plastic features of the
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material, proportional relation between the deviators of strain rate tensors of the
plastic element D3 and the entire medium D was used:√

D3 ·D3 = κ
√

devD · devD,

where κ is the nonnegative parameter (hereinafter the plasticity parameter) indi-
cating the portion of plastic deformation rate in the total deformation rate of the
medium. So, if κ = 0 the material behaves as an elastic, at 0 < κ < 1 � as the
elastic-plastic with hardening, the case when κ = 1 corresponds to perfect plasticity,
and �nally, when κ > 1, the load curve becomes a falling, that is the softening of
material occurs.
For the yield function Φ, the medium intensity of the medium left stretch tensor V
is used:

Φ =
√

devV · devV.

In the case of the incompressible uniaxially loaded material, λ1 = λ,
λ2 = λ3 = λ−1/2, it can be written as

Φ =
√

2/3
(
λ−

√
1/λ
)
.

For the viscous element, the stress tensor T4 and its deviator are determined by
formula

T4 = 2ηD4 − σ0I, devT4 = 2ηdevD4 = 2ηD4,

Where η is the shear viscosity, σ0 = 1/3trT4 is the mean normal stress or negative
pressure.
Thus, to describe the nonlinear elastic-viscous-plastic behavior of the polymer using
this model, we need to know the following four dependencies: C1(q), C2(q), κ(q)
and η(q), where q = max Φ (V) � invariant measure of deformation (the analog
of the Odkvist hardening parameter [16] of the classical theory of plasticity that
characterizes the accumulated plastic strain). Choosing q as a deformation measure
was caused by the fact that in the process of loading its value can only increase
or remain constant (in contrast to the elongation ratio λ). Thus the condition of
irreversibility of the changes of the above model parameters is de�ned in the model.
These four dependencies were determined from the analysis of relevant experimental
data.
C1(q) is an elastic parameter (the neo-Hookean sti�ness of the �rst element), which
depends on the irreversible structural rearrangements during deformation (processes
that lead to the appearance of residual plastic deformations). Sti�ness of the second
elastic element C1(q), de�ning the elastic properties of amorphous polymer phase,
that relied unchanged during deformation, was considered constant and taken equal
to 10 MPa.

2 Results discussion

The experimental data obtained in the above described experiments were theoret-
ically treated using this elastic-viscous-plastic model. This allowed to make quan-
titative estimates of the processes of development of plastic and viscous �ows in
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these polymeric/clay composites depending on the nano�ller concentration. A com-
parison of the calculated and experimental results shows that they are practically
identical. This is indicative of the fact that the conclusions from the analysis of the
�ndings of model parameters are close to reality. Depending of the true stress σ on
the sample elongation ratio λ for �ller concentrations 0, 5, 10 and 15%-mas. are
shown in Fig. 2. Calculated dependences of the model parameters C1, κ and η of q
are shown in Figures 3, 4 and 5 relatively.

As for elastic properties, in all cases, the sti�ness C1 initially drop sharply, and then
again begin to grow (but with much less intensity). The calculations showed that
increasing the �ller concentration in the polymer increases the natural sti�ness of
the composite. It is interesting that there is a signi�cant convergence of dependency
C1(q), corresponding to di�erent values of ϕ with the increase of plastic deforma-
tion in the sample. Most likely, this is due to the development of the structural
orientation processes: translation and rotation of crystallite agglomerates and �ller
particles.

For un�lled and �lled systems the plasticity parameter κ at the elastic stage of
deformation (elastic zone corresponds to q < 0.24 that is similar to λ < 1.2) are
close to zero, then its monotonic increase occurs. For pure polymer the values of κ
approach 1 for q equal to about 0.85 (λ = 1.8), i.e. deformation becomes completely
plastic. As for the �lled systems κ values even exceed 1 (in physical sense, this
corresponds to the material softening). The greater the value of ϕ, the curves κ(q)
are higher. All curves go up sharply with a further increase in q (λ > 2) when the
plastic neck formation begins. The plastic neck causes the mechanical inhomogeneity
along the sample, but the model does not take it into account. This stage is beyond
the scope of this model, and this e�ect, and we did not studied it.

As for dependencies between viscosity and deformation in all cases η increases mono-
tonically throughout the load range, and the �ller input enhances viscosity of the
system (as should be expected).
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Figure 2: Strain cyclic loading curves for PE 107-02K �lled by clay nanoparticles:
a) ϕ=0%-mas.; b) 5%-mas.; c) 10%-mas.; d) 15%-mas. Black lines � calculation, gray

lines � experiment.

Figure 3: Calculated dependences of elastic parameter C1 on q for PE 107-02K �lled by
clay nanoparticles: 1) ϕ=0%-mas.; 2) 5%-mas.; 3) 10%-mas.; 4) 15%-mas.

Figure 4: Calculated dependences of plasticity parameter κ on q for PE 107-02K �lled by
clay nanoparticles: 1) ϕ=0%-mas.; 2) 5%-mas.; 3) 10%-mas.; 4) 15%-mas.
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Figure 5: Calculated dependences of viscosity η on q for PE 107-02K �lled by clay
nanoparticles: 1) ϕ=0%-mas.; 2) 5%-mas.; 3) 10%-mas.; 4) 15%-mas.

The studies carried out in this work demonstrated the adequacy and validity of the
proposed model for investigation of the elastic-viscous-plastic properties nanoclay
�lled polymers. Combining experimental and theoretical modeling allowed evalu-
ating the development of plasticity and viscosity during the deformation of these
materials not only qualitatively but also quantitatively.
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Abstract

In this contribution a new damping approach of friction-induced self-
excited vibrations is presented. The idea is to extent the conventional drive
control system with an additional parallel compensator. For this purpose a
mathematical model of a generic two degree-of-freedom electromechanical sys-
tem with a nonlinear friction curve and a classical cascade drive control is
investigated. It has been shown that the classical cascade approach can not
solve the problem of self-excited vibrations without an additional sensors or
redesign of feedback control law. However, utilizing the parallel compensation
as an extension for conventional control scheme gives promising results.

1 Introduction

In many electromechanical systems a number of di�erent frictional e�ects has to be
taken into account. In some cases, when the friction curve has a negative slope [1, 2],
self-excited oscillations may occur [3, 4, 5]. In most cases these oscillations decrease
the operational performance and can lead to mechanical breakdowns. Their occur-
rence has been reported in di�erent areas, e.g. rail transport, metal-working ma-
chinery, bridge cranes, rolling mills, industrial robots, drilling systems etc. [3, 6, 7].
In order to solve the described problem several approaches have been proposed
[6, 8, 9]. All of them are based on designing a complex control law. However the
majority of electric drive systems are equipped with power converters which have
their own software and conventional drive control system. Implementing a new con-
trol law in this case becomes di�cult and thus increases costs considerably.
In this contribution a di�erent approach will be presented allowing the application
of standard drive control systems. The closed loop stability can be preserved ap-
plying an additional compensator acting in parallel with the drive control system.
For this purpose, a generic two degree-of-freedom electromechanical system with a
nonlinear friction curve and conventional cascade drive control is studied. The par-
allel compensator augmenting the conventional feedback control system is derived
by straightforward root locus design.
The contribution is structured as follows: in section 2 the mathematical model of a
generic electromechanical two degree-of-freedom (DoF) system with nonlinear fric-
tion curve is introduced and analyzed. In section 3 the main problems applying
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standard control approaches are presented. In section 4 the design procedure for an
appropriate parallel compensator is proposed.

2 Mathematical modelling and stability

As a simple simulation model a prototypic electromechanical system with two DoF
and nonlinear friction curve is studied (Fig. 1). Here, the �rst mass is actuated by
the DC motor with separately excited �eld winding whereas friction loads are acting
on the second mass. The equations of motion can be represented as follows:

J1
dω1(t)

dt
= τ1(t)− τy(t), (1)

τy(t) = c12

t∫
0

(ω1(τ)− ω2(τ))dτ + b12(ω1(t)− ω2(t)), (2)

J2
dω2(t)

dt
= τy(t)− ω2(t)τf (ω2), (3)

where J1 and J2 are inertial masses of the drive system and the actuator, ω1(t) and
ω2(t) are angular velocities of two masses, c12 and b12 are torsional sti�ness and
damping of linear spring connection between masses, τ1(t) is the drive torque, τy(t)
is the elastic torque and τf (ω2) is the friction load torque function depending on the
second mass angular velocity.

Figure 1: Two DoF electromechanical system with nonlinear friction load

The governing equation of DC motor armature circuit can be derived based on
Kirchho�'s voltage law:

ua(t) = em(t) +Raia(t) + La
dia(t)

dt
, (4)

where ua(t) and ia(t) are armature voltage and current, Ra and La are armature
resistance and inductance and em(t) is electromotive force.
Assuming that the magnetic �eld is �xed, electrical and mechanical system variables
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can be coupled as:

ω1(t) =
1

kmψe
em(t), (5)

ω0(t) =
1

kmψe
ua(t), (6)

τ1(t) = kmψeia(t), (7)

where km is DC motor ratio, ψe is constant magnetic �eld �ow and ω0(t) is non-
loaded angular velocity.
As in equations 1, 2, 3 the motor torque τ1(t) is de�ned as acting variable, a relation
between the motor velocity and the motor torque should be derived. Taking into
account relations 5, 6, 7 the equation 4 can be reformulated as:

τ1(t) = βω0(t)− βω1(t)− Te
dτ1(t)

dt
, (8)

where β = (kmψe)
2/Ra is the slope of the motor mechanical curve and Te = La/Ra

is the electromagnetic time constant of the armature circuit.
Modeling of friction loads for a speci�c system is typically a non-trivial task, due to
the limited understanding of the friction phenomenon at hand. This often results in
high uncertainties and time variance of model quality. However, for this study the
presence of a negative slope region in the friction curve is su�cient to result in the
occurrence of instabilities and limit cycles. That is why for a qualitative analysis a
simple piecewise linear approximation of a humped friction model with the Stribeck
e�ect can be used (Fig. 2) [3, 9]. Nominal numerical values for this piecewise ap-
proximation are given in equation 9. This kind of approximation allows to divide
the curve into speci�c regions and to deal with the linear system in certain region
preserving a nonlinear behavior globally. For each curve region the slope parameter
for linear model can be expressed as bsn = ∆τf/∆ωs.

Figure 2: Friction curve

τf (ωs) =


50ωs , 0 < ωs < 5 rad/s

−1.2ωs + 255 , 5 < ωs < 155 rad/s

100 , 155 < ωs < 165 rad/s

1.43ωs − 135.7 , 165 < ωs < 200 rad/s

(9)
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Applying the Laplace transformation, the above modeling equations 1, 2, 3 and 8
can be represented for a certain region of operating points in terms of the Laplace
variable s.

ω1(s) =
1

J1s
(τ1(s)− τy(s)), (10)

τy(s) =
c12

s
(ω1(s)− ω2(s)) + b12(ω1(s)− ω2(s)), (11)

ω2(s) =
1

J2s
(τy(s)− ω2(s)bsn), (12)

τ1(s) =
β

Tes+ 1
(ω0(s)− ω1(s)). (13)

The equivalent block diagram is illustrated in Fig. 3.
As has been mentioned above, the source of instability in the model is, from a
mathematical point of view, the occurrence of the negative slope ratio bsn for spe-
ci�c regions of the friction velocity curve. For the linear piecewise curve (Fig. 2)
the unstable dynamics can occur for the region of operating points between angular
velocities ωs1 and ωs2. This phenomenon, i.e. the decrease of the friction torque for
an increased velocity, results in a further acceleration assuming a constant motor
torque. In practical applications negative slope of the friction curve occurs only in
a limited region and would therefore prevent the system from speeding up in�nitely.
Nevertheless, this mechanism of instability may result in limit cycles, i.e. nonlinear
oscillations with high amplitudes, which is a frequently observed phenomenon lead-
ing to decreased system performance and damages.

Figure 3: Block diagram of two DoF's electromechanical system

In order to analyze the stability properties of linearized system (Fig. 3), poles lo-
cation of the transfer function G(s) = ω2(s)/ω0(s) for a set of nominal parameter
values (Tab. 6) and for varying uncertain slope ratio −1 < bsn < 0.1 has been
obtained. As can be seen from Fig. 4, the transfer function has one real and one
complex pole pair. It should be also stressed, that the fast pole at s = −10 is not
depicted in �gure and its location does not depend on the ratio bsn. From Fig. 4 it
also becomes apparent that for small negative friction coe�cients, i.e. bsn < - 0.1,
the complex pole pair moves into the right-half plane (RHP) which results in an
unstable system dynamics. It should be emphasized that this instability is a local
e�ect for the described linear system resulting globally in nonlinear oscillations.
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Te 0.1 [s]
β 0.5 [(V /(rad s))2/Ω]
J1 3 [kg m2]
J2 2 [kg m2]
c12 100 [Nm/rad]
b12 0 [Nm s/rad]
ω0 100 [rad/s]

Table 6: System model parameters

Figure 4: Root locus for slope variations (bsn = 0.1 (black) and bsn = −1 (gray))

3 Problem of standard control approaches and zero

dynamics

3.1 Conventional electric drive control system

In the modern machines and mechanisms design controlled electric drives have be-
come a quasi-standard. In order to control the electric energy �ow, these drive sys-
tems are equipped with power converters based on thyristor or transistor schemes.
In most cases manufacturers provide a complex product augmenting their convert-
ers by a fully-parameterizable standard control system and a manufacture-speci�c
software solution. Although, such a design allows fast engineering solutions in many
application cases, whereas implementation of non-standard control laws by the user
is at least di�cult if not impossible.
Velocity control of the electric drive is one of the classical tasks for di�erent elec-
tromechanical systems. In this case the cascade control with PI controllers is the
most widely used control structure (Fig. 5). It includes an inner current (or some-
times torque) control loop Gi(s) and an outer velocity control loop Gω(s). The inner
controller Ci,P I(s) for the motor current plant Pi(s) is designed �rst, after which the
outer controller Cω,PI(s) for the whole plant Gi(s) and Pω(s) is designed.
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Figure 5: Standard cascade control

The electrical subsystem Pi(s) is classically represented by two �rst order systems,
the recti�er associated with the time constant Tµ and the electrical part of the mo-
tor (eq. 13) with the time constant Te, where Tµ � Te. As the motor torque τ1(t)
has been de�ned as acting variable, the open loop plant Pi(s) should also consider
relations 6 and 7. For the current controller a standard PI control structure is
chosen.

Pi(s) =
ia(s)

uc(s)
=

1

Tµs+ 1

β

Tes+ 1

1

(kmψe)2
, (14)

Ci,P I(s) =
uc(s)

ei(s)
= ki

Tis+ 1

Tis
. (15)

Here, uc(s) is the controller voltage, ei(s) is the measured inner loop error, ki and
Ti are the PI-controller parameters.
Applying the modulus (magnitude) optimum tuning procedure [10] as a standard
controller design procedure for electric drive systems PI-controller parameters are
given by ki = Te(kmψe)

2/(2Tµβ) and Ti = Te. Here, the main idea is to compensate
the largest time constant Te in order to achieve fast reference tracking.
In a second step the outer controller is designed for the closed inner loop Gi(s) and
the mechanical motor subsystem Pω(s) = (kmψe)/(J1s). In order to achieve both
good reference tracking and disturbance rejection the parameters of the velocity
PI-controller can be adjusted according to the symmetrical optimum so that kω =
J1/(4Tµkmψe) and Tω = 8Tµ.

Cω,PI(s) =
ia,r(s)

eω(s)
= kω

Tωs+ 1

Tωs
(16)

Using these tunings for both loops with a reference pre�lter Gr(s) = 1/(8Tµs + 1)
gives an overshoot of approximately 8% and a settling time of approximately 26 Tµ
[10, 11].
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kmψe 1 [-]
Tµ 0.01 [s]
ki 10 [-]
Ti 0.1 [s]
kv 75 [-]
Tv 0.08 [s]
Tr 0.08 [s]

Table 7: Control system parameters

3.2 Problem of unstable zero dynamics

The above described conventional control scheme and tuning procedures are widely
used by engineering companies in practice. The velocity measurements in electrome-
chanical systems are often provided with incremental or optical sensors on the motor
shaft. A direct velocity measurements on the working element of the mechanisms
increase costs and are often complicated or even impossible. From the theoretical
point of view this means that the �rst mass velocity can be measured for electrome-
chanical systems with more than one DoF only.
In order to investigate the behavior of the cascade control scheme for the two DoF
electromechanical system with friction, the transfer function for the overall system,
i.e. including the inner current loop Gi(s), the two DoF system with frictional load
and the inner counter electromotive force feedback, has to be obtained. Taking into
account the models from Fig. 3 and Fig. 5, the open loop velocity transfer function
can be expressed as:

Pω,m(s) =
ω1(s)

ia,r(s)
=
kiβ(Tes+ 1)(J2s

2 + bsns+ c12)

Q(s)
, (17)

where Q(s) is the polynomial of the open loop plant denominator.
In order to study the overall dynamic behavior the above presented velocity con-
troller Cω,PI(s) with the pre�lter Gr(s) is applied to the transfer function 17. Taking
into account model parameters from Tab. 6, Tab. 7 and the nominal value of slope
coe�cient bsn = −1.2 for a falling region of curve (eq. 9) the resulting pole-zero plot
is depicted in Fig. 6. As can be seen the closed loop system has two RHP poles and
is hence unstable. It should be stressed that this problem exists due to the presence
of RHP zeros in the numerator term J2s

2 + bsns+ c12 of the equation 17 which occur
for slope ratio bsn < 0. Systems with unstable zero dynamics, i.e. possessing RHP
zeros, are challenging from a control point of view as they are well-known to be
unstable under high controller gains and the locations of system zeros are invariant
with respect to feedback.
A conventional solution approach would involve a full controller redesign increasing
the overall control system complexity signi�cantly. However, as has been mentioned
above implementation of new control structures in electric drive system is in most
cases expensive and time-consuming. In this contribution a di�erent approach will
be presented allowing the application of a standard drive control system augmented
by an additional parallel compensator as illustrated in Fig. 7. Here, the �rst step
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Figure 6: Pole-zero plot of the closed loop system applying a conventional velocity
control

is to design an appropriate parallel compensator stabilizing the friction-induced un-
stable zero dynamics. Secondly, the standard feedback controller may be retuned in
order to stabilize RHP poles.

Figure 7: Overall control structure

4 Parallel compensator design

In order to in�uence the stability behavior of the zero dynamics an appropriate
parallel compensator as depicted in Fig. 8 has to be designed [12].
In case of a single-input single-output system the associated transfer function G(s)
can be separated into four fractions

G(s) =
N+(s)N−(s)

D+(s)D−(s)
, (18)

where N+(s) andD+(s) contain the left-half plane (LHP) zeros and poles and N−(s)
and D−(s) the RHP zeros and poles. It is assumed that the parallel compensator
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Figure 8: Parallel compensator

consists of the fractions containing all plant poles and zeros in the left half plane,
i.e. N+(s) and D+(s), plus two additional fractions Nc(s) and Dc(s).

Gpc(s) =
N+(s)Nc(s)

D+(s)Dc(s)
. (19)

The parallel connection of the plant G(s) and the parallel compensator Gpc(s) results
in

Gs(s) = G(s) +Gpc(s) =
N+(s) [N−(s)Dc(s) +Nc(s)D

−(s)]

D+(s)D−(s)Dc(s)
. (20)

It can be shown that the design of a parallel compensator stabilizing the unstable
zero dynamics is equivalent to designing a controller Gc = Nc(s)/Dc(s) which sta-
bilizes the virtual plant Gvir(s) = D−(s)/N−(s).
Taking into account the aforementioned nominal parameters the plant transfer func-
tion (17) can be calculated as:

G(s) =
1666.7(s2 − 0.6s+ 50)

(s− 0.24)(s2 − 0.35s+ 83.19)(s2 + 99.96s+ 4998)
. (21)

Here, the system can be separated into the following stable and unstable fractions

N−(s) = s2 − 0.6s+ 50, (22)

D−(s) = (s− 0.24)(s2 − 0.35s+ 83.19), (23)

N+(s) = 1666.7, (24)

D+(s) = (s2 + 99.96s+ 4998). (25)

In order to achieve stable zero dynamics the following polynomial should have no
RHP zeros:

1 +Gc(s)Gvir(s) = 1 +Gc(s)
(s− 0.24)(s2 − 0.35s+ 83.19)

s2 − 0.6s+ 50
. (26)

Applying the root locus feedback design procedure for the virtual plant Gvir an
appropriate controller as a simple gain Gc = 0.11 can be designed which results in
the following parallel compensator considering equation 19

Gpc(s) =
183.34

(s2 + 99.96s+ 4998)
. (27)
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Applying the designed compensator hence yields a new system with locally stable
zero dynamics. In this speci�c example no additional controller retuning is needed
and hence the above presented PI-controller can be used. Simulation results with and
without the designed parallel compensator are depicted in Fig. 9 (right) and (left),
respectively. As can be seen in Fig. 9 (left), assuming piecewise linear approximation
of friction curve (eq. 9) the aforementioned unstable zero dynamics leads to system
instability and the occurrence of nonlinear oscillations.

Figure 9: Angular velocities of the �rst (solid black) and second (dotted gray) masses
without (left) and with (right) parallel compensator

Conclusion and future work

A new damping approach of friction-induced self-excited vibrations has been pro-
posed. The mathematical model of two degree-of-freedom electromechanical system
with the nonlinear friction curve and the classical cascade velocity PI-control for
electric drive system has been investigated. It has been shown that conventional
control approaches may result in the occurrence of self-excited vibrations requiring
a controller redesign and often a time-consuming reimplementation. In order to
overcome this problem the design of a parallel compensator stabilizing the unstable
zero dynamics has been proposed in this contribution.
As has been mentioned, exact friction behavior is often unknown or time-varying.
Hence, application of robust or adaptive methods for compensator design is an in-
teresting �eld for future research.
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Abstract

A robust computational material model for rock salt with a stochastic
approach for Young's modulus is developed to predict rock salt behavior during
a creep test. The uncertain input data as well as the unknown displacement
�elds are described by Hermite polynomial chaos. The numerical problem
is solved using Stochastic Finite Element Procedure. The material model is
able to reproduce the experimental results during the two �rst creep periodes
including the scattering of experimental creep curves.

Keywords: Stochastic Finite Element Method, Polynomial Chaos, Creep Test,
Viscoelastic, Rock Salt

1 Introduction

Old salt domes are used as reservoirs for toxic and nuclear waste in Germany. Nu-
clear waste has a long half-life time, so the mechanical stability of salt domes has
to be guaranteed for a long period. In the last decades, a large expertise in the me-
chanical behavior of rock salt was gained. This led to a variety of material models,
which may be based on a macroscopic phenomenological approach [1], derived from
Burger's modi�ed model [2], or from micromechanics using the composite dilatancy
model [3, 4, 5, 6] for examples.
However, from experimental results obtained during creep tests for rock salt from
Asse mine in Germany [7] reproduced in Figure 1 it can be seen that the material
properties are subject to large variation as also observed by [4, 8]. The goal of this
paper is to reproduce this creep test including the scattering of experimental data
by introducing a stochastic material model for rock salt.

2 Origin of uncertainties

To analyze numerically the behaviour of rock salt, we refer to a material model
based on di�erent established works from the literature [7, 9, 5, 6].
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Figure 1: Experimental uniaxial creep test for three samples of Asse rock salt re-
produced after [7]

2.1 Material model

The analysis of the creep test can be split into three parts as illustrated in Fig-
ure 2 [10]. During the primary creep period (I), the dislocations move in the lattice
structure of the crystal salt. The strain rate is relatively high, but it slows down by
increasing time. In the secondary or steady-state creep period (II) the dislocation
density increases leading to an increasing resistance. The strain rate is nearly con-
stant. The tertiary creep period (III) is characterized by an exponentially increasing
of the strain rate. We focus here only on the two �rst creep periods to reproduce
the experimental results previously presented.

Figure 2: Analysis of the creep behavior of rock salt

The material model is based on an additive split of the strain tensor ε:

ε = εel + εv + εcr. (1)
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The elastic strain tensor εel and the viscous strain tensor εv describe the primary
creep period. The steady-state creep period is described by the creep strain tensor
εcr. We can reproduce the viscoelastic part for one-dimensional systems by springs
of sti�nesses Ei and dampers of coe�cients ηi using a generalized Maxwell model
and the following free energy function [9]:

ψ(ε, qi) = W ◦(ε) +

NMW∑
i=1

qi · ε̃+ Ξ

(
NMW∑
i=1

qi

)
. (2)

The function W ◦ is the initial stored energy function. The internal variables qi
characterize the viscoelastic response and ε̃ = ε − 1

3
tr(ε) is the deviatoric strain.

NMW is the number of Maxwell elements. We consider one spring of sti�ness E∞
connected in parallel with two Maxwell elements whose sti�nesses are respectively
E1 and E2. The total Young modulus E is computed as a summation of all single
Young's modulus:

E = E∞ +
2∑
i=0

Ei. (3)

The creep behavior of rock salt for the deviatoric part of the creep strain tensor is
described by Norton's law:

˙̃εcr = A exp

(
−Q
RT

)
·
(
σvM

)N
, (4)

where N is a material parameter and σvM denotes the von Mises stress. The tem-
perature dependency of the creep curve is described by Arrhenius equation, which
is linked multiplicative with the creep rates. The pre-exponential factor A is deter-
mined by experiments. R denotes the universal gas constant and T the absolute
temperature. The macroscopic activation energy Q is provided by [5].

Experiments [7, 6] show that for rock salt, the volumetric deformation depends
on the state of stress in comparison with the dilatancy boundary. This material
behavior is described by the functional rv introduced in [7]:

rv =

3
[
τokt−τD
σokt

]2

for τokt > τD

0 otherwise.
(5)

The function τD represents the dilatancy boundary equation [7]. τokt is the octahe-
dral shear stress and σokt is the octahedral normal stress. When the state of stress
is below the dilatancy boundary, the deformation is at constant volume, otherwise
arises the volumetric part of the creep strain tensor de�ned as:

ε̇cr,vol = rv ˙̃εcr. (6)
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In loosened rock salt the moisture has a big in�uence on the creep rate. This
behavior is modeled by the following equations [7]:

fΦ = cΦ1 sinh (cΦ2 Φ) ,

fc =


[
1 +

(
σ3
σu

)cfc1 τokt]−( cfc2

1+( τoktσu )

)2

for σ3 ≥ 0

1 otherwise,

Fh = 1 + fΦ fc.

(7)

The factor Fh, which is linked multiplicative with the creep rates, sets together two
e�ects. The �rst part fΦ describes the in�uence of relative humidity Φ on the creep
rate. The second one fc takes into account the in�uence of minimum principal stress
σ3 and the octahedral shear stress τokt. The other components in this equation are
material parameters de�ned by [6].

To predict the primary and the secondary creep behavior of rock salt over long time
the evolution equations must be solved e�ciently by numerical techniques. We ap-
ply �nite element technique to an axisymmetric geometrical model to reduce the
computational e�orts. We use for the primary creep periode the algorithm intro-
duced in [9] and for the secondary creep periode the one proposed in [11].

2.2 Identifying the random parameters

The three uniaxial creep tests performed by [7] have the same set up with an axial
stress equal to 11 MPa, see Figure 1. We investigate which material parameters have
to be considered di�erent for the three rock salt samples to reproduce consistently
the scattering of the experimental curves.
Based on Equation 4 we can see that a scattering of the material parameters A or N
or of the relative humidity Φ changes the slope of the secondary creep period, which
is contradictory with the experimental results. The sti�ness of the �rst spring E∞
in the generalized Maxwell model characterizes the asymptotic solution εv(t = ∞)
for the second creep period. For this reason the free energy function in Equation 2
will be stochastically distributed assuming an uncertain Young's modulus E∞. The
stochastic approaches chosen to describe E∞ as a random �eld and to solve the
stochastic �nite element problem are introduced in the following section.

3 Stochastic Finite Element Approach

For solving the boundary value problem, we use the stochastic �nite element method
[12] with the aid of polynomial chaos expansions to describe the input random �eld
E∞(θ) as well as the displacement random �eld u(θ). Each random quantity is
characterized by θ.
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3.1 Representation of the random input

The Young modulus E∞(θ) is approximated as a Hermite polynomial chaos (PC)
series expansion:

E∞(θ) ≈
p∑
i=0

aiHi (ξ(θ)) , (8)

where p is the order of Hermite polynomials Hi de�ned as in [13]:

Hi (x) = (−1)i
1

ϕ (E∞)

diϕ (x)

dxi
, (9)

ϕ (x) = 1√
2π
e−

x2

2 is the standard normal probability density function (PDF). To
compute the coe�cients ai in Equation 8, we use the projection method [13]. The
Hermite polynomials are orthogonal with respect to the Gaussian measure. For a
probability space with dimension M equals to 1 one obtains

E[E∞Hi (ξ(θ))] = ai E[H2
i (ξ(θ))], (10)

where E is the mean operator and E[H2
i (ξ(θ))] = i!. With help of the transformation

to the standard normal space E∞ → ξ : Fx(E∞) = Φ(ξ(θ)), we can write the random
variable as following:

E∞ (ξ(θ)) = F−1
x (Φ(ξ(θ))). (11)

The coe�cients {ai, i = 0, ...,∞} are computed as:

ai =
1

i!
E[[E∞ (ξ(θ))Hi (ξ(θ))] =

1

i!

∫
R
F−1
x (Φ(t))Hi(t)ϕ(t)dt. (12)

Therefore, for the speci�c cases of normal or log-normal distributions, we get:

if E∞(θ) ≡ N (µE∞ , σE∞), a0 = µE∞ , a1 = σE∞ , ai = 0 for i ≥ 0

if E∞(θ) ≡ LN (λE∞ , ζE∞), ai =
ζ iE∞
i!

exp

[
λE∞ +

1

2
ζ2
E∞

]
for i ≥ 0,

(13)

where the index i goes from 0 to P the dimension of PC basis. The parameters
λE∞ , ζE∞ for log-normal distributions depend on the mean and the standard devia-
tion see [13]. The size P of the polynomial chaos basis is given by:

P =
(M + p)!

M !p!
. (14)

Based on the independence of the random variable ξ(θ) inside the PC expansion,
we can compute the multi-dimensional basis:

ψα =
M∏
i=1

Hαi , (15)
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Figure 3: Two realizations of Young's modulus [GPa] �eld for a rock salt sample.

with αi ≥ 0 and
∑M

i=1 αi ≤ p as a product of one-dimensional basis. An illustrative
transmission of an urn problem is introduced in [13]. Thus the PC can be written
as:

E∞ =
P−1∑
i=0

Ê∞i
ψi (ξ(θ)) , (16)

where Ê∞ is the deterministic PC-coe�cient.
The considered creep test results are not statistically representative to have a
trustable representation of material uncertainties, a large number of experimen-
tal data would be required. We assume for E∞ a normal (N) or a lognormal (LN)
distribution. The mean of the Young modulus µE∞ is estimated as the parameter
reproducing the mean of the three experimental results, i.e. µE∞ = 2, 140 GPa.
The standard deviation σE∞ is computed such that at least about 60 % of the prob-
abilistic creep test results are between the two extreme experimental curves i.e.
σE∞ = 0, 535 GPa.
In Figure 3 two realizations of the Young modulus random �eld (µE = 37, 8 GPa
and σE = 0, 535 GPa) are shown over the cross section x = 30mm for a polynomial
chaos basis up to order 2. For all the Gauss points, Young's modulus values are
scattered around the mean value, which is represented by a dashed line.

3.2 Estimation of the random displacement �eld

The linearization of the deterministic discrete FEM for static problems yields a
linear system of size Nd ×Nd where Nd is the number of degrees of freedom in the
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FEM geometry:

K∆u = r − rint, (17)

K is the total sti�ness matrix, u is the displacement �eld, r and rint are respectively
the vectors of external and internal forces.
In the stochastic �nite element model we assume the loading and the geometry
as certain. We introduce input random variables for material properties as a PC
expansion:

K(θ)∆u(θ) = r − rint(θ), (18)

where K(θ) is the stochastic sti�ness matrix. Details to compute the total sti�ness
matrix can be found in [12, 13, 14]. By expanding each component of the unknown
displacement �eld as:

u(θ) ≈
P−1∑
i=0

uiψi (ξ(θ)) , (19)

we get the following discretized problem:

P−1∑
i=0

K̂iψi (ξ)
P−1∑
j=0

∆ûjψj (ξ) =
P−1∑
j=0

r̂jψj (ξ)−
P−1∑
j=0

r̂intj ψj (ξ) (20)

where ·̂ represents the nodal discretization. The resulting linear system: K0,0 · · · K0,P−1
...

. . .
...

K0−1,0 · · · KP−1,P−1

 ·
 ∆u0

...
∆uP−1

 =

 r1
...

rP−1

−
 r

int
1
...

rintP−1

 (21)

has a size (Nd ∗ P ) × (Nd ∗ P ). The mean value contribution is contained in the
main diagonal elements [13]. Considering a probability space of dimension 1, the
size of the linear system is (Nd ∗ (p+1)!

p!
)× (Nd ∗ (p+1)!

p!
). The size of the linear system

is largely increased considering random input data. For a case using 156 nodes, the
size of the deterministic sti�ness matrix is 312×312, whereas for a polynomial chaos
of order 1, the size of the stochastic sti�ness matrix is 624×624. But, these matrices
are symmetric and sparse matrices.
To solve the large system of equation, we can choose to use a direct solver or an
iterative scheme as for example the Gauss-Seidel PC solver introduced in [15, 16].
The advantage of the direct solver is that the equation system must be solved only
one time but it may face memory problems for very large sti�ness matrix. Here,
as we tackle an axisymmetric case with a unique random �eld, we can use a direct
solver for this calculation.

4 Numerical results for the creep test

We reproduce the creep test using the parameters listed in Table 8:

194



A Stochastic Finite Element Approach on Creep of Rock Salt

Parameter Value Unit
µE 2.140 GPa
σE 0.535 GPa
P 3 -

Distribution log-normal -
Realizations 300 -

Table 8: Stochastic parameters

The results of the stochastic �nite element calculation of the creep test are illus-
trated in Figure 4. The robust stochastic numerical model for rock salt allows to
reproduce the test for a time period of 900 days. The dashed line represents the
mean of the deformation of the rock salt sample. With the assumed distribution
(see Section 3.1), 64, 2 % of the stochastic deformation lies between the two extreme
experimental curves reproduced by the black lines.

Figure 4: Distribution of strain �eld

195



Proceedings of XLIV International Summer School � Conference APM 2016

4.1 Convergence of the expected value

We investigate the convergence of our computations with respect to the number of
realizations. The calculation parameters are summarized in Table 9:

Parameter Value Unit
µE∞ 2.140 GPa
σE∞ 0.535 GPa
r 2 -

Realizations [3,...,2187] -

Table 9: Stochastic parameters

Figures 5a and 5b show the means of Young's modulus E∞ in [GPa] and of the
deformation in [%] at 900 days. The convergence behavior for the input and out-
put random �elds are quite similar. We consider they reach an acceptable error
for 200 realizations. By increasing the number of realizations, the computational
time becomes larger. From three to 2000 realizations, the computational times has
been multiplied by nine. For further computations we consider a number of 300
realizations as a good compromise between accuracy and computing time. As we

Figure 5: Convergence of the expected value for the input parameter and the defor-
mation.

assume here an axisymmetric geometry, we impose a priori a speci�c structure for
the random �eld. So, we also investigate the results considering the Young modulus
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as a random variable and a homogeneous �eld. We see that this assumption does
not in�uence the results largely. Homogeneous �eld using a unique random variable
convergences by around 500 realizations whereas the computations for random �eld
converge by around 200 realizations to the expected value. For this simple creep
test, a homogeneous �eld allows to describe correctly the behavior. The develop-
ment of the random �eld has been done as a preparation to compute damage for
the third creep period.

5 Conclusions

In this paper, we have presented a numerically robust stochastic material model to
predict the creep behavior for rock salt. We can reproduce the creep tests shown in
[7] and [6].
Here, we have considered homogeneous random �elds. We could extend our com-
putations to heterogeneous random �elds to include for example some localized
impurities. Further work is to simulate the third creep period of the experimental
tests and to predict the damage in real salt domes within a stochastic framework.
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Abstract

Fatigue assessment of tubular structures in various applications according
current design codes is based on S-N criteria with uncertain characterization of
the damage. In case the crack is detected residual service life may be estimated
by applying the Linear fracture mechanics techniques, again, with incomplete
de�ning the exhaustion of life. An approximate procedure based on application
of the Strain-life criterion for fatigue failure and of the �nite element modeling
of successive damage accumulation is implemented for evaluation of fatigue
life of tubular components under the cyclic loading. The procedure allows
assessment of fatigue life from the moment structure is put into service up to
the through crack development in the shell, or alternatively, up to the onset of
fast fracture conditions. E�ciency of the approach is illustrated in example of
fatigue life evaluation of the pipeline component subjected to internal pulsating
pressure.

1 Introduction

The current rules for fatigue design of structures are based on application of the S-N
(Stress-Life) approaches which presume assumption that material of a structure de-
forms elastically in service loading conditions. The mechanics of fatigue damage of
a material is implied (not de�nitely speci�ed) as built into the design S-N curves
based on analysis of results of fatigue testing of the base material and typi�ed welded
joints (e.g., [1]). Speci�c of the testing procedure is the termination of test when
initiated and growing fatigue crack notably a�ects the specimen compliance preced-
ing complete fracture. Respectively, when the test data are applied to assessment
of fatigue resistance of a structural detail, the state of damage, corresponding crack
size occurs uncertain.
When in the service conditions fatigue crack is detected the residual fatigue life of
a structure is recommended to estimate by using the Linear fracture mechanics ap-
proach, i.e. by evaluation of the stress intensity factor values through the anticipated
crack progress in a�ected component and further by integrating the Paris equation.
However, the stress intensities may be calculated only if the stress �eld at the crack
tip (or the crack front) is characterized by singularity. When the crack initiated,
e.g., in a tubular component or in a pipe shell, would approach the back face of
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the shell, the stress �eld in ligament becomes non-singular, at relative depth of the
crack, approximately, 0.7-0.8 of the shell thickness [2]. Consequently, the through
crack regarded as indicator of the limit state of a component can not be assessed.

An attempt was made to apply the strain energy approach in conjunction with
the Hutchinson-Rosengren stress-strain �eld solution for the near crack tip area to
predict crack growth considering for the material plasticity [3]; again, the problem
of incorporating the crack initiation stage into the continuous fatigue process was
not solved.

Summing up, it may be stated that the fatigue life evaluation presently is composed
of application of the two approaches, but the link between these is missing and the
limit state may be estimated in the course of the fatigue crack extensions only when
the conditions for fast fracture are attained.

A reasonable solution of the fatigue life problem may be application of the approach
based on implementation of the Strain-life criterion and the damage accumulation
in material elements supported by the means of the �nite-element modeling of the
crack initiation and growth.

2 Description of the approach

The Strain-Life approach considered in the present rules as optional may be a rea-
sonable method for fatigue analysis and design of structures by the mentioned rea-
sons. The approach includes an appropriate Strain-Life criterion for fatigue failure
of material together with the experimentally obtained lumped stress-strain cyclic
diagram. The damage accumulation procedure developed for fatigue assessment un-
der irregular loading in crack analysis is necessarily supported by the �nite-element
modeling of the a�ected structure.

According to the approach the expected crack path is considered in design of the
�nite element mesh, the �nite elements assumed the grain clusters with approxi-
mately close (or, alternatively, random) slip resistance. The damage is supposed to
be uniformly distributed within these elements. Each element is provided with a
scalar damage variable, estimated by the selected damage accumulation theory for
irregular loading. The number of cycles prior to failure of each element is evaluated
using the Strain-life Manson's criterion.

When the damage in the element reaches a critical unity, its compliance is arti�cially
increased, and nodal forces are redistributed in the surrounding elements. The
damage calculation is repeated considering for the renewing stress-strain state ahead
the crack tip; "killed" elements form the crack front progress.

This idea was �rst suggested in pioneering studies of G. Glinka and F. Ellyin focused
on analysis of cracks in thin plates at the plane stress [4, 5]; further analysis had
shown that the procedure may be applied to assessment of fatigue process including
crack initiation and growth of plane cracks in arbitrary bodies [6, 7].
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3 Fatigue life assessment of a pipeline loaded by the

inside pulsating pressure

The brie�y explained in above approach is applied for fatigue life evaluation of a
pipeline subjected to pulsating pressure from inside. The fatigue life is estimated as
initiated in undamaged structure from the very �rst load application until develop-
ment of the through crack.
Fig.1 shows failure of a pipeline along the generating line caused by hoop stress.
Respectively and accordingly the principles of modeling fatigue process the �nite
element model of the cylindrical shell is designed where the fatigue crack initiation
and growth may be expected. The size of elements is assumed encircling a number
of grains characterized by approximately equal resistance to the cyclic loading. The
�nite-element model of a fragment of the pipeline is presented in Fig.2. The ar-
row shows the �ne mesh at the expected fatigue crack origination and propagation
through the shell thickness.

Figure 1: Example of the through crack in a fractured pipeline

Material of the pipeline - higher strength steel 09G2 grade, the yield stress of which
σy = 300 MPa, ultimate strength σu = 450 MPa. Resistance of the material (�nite
elements) to cyclic loading is characterized by the strain-life (Manson's) criterion
[8], parameters of which are given in [9]:

∆ε = ∆εp + ∆εe = CN−α +BN−β, (1)

where ∆εp is the plastic strain range component, ∆εe is the elastic strain, C = 0.34
(the crack is expected in rolling direction of the plate steel, Â«lamellar-tearingÂ»
e�ect considered), B = 0.011, α = 0.654, β = 0.170.
The stabilized lumped cyclic curve of the steel obtained based on the principle of
equivalent strain energy also taken from [9] is given in Table 1.
To initiate the fatigue process in selected area (�ne mesh area) several elements at
the inner surface of the shell are provided with reduced cyclic proportionality stress
with respect to that for elements of the model.
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Figure 2: FE model of the pipeline and fragment of the shell (right-hand) with �ne
mesh where the crack is expected

Table 10: Stabilized lumped cyclic curve of the 09G2 grade steel

∆σ, MPa 105.0 210.0 303.2 363.2 435.0 482.1
∆ε 0.0005 0.0010 0.0015 0.0020 0.0025 0.0030

∆ε∆σ 0.0525 0.2100 0.4548 0.7264 1.0875 1.4463

With initiation of cyclic loading the damage accumulation in elements is estimated
by applying the Palmgren-Miner linear damage summation rule. In initial step of the
procedure, j = 1, the strain �eld in "i" elements located in the area of expected crack
extensions is calculated. The number of cycles to failure of the above mentioned
"weak", the most a�ected, elements is estimated by the criterion (1). The damage in
initial step is calculated also for the elements of surrounding volume; the damage for
failing elements is equal to unity. Failure of elements is modeled by decreasing the
sti�ness of those by several decimal orders with respect to the sti�ness of surrounding
volume of material. Through the following step the new stress-strain �eld (changed
in the course of failure of elements forming the crack extensions) in elements is
calculated and failure of sequential elements is assessed considering the damage
accumulated at the previous steps.
So far, the damage accumulated in i -th element through "j" steps can be presented
in the form of the recurrence:

dji =
∑
j

min{nji}/N
j
i =

∑
j

min{N j
i (1− dj−1

i )}/N j
i , (2)

where nji is the number of cycles prior to failure of i -th element at the j -th step.
The total accumulated damage at every sequential step of the procedure depends on
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the previous damage magnitude and on failure of elements in the a�ected area. For
every element the number of step, jcr, when it fails, may be indicated; the minimum
number of cycles prior to failure at this step is related to this particular i -th element:

min{N jcr
i (1− djcr−1

i )} = N jcr
i (1− djcr−1

i ). (3)

Respectively, the damage in i -th element corresponding to failure may be presented
as:

djcri = djcr−1
i +min{njcri }/N

jcr
i = djcr−1

i +N jcr
i (1− djcr−1

i )}/N jcr
i = 1. (4)

When the crack initiates the problem of e�ective part of the load cycle arises which
concerns the phase when the crack opens and up the maximum load. The crack
opening e�ect can be taken into account within this approach by introducing an
e�ective strain range in the failure criterion via total strain range multiplied by the
crack opening parameter identical to that suggested by Elber [10]:

∆εeff = U∆ε. (5)

It was shown [6] that crack opening parameter, U , can be estimated by changing
the stress sign in elements at the crack tip in direction perpendicular to the crack
front.
The procedure was applied to calculate both the crack expansion and number of
cycles in several steps. Fig. 3 illustrates the crack progress initiated at the inner
surface of the shell until it reaches the outer surface and becomes the through-crack.
The crack front seems a relatively short along the cylindrical shell generating line.
This may be explained by relatively short model of the a�ected area where the mesh
is essentially �ne (with respect to the shell thickness), Fig.2.
The fatigue life of the pipeline assessed from the initiation of cyclic loading up to
the through crack is illustrated in Fig.4 as the dependence of the number of cycles
on the hoop stress range.

Figure 3: Crack progress towards the outer surface of the pipeline
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Figure 4: Fatigue life of the pipeline

4 Conclusions

The approach based on application of the Strain-life criterion for fatigue, character-
ization of the cyclic elastic-plastic properties of material (cyclic stress-strain curve),
damage summation procedure and �nite-element modeling of structure with the due
attention to FE-modeling of the critical area provides evaluation of fatigue life of a
structural component including both, the crack initiation and the crack propagation
phases. In considered example of the pipeline, it is shown that the fatigue can be
assessed from the initiation of cyclic loading (pulsating pressure of the transported
media in pipeline) up to formation of the through crack.
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Abstract

This study aims to determine the in�uence of the chemical composition of
industrial sand casting and metal shell cast by gravity at room temperature
or under pressure both mechanical and manual metal parts for the various
achievements SNVI (Aluminum Foundry Unit Rouiba) and ENEL (Unit en-
gine Freha in Tizi-Ouzou) Algeria and heat treatments on mechanical behavior
of fracture, quasi-static axial tensile united, Brinell hardness, almost dynamic
resilience and microstructure of the alloy foundry chemical designation AlSi12
and digital 44000, The addition of 12% silicon and magnesium percentage
(0, 1% Mg) in aluminum are the principal agents of the improvement of me-
chanical properties in addition to speci�c heat treatments which show di�erent
types of precipitates that hinder the movement of dislocations.

Keywords: Al-Si, sand, shell, maturation, income, mechanical properties

1 Introduction

The physical characterization, chemical and general engineering in particular is cru-
cial for the design of various metal parts subject to external forces varied constituents
various mechanisms in motion a mechanical component. The designer can neither
calculate nor resize these parts without identifying and quantifying their character-
istics. To determine them, we reproduce these solicitations using static and dynamic
tests, usually conducted on standard specimens.
The alloy AlSi12, which governs our study, is a shade containing some magnesium
added in small amounts (0, 05 to 0, 10) % Mg alloy to allow hardening and e�cient
use in applications with high mechanical properties in T46 condition. This alloy
contains 12low volumetric contraction during solidi�cation, reduction of withdrawal
to the solid state and the expansion coe�cient.). It is used for complex shapes, to
requirements of mechanical strength and maximum thicknesses which are very low
(∼ 3mm).
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2 Problematic

The unalloyed aluminum with mechanical properties very reduced, leading to add
two items of very low density with 13% silicon and traces of magnesium less than
1% (≤ 0, 1% Mg) which is the lightest of all metals capable of stable industrial
employment to improve their properties and obtain an alloy AlSi12 super lightweight.
The alloy foundry ultimate AlSi12 governing our study is an alloy with a set of
properties that in many circumstances make it an irreplaceable material. Among
these include the addition of a high percentage of silicon and a low percentage
of magnesium to aluminum as the main potential agents of improvement largely
mechanical properties, low density (∼ 26) results in equal volumes of documents
about three times less severe than if they were made of steel or copper, combined with
very good corrosion resistance and low melting temperature (660 C) facilitating its
development in all casting processes. These alloying elements come into solution and
may also be present as intermetallic phases. The composition of these phases, but
above all their delicacy, their distribution, their consistency vis-Ã -vis the aluminum
matrix, their frailties, their stability as a function of heat treatments are also decisive
for the properties of the alloy.

3 Elaboration of alloy studied

3.1 Casting

The melting of the metal takes place in a gas oven production, to tilting of the front
to back, comprising a graphite crucible with a load capacity 350Kg is composed of
approximately ≈ 50% in ingots new AlSi12 of standard dimensions, composition and
speci�ed characteristics., delivered by the French company Pechiney and a mixture
of jet casting ≈ 50% return (appendages supply, drainage, control, defective parts
and scrap).
To seek to increase over the characteristics of resistance to state F and obtain sub-
stantially large elastic stresses, the sti�ness of large modules with small deforma-
tions, the material of 44000 numerical designation is subject to speci�c treatments
T46.

3.2 Molding

a Sand: This mold has two halves by the footprints in the sand packed model.

b Shell: In this mode of molding, the mold consists of two steel yokes (5%
chromium), which is responsible for maintaining the tracks. These caps, sep-
arated by a parting line, possibly to be prepared and heated to a temperature
(200div 300)◦ C. After analysis, the samples cast in sand and metal shell by
gravitation have the following chemical composition:

Chemical elements Fe Fe Mg Mn
% according to analysis 0.64 12 0.08 0.31
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Table.1. Results of chemical analysis after control samples cast in sand and
shell. This alloy is prepared by two di�erent methods: sand casting and shell

casting, considering 05 states, F, T, M0h, M6h and M12h.

4 Experimental procedure

To determine the behavior of the material deal with various stresses it may encounter
during use, these solicitations are reproduced using static or dynamic tests, usually
conducted on standard specimens in order to know the characteristics Figures of
the material. Four techniques are used, namely traction to identify the various
constraints, the Brinell hardness HB for the stress �eld, resilience Kcv us about the
mode of fracture, fragility and resistance to shock and metallographic to identify
structures.
The specimens are divided into 05 identical batches each consisting of 05 tensile
specimens, 05 specimens of resilience and 02 samples for each mode and casting
(sand noted: S and shell noted: K). The 1st batch noted: F - crude of casting, - the
2nd lot is designated: T - hardened condition, - the 3rd, 4rd and 5rd batch are rated:
M0h, M6h and M12h - maturation time. We will describe in more detail and present
in the main mechanical characteristics obtained from the chemical composition of
material being AlSi12 purpose of this study.

5 Results obtained and discussion

The mean values â��â��of tensile mechanical properties, toughness and hardness
of the alloy AlSi12 are those given by averaging �ve identical specimens for each of
the respective cases and are represented in Figures 1 to 3 below.
In�uence of molding processes in the sand and in the shell for alloy AlSi12 on the
characteristics in

5.1 Resistances

Fig-
ure1. Grouping of the mean curves of comparison ( mean stress - deformation) of
the AlSi12 alloy casted in sand and in shell: a - K < F > /S < F >, b−K < T >
/S < T >, c − K < M0h > /S < M0h >, d − K < M6h > /S < M6h > and
e−K < M12h > /S < M12h >.
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Figure2. Grouping of the mean Graphs of comparison (mean stress and mean hard-
ness - states) of the AlSi12 alloy casted in sand and in shell:a−K < e > /S < e >
, b−K < r > /S < r >, c−K < m > /S < m > and d−K < HB > /S < HB >.
Discussion The results of these comparative studies show that all curves and all
graphs of the shell casting are above those of the sand casting, whatever of the states
considered. In addition to the increase in mean values â��â��of the characteris-
tics of resistance is he state F to the T state, reaching its maximum value to the
state M0h, then decrease to the states and M6H M12h whatever the two modes of
elaboration at the expense of ductility, and this is probably due on the one hand,
the mode for cooling the molds, on the other hand the addition of alloying elements
combined with structural hardening treatment by precipitation.

5.2 Ductility
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Figure3. Grouping of the mean Graphs of comparison (mean elongation, mean
Coe�cient and elongation of necking and mean resilience - states) of the AlSi12
alloy casted in sand and in shell a −K < A > /S < A >, b −K < Z > /S < Z >
, c−K < Zu > /S < Zu > and d−K < Kcv > /S < Kcv >.
Discussion: we see that all curves of sand casting are above those of the shell
casting whatever of the states considered. In addition to the increase in mean values
of ductility characteristics is the state M0h that of M6h to reach its maximum value
at state M12h regardless of the two modes of elaboration to the detriment of the
characteristics of resistance.
Notation: < m >(MPa) - mean maximum stress(Mega Pascal) ,< e >(MPa)
- mean elastic stress(Mega Pascal) , < r >(MPa) - mean breaking stress(Mega
Pascal), Îµ (%) - deformation (%), < HB > - mean hardness Brinell HB, < A% >
- mean elongation (%), < Z% > - mean Coe�cient of necking(%) and < Zu % >
- mean elongation of necking(%), F - crude of casting, T - Â hardened, M0h, M6h
and M12h - maturation 0h, 6h and 12h, S - Sand and K - shell.

6 Conclusion

The analysis of experimental results show that the best compromise is the method
of shell casting followed by maturation of 0 hours (M0h) regardless of the states
considered. To meet manufacturers' requirements for a rational use of this material
in various mechanisms subjected to mechanical stresses, it is best to develop the dif-
ferent parts for the use of di�erent natures in metallic shells followed by maturation
of 0h for spare resistance and inversely.
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Abstract

We study homoclinic and heteroclinic orbits of a natural Lagrangian sys-
tems de�ned on a complete Riemannian manifold being subjected to action of
a non-stationary potential force �eld. It is assumed that Lagrangian of such
a system can be written in the following form L(q, q̇, t) = K(q, q̇) − U(q, t),
where the kinetic energy K is a positive de�nite quadratic form in velocity q̇
and the potential U(q, t) has special representation U(q, t) = f(t)V (q). We
also assume that there exists t0 ∈ R such that f(t0) = 0, i.e. at the moment t0
the system becomes free and |f(t)| is monotonic on both intervals t > t0 and
t < t0. Let X+, X− denote the set of isolated critical points of V (x) at which
U(x, t) distinguishes its maximum for t > t0 and t < t0, respectively. Under
nondegeneracy conditions on points of X± we prove the existence of in�nitely
many doubly asymptotic trajectories connecting X− and X+.

1 Introduction

During the last two decades many authors studied connecting (i.e. homoclinic and
heteroclinic) orbits of Lagrangian systems by use of variational methods and critical
points theory [1]-[4]. Being a part of intersection of invariant manifolds associated
with some hyperbolic objects such trajectories usually lead to chaotic dynamics of
a system. In the present work we study a natural Lagrangian system on a complete
Riemannian manifold. Namely, we consider a compact Riemannian manifoldM to
be con�guration space of a Lagrangian system with Lagrangian L ∈ C2(TM×R,R)
such that

L(q, q̇, t) = K(q, q̇)− U(q, t), (1)

where the kinetic energy K ∈ C2(TM,R) is a positive de�nite quadratic form in
velocity q̇, while the potential energy U(q, t) ∈ C2(M × R,R) has the following
special form

U(q, t) = f(t)V (q). (2)

The equations of motion take the form

d

dt

∂T

∂q̇
− ∂T

∂q
= −f(t)

∂V

∂q
. (3)
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In addition we suppose that f satis�es the following assumptions:
(A1) there exists t0 ∈ R such that f(t0) = 0,
(A2) the function |f | is strictly monotone for t > t0 and t < t0,
(A3) |f(t)| → +∞ as t→ ±∞,
(A4) there exist constants µ, T > 0 such that |f(t)| > µ|f ′(t)| for all |t| > T .
Making a time shift and changing, if necessary, the time sign we may always suppose
that t0 = 0 and the function f is increasing on the interval R+ = (0,+∞) and, hence,
f(+∞) = +∞. We also denote R− = (−∞, 0). The simplest examples of functions
f satisfying A1−A4 may be given by tm, sinh(αt) and log(1 +αt2) for some m ∈ N,
α > 0.
SinceM is a compact manifold, the function V has minimum and maximum onM.
Denote by X+, X− the subsets ofM on which U(x, t) distinguishes global maximum
for t > 0 and t < 0, respectively. We suppose that X± consist of isolated critical
points of V and that they are nondegenerate.
We will say that a solution q : R → M is a homoclinic (heteroclinic) solution if
there exist z1, z2 ∈ M (for homoclinic solution z2 = z1) such that q joins z1 to z2,
i.e. lim

t→−∞
q(t) = z1, lim

t→+∞
q(t) = z2 and lim

t→±∞
q̇(t) = 0.

Theorem 1. Under assumptions A1 - A4 for any z1 ∈ X− and z2 ∈ X+ there
exist in�nitely many heteroclinic (homoclinic) trajectories emanating from z1 and
terminating at z2.

Remarks. - 1.One may note that the sets X+, X− do not coincide in the case
f(−∞) = −∞ what lead to connection between di�erent regions of the con�gura-
tion space.
2. If we denote by Y+, Y− the subsets ofM consisting of minima of U(x, t) for posi-
tive and negative t, then under weak additional assumptions almost each trajectory
q(t) tends to a point from Y± as t→ ±∞ [6]. However, lim supt→±∞ |q̇(t)| =∞ and
these solutions cannot be called asymptotic.
Systems of type (3) often arise in mechanical applications. In particular, this work
was inspired by [1], where the authors applied Routh's reduction to a Lagrangian
system with symmetry which led to a system (3) with f(t) = t2. In particular, they
studied the Kirchho� problem. We also refer to [5], [6], [9], [3] where the systems of
type (3) are discussed.

2 Variational settings

We use variational arguments to prove Theorem 1. Consider a smooth embedding
of the manifold M into RN for N = 2n + 1 with n = dimM and denote by 〈·, ·〉
the Euclidean structure in RN together with its restriction toM. Let ∇ stands for
the gradient operator with respect to the variable x. First we study the case when
each of the subsets X± consists of one point, i.e. X± = x±.
Denote

Ef =

{
v ∈ AC(R,RN) : ‖v‖2

f =

+∞∫
−∞

(
|v̇(t)|2 + |f(t)| · |v(t)|2

)
dt <∞

}
, (4)
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where AC(R,RN) is the set of absolutely continuous curves from R to RN .
Let E1 = W 1,2(R,RN) be the Sobolev space with the norm ‖ · ‖1 such that ‖v‖2

1 =
+∞∫
−∞

(
|v̇(t)|2 + |v(t)|2

)
dt.

One may prove the following lemma.

Lemma 1. Ef ⊂ E1 and ‖v‖1 ≤ Cf‖v‖f with C2
f = max{(b − a)2 + 1, 2}, where

a, b ∈ R such that a < 0, b > 0 and |f(a)| = |f(b)| = 1.

Since E1 is continuously embedded into C0(R,RN) with ‖v‖∞ = supt∈R |v(t)| ≤ ‖v‖1

we arrive at the following lemma.

Lemma 2. Ef is a Hilbert space.

PROOF: - Let {vn}, vn ∈ Ef be a Cauchy sequence. Then due to Lemma 1 {vn} is a
Cauchy sequence in E1. Since E1 is complete there exists v = limn→∞ vn ∈ E1. One
may extract a subsequence {vnk} such that ‖vnk − v‖∞ → 0 and v̇nk → v̇ almost
everywhere. Fix ε > 0 and take k(ε) such that for any l,m > k(ε) ‖vnl − vnm‖f < ε.
Then by the Fatou lemma we have

‖vnl − v‖2
f =

∞∫
−∞

lim
m→∞

(
|v̇nl(t)− v̇nm(t)|2 + |f(t)| · |vnl(t)− vnm(t)|2

)
dt ≤

≤ lim inf
m→∞

‖vnl − vnm‖2
f ≤ ε2.

Due to arbitrary choice of ε one concludes that ‖vnl − v‖f → 0 as l→∞. �
The next lemma gives an estimate on the absolute value of an element of the space
Ef .

Lemma 3. If v ∈ Ef then

|v(t)| ≤
√

2

|f(t)|1/4
‖v‖f .

PROOF: - De�ne g(t) = |f(t)|1/2. For any v ∈ Ef consider

g(t)|v(t)|2 =

t∫
−∞

ġ(s)|v(s)|2ds+ 2

t∫
−∞

g(s)〈v(s), v̇(s)〉ds. (5)

Note that (5) is valid if −∞ is replaced by +∞. Then substituting t = 0 into (5)
and using monotonicity of g on R± together with the Schwartz inequality one gets∣∣∣∣ ∫

R±

ġ(s)|v(s)|2ds

∣∣∣∣ = 2

∣∣∣∣ ∫
R±

g(s)〈v(s), v̇(s)〉ds
∣∣∣∣ ≤ ∫

R±

(
|v̇(s)|2 + g2(s)|v(s)|2

)
ds. (6)

Finally, (5) and (6) give g(t)|v(t)|2 ≤ 2
+∞∫
−∞

(
|v̇(s)|2 + g2(t)|v(s)|2

)
ds = 2‖v‖2

f . �
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Denote

M =

{
q ∈ AC(R,RN) : q(t) ∈M for each t ∈ R and

+∞∫
−∞

(
|q̇(t)|2 + |f(t)|· |q(t)− χ(t)|2

)
dt <∞

}
,

where the function χ(t) = x− for t < 0 and χ(t) = x+ for t ≥ 0.

Proposition 1. The set M is a Hilbert manifold of class C2 with tangent space at
q given by

TqM =

{
v ∈ Ef : v(t) ∈ Tq(t)M for all t ∈ R

}
.

PROOF: - It follows from lemmae 1 and 3 that if a sequence {qk} converges to q in
M with respect to (4) then it also converges to q uniformly on R. Since q(t)→ x± as
t→ ±∞ for any q ∈M we may use local coordinates in RN and apply the classical
arguments [7] as in the case of the space

Ω(M, x−, x+) = {q ∈ C0([0, 1],M) : q(0) = x−, q(1) = x+}.

Further there will be given an alternative description of the Hilbert structure through
the representation (10). �
De�ne L̂(q, q̇, t) = L(q, q̇, t)+f(t)V (χ(t)) and consider the Hamilton action I de�ned
on M:

I(q) =

+∞∫
−∞

L̂(q, q̇, t)dt. (7)

Since K(q, q̇) is a homogeneous quadratic form in q̇ and U(q, t) has unique maximum
at x± for all t ∈ R± there exist constants α, β > 0 such that

α(|q̇|2 + |f(t)||q − χ(t)|2) ≤ |L±(q, q̇, t)| ≤ β(|q̇|2 + |f(t)||q − χ(t)|2) (8)

for all (q, q̇) ∈ TM and consequently the integral (7) converges for any q ∈M.
The following lemma plays an important role in further analysis.

Lemma 4. For any constants r, c > 0 there exists T (r, c) such that q(t) ∈ Br(x±)
for all q ∈ Mc and |t| > T (r, c), where Mc = {q ∈ M : I(q) < c}, Br(x) = {x ∈
RN : |x| < r}.

PROOF: - First we observe that if I(q) < c then
+∞∫
−∞

(
|q̇(s)|2+|f(s)||q(s)−χ(s)|2

)
ds <

α−1c. Applying to the function q(t) − χ(t) the same arguments as in lemma 3 we
get

|q(t)− χ(t)|2 < α−1c

|f(t)|1/2
. (9)
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Since |f | is increasing and unbounded (9) proves the lemma. �
Now we represent the functional I in a way suggested in [1]. Namely, one may
construct an embedding ofM into RN such that small neighborhoods of x± lie in
linear subspaces Rn,± ⊂ RN . Taking r > 0 to be su�ciently small we may always
assume that these neighborhoods coincide with the balls Br(x±) = {x ∈ Rn,± :
|x− x±| < r}.
Then for any c > 0 set

Λ = W 1,2
(
[−T, T ],M

)
,

Λ− =
{
q ∈ AC((−∞,−T ], Br(x−) : ‖q − x−‖f,− <∞

}
,

Λ+ =
{
q ∈ AC([T,+∞), Br(x+) : ‖q − x+‖f,+ <∞

}
,

where T = T (r, c) from lemma 4 and ‖v‖2
f,− =

−T∫
−∞

(
|v̇(s)|2 + |f(s)||v(s)|2

)
ds,

‖v‖2
f,+ =

+∞∫
T

(
|v̇(s)|2 + |f(s)||v(s)|2

)
ds.

De�ne mappings g± : M→ Λ± and g : M→ Λ as

g−(q) = q|(−∞,−T ], g(q) = q|[−T,T ], g+(q) = q|[T,+∞).

Lemma 5. The mappings g, g± are of class C∞.

PROOF: - Note that the map g−×g×g+ : M→ Λ−×Λ×Λ+ identi�es Mc with an
open set in the Hilbert submanifold {(z−, z0, z+) ∈ Λ−×Λ×Λ+ : z±(±T ) = z0(±T )}
of codimentsion 2n in Λ− × Λ × Λ+. Hence the lemma immediately follows from
the equality ‖q‖2

f = ‖g−(q)‖2
f,− + ‖g(q)‖2

f,0 + ‖g+(q)‖2
f,+ for all q ∈ Mc, where

‖v‖2
f,0 =

−T∫
−T

(
|v̇(s)|2 + |f(s)||v(s)|2

)
ds. �

Now we may represent the restriction I|Mc in the following way [1]:

I|Mc = J− ◦ g− + J ◦ g + J+ ◦ g+, (10)

where the functionals J : Λ→ R, J± : Λ± → R are

J−(q) =

−T∫
−∞

L̂(q, q̇, t)dt, J(q) =

T∫
−T

L̂(q, q̇, t)dt, J+(q) =

∞∫
T

L̂(q, q̇, t)dt.

Proposition 2. The functional I ∈ C1(M) with locally Lipschitz derivative.

PROOF: - The proof of this proposition is rather straightforward. First we observe
that the functional J is of class C2 on M (see e.g. [2]). Hence it remains to
consider the funcionals J±. They can be studied in analogous ways, so we consider
only J+. To prove smoothness of J+, take su�ciently small r, q ∈ Λ+(r, c) and
v ∈ TxΛ+ such that ‖v‖f < r/Cf . Then due to lemma 3 we see that ‖v‖∞ < r and
q(t) + v(t) ∈ B2r(x+) for all t > T (r, c). Due to smallness of r we may assume to be
on Rn and use Taylor's formula:

L(q(t) + v(t), q̇(t) + v̇(t), t)− L(q(t), q̇(t), t) =

= 〈Kq(q(t), q̇(t)), v(t)〉+ 〈Kq̇(q(t), q̇(t)), v̇(t)〉 − 〈Uq(q(t), t), v(t)〉+

+
1

2
〈Kqqv(t), v(t)〉+ 〈Kqq̇v̇(t), v(t)〉+

1

2
〈Kq̇q̇v̇(t), v̇(t)〉 − 1

2
〈Uqqv(t), v(t)〉,

216



On homoclinics and heteroclinics of Lagrangian systems in a non-stationary force
�eld

where the second derivatives of K and U are evaluated at a point (q(t) +
θ(t)v(t), q̇(t) + θ(t)v̇(t), t) with measurable function θ(t) ∈ [0, 1]. By assumptions on
K and U , for any (q, q̇, t) ∈ B2r(x+)× Rn × R one has

‖Kqq‖ ≤ c1|q̇|2, ‖Kqq̇‖ ≤ c2|q̇|, ‖Kq̇q̇‖ ≤ c3, ‖Uqq‖ ≤ c4|f(t)| · |q|2,

for some positive constants ci and ‖ · ‖ standing for the operator norm. Using these
estimates, lemma 3 and the Schwartz inequality we get∣∣∣∣

+∞∫
T

〈Kqqv(t), v(t)〉dt
∣∣∣∣ ≤ c1

+∞∫
T

|q̇(t) + θ(t)v̇(t)|2|v(t)|2dt ≤

≤ c1‖v‖2
∞(‖q − x+‖2

f,+ + ‖v‖2
f,+) ≤ c5‖v‖2

f,+∣∣∣∣
+∞∫
T

〈Kqq̇v(t), v(t)〉dt
∣∣∣∣ ≤ c2

+∞∫
T

|q̇(t) + θ(t)v̇(t)||v̇(t)||v(t)|dt ≤

≤ c2‖v‖∞(‖q − x+‖f,+‖v‖f,+ + ‖v‖2
f,+) ≤ c6‖v‖2

f,+(11)∣∣∣∣
+∞∫
T

〈Kq̇q̇v(t), v(t)〉dt
∣∣∣∣ ≤ c3

+∞∫
T

|v̇(t)|2dt ≤ c7‖v‖2
f,+

∣∣∣∣
+∞∫
T

〈Uqq̇v(t), v(t)〉dt
∣∣∣∣ ≤ c4

+∞∫
T

|f(t)||q(t) + θ(t)v(t)|2|v(t)|2dt ≤

≤ c4‖q − x+‖2
f,+‖v‖2

f,+ ≤ c8‖v‖2
f,+

Estimates (11) prove di�erentiability of J+ on M and provide an expression for J ′+:

J ′+(q)v =

+∞∫
T

(
〈Kq(q(t), q̇(t)), v(t)〉+〈Kq̇(q(t), q̇(t)), v̇(t)〉−|f(t)|〈Vq(q(t)), v(t)〉

)
dt.

Now take q1, q2 ∈ Λ+(2r), v ∈ TΛ+ and consider the di�erence

J ′+(q2)v − J ′+(q1)v =

+∞∫
T

(〈
Kqq∆q(t), v(t)

〉
+
〈
Kqq̇v(t),∆q̇(t)

〉
+

〈
Kqq̇∆q(t), v̇(t)

〉
+
〈
Kq̇q̇∆q̇(t), v̇(t)

〉
− |f(t)|

〈
Vqq∆q(t), v(t)

〉)
dt,

where ∆q(t) = q2(t)− q1(t) and the second derivatives of K and V are evaluated at
a point (q(t) + θ(t)v(t), q̇(t) + θ(t)v̇(t), t). Using (11) one may get∣∣∣∣J ′+(q2)v − J ′+(q1)v

∣∣∣∣ ≤ c9‖q2 − q1‖f,+‖v‖f,+

with some positive constant c9, what proves that J ′+ is locally Lipschitz. �
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Proposition 3. Critical points of I correspond to doubly asymptotic trajectories of
(3) such that q(t)→ x± and q̇(t)→ 0 as t→ ±∞.

PROOF:- Assume q ∈M is a critical point of I. Then I ′(q)v = 0 for any v ∈ TqM.
Using classical arguments (see e.g. [7]) one may show that q is of class C2(R) and
satis�es the Lagrange equations (3). By lemma 3 q(t) → x± as t → ±∞. Hence
it remains to prove that q̇(t) → 0 as t → ±∞. The following lemma admits this
statement:

Lemma 6. If q(t) satis�es the Lagrange equations (3) and lim
t→±∞

|q(t)−x±| = 0 then

lim
t→±∞

|q̇(t)| = 0.

PROOF: - Introduce a symmetric positive de�nite operator A(x) : TM→ T ∗M by
the formula K(x, ẋ) = 1

2
〈A(x)ẋ, ẋ〉 and rewrite the Lagrange equations as

A(q)q̈ +
1

2
〈B(q)q̇, q̇〉+ f(t)∇V (q) = 0, (12)

where B(x) = A′(x).
We consider the case t → +∞ (the case t → −∞ can be treated similarly). Let
A = A(x+) and h(t) = 〈A(q(t)−x+), q(t)−x+〉. Then ḣ(t) = 〈A q̇(t), q(t)−x+〉 and

ḧ(t) = 〈A q̈(t), q(t)− x+〉+ 〈A q̇(t), q̇(t)〉. (13)

Taking su�ciently small r > 0 we de�ne T such that q(t) ∈ Br(x+) for all t > T . We
note that there exist positive constants C(1)

A , C
(2)
A , CB such that for all x ∈ Br(x+)

C
(1)
A ≤ ‖A(x)‖ ≤ C

(2)
A , ‖B(x)‖ ≤ CB. (14)

. Using (12), (13) we conclude

ḧ(t) ≥ δ
(
|q̇(t)|2 + f(t)|q(t)− x+|2

)
(15)

with some positive constant δ. Integrating (15) we get for any t2 > t1 > T∣∣∣∣ḣ(t2)− ḣ(t1)

∣∣∣∣ ≥ δ

t2∫
t1

(
|q̇(s)|2 + f(s)|q(s)− x+|2

)
ds. (16)

Since h(t)→ 0 as t→ +∞ we have lim inf
t→∞

|ḣ(t)| = 0 and by (16) ‖q − x+‖f,+ <∞.

We now prove that f(t)|q(t)− x+|2 → 0 as t→ +∞. Note that (15) also implies

ḧ(t) ≥ δf(t)

C
(2)
A

h(t).

Then �x ε > 0 and assume that there exists a sequence tk → +∞ such that
f(tk)h(tk) > ε. Without loss of generality we may suppose that ḣ(tk) < 0 (or
ḣ(tk) > 0) for all k. Since ḧ(t) > 0 and

ḣ(s) = ḣ(tk)−
tk∫
s

ḧ(p)dp
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we obtain that ḣ(t) < 0 for all t ∈ [T, tk]. Hence h(t) is monotonically decreasing
for t > T and h(s) > h(tk) > ε/f(tk). By (A4) one may also assume that

tk∫
tk−1

f(s)ds > µf(tk).

Then

tk∫
tk−1

f(s)|q(s)− x+|2ds ≥ 2

C
(2)
A

tk∫
tk−1

f(s)h(s)ds ≥ 2ε

f(tk)

tk∫
tk−1

f(s) ≥ 2εµ

C
(2)
A

.

Summarizing over k we get a contradiction with ‖q − x+‖f,+ <∞.
To prove that |q̇(t)| → 0 as t→ +∞ introduce the HamiltonianH(q, q̇, t) = K(q, q̇)+
f(t)(V (q)− V (x+)). If q satis�es the Lagrange equations then Ḣ = −f ′(t)(V (q)−
V (x+)) and by (A4) we have for any t2 > t1 > T that∣∣∣∣H(q(t2), q̇(t2), t2)−H(q(t1), q̇(t1), t1)

∣∣∣∣ ≤ βµ

t2∫
t1

f(s)|q(s)− x+|2ds

or equivalently∣∣∣∣〈A(q(t2))q̇(t2), q̇(t2)〉 − 〈A(q(t1))q̇(t1), q̇(t1)〉
∣∣∣∣ ≤ (17)

≤ β

t2∫
t1

f(s)|q(s) − x+|2ds+ β

(
f(t2)|q(t2)− x+|2 − f(t1)|q(t1)− x+|2

)
.

Since q ∈ Λ+ then lim inf
t→±∞

|q̇(t)|2 = 0,
∞∫
T

|f(s)||q(s) − x+|2ds < +∞ and

lim
t→+∞

f(t)|q(t)− x+| = 0. Then by (17) for any ε > 0 there exists τ(ε) such that for

any t2 > t1 > τ(ε)∣∣∣∣〈A(q(t2)q̇(t2), q̇(t2)〉 − 〈A(q(t1)q̇(t1), q̇(t1)〉
∣∣∣∣ ≤ ε.

A(x) is bounded from below and we conclude that q̇(t)→ 0 as t→ ±∞. �

3 The Palais-Smale conditions

Proposition 4. The functional I satis�es the Palais-Smale conditions.

PROOF: - Let qn ∈M be a PS sequence, i.e. a sequence for which I(qn) is bounded
and I ′(qn) → 0 as n → ∞. Then there exists c > 0 such that qn ∈ Mc and due
to lemma 4 {qn} is uniformly bounded. Hence, up to a subsequence, qn converges
uniformly to a function q∞ ∈ L∞(R,M). For the constant c and some small ε > 0
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we de�ne T = T (ε, c) as in lemma 4 and introduce the sets Λ,Λ± to represent the
functional I in the form (10).
Denote

zn = g(qn), z±n = g±(qn).

Since I ′(qn) → 0 as n → ∞ we have
∣∣I ′(qn)v

∣∣ ≤ εn‖v‖f for all v ∈ TxnM, where
εn → 0 as n→∞. If we consider v ∈ TqnM such that v|R\[−T,T ] ≡ 0 then

I ′(qn)v = J ′(zn)v|[−T,T ].

and we conclude that∣∣J ′(zn)v
∣∣ ≤ εn‖v‖f,T for all v ∈ TznΛ such that v(±T ) = 0, (18)

where ‖v‖f,T stands for the norm in TznΛ. Taking v ∈ TqnM such that v(t) ≡ 0 for
all t ≤ T (respectively t ≥ −T ) we get

I ′(qn)v = J ′+(z+
n )v|[T,∞), I

′(qn)v = J ′−(z−n )v|(−∞,T ]

and ∣∣J ′±(z±n )v
∣∣ ≤ εn‖v‖f,± for all v ∈ Tz±n Λ± such that v(±T ) = 0. (19)

Denote by z∞, z−∞ and z+
∞ the restriction of x∞ to [−T, T ], (−∞,−T ] and [T,∞),

respectively. Since qn → x∞ in L∞, zn → z∞ and z±n → z±∞ uniformly.

Lemma 7. If J(zn) is uniformly bounded, zn → z∞ uniformly and satis�es (18)
then {zn} has a subsequence converging in Λ to z∞.

PROOF: - The proof repeates the proof of Lemma 5.1 from [1].

Lemma 8. If J±(z±n ) is uniformly bounded, z±n → z±∞ uniformly and satis�es (19)
then {z±n } has a subsequence converging in Λ± to z±∞.

PROOF: - We outline the proof for the sequence {z+
n } whereas the case {z−n } can

be studied in a similar way. Using notations from [1] we set

ξnm(t) = z+
m(t)− z+

n (t), ζnm(t) =
Tf 1/2(T )

tf 1/2(t)
ξnm(T ). (20)

Since ‖ζnm‖f,+ → 0 as n,m → ∞ and ζnm(T ) = ξnm(T ) one may apply (19) and
get J ′+(z+

n )(ξnm − ζnm)→ 0 as n,m→∞. Now using boundness of J ′+ we see that
J ′+(z+

n )ξnm → 0 as n,m → ∞. Extract a subsequence, denoting also by z+
n , such

that the sequence J+(z+
n ) is converging. Then we obtain

Ψnm = J+(z+
m)− J+(z+

n ) + J ′+(z+
n )ξnm → 0 as n,m→∞. (21)

We estimate separately the terms in the integeral Ψnm involving the kinetic and
potential energy. Assume the radius r is so small that the estimates (14) are ful�lled.
One may observe that

K(z+
m, ż

+
m)−K(z+

n , ż
+
n ) − 〈Kx(z

+
n , ż

+
n ), ξnm〉 − 〈Kẋ(z

+
n , ż

+
n ), ξ̇nm〉 =

= K(z+
n , ξ̇nm) + 〈Kx(τnm, ż

+
m), ξnm〉 − 〈Kx(z

+
n , ż

+
n ), ξnm〉 ≥ (22)

≥ C
(1)
A |ξnm|

2 − CB(|ż+
m|2 + |ż+

n |2)|ξnm|,
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where τnm is some intermediate point between z+
n and z+

m. For the potential energy
terms we get

V (z+
m)− V (z+

n )− 〈∇V (z+
n ), ξnm〉 =

1

2
〈∇2V (τnm)ξnm, ξnm〉 ≥ α|ξnm|2. (23)

Substituting (22) and (23) into (21) one obtains

Ψnm ≥
∞∫
T

(
C

(1)
A |ξnm(s)|2 + α|ξnm(s)|2 − CB(|ż+

m(s)|2 + |ż+
n (s)|2)|ξnm(s)|

)
ds ≥

≥ c10‖ξnm‖2 −Θnm,

where c10 = min{C(1)
A , α} and

Θnm = CB
(
‖zm‖2

f,+ + ‖zn‖2
f,+

)
‖ξnm‖∞.

Since {z+
n } is bounded and ‖ξnm‖∞ → 0 as n,m→∞ we have Θnm → 0. Hence

‖ξnm‖2
f,+ ≤ c−1

10

(
Ψnm −Θnm

)
→ 0, as n,m→∞.

Thus we showed that {z+
n } is a Cauchy sequence what �nishes the proof. �

Combining lemmae 6 and 7 we prove proposition 4. �
To prove Theorem 1 we notice that M is homotopically equivalent to the space of
paths

Ω(M, x−, x+) = {q ∈ C0([0, 1]) : q(0) = x−, q(1) = x+}.

Since M is compact, the Lusternik-Schnirelmann category cat(M) = ∞ [8]. This
implies the existence of in�nitely many critical points for the functional I and due
to propositions 4,5 the existence of in�nitely many doubly asymptotic trajectories
of (3) such that q(t)→ x±, q̇(t)→ 0 as t→ ±∞. �
To prove Theorem 1 for the case when subsets X± consist of more than one point
we note that one may proceed in the same way except the estimate (8), which is not
valid. Following [4], [3] de�ne for ε > 0 a subset Γε(x−, x+) ⊂M:

Γε(x−, x+) =

{
q ∈M : for all t ∈ R± q(t) /∈ Bε

(
X± \ {x±}

)}
.

We also consider the restriction of the action functional Iε = I|Γε(x−,x+). For
Γε(x−, x+) the estimate (8) is valid and using the same arguments one may
prove that for any ε > 0 the functional Iε achieves its minimum on some func-
tion qε ∈ Γε(x−, x+). Moreover, qε(t) is a classical solution of (3) whenever
qε(t) /∈ ∂Bε

(
X± \ {x±}

)
, where ∂Bε

(
A
)
stands for the ε-neighbourhood of a set

A. Let us take a sequence εj → 0 as j →∞.

Lemma 9. For su�ciently large j ∈ N qεj(t) /∈ Bεj

(
X± \ {x±}

)
for all t ∈ R.
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PROOF: - The proof of this lemma is similar to lemma 2.10 from [3].
This lemma guarantees that qεj is a heteroclinic solution of (3) joining x− to x+ and
satisfying q̇εj(t)→ 0 as t→ ±∞.
To illustrate the result consider a pendulum-like system with Lagrangian

L(ϕ, ϕ̇, t) =
1

2
|ϕ̇|2 − t

(
1− cos(ϕ)− 1

2
cos(2ϕ)

)
. (24)

The con�guration space of this example is a circle and the system possesses four
equilibria ϕ = 0, π,±π/3. Since the factor f(t) = t, the subset X+ consists of one
point X+ = {π} whereas the subset X− consists of two points X− = {−π/3, π/3}.
Application of Theorem 1 to this system yields the following

Proposition 5. For any m ∈ Z there exists a doubly asymptotic trajectory ϕ±m(t) of
the system (24) such that limt→−∞ ϕ

±
m(t) = ±π/3 and limt→+∞ ϕ

±
m(t) = (2m+ 1)π,

i.e. the trajectories ϕ±m(t) join the points ±π/3 with π via m full rotations.
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Figure 1: a. The pro�le of potential V (x) = 1 − cos(ϕ) − 1
2

cos(2ϕ); b. hetero-
clinic trajectories ϕ±0 (t), connecting ±π/3 with π without rotations (the solid curve
corresponds to ϕ−0 (t) and the dashed curve - to ϕ+

0 (t))
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Abstract

The well known magnetostrictive e�ect of electric motors results the non-
linear dependence of magnetic noise components in the wide sound range from
infrasonic frequencies. In the open ventilating pipe the electric motor with the
fan impeller and the fan impeller without the electric motor on a quarter
length wave distance of electric network frequency are installed. On the same
distance the same series identical a pair of elements is set up but two electric
motors on half length wave distance of electric network frequency are �xed
and through the phase-shift device are switched on. The compensatory e�ect
of the basic component of magnetic electric motor noise is considered. The
theoretical and experimental data of the ventilating systems noise reduction
are commented on.

1 Formulation of the problem of the reducing mag-

netic fan noise component

Increasing application of power electronics on transport, manufactures, home equip-
ments and as a matter of fact growing up low-frequency and infrasonic �uctuations
were taken care of by investigation methods and techniques for human audition pro-
tection. It is common observation that monaural personal threshold of audibility for
sound �uctuations with 1 Hz frequency is coincident with listening pain barrier for
acoustic pressure 140 dB. Such low person acoustic sensitivity in infrasonic range
is masked by greater person sensitivity in the average frequencies. The infrasonic
makes an attacking on the human health by emotional and biological in�uences. A
person surface by infrasonic �uctuations through air, body and bone conductivity
is a�ected [1].
Not expensive asynchronous electric motors with such basic noise components as
magnetic, mechanical and aerodynamic in the conditioning and typical ventilation
systems are used.
The aerodynamic noise components such as air interaction cores of a rotating rotor
with a stationery stator, motor construction and a number of its ventilation blades
are consist on. The intensity of such noise is growing up with increasing motor
size and speed of rotation. Strong ventilation noise in low-frequency and infrasonic
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range has the tendency of decrease 5 dB on an octave with frequency increase and
a centrifugal force is made by.
Without taking into account executive mechanisms a mechanical component of mo-
tor noise also is depended on out-of-balance rotor, deformation of winding and rotor
elements which really inertia, friction and heating are caused by. As well transi-
tive e�ects of a rotor with a rotation stator asynchronous electromagnetic �eld and
transformation its �uctuation into stator windings as infrasonic modulations is taken
notice of.
As a whole the mechanical component of fan noise is less e�ective then other be-
cause of the smaller radiation areas, di�erence wave resistances in air and vibrating
elements are turned out.
Noted noise components are brought about electrodynamic, electromagnetic and
magnetostrictive forces a power electromagnetic �eld formed. Radial ring plates of
stator electrotechnical steel are deform by a magnetostrictive Fms force taking place
under working alternative magnetic �eld. Force lines of alternative magnetic �eld
on circles with the centers on an axis of rings are settled down.
Peak value of these forces as time depended functions Bmi is proportional to a square
of stator voltage Umi and is founded from the ratio [2]

Fmc = πaiSstB
2
mi = πaiSst

(
Umi
nωi

)2

(1)

where Sst = (Rex − Rin)h is the sectional area of magnetic core Rex and Rin is
accordingly external and internal radiuses, h is the length of magnetic core); i - the
magnetostrictive constant of steel; ωi is the angular frequency of �uctuations.
The aerodynamic noise is known to prevail in the average and high frequency ranges
when an impeller with typical asynchronous electric motor is a basic source. The
aerodynamic and mechanical motor noise components are carried on by magnetic
noise component on frequency 50 Hz.
For the magnetic component carried on to reduce there must be method including
the e�ect called as standing wave barrier. The standing wave barrier is formed into
pipe on frequency 50 Hz of the basic tone and its harmonics.
The fan sound energy is reduced by dissipative losses, out�ow of energy through
walls and by re�ection from obstacles into ventilation pipe.
The �rst part of source sound energy is radiated from the waveguide aperture in
the form of running sound waves. Having been re�ected from passive impeller by
reason of jumping of acoustic resistance the other part of source sound energy was
spent on formation reverberation sound �eld into pipe.
Then the sound energy outside radiated from the waveguide aperture is summarized
two components: the running sound waves and the component of reverberation
sound �eld. In order to reduce the last one a pair of identical impellers (with
motor and without one) should be installed on the distance of half-wavelength due
to frequency electric network 50 Hz between them. This procedure is necessary to
formation standing sound waves in a pipe.
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Figure 1: Installation diagram of elementary standing wave barrier

2 Elementary standing wave barrier

The special acoustic room in St. Petersburg State Cinema and Television University
enables measurements to be carried out without external noise sources. The mea-
suring installation consisting of the round metal pipe with length 4 m, diameter 0,1
m, thickness 0,004 m, the single-phase electric motor F (100 Wt) with the impeller
AI and the passive impeller PI on the support isolated from the pipe wall by rubber
are given in Fig.1. This apparatus for estimation of the standing wave barrier e�ect
by microphone Ì102 and sound level meter RFT0024 are applied.
The distance l1 between impellers AI and PI on half-wavelength due to frequency
electric network 50 Hz is installed. It is impotent that PI from the waveguide
aperture on distance l2 quarters-wavelength due to frequency 50 Hz is settled down.
Impellers AI and PI for blowing out of a gas stream are used and at the same time
like big resistances for sound waves are happened.
The expression for entrance mechanical resistance is

Zm = Zs + Zl1 + Zl2 (2)

where Zs is the entrance mechanical resistance of the fan source; Zl1 is the air
resistance in the pipe interval l1; Zl2 is the air resistance in the pipe interval l2.
Provided fs = (2n+ 1)c0/2l1, n = 0 the entrance mechanical resistance for two pipe
sides closed on the interval l1 will be in the form:

Zl1 = −jρ0c0S cot kl1 = −jρ0c0S cotπ (3)

where ρ0 is a speci�c density of air; co is a sound speed; S is an area of cross-section
of a pipe; k = 2πf/c0 is a wave number.
Provided fs = (2n + 1)c0/2l1, n = 0 the entrance mechanical resistance for the
waveguide aperture on the interval l2 will be in the form:

Zl2 = jρ0c0S tan kl2 = jρ0c0S tan
π

2
(4)

If the l1 and l2 have absolutely rigid boundary conditions the values Zl1 and Zl2 will
tend to in�nity. However fan impellers are represented the impedance boundary
conditions that make it di�cult enough to analyze analytically the e�ect of standing
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Figure 2: Installation diagram with standing wave barriers and the negative corre-
lation e�ect

waves barrier but might be it possible in next paper. If the AI is moved from the PI
along pipe on the distance up to 3,44 m between impellers then the sound pressure
at waveguide aperture will be changed. So the standing wave barrier using half-
wavelength due to frequency electric network 50 Hz e�ect is illustrated in Fig.1 to
reduce the noise pressure at the pipe outlet on 6 dB in the broadband range from
16Hz to 10000Hz.

3 Joint action the standing wave barriers with the

negative correlation e�ect

In the pipe two acoustic e�ects for reducing electric motor noise on the basic fre-
quency 50 Hz and coincidence harmonics was realized: the e�ect of standing waves
barrier and the negative correlation e�ect between antiphase amplitudes of acoustic
noise pressure a pair of fan electro motors. The �rst e�ect in this paper is illustrated.
The second e�ect in the previous paper was investigated [3].
It is impotent to make a few remarks concerning last one. In solving the decreasing
electric motor noise problem in a short pipe closed it was necessary to install a
pair of identical single-phase electric motors F1 and F2 at opposites into a pipe.
The system of standing and pseudo-standing waves on frequencies of the basic tone
50 Hz and other components was excited by the motors. F1 and F2 in�uence the
�at sound wave excitations as pulsing cylinders and as an interference result of the
negative correlation e�ect on the basic frequency 50 Hz and coincidence harmonics
was registered.
The same installation of the electric motors F1 and F2 but for ventilation system
with the long pipe both sides opened was used. A pair of identical single-phase
electric motors installed on half-wavelength distance due to frequency 50 Hz with
the passive impeller PI between them are shown in Fig.2. As F1 as F2 with the
passive impeller PI on a quarters-wavelength distance due to frequency 50 Hz are
turned out.
For a correlation e�ect on the basic frequency 50 Hz to exist there must be two
objects involved in the motor electric supply: phase shifter PS and electric delay
ED.
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Figure 3: Noise spectrogram with two identical motors and identical impellers ex-
cluding the standing wave barriers and the negative correlation e�ect

In operation mode the network signal goes to the electric delay line ED (Fig.2) and
the phase shifter PS. Electricity for the motor F1through phase shifter with lagging
90 degrees against the motor F2 is supplied. After interval τ = l/c (l is the distance
between motors) the acoustic process into the pipe arrives at the motor F2. But on
the same time the electricity for supplying F2 through the electric delay is delayed.
For estimation of the pressure by microphone Ì and sound level meter LM are
applied.
In order to �nd out a�ectivity of the fan noise reducing methods the experiment
data due to scheme in Fig.2 and the same scheme but apart from the electric delay
line ED, the phase shifter PS, installation motors and impellers in position were
standing wave barrier e�ects working should be compared.
The noise spectrogram using two identical motors and two identical impellers exclud-
ing any standing wave barriers and the negative correlation e�ect into the ventilation
pipe is illustrated in Fig.3.
The frequency on abscissa (Hz) and the relative acoustic pressure on ordinate axis
are constructed.
The noise spectrogram using two identical motors and two identical impellers in-
cluding the some standing wave barriers and the negative correlation e�ect into the
ventilation pipe is illustrated in Fig.4. The noise spectrogram commenced on af-
fectivity of the reducing the basic frequency 50 Hz and coincidence harmonics are
shown.
The frequency on abscissa (Hz) and the relative acoustic pressure on ordinate axis
are constructed. The reducing fan noise pressure on 13 dB in broadband range by
the negative correlation e�ect and the standing waves barriers e�ect are obtained.

4 Results

It follows that the standing waves barriers e�ect help us to reduce fan noise pressure
at the pipe outlet on 6 dB in broadband range from 16 Hz to 10000 Hz when this data
is �xed by the sound level meter. The negative correlation e�ect makes it possible
to obtain reducing fan noise pressure on 7 dB not only reducing sound �uctua-
tions with frequency electric network 50 Hz but also in low-frequency and infrasonic
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Figure 4: Noise spectrogram with two identical motors and identical impellers in-
cluding the standing wave barriers and the negative correlation e�ect

range. Such low-frequency and infrasonic �uctuations are excited by transformation
asynchronous electromagnetic �uctuations into stator windings as infrasonic modu-
lations and modulation electromagnetic distortions. One must expect that reducing
fan noise on transport, manufactures and home equipments will be taken care of
by using the standing waves barriers with the negative correlation e�ect for human
audition protection.
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Abstract

Multilayer thin �lm materials are extensively used in engineering systems
to accomplish a wide range of speci�c functions. The layered structure could
be used for improving mechanical, optical, electrical, magnetic and thermal
properties of microelectronic devices. However, multilayer thin �lm structures
are inherently stressed owing to lattice mismatch between di�erent layers. Sim-
ilar to other stressed solids, such materials can self-organize a surface shape
with mass redistribution to minimize a total energy. But the morphological
stability is very important in fabrication of defect-free microelectronic devices.
In this paper, we present a model of surface pattern formation in multilayer
thin �lm structure with an arbitrary number of layers by considering com-
bined e�ect of volume and surface di�usion. Based on Gibbs thermodynamics
and linear theory of elasticity, we design a procedure for constructing a gov-
erning equation that gives the amplitude change of surface perturbation. A
parametric study of this equation leads to the de�nition of a critical undula-
tion wavelength which stabilizes the surface. As an application of presented
solution, we analyze the surface stability of two-layered �lm under di�erent
conditions.

1 Introduction

Nowadays it's a well-established phenomena that during �lm deposition and subse-
quent thermal processing the �lm surface evolves into an undulating pro�le. Surface
roughness a�ects on many important aspects in the engineering application of thin
�lm materials such as wetting, heat transfer, mechanical, electromagnetic and op-
tical properties. Numerous experimental results demonstrate that surface e�ects
become important in mechanical behavior of nanosized structural elements. Ana-
lyzing a regular surface patterns in mono- and multilayer �lm coatings, it was found
that even a slight undulation in surface morphology can lead to nucleation of mi-
crocracks and �lm delamination. It should be noted, that there are some positive
aspects of surface roughening. For instance, control annealing of thin �lm causes
to break up it to nanosized islands, which exhibit unusual electrical and optical
properties. So, to accurately control the morphological surface modi�cations at the
micro- and nanoscale and improve manufacturing techniques, we need to model this
process to gain a better theoretical understanding.
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2 Problem formulation

Consider an isotropic multilayer �lm coating of a total thickness hf =
N∑
r=1

hr, which

consists of N dissimilar layers and is deposited on a substrate with Poisson's ratio
νN+1 and shear modulus µN+1 under plane strain conditions (see Fig. 1). The layer
of thickness hj has Poisson's ratio νr and shear modulus µr.

Figure 1: Multilayer �lm coating with curved surface.

The substrate is modeled as an elastic half-plane of complex variable z = x1 + ix2

ΩN+1 =
{
z : x2 < 0, x1 ∈ R1

}
. (1)

The coating is modeled as coherently bonded strips Ωr

Ωr = {z : Hr+1 < x2 < Hr, x1 ∈ R1} ,

HN = hN , HN+1 = 0, Hr = Hr+1 + hr, r = 2, N
(2)

with rectilinear boundaries

Γr = {z : z ≡ zr = x1 + iHr} , r = 2, N + 1. (3)

Taking into account the results of experimental studies, we assume that the �lm
surface has an arbitrary small perturbation which changes with time τ through the
mass transport

Γ1 = {z : z ≡ z1 = x1 + i [H1 + g(x1, τ)]} ,

g(x1, τ) =
+∞∑
n=1

An(τ) cos kx1, An(0) = an,

max
n
|An(τ)| /λ = ε(τ)� 1 ∀τ, k = 2πn/λ.

(4)

The conditions at free surface, interfaces and in�nity are, respectively

σ(z1) = 0, z1 ∈ Γ1, (5)
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∆u(zr) = u+ − u− = 0, ∆σ(zr) = σ+ − σ− = 0, (6)

σ∞22 = σ∞12 = 0, σ∞11 = T, ω∞ = 0. (7)

In Eqs. (5)�(7), u = u1 + iu2, σ = σnn + iσnt; u1, u2 are displacements along
corresponding axes of Cartesian coordinates x1, x2; σnn, σnt are components of the
stress vector σ at the area with unit normal n in the local Cartesian coordinate
system n, t (vector n is perpendicular to the boundary Γ1 in Eq. (5) and the interface
Γr in Eq. (6); u± = lim

z→zr±i0
u(z), σ± = lim

z→zr±i0
σ(z), zr ∈ Γr, r = 2, N + 1; σ∞αβ =

lim
x2→−∞

σαβ, ω
∞ = lim

x2→−∞
ω; σαβ (α, β = 1, 2) are the components of the stress tensor

in the axes x1, x2; ω is the rotation angle of a material particle.
As it was mentioned above, the analysis of morphological instability is based on
combined e�ect of surface and volume di�usion that are assumed to take place in
the region close to the free surface Γ1. Following Panat et al.[1], the normal velocity
of the surface can be computed as

∂g(x1, τ)

∂τ
= Ks

∂2

∂x2
1

[
U(x1, τ)− γ ∂

2h(x1, τ)

∂x2
1

]
+

+Kvk

[
γ
∂2h(x1, τ)

∂x2
1

+ ∆P (x1, τ)

]
,

(8)

where Ks = DsCsΩ
2/kbTa, Kv = DvCvΩ/kbTa; Ω is the atomic volume, Ds is

the surface sel-di�usivity, Cs is the number of di�using atoms per unit area, kb is
the Boltzmann constant, Ta is the absolute temperature, Dv is the vacancy self-
di�usivity in bulk of top layer, Cv is the concentration of vacancies in the bulk
of top layer in equilibrium with a �at �lm surface under a remote stress, γ is the
surface energy, U is the elastic strain energy at the perturbated �lm surface, ∆P is
the variation of the hydrostatic pressure at rough and �at free surface.
Here, the elastic deformation caused by surface perturbation is treated as a quasi-
static state. Thus, in order to integrate the surface evolution equation (8), we solve
the corresponding boundary-value problem of plane elasticity for multiply connected

domain Ω =
N+1⋃
r=1

Ωr under boundary conditions (5)�(6) and conditions at in�nity (7).

3 Perturbation Solution

In accordance with the superposition technique [2, 3], the solution of formulated
problem of linear elasticity (1)�(7) is represented as

G(z) =

 Gk
k(z, ηk) +Gk+1

k (z, ηk), z ∈ Ωk,

GN+1
N+1(z, ηN+1), z ∈ ΩN+1,

(9)

where k = 1, N .
In Eq. (9), the following notations are introduced

G(z, ηj) =


σ(z), ηj = 1,

−2µjυ(z), ηj = −κj,
z ∈ Ωj, (10)
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Gr
j(z, ηj) =


σr(z), ηj = 1,

−2µjυ
r(z), ηj = −κj,

z ∈ Ωj. (11)

Here, κj = 3 − 4νj; υ =
du

dz
; υr =

dur

dz
; σr and ur are the stress and displacement

vectors in the problem with number r, similar to σ and u; r, j = 1, N + 1. The
derivative is taken along the area with normal n, i.e. in the direction of the axis t.
In the �rst problem, it is supposed that unknown self-balanced periodic load p is
applied to the periodic curvilinear boundary Γ1 of the homogeneous half-plane with
the same period λ. The longitudinal load at in�nity is equal to T 1

1 .
In the problem r ( r = 2, N + 1 ), the coupled deformation of two dissimilar half-
planes Θr−1 and Θr with elastic properties of the corresponding phases Ωr−1 and
Ωr is caused by the unknown jumps of tractions ∆σr and displacements ∆ur at the
rectilinear interface Γr under longitudinal remote load T rj in Θj (j = r − 1, r).
Quantities T 1

1 , T
r
r−1, T

r
r ( r = 2, N + 1 ) are found from recurrence relations which

follow from conditions (6) and equations ∆σr = ∆ur = 0 corresponding to the case
of the coating with the �at surface.
Boundary conditions (5) and (6) at Γi lead to the system of boundary equations for
unknown functions p, ∆σr and ∆ur.
According to papers [2, 3], the stresses σr and displacements ur are related to
Goursat-Kolosov complex potentials Φr

j and Υr
j by the equality

Gr
j(z, ηj) = ηjΦ

r
j(wk) + Φr

j(wk)−
(
Υr
j(wk)+

+Φr
j(wk)− (wk − wk) Φr′

j (wk)
)
e−2iα, z ∈ Ωj,

(12)

where α is the angle between axis t of the local coordinates n, t and axis x1, the
prime denotes di�erentiation with respect to the argument; r, j = 1, N + 1; w1 =
z + i(g(x1)−H1), wk = z + iHk, k = r − 1, r, k 6= j.
Following boundary perturbation technique, we expand functions Φr

j , Υr
j and p in

power series of small parameter ε

p(z1) =
∞∑
n=0

εn

n!
pn(z1), Φr

j(wk) =
∞∑
n=0

εn

n!
Φr
jn(wk), Υr

j(wk) =
∞∑
n=0

εn

n!
Υr
jn(wk). (13)

And boundary values of functions Φ1
1n, Υ1

1n and pn at Γ1 into Taylor series in the
vicinity of the line Imw1 = 0, i.e. z = iH1, considering x1 as parameter

Φ1
1n(w1) =

∞∑
m=0

[iεf(x1)]m

m!
Φ

1(m)
1n (x1),Υ1

1n(w1) =
∞∑
m=0

[−iεf(x1)]m

m!
Υ

1(m)
1n (x1),

pn(z1) =
∞∑
m=0

[iεf(x1)]m

m!
p(m)
n (x1).

(14)
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In view of relation εf ′(x1) = tg (α1) and condition |εf ′(x1)| < 1, one can write

e−2iα1 = 1 + 2
∞∑
m=0

(−iεf ′(x1))
m+1

. (15)

Based on the solution of Riemann-Hilbert problem for holomorphic functions
Φr

1n(w1), Υr
1n(w1) (r = 1, N + 1), representations (12)-(15) allows us to transform

the system of boundary equations for unknown functions p, ∆σr and ∆ur into
Fredholm integral equations of the second kind in expansion coe�cients σrn and v

r
n

(r = 2, N) and their conjugates

∆σrn(x1) +
+∞∫
−∞

Kr1(x1, ξ)∆σ
r
n(ξ)dξ +

+∞∫
−∞

Kr2(x1ξ)∆σrn(ξ)dξ+

+
+∞∫
−∞

Kr3(x1, ξ)∆v
r
n(ξ)dξ +

+∞∫
−∞

Kr4(x1, t)∆vrn(t)dt = Hr
1n(x1),

∆vrn(x1) +
+∞∫
−∞

Kr5(x1, ξ)∆σ
r
n(ξ)dξ +

+∞∫
−∞

Kr6(x1, ξ)∆σrn(ξ)dξ+

+
+∞∫
−∞

Kr7(x1, ξ)∆v
r
n(ξ)dξ +

+∞∫
−∞

Kr8(x1, ξ)∆vrn(ξ)dξ = Hr
2n(x1).

(16)

Here the kernels Krj(x1, ξ), j = 1, 8 are the same for every order of approximation
and belong to the class of continous functions.The right hand sidesHr

1n(x1), Hr
2n(x1)

are known continuous functions which depend on solutions of all previous approxi-
mations.
Periodicity of a surface perturbation (4) makes it possible to solve the problem in a
form of Fourier series as in the case of the single layer coating [2, 3, 4]

∆σrn(x1) =
+∞∑

k=−∞

ArknEk(x1), ∆vrn(x1) =
+∞∑

k=−∞

Br
knEk(x1) (17)

where Arkn B
r
kn ∈ C, Ek(x1) = exp(bkx1), bk =

2πik

λ
.

FunctionsHr
1n(x1) andHr

2n(x1) are periodic as well and can be represented by Fourier
series with known coe�cients

Hr
1n(x1) =

+∞∑
k=−∞

Cr
knEk(x1), Cr

kn =
1

λ

λ/2∫
−λ/2

Hr
1n(t)E−k(x1)dt,

Hr
2n(x1) =

+∞∑
k=−∞

Dr
knEk(x1), Dr

kn =
1

λ

λ/2∫
−λ/2

Hr
2n(t)E−k(x1)dt

(18)

Using expansions (17) and (18), the system of 2N − 2 integral equations (16) is
reduced to the linear system of algebraic equations in the unknown coe�cients
Arkn, B

r
kn.
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4 Stability conditions

Using the method described above, a stress and strain distribution modi�ed by
surface perturbation (4) is obtained in the �rst-order approximation

σij(x1, τ) ≈ σij(0)(x1, τ) + ε(τ)σij(1)(x1, τ),

εij(x1, τ) ≈ εij(0)(x1, τ) + ε(τ)εij(1)(x1, τ).
(19)

Substituting obtained equations for the elastic strain energy U at the wavy surface
and the hydrostatic pressure variation ∆P into Eq. (8), equating coe�cients of
cos(kx1) and then integrating over the time we derive the governing equations which
give the exponential growth of each Fourier wavemodes An with time [5]

ln

(
An(t)

an

)
= Pn(λ, h1, . . . , hN , µ1, . . . , µN+1, ν1, . . . , νN+1, γ,D, T )τ, (20)

while λ > λcr, where critical wavelength λcr is determined from equations

Pn(λ, h1, . . . , hN , µ1, . . . , µN+1, ν1, . . . , νN+1, γ,D, T ) = 0, D =
DvCv
DsCs

. (21)

As an example, we consider two-layered �lm structure where the surface undulation
is speci�ed by the periodic function [4]

f(x1) =
λ

d

[
Imctg(

πx1

λ
− iy)− 1

]
, d = Imctg(iy) + 1, (22)

here the real quantity y ∈ (0,+∞) plays the role of the parameter determining the
surface shape. Fig. 2 presents the �lm surface relief for y = 0.5 and 5.

Figure 2: The surface shape with di�erent values of parameter y.

Table 1 shows the critical values of surface perturbation wavelength where shear
modulus is µ1 = 100GPa, Poisson ratios are ν1 = ν2 = ν3 = 0.3, surface energy is
γ = 1J/m2, volume to surface di�usion ratio is D = 10−25m2 and atomic volume is
Ω = 4.29× 10−29m3. Young modulus ratios E1/E2, E2/E3; thicknesses of layers h1,
h2 and parameter y are varying in Eq. (22).
As one can see from the table, the surface shape has most signi�cant e�ect on critical
wavelength. The relative di�erence of critical values in the case of y = 0.5 and y = 5
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Table 11: The critical perturbation wavelength for various system parameters.

E1/E2 0.3 0.3 3 3
E2/E3 0.3 3 0.3 3

h1, µm h2, µm y λcr, µm

0.6 0.6
0.5 1.287 1.287 1.248 1.248
5 2.887 2.625 1.926 1.911

1.2 0.6
0.5 1.264 1.264 1.263 1.263
5 2.190 2.186 2.100 2.098

0.6 1.2
0.5 1.287 1.287 1.247 1.247
5 2.728 2.694 1.917 1.916

Table 12: The e�ect of di�erent longitudinal load T signs.

E1/E2 0.3 0.3 3 3
E2/E3 0.3 3 0.3 3

h1, µm h2, µm y (λ+
cr − λ−cr)/λ+

cr

0.6 0.6
0.5 0.153 0.152 0.138 0.138
5 0.365 0.306 0.185 0.180

1.2 0.6
0.5 0.144 0.144 0.143 0.143
5 0.242 0.240 0.215 0.214

0.6 1.2
0.5 0.153 0.153 0.138 0.138
5 0.330 0.322 0.182 0.181

ranges from 53% to 125% for di�erent parameters. In the case of a sinusoidal surface
(y = 5), e�ect of Young modulus ratios E1/E2 and E2/E3 and thicknesses of layers
h1 and h2 are also considerably (33%, 10%, 25%, respectively). However, in the case
of y = 0.5 variation of these parameters has insigni�cant e�ect on the result.
The contribution of volume di�usion depends on the sign of the stress T [1]. The
relative di�erences of critical wavelengths λ−cr and λ+

cr for compressive and tensile
stresses, consequently, are presented in the Table 2. According to the results, the
load sign has greater in�uence in the case of the soft �lm coating.

5 Conclusion

In the present study, we designed the theoretical model of multilayer thin �lm coat-
ing in order to analyze the stability of free surface against di�usional perturbations.
Using the complex variable representations, superposition method and boundary
perturbation technique, the original boundary value problem is reduced to the suc-
cessive solution of the set of Fredholm integral equations, which is given in the terms
of Fourier series. As a result, governing equation is derived and gives the amplitude
of morphological evolution as a function of time.
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Phase transitions in titanium alloys at high-speed
mechanical e�ect
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Abstract

TEM, SEM-technique and X-ray di�raction analysis are used to investigate
the structural and phase changes occurring in a material of chip after turning
treatment of blanks from titanium alloys PT-3V, VT-23, VT-6 in speed range
of cutting 2...275 m/mines and plane targets-samples from VT-6 (α + β) ti-
tanium alloy, processed by a shock wave with the help of a pneumatic gun,
within impact velocity range of 400...600 m/s (at speeds of deformation 105 �
106s−1) were investigated. It is shown, that the compressing shock wave mod-
ulates a material structure, breaking it on mezo-volumes by the size 100...400
microns, under which boundaries the unloading wave, connecting rotational
(rotary) modes, makes located adiabatic shears. Is shown, that on an input
the loading wave resulting in decomposition β-phases and enrichment by a
vanadium of α-phase up to formation soft orthorhombic of α//-phase, braking
a shock wave was formed. The shock wave was re�ected in an output from
the back party and the unloading wave was formed. Here there was a change
of the mechanism of plastic deformation, from shift to rotational.

1 Introduction

The high-speed deformation is a modern high-e�ciency way of metal materials treat-
ment. In various �elds of the industry with success energy of explosion and other
methods of reception of shock waves for are ductile, press forming, welding and
cutting treatment of materials is used. In practice most di�cultly treated the ti-
tanium alloys, especially, two-phase of martensite class. It is possible to believe,
what is it occurs because of localization of plastic deformation in blank metal in a
zone of contact to the instrument, that is caused by their low heat conduction, high
contact temperatures, high propensity to structural and phase transformations at
deformation are considered.
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2 Experiment

2.1 Cutting Treatment of Titanium Alloys

The treatment of titanium alloys PT-3V and VT-23 was carried out by a hard-
alloy cutter VK8 without lubrication with a feed speed S = 0, 26 mm/revolutions
and cutting depth t = 3 mm, in a range of cutting speeds 2...120 m/mines. The
geometrical parameters of a cutter made corners: ϕ = 450; ϕ1 = 150; α = 60;
γ = 120.

2.2 Morphology of Chip

As it is visible from Fig. 1a, at increase of speed of cutting treatment blank from
titanium alloy VT-23, the linear wear of the tool was much higher, in comparison
with treatment of steel HVG or aluminium alloy AMz. Thus it was formed chip
local (adiabatic) shear with traces of localization of plastic deformation (εlocal), Fig.
1b. The period of localization (width of chip segments) on the average 300...400
microns.

Figure 1: Wear of tool with increase of speed cutting treatment of alloys VT-23 (1),
HVG (2), AMz (3), (a). The scheme of Â«adiabatic shiftÂ» chip formation (strong
localization of plastic deformation) (b).

2.3 Structure of Chip Metal

The structure of blank from titanium alloy VT-23 in an initial state represented
colonies of parallel plates of α-phase, disjointed interlayers of β-phase, Fig. 2c. At
cutting treatment, beginning already from speed 2 m / mines, the inhomogeneous
plastic deformation, its strong localization in narrow iterating with a period 300...400
microns volumes of metal on the mechanism of formation of a super�ne structure,
Fig. 2d, took place.
As have shown results of scanning electronic microscopy, free surfaces of chips from
alloys VT-23 (Fig. 2b) and PT-3V (Fig. 2a) were formed on the rotational mecha-
nism with attributes of destruction in conditions local adiabatic shear.
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Figure 2: Reference photos of chips surface from alloy VT-23 (b) and PT-3V (a).
Structure of chip from alloy VT-23 before (c) and after (d) cutting treatment with
speed 120 m/min.

2.4 Estimate of Chip Microhardness

The microhardness testings were made in chip metal from alloy VT23 along a direc-
tion of movement of cutter in with speed 120 m/min, with an interval 20 microns at
loading of 20 grams. Results of microhardness testing of chips had wavy character,
is especial close their free edge, Fig. 3.
The maximal values of microhardness had on places of an articulation of segments of
chips, in which with the help of transmission electronic microscopy the localization
of plastic deformation on the mechanism of formation of narrow zones has been
earlier found out by a super�ne structure. Here absolute values of microhardness for
alloys VT-23 reached 4381 MPa at average hardness of chips and metal in an initial
condition, accordingly 3761 and 3903 MPa. It is necessary to note, that the speci�ed
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Figure 3: Distribution of microhardness in chip metal from alloy VT23 along a
direction of movement of cutter in with speed 120 m/minutes.

changes of structure, Fig. 2d and modulation of microhardness, Fig. 3, near to free
edge of chip were more essential, than in at cutter zone that testi�ed to passage there
more intensive relaxation processes. Thus, the cutter at the movement along treated
blank material forms a wave of compression which modulates material structure,
dissecting it on mezo-volumes by the size 300...400 microns. Having re�ected from
a surface of blank material, the unloading wave of the plastic deformation providing
connection of rotational (rotary) modes of plastic deformation and making located
adiabatic shears along the boundaries educated mezo- volumes is formed. Dissipative
modulation of structure and microhardness in titanium alloys could be the reason
of decrease of tool wearproo�ty.

3 Shock Stressing of titanium alloys

The treatment by a shock wave was carried out in a material of plane blanks -
samples from two-phase (α + β) titanium alloys OT4, VT6 and VT-23, tested by
anvil block, or blast wave [1]. Thus blanks have been �nished with full destruction
with education of two free surfaces or cavities.

3.1 Morphology of destruction of targets- blanks after shock
loading

In Fig. 4, the photos and the scheme of destruction of target- blank �2 from the
VT6 alloy tested over impact velocity of 568 m/s are submitted. It is visible, that
formed turnpike the crack was parallel to a free surface of a target and had the step
form.
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Figure 4: The scheme of destruction of planar target- blank �2, tested over impact
velocity of 568 m/s, (b). Sizes are speci�ed in mm. The surface cross-micro-section
(a) and free surface of breaking-o�s "destroyed" (c) and "basic" (d) parts of target-
blank in a zone 1. x 3 (a), x 220 (c), x 14 (d).

It is possible to allocate three stages (3 zones) destructions. Zone 1 - "epicentre"
of shock wave in diameter no more than 15 mm, in which characteristic viscous
"tunnels" (∅ 100...400 microns) focused along a direction of impact were formed.
Zone 2 - "periphery" of shock wave as a ring. Zone 3 - "�nal destruction". There
were, that the surfaces of breaks having at a macro-level antisymmetric character,
at micro- level did not coincide. Took place disposal of material, it is especial in a
zone 2, Fig. 4(a-b). On Fig. 4(a-d) electron microscope photos of cross-sections and
fractures "destroyed" (a, c) and "basic" (a, d) of parts of the target- blank in zone 1
are submitted. It is visible, that fracture of the destroyed blank on mezo- level was
formed components of round forms by the size 100...400 microns, Fig. 4(c-d). Such
viscous of metal sites could be generated as a result of the rotational mechanism
of plastic deformation along narrow micro channels, which direction coincided with
a direction of operation of the maximal stress [2]. It is possible to believe, that
at the high-speed treatment, the compressing shock wave modulates a structure
of target- blank, breaking it on mezo-volumes by the size 100...400 microns, along
which boundaries the unloading wave, connecting rotational (rotary) modes, makes
located adiabatic shears [2] and destruction.
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3.2 Estimation of microhardness of blank metal after shock
stressing

On Fig. 5 results of microhardness testing with an interval 20 microns are submitted
at loading of 20 grams, in blank metal from alloy VT6 after treatment by a shock
wave with speed 568 m/s.

Figure 5: Distribution of microhardness in blank metal from alloy VT6 along a
direction of movement of shock wave in a zone 1 with speed 568 m/s

Measurements have been executed starting from edge of "basic" blank part on a
trace of movement of wave in the central and peripheral �eld on distance of 4 mm
from the center, in both cases at level of zone 1. Absolute values of microhardness in
the center and on periphery reached on the average 4413 and 3996 MPa, accordingly,
at average hardness of sample metal in an initial condition 2416 MPa. Apparently
from Fig. 5, results of measurement of microhardness after shock stressing had wavy
character with the size of a half wave 100...200 microns. In comparison with central,
the peripheral wave on distance of 4 mm from the center was in an antiphase and
thus, they were self-consistent in mezo-volume 100...200 microns (zone 1). Similar
comparative results have been received and at level of zone 2. Peripheral wave on
distance of 11 mm from the center, was self-consistent with central less often, but
the size of such volumes increased up to 300...600 microns.

3.3 A structure of targets-blanks after shock loading

Structure of blanks metal from alloy VT6, tested anvil block and a blast wave
investigated with the help of microhardness measurements, transmission electronic
microscopy [5] and X-ray di�raction analysis, Fig. 6.
Results have shown, that with increase of speed of shock wave, took place local-
ization of plastic deformation, to which decomposition of enriched solid solutions
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Figure 6: The results of microhardness measurements (a), of analysis parameter
lattice (b) and contents (c) of β-phase along the shock wave propagation after shock
loading for target-blank �2, tested with impact velocity 568 m/s.

always preceded. In all investigated materials in boundary layers generated mezo-
volumes, interlayers of β-solid solution under operation of shock wave, were exposed
to fractional or decomposition (dissolution) in result β → α-transformation. In such
places the structure from �ne grains of di�erent orientation which had the height-
ened microhardness was formed and yielded in condition of microdi�raction "ring"
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electronogrames,[5], origin of micro-cracks here was observed. Microhardness testing
on targets blanks from the VT6 alloy after tested by a shock wave with velocity 568
m/s. On the target �1, remained the whole, results of microhardness measurement
changed concerning of an initial level 3760 ± 470 MPa. On the destroyed target
�2, along the central zone, microhardness in the "basic" part was above of an initial
(4430 MPa), and in "destroyed" parts its sharp decrease up to level 1800 MPa was
observed, �gure 6 (a). In Fig. 6 (b, c) the results of analysis parameter lattice and
contents of β-phase in a target- material �2 before and after shock loading along
the shock wave propagation are submitted. As it is seen, in "destroyed" part of
target- sample were observed signi�cant changes. Results have shown, that on an
input the "loading wave" resulting in decomposition β(α) - phases and enrichment
by vanadium of α-phase up to formation soft orthorhombic of α//-phase, braking
a shock wave was formed. As seen in Fig. 6 (c), on an input of target of β-phase
was not. The shock wave was re�ected in an output from the back party target and
the "unloading wave" was formed. Here there was a change of the mechanism of
plastic deformation, from shift to rotational [2], and there was an intensive heat-
generating, increase of a temperature and opposite α → β phase transformation.
The soft enriched vanadium the β(β) - phase, was inclined to decomposition up to
formation of brittle ω-phase was formed [4]. As seen in Fig. 6 (b), on an output
of target, a lattice parameter of β-phase sharply decreased up to level 3,183 A. At
movement of the re�ected shock wave from the back surface of target- sample, and
pauperization of β-phase by vanadium, itâ��s a lattice parameter considerably was
raised.

4 Conclusion

It is possible to believe, that at the high-speed deformation, compressing the "load-
ing shock wave" modulates material structure, breaking it on mezo-volumes by the
size 100...400 microns. Inside formed mezo-volumes the phases of waves are oppo-
site on the sign, that results in a relative relaxation in them of stresses. In titanium
alloys of martensite class in which, the "loading wave" resulting in decomposition
β-phases with formation α//-phases. As a result of self-organizing of system, the
"unloading wave" of plastic deformation and destruction, depending on relaxation
ability of a material (structural and concentration [3-4], energies of defect of pack-
ing, ability of transformation of mechanical energy in thermal, realization of phase
transformations) is formed. Here there was a change of the mechanism of plastic
deformation, from shift to rotational. Thus there was an intensive heat-generating,
increase of a temperature and opposite α → β phase transformation. By the gen-
erated soft enriched vanadium the β-phase, was inclined to decomposition down to
formation of brittle ω-phase. In this place the crack was formed.
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Abstract

Using a detailed chemical kinetics the possibility of a control of detonation
propagation in a stoichiometrical hydrogen-air mixture �owing at a supersonic
velocity into a plane channel was investigated. The conditions that provide
detonation stabilization in the �ow (without any energy input) were studied.
The possibility of controlling a stabilized detonation wave location in the high-
velocity gas mixture �ow is examined.

1 Introduction

The study of detonation combustion in high-velocity gas �ows is the one of the
main branches of detonation investigation. In particular, detection of the technique
of controlling detonation propagation in a supersonic gas �ow and determination of
conditions that provide detonation stabilization in a �ow are of great interest. So, the
method of detonation stabilization in a supersonic gas �ow in a plane channel with
parallel walls by means of weak discharges has been proposed in [1]. However, the
detonation stabilization without any expenditure of energy is more preferable. So,
the formation of stabilized detonation in supersonic �ows of hydrogenous mixtures
in an axisymmetric nozzle was investigated (see, for example, [2]). Stabilization
of rotating detonation in an axisymmetric combustion chamber was studied in [3].
The formation of stationary detonation in plane channels with a wedge-shaped part
for some combustible gas mixtures was examined in [4], [5]. In [1] the possibility of
stabilization of formed detonation in a stoichiometrical hydrogen-air mixture �owing
at a supersonic velocity into the symmetrical plane channel with narrowing cross-
section was ascertained. However, the stability of the formed �ow with a stabilized
detonation wave was not studied.
In this work advancing the research [1] the stability of the �ow with stabilized
detonation in the channel with narrowing to strong disturbances was examined. In
addition, the capability of a control of a stabilized detonation wave location in the
high-velocity �ow of a stoichiometrical hydrogen-air mixture in the channel with
narrowing is investigated. The possibility of initiation and stabilization detonation
combustion in the supersonic �ow of the gas mixture due to using the special form
plane channels (without any energy input) is studied.
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2 Mathematical Model

Detonation propagation in a premixed stoichiometrical hydrogen-air mixture �owing
into a plane channel (in�ow cross-section and out�ow one are perpendicular to the
incoming �ow direction) is studied. The combustible gas mixture under the normal
conditions (p0=1atm, T0=298K) is incoming into the channel at a supersonic velocity
that exceeds a velocity of self-sustaining detonation propagation in the quiescent
mixture with incoming �ow parameters: that isM0 > MJ0 (hereM0 is the incoming
�ow Mach number, MJ0 is the Mach number of self-sustaining detonation). A
stoichiometrical hydrogen-air mixture �owing into the channel is considered as the
mixture of the H2, O2, N2 and Ar gases in the volumetric relation 42 : 21 : 78 : 1.
The set of gas dynamics equations describing a plain two-dimensional nonstationary
�ow of the inviscid reactive multi-component gas mixture is:

∂ρ
∂t

+
∂(ρu)
∂x

+
∂(ρv)
∂y

= 0

∂(ρu)
∂t

+
∂(ρu2 + p)

∂x
+
∂(ρuv)
∂y

= 0

∂(ρv)
∂t

+
∂(ρvu)
∂x

+
∂(ρv2 + p)

∂y
= 0

∂(ρ(u2 + v2)/2 + ρh− p)
∂t

+
∂(ρu((u2 + v2)/2 + h))

∂x
+

+
∂(ρv((u2 + v2)/2 + h))

∂y
= 0

∂(ρni)
∂t

+
∂(ρuni)
∂x

+
∂(ρvni)
∂y

= ρωi

where x and y are the Cartesian coordinates; u and v are the corresponding velocity
components; t is the time; ρ, p and h are the density, the pressure and the enthalpy,
respectively; ni is the molar concentration of the ith species in the mixture; and ωi
is the rate of formation/depletion of the ith component.
The equations of state for the mixture have the usual form

p = ρR0T
∑
i

ni, h =
∑
i

nihi(T ).

Here T is the temperature, R0 is the universal gas constant. The partial enthalpy
hi(T ) of the ith mixture component is determined by the Gibbs reduced energy of
this component [6].
The in�ow boundary conditions are the incoming �ow parameters, the out�ow
boundary condition is necessary only in the boundary points with the subsonic
velocity of gas out�ow (in this case, the boundary condition is pout = p0). Slip
condition is imposed at the channel surface.
A set of Euler gas dynamics equations coupled with detailed chemical kinetics equa-
tions [7] (in case of symmetrical channels with narrowing cross-section) or [8] (for
channels of special shape) has been solved using a �nite-di�erence method based on
the Godunov's scheme [9]. The size of mesh was selected so that the �ow behind
the detonation front (in particular, the �ow in the induction zone) was represented
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correctly. Thus the computational mesh with cell size 0.03mm � 0.01mm was used
in numerical calculations.

3 A gas �ow with a stabilized detonation wave in a

symmetrical plane channel with narrowing cross-

section

The possibility of stabilization of formed detonation without any energy input in the
combustible gas mixture �owing at a supersonic velocity into a symmetrical plane
channel with narrowing cross-section has been investigated in [1]. The schematic of
the upper part of the channel is shown in Fig. 1a: the in�ow boundary is x = x4, the
out�ow boundary is x = 0; the channel width is a continuously di�erentiable func-
tion of a longitudinal coordinate. The initial condition is the steady supersonic plane
two-dimensional �ow of the gas mixture in this channel obtained by the stabiliza-
tion method. The initial instantaneous supercritical energy input E0 in the narrow
layer shaped domain located near the x = x1 section (shaded region in Fig. 1a) was
used for detonation initiation. Two detonation waves are formed as a result of the
energy input: the �rst one propagates downstream (this wave is transferred by the
�ow) and the other propagates upstream. The in�uence of geometrical parameters
of the channel on propagation of the latter detonation wave has been studied. In
[1] numerical calculations were carried out with the �xed geometrical characteristics
l =0.025m, x1/l =5, x2/l=10, x3/l=15, x4/l=20 and with di�erent values of M0,
l2 and l3. It has been established that for some values of the incoming �ow Mach
numberM0 the geometrical channel parameters may be selected so that the detona-
tion wave is stabilized in the �ow without any energy input. In particular, in case
of M0=5.2 the using of the channel with parameters l2/l=0.7 and l3/l=1.4 is the
su�cient condition for stabilization of the detonation wave in the �ow.
The numerical modeling of this research that performed with the use of a �ner com-
putational grid (the mesh size is reduced more than 6 times as compared with a
modeling of [1]) has con�rmed the formation of the �ow with the stabilized detona-
tion wave in the channel under consideration in case of M0=5.2. The pressure �eld
and the density contours for this gas �ow with the stabilized detonation wave are
presented in Fig. 1b. In the case under consideration the detonation wave initiated
by energy input near the x′ = 5 section moves upstream and is stabilized with time
in the divergent (in the line of �ow) part of the channel at a short distance from
the x′ = 6 section. The stabilized detonation wave and the oblique shock wave of
the initial steady �ow form a Mach con�guration; the formed �ow with stabilized
detonation is unsteady due to instability of the contact surface.
The stability of this �ow with the stabilized detonation wave in the channel to strong
disturbances excited by energy input has been studied. The input of energy Etest
(Etest = E0/3 and Etest = 5E0/3 ) with an exponential dependence of energy input
density on transversal coordinate (or uniform energy input) in the narrow layer
located in other parts of channel has been considered.
In case of the energy input in a domain placed in front of the stabilized detonation
wave it has been established that in spite of a disturbance of stabilized detonation
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a

b

Figure 1: Detonation stabilization in the symmetrical plane channel with narrowing
cross-section: a � the scheme of the plane channel; b � stabilization of the detonation
wave in the divergent channel part in case of M0 =5.2. Here and further y′ = y/l,
x′ = x/l, where l is the half of the out�ow section width; the arrows show the �ow
direction.

after energy release, the energy input under consideration does not break the wave
stabilization and does not change the location of the stabilized detonation wave
(Fig. 2a). In case of the energy input in the domain located near the x′ = 7 section,
energy supply Etest leads to formation of a new detonation wave upstream (DW).
The initial wave transforms to a shock wave (SW). However, new detonation wave
is transferred by the �ow and is stabilized with time in that particular place where
the initial stabilized detonation wave was located (Fig. 2b).
In case of the disturbing energy input Etest = 5E0/3 near the narrowest part of the
channel (either in the convergent part or in the part of the constant width near the
in�ow section) a formed new detonation wave moves upstream from the channel.
Thus, these disturbances destroy the detonation stabilization in the �ow.
As a result of the detailed analysis it has been established that the �ow under
consideration with stabilized detonation in the channel with narrowing cross-section
is stable to those disturbances (excited by energy input) that do not initiate a
new detonation wave upstream some critical cross section of the channel. At such
disturbances detonation wave remains in the divergent part of the channel and the
�ow with stabilized detonation restores with time. Otherwise, the detonation wave
appears in the convergent channel part and wave moves upstream from the channel.
The possibility of controlling a stabilized detonation wave location in the high-
velocity gas mixture �ow in the plane channel with narrowing was investigated. So,
the in�uence of increase of the incoming �ow Mach number and of dustiness of
the incoming combustible gas mixture to detonation stabilization in the �ow was
studied. In particular, it has been obtained that in the channel the form of which
provides detonation stabilization in case of incoming �ow Mach number M0=5.2
(Fig. 1b), dustiness of the incoming combustible gas mixture leads to transferring of
a stabilized detonation wave location in the downstream direction (Fig. 3).
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a

b

Figure 2: The conservation of stabilized detonation in case of energy input at the
moment of time t=2.286ms for M0=5.2: a - the energy input domain is located in
front of the detonation wave (Etest = 5E0/3); b - the energy input domain is located
near the x′ = 7 section (Etest = E0/3). The channel part containing the stabilized
detonation wave and a domain of energy input Etest is depicted.
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a

b

Figure 3: Stabilization of detonation combustion of the dusty gas mixture in
the channel with narrowing cross-section for M0=5.2: a � ρso=0.1kg/m3, b �
ρso=0.2kg/m3. Here ρso is a dust density in the incoming �ow.

4 Detonation wave stabilization in the supersonic

�ow in a plane channel of special shape

For determination of a channel shape which gives detonation initiation and its sta-
bilization in the �ow without any expenditure of energy, a plane two-dimensional
supersonic �ow of the combustible gas mixture with Mach number M0=5.5 and
M0=6 about the symmetrical semi-in�nite plane obstacle placed along the stream
was considered. The obstacle con�guration was chosen so that the �ow with det-
onation was formed. There is formation of a detonation wave stabilized near the
obstacle due to a �ow velocity which is more than a detonation one (M0 > MJ0).
In cases under consideration the �ow with stabilized detonation is unsteady due to
transverse waves propagating along the detonation front (Fig. 4a).
The structure of the stabilized ahead of the obstacle detonation wave in case of
M0=5.5 was considered in [10]. It has been established that the detonation wave is
divided into three sections with di�erent structures. So, a part of the wave near the
symmetry plane is overdriven detonation; with the increase of the distance from the
plane of symmetry the left-running transverse waves (facing upstream) propagate
along the detonation front; with the further distance increase the transverse waves
of both sets (left-running and the right-running) are formed and de�ne a cellular
structure that is qualitatively similar to a plane detonation wave structure. The de-
tected structure of the detonation wave stabilized ahead of the obstacle is conformed
with a structure of a wedge-induced oblique detonation wave [11], [12].
Then detonation combustion of the gas mixture �owing at the same velocity into
plane channels (the top walls of which are determined by streamlines of the �ow
under consideration, the bottom one is determined by the plane of symmetry and
by the obstacle surface) was studied. The initial condition is the incoming gas �ow.
The �ow in the channel was investigated under di�erent values of width of the in�ow
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cross-section. It has been established that for a �xed value ofM0 there is the critical
value of in�ow cross-section width such that detonation is stabilized in the channel
if width of the in�ow cross-section is more than critical one. A con�guration of the
stabilized detonation wave is the Mach one and the �ow in the channel is qualitative
identical to represented in Fig. 4b. In case of subcritical width of the in�ow cross-
section the overdriven detonation wave moves upstream from the channel.
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Figure 4: The �ow in case of M0=5.5: a � the detonation wave stabilized ahead
of the obstacle; b � formation of stabilized detonation in the channel of the special
shape with supercritical width of the in�ow cross-section.
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Abstract

Materials with intrinsic micro- or nano-structure may show size-dependent
material behavior, which is re�ected by a sti�er elastic response to external
forces when the size of the material body is reduced. In order to account for
the so-called size e�ect strain gradient theories are applied. In this paper a
modi�ed strain gradient theory of elasticity for isotropic materials is investi-
gated by discussing a higher order model for static beam bending. With the
analytical solution for the Euler-Bernoulli beam model being known, we
apply the Timoshenko beam assumptions in the present work. In contrast
to the Euler-Bernoulli beam model the Timoshenko model takes inde-
pendent rotations of the cross-sections of the beam into account. A system
of coupled di�erential equations for the functions of beam de�ections and ro-
tations is derived. Timoshenko's shear coe�cient and the shear modulus
are involved. A non-dimensional form of the functions and coe�cients is pro-
vided and �rst numerical results are discussed. De�ections and rotations are
calculated for a straight beam with a uni�ed load distribution. The solution
includes the size-e�ect and the re�ned results of a Timoshenko beam.

1 Introduction

When modeling Micro- and Nanoelectromechanical Systems (MEMS/NEMS), a
quantitative understanding of a possible size e�ect in micro- and submicrostruc-
tures is of great importance. A size e�ect is re�ected in a varying elastic response
to external loads if the size of the material body is reduced. Experimental valida-
tion is given in, e.g., [16, 4, 7, 13, 1, 9]. It was shown by Lam et al. (2003) [7]
that in the absence of strain gradients (in uniaxial tensile tests) the elastic behavior
of epoxy is independent of the thickness of the sample. This is con�rmed by the
results of strain gradient models. Since conventional continuum theories based on
the Boltzmann (a.k.a. Cauchy) continuum are not able to predict size e�ects,
the present work deals with the Strain Gradient theory (SG) developed by several
authors, e.g., [17, 14, 6, 15]. By employing second order derivatives of the displace-
ment vector, the SG-theories are able to account for quantities like curvature or
rotation. A generalization of strain gradient continua has been promoted by Erin-
gen, who proposed �nonsimple materials of gradient type [2]� in order to derive the

256



MSG theory and Timoshenko beam assumptions�A direct approach

corresponding higher-order material dependencies in a rational manner. One of the
advantages of the Timoshenko beam assumptions is the inclusion of an additional
rotational freedom w.r.t. the cross-sections of the beam. The solution of this model
yields two functions, describing de�ection and rotation of the beam. For a modi�ed
couple stress continuum, the Timoshenko beam assumptions have already been
analyzed by [5]. The scope of this work is to combine these assumptions with the
modi�ed strain gradient theory.

2 Modi�ed strain gradient theory

The present study starts with one of the three reduced forms of the strain energy
densities for small deformations uSG, postulated by Mindlin (1962) [14]. Ein-

stein summation convention on repeated indices is used and spatial partial deriva-
tives in the Cartesian coordinate system are denoted by comma-separated indices.
Mindlin's second form of the strain energy density reads:

uSG = u(εij , ηijk ) , σij =
∂uSG

∂εij
, µijk =

∂uSG

∂ηijk
, (1)

where σij denotes the Cauchy stress tensor, εij = u(i ,j ) = 1/2(ui ,j + uj ,i ) the small
strain tensor, µijk the higher-order stress tensor and ηijk = 1/2(uk ,ij + uj ,ki ) = εkj ,i
the gradient of strain. As in isotropic strain gradient elasticity the decomposition of
the strain gradient tensor ηijk yields �ve irreducible parts [8]. The inclusion of the
macroscopic rotation vector ϕi leads to a reduction of independent additional ma-
terial parameters from �ve to three. Fleck & Hutchinson (1997) [3] introduced
independent expressions of ηijk and decomposed the second order displacement gra-
dient into its symmetric and anti-symmetric part, ¯̄ηijk and ηAijk :

¯̄ηijk = 1
3
(uk ,ij + ui ,jk + uj ,ki ) , ηAijk = 2

3
(εikl η̄lj + εjkl η̄li ) , (2)

ijk
ijk A

ijk

(1)

ijk

(0)
ijk ij

S
ij A

ijimm, A
ij

Figure 1: Scheme of decomposition of the second order gradient of displacement

where η̄ij = ϕi ,j is the gradient of rotation (decomposed into its symmetric and
anti-symmetric part, χSij and χ

A
ij as well):

ϕi = 1
2
εilk uk , l , η̄ij = 1

2
εilk uk , lj , χAij = 1

2
(ϕi ,j − ϕj ,i ) , χSij = 1

2
(ϕi ,j + ϕj ,i ) . (3)

Here, εilk is the Levi-Civita symbol. The tensor ¯̄ηijk is further decomposed into its
spherical and deviatoric part, η(0)ijk and η(1)ijk , cf. Fig. 1. The quantity η

(0)
ijk is related to

χAij and the dilatation gradient εmm,i in the following manner [3]:

η
(0)
ijk = 1

5
(δij ¯̄ηmmk + δjk ¯̄ηmmi + δki ¯̄ηmmj ) and ¯̄ηmmi = εmm,i + 2

3
εilnχ

A
ln . (4)
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As shown in [10, 18] the anti-symmetric part of the gradient of rotation does not
in�uence the strain energy, if symmetry of the couple stress tensor µij is assumed.
Consequently, a linear strain energy density for non-simple isotropic materials of the
modi�ed gradient type reads:

uMSG = û(εij , εmm,i , η
(1)
ijk , χ

S
ij ) = 1

2
σij εij + 1

2
pi εmm,i + 1

2
µ
(1)
ijk η

(1)
ijk + 1

2
µij χ

S
ij . (5)

The corresponding work-conjugated stress measures are:

σij =
∂uMSG

∂εij
=λεkk δij + 2Gεij , pi =

∂uMSG

∂εnn,i
=2G`2

0εmm,i ,

µ
(1)
ijk =

∂uMSG

∂η
(1)
ijk

= 2G`2
1η

(1)
ijk , µij =

∂uMSG

∂χSij
= 2G`2

2χ
S
ij .

(6)

Here, λ and G are Lam�e's constants, whereas `0, `1 and `2 denote additional material
length scale parameters.

3 Di�erential equations of the problem

In this section, the Timoshenko beam theory is analyzed in context of the modi�ed
strain gradient theory. Following this, the resulting di�erential equations of the
beam are transformed to a non-dimensional form in order to analyze the results
numerically.

3.1 TIMOSHENKO beam assumptions

The Timoshenko beam model�in contrast to a the Euler-Bernoulli model�
distinguishes between the current angle of the cross-section φ(x) and the derivative
of the bending line w(x), see [11, 5]. The displacement �eld ui of a straight Timo-
shenko beam reads:

ux = −zφ(x) , uy = 0 , uz = w(x) , (7)

z
L

dw(x)
dx

x E, I, A, ν, `

q0

w(x)
φ(x)

Figure 2: Loading of the Timoshenko beam.

where E, I, A, L, ν and q0 are Young's modulus, second moment of inertia,
area of cross-section, length of the beam, Poisson's ratio and load distribution,
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respectively, cf., Fig. 2. The non-zero components of the small strain tensor εij
read:

εij = 1
2
(ui ,j + uj ,i ) ⇒ εxx = −zφ′ , εxz = 1

2
(w′ − φ) = εzx , (·)′ = d(·)

dx
, (8)

where a prime denotes a derivative with respect to x. Using Hooke's law for
isotropic linear-elastic materials, the non-zero components of the Cauchy stress
tensor σij read:

σij = 2Gεij + λεkk δij ⇒ σxx = −Ezφ′ , σxz = G (w′ − φ) = σzx . (9)

In what follows, the displacement �eld of Eq. (7) is used to derive the non-zero
components of the higher-order stress and strain measures. From

εmm,i = (−zφ′),i , pi = 2G`2
0εmm,i , and µij = 2G`2

2χ
S
ij (10)

it follows that:

εmm,x = −zφ′′ , εmm,z = −φ′ ,
px = −2G`2

0zφ
′′ , pz = −2G`2

0φ
′ ,

χxy = −1
4
(φ′ + w′′) = χyx , µxy = −1

2
G`2

2(φ′ + w′′) = µyx .

(11)

Further computations yield:

η(1)
xxx = −4

5
zφ′′ , η(1)

zzz = 1
5
(φ′ − w′′) ,

η(1)
xzz = 2

15
zφ′′ , η(1)

xxz = ( 4
15
w′′ − 3

5
φ′) ,

η(1)
xzx = ( 4

15
w′′ − 3

5
φ′) , η(1)

zxx = ( 4
15
w′′ − 3

5
φ′) ,

η(1)
zzx = 2

15
zφ′′ , η(1)

zxz = 2
15
zφ′′ ,

(12)

and from µ
(1)
ijk = 2G`2

1η
(1)
ijk we have:

µ(1)
xxx = −8

5
Gz`2

1φ
′′ , µ(1)

zzz = 2
5
G`2

1(φ′ − w′′) ,
µ(1)
xzz = 4

15
G`2

1zφ
′′ , µ(1)

xxz = G`2
1( 8

15
w′′ − 6

5
φ′) ,

µ(1)
xzx = G`2

1( 8
15
w′′ − 6

5
φ′) , µ(1)

zxx = G`2
1( 8

15
w′′ − 6

5
φ′) ,

µ(1)
zzx = 4

15
G`2

1zφ
′′ , µ(1)

zxz = 4
15
Gz`2

1φ
′′ .

(13)

The higher-order strain energy density uMSG in Eq. (5) of the present beam bending
problem, incorporating the terms of Eqs. (8)�(13), reads:

uMSG = 1
2

[
σxx εxx + σxz εxz + σzx εzx + px εmm,x + pz εmm,z +

+ µxyχ
S
xy + µyx χ

S
yx + µ(1)xzz η

(1)
xzz + µ(1)xxx η

(1)
xxx + µ(1)xzx η

(1)
xzx +

+ µ(1)xxz η
(1)
xxz + µ(1)zzz η

(1)
zzz + µ(1)zxx η

(1)
zxx + µ(1)zzx η

(1)
zzx + µ(1)zxz η

(1)
zxz

]
= 1

2

[
E(zφ′)2 +G(w′ − φ)2 + 2G`2

0(zφ′′)2 + 2G`2
0φ
′ 2 +

+ 1
4
G`2

2(φ′ + w′′)2 + 8
225
G`2

1(zφ′′)2 + 32
25
G`2

1(zφ′′)2 + (14)

+ 2G`2
1( 4

15
w′′ − 3

5
φ′)2 + 2G`2

1( 4
15
w′′ − 3

5
φ′)2 + 2

25
G`2

1(φ′ − w′′)2 +

+ 2G`2
1( 4

15
w′′ − 3

5
φ′)2 + 8

225
G`2

1(zφ′′)2 + 8
225
G`2

1(zφ′′)2
]

= 1
2

[
φ2G+ w′2G+ φ′2(Ez2 + 2G`2

0 + 1
4
G`2

2 + 56
25
G`2

1) +

+ w′′2(1
4
G`2

2 + 114
225
G`2

1) + φ′′2(2G`2
0z

2 + 312
225
G`2

1z
2)−

− φw′2G+ φ′w′′(1
2
G`2

2 − 156
75
G`2

1)
]
.
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We want to make use of the principle of virtual work and �nd the strain energy of
the body and the work of the external loads that minimize δU − δW → 0. The
variation of the strain energy δU =

∫
V
δuMSG dV of the problem reads:

δU =

∫
x

∫
y

∫
z

[
φδφG+ w′δw′G+ φ′δφ′(Ez2 + 2G`2

0 + 1
4
G`2

2 + 56
25
G`2

1) +

+ w′′δw′′(1
4
G`2

2 + 114
225
G`2

1) + φ′′δφ′′(2G`2
0z

2 + 312
225
G`2

1z
2)− (15)

− (δφw′ + φδw′)G+ (δφ′w′′ + φ′δw′′)(1
4
G`2

2 − 156
150
G`2

1)
]

dz dy dx .

We take Timoshenko's shear factor κ into account, where
∫
A?

dy dz = Aκ and A?

denotes the current cross-section. Integration over the variables y and z leads to:

δU =

L∫
0

[
φδφGAκ+ w′δw′GAκ+ φ′δφ′(EI + 2GAκ`2

0 + 1
4
GAκ`2

2 + 56
25
GAκ`2

1) +

+ w′′δw′′(1
4
GAκ`2

2 + 114
225
GAκ`2

1) + φ′′δφ′′(2GI`2
0 + 312

225
GI`2

1)−
+ (δφw′ + φδw′)GAκ+ (δφ′w′′ + φ′δw′′)(1

4
GAκ`2

2 − 156
150
GAκ`2

1)
]

dx

=

L∫
0

[
δφ(Tφ− Tw′) + δw′(Tw′ − Tφ) + δφ′(Kφ′ +Nw′′) + (16)

+ δw′′(Pw′′ +Nφ′) + δφ′′φ′′S
]
dx ,

where the following substitutions are used:

T = GAκ ,

K = EI + 2GAκ`2
0 + 1

4
GAκ`2

2 + 56
25
GAκ`2

1 ,

P = 1
4
GAκ`2

2 + 114
225
GAκ`2

1 ,

S = 2GI`2
0 + 312

225
GI`2

1 ,

N = 1
4
GAκ`2

2 − 156
150
GAκ`2

1 .

(17)

The virtual work of external loads and higher-order loads is assumed to be:

δW =

L∫
0

(
δφm(x) + δwq(x)

)
dx+ V δw

∣∣∣∣L
0

+Mδφ

∣∣∣∣L
0

+M iδw′
∣∣∣∣L
0

+Mhδφ′
∣∣∣∣L
0

, (18)

where V is the single force acting at a boundary, M the single moment acting at
a boundary, M i an internal moment acting at a boundary which in�uences w′(x̃)
and Mh denotes a higher-order moment acting at a boundary that in�uences the
gradient of the angle of the cross-sections, cf. Eq. (19). Double partial integration

260



MSG theory and Timoshenko beam assumptions�A direct approach

of Eq. (16)2 results in:

δU =

L∫
0

(
δφ

m(x)︷ ︸︸ ︷[
T (φ− w′)−Kφ′′ −Nw′′ + SφIV

]
+

+ δw

q(x)︷ ︸︸ ︷[
T (w′′ − φ′) + PwIV +Nφ′′′

] )
dx+

(
T (w′ − φ)− Pw′′ −Nφ′′

)︸ ︷︷ ︸
V

δw

∣∣∣∣L
0

+

+
(
Kφ′ +Nw′′ − Sφ′′′

)︸ ︷︷ ︸
M

δφ

∣∣∣∣L
0

+
(
Pw′′ +Nφ′

)︸ ︷︷ ︸
M i

δw′
∣∣∣∣L
0

+ Sφ′′︸︷︷︸
Mh

δφ′
∣∣∣∣L
0

. (19)

By comparison, the governing di�erential equations are ∀x ∈ (0, L):[
T (φ− w′)−Kφ′′ −Nw′′ + SφIV

]
= m(x) ,[

T (w′′ − φ′) + PwIV +Nφ′′′
]

= q(x) .
(20)

The boundary conditions at x = 0 and x = L become:(
T (w′ − φ)− Pw′′′ −Nφ′′

)
= V (x) ,(

Kφ′ +Nw′′ − Sφ′′′
)

= M(x) ,

(Pw′′ +Nφ′) = M i(x) ,

Sφ′′ = Mh(x) ,

(21)

where m(x) denotes a distribution of moments and q(x) the force distribution.

3.2 Non-dimensional forms

For the purpose of improving the condition of the numerical problem, a non-
dimensional form of the de�ection w and the beam coordinate x is chosen as follows:

w(x) =
FL3

EI
w̃(x̃) , x = Lx̃ ⇒ ∂n(·)

∂xn
=

1

Ln
∂n(·)
∂x̃n

, n = 1, 2, 3 . . . , (22)

where the reference force is chosen w.r.t. the analyzed loading as F = q0L. Normal-
ized with respect to the highest order of the derivatives Eqs. (20) read:

L4T

S︸︷︷︸
c1

φ− L6TF

EIS︸ ︷︷ ︸
c2

w̃′ − L2K

S︸ ︷︷ ︸
c3

φ′′ − L5NF

EIS︸ ︷︷ ︸
c4

w̃′′ + φIV =
L4

S
m(x̃)︸ ︷︷ ︸
m̃

,

TL2

P︸︷︷︸
c5

w̃′′ − TEI

PF︸ ︷︷ ︸
c6

φ′ + w̃IV +
NEI

L2PF︸ ︷︷ ︸
c7

φ′′′ = q(x̃)
LEI

PF︸ ︷︷ ︸
q̃

,

(23)

We re-substitute T , K, P , S and N from Eq. (17) and choose `0 = `1 = `2 = `,
κ = 5

6
, and G = E

2
(which is equivalent to ν = 0). Furthermore, we only consider
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beams of rectangular cross-sections. The constants c1, c2, . . . , c7 now read:

c1(`) =
375

127

L4

H2`2
, c2(`) =

4500

127

L7q0

EH4A`2
, c3(`) =

75

127

(
L2

`2
+ 22.45

L2

H2

)
,

c4 = −180

127

L6q0

EAH4
, c5(`) =

300

227

L2

`2
, (24)

c6(`) =
300

2724

EAH2

q0L`2
, c7 = − 12

2724

EAH2

q0L3
,

where H is the thickness of the beam. The system of di�erential equations in the
present nondimensionalized form reads:

c1φ− c2w̃
′ − c3φ

′′ − c4w̃
′′ + φIV = m̃

c5w̃
′′ − c6φ

′ + w̃IV + c7φ
′′′ = q̃ .

(25)

These equations are implemented using Mathematica [12] for further numerical in-
vestigation.

4 Numerical solution

According to Fig. 2 the physical boundary conditions of the problem are identi�ed
as:

m̃ = 0 , V = 0 , q̃ =
EI

P
, (26)

whereas the geometrical boundary conditions are:

w̃(x̃ = 0) = 0 , w̃(x̃ = 1) = 0 , w̃′(x̃ = 0) = 0 , w̃′(x̃ = 1) = 0 ,

φ(x̃ = 0) = 0 , φ(x̃ = 1) = 0 , φ′(x̃ = 0) = 0 , φ′(x̃ = 1) = 0 .
(27)

Table 13: Dimensions, loads and material parameters.

L W H E G ` q0

80µm 20µm 20µm 3.8GPa 1.9GPa 16µm 10 kN
m

For a beam with the dimensions, loads and material parameters shown in Table 13,
Mathematica numerically computes a solution to the ordinary di�erential equations
(25) after incorporating the prescribed boundary conditions. It should be noted that
the ratio of length to thickness is 4 : 1, which is no longer in the range of the classical
Euler-Bernoulli beam model. For a veri�cation of the numerical method, the
material length scale parameter ` is set equal to zero. The resulting di�erential
equations are derived by modifying Eqs. (20)�(21). The analytical solution wT for
the classical Timoshenko model,

wT(x= L
2
) =

q0L
2

48EI

(
L2

4
+
H2

κ

)
, (28)
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is then approximated by the numerical solution with a di�erence of about 10µ% for
a wide range of dimensions. In Figure 3 the de�ection line w(x̃) and the rotation
angle φ(x̃) are shown, both taking into account higher-order terms.

0.0 0.2 0.4 0.6 0.8 1.0

0.

1.

2.

3.

- 0.0019

0.0019

x̃ = x/L

w
(x̃

)
[µ
m
]

φ
(x̃

)
[r
ad
]

0.

Figure 3: Plot of the de�ection line (blue) and the rotation angles (dashed, red).

The solution is in good agreement to the boundary conditions stated in Eqs. (27).
A size e�ect becomes evident when evaluating di�erent beam thicknesses. Figure 4
shows the ratio of maximum de�ection of (a) the classical analytical solution of
Timoshenko's beam equation wT and (b) the numerically computed maximum
de�ection wMSG

num. for the presented modi�cation employing the strain gradient. We
considered a short rectangular beam with a range of thicknesses between 10�60µm.
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Figure 4: The ratio of maximum de�ections from the classical to the higher-order
model, plotted for di�erent material length scale parameters.
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The �gure shows that the ratio wT/wMSGnum. increases for decreasing thicknesses. Here,
the modi�ed model yields up to eight times higher bending rigidities in comparison
to the classical analytical solution. For high thickness values, both models converge
to the same values. This so-called size e�ect is increased for larger material length
scale parameters, as demonstrated with the values: ` = 14, 16 and 18µm.
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Abstract

In contrast to classical elasticity in which there are no scale parameters
that characterize the internal structure of the material, in nonlocal theories of
elasticity such parameters appear in a natural way. Therefore, gradient theo-
ries are suitable for modeling multi-scale e�ects and are used to solve numerous
applications for inhomogeneous structures with an extended internal surface
where the degree of in�uence of scale e�ects is related to the density of inter-
faces. Non-local models of continuous media are especially appealing in the
simulation of properties of structured materials with submicron and nanoscale
internal structures, where the e�ective properties are largely determined by
the scale e�ects (the cohesion and adhesion interaction e�ects). There is no
doubt that the non-local models are also promising with the study of elastic-
plastic deformations. Generalized elasticity theories even for isotropic mate-
rials include many additional physical constants, experimental determination
of which is di�cult or even impossible. Therefore, applied theories with a
small number of additional physical parameters are of considerable interest.
However, the process of reduction of nonlocal theories, which has the goal to
reduce the number of additional parameters, is not quit trivial and can lead
to incorrect theories. In this paper we consider non-local theories of medias
with defects �elds, gradient theories of elasticity and plasticity.

We give a construction of kinematic model of media with the �elds of
conserved defects, determine the free and constrained deformations, formulate
the basic kinematic relations, and make up complete lists of arguments for the
formulation of variational models of deformation of di�erent options of media
models. The variational equation for dissipative models and Lagrangian for
reversible models also proposed.

It is noted that the kinematic models built on the basis of kinematics re-
strictions for the constrained and free distortions (consistent and inconsistent
distortions/deformations), that may be considered as the criteria of the cor-
rectness of theories of defective medias and gradient plasticity theories. We
give a revision of versions of theories, of media with defects �elds, where the
properties of integrability and generalized Cauchy relations are unjusti�ably
attributed to the total strains.
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1 Introduction

Generalized models of continuous medias, the development of which is related to the
fundamental works [1]�[3], are promising for modeling the properties of various mi-
cro/nanostructures in which the e�ects of both interaction of cohesion and adhesion
and other manifestations of scale e�ects may be of crucial importance [4]�[14]. The
applications of applied gradient theories are associated not only with the problems of
the theory of elasticity, but also with the objectives of thermo-elastic-plasticity [15],
thermal conductivity and di�usion [16], multiphase materials [17]. In formulation of
models, the variational approach is the most correct and complete, the variational
model allows us to formulate a concerted equations of balance (movement) of the
media and the boundary problem as a whole. At the same time, kinematic model of
the media and the physical model are linked and coordinated. In this paper we for-
mulate the kinematic model, identify free and constrained deformations and draw up
the lists of items for the formulation of variational models of deformation of di�erent
options of media models. It is proposed to use the kinematic models constructed
on the basis of de�nitions of consistent and inconsistent generalized deformations as
criterias for the correctness of theories of defective medias and gradient plasticity
theories. We formulate the variational equation for reversible models of medias. We
write the conditions allowing to formulate formally the conditions of potentiality
or its absence for density of energy. It is presented the general form of variational
equations for the description of deformation processes of the dissipative medias, con-
sistent in terms of the variational approach. It is shown that the proposed approach
makes it possible to formulate correct physical models of dissipative processes of de-
formation and write down a complete system of equations and boundary conditions
determining the mathematical model.

Generalized models of continuous medias, the development of which is related to the
fundamental works [1]�[3], are promising for modeling the properties of various mi-
cro/nanostructures in which the e�ects of both interaction of cohesion and adhesion
and other manifestations of scale e�ects may be of crucial importance [4]�[14]. The
applications of applied gradient theories are associated not only with the problems
of the theory of elasticity, but also with the objectives of thermo-elastic-plasticity
[15], thermal conductivity and di�usion [16], multiphase materials [17].

In formulation of models, the variational approach is the most correct and com-
plete, the variational model allows us to formulate a concerted equations of balance
(movement) of the media and the boundary problem as a whole. At the same time,
kinematic model of the media and the physical model are linked and coordinated.
In this paper we formulate the kinematic model, identify free and constrained de-
formations and draw up the lists of items for the formulation of variational models
of deformation of di�erent options of media models. It is proposed to use the kine-
matic models constructed on the basis of de�nitions of consistent and inconsistent
generalized deformations as criterias for the correctness of theories of defective me-
dias and gradient plasticity theories. We formulate the variational equation for
reversible models of medias. We write the conditions allowing to formulate formally
the conditions of potentiality or its absence for density of energy. It is presented the
general form of variational equations for the description of deformation processes of
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the dissipative medias, consistent in terms of the variational approach. It is shown
that the proposed approach makes it possible to formulate correct physical models of
dissipative processes of deformation and write down a complete system of equations
and boundary conditions determining the mathematical model.

2 Kinematics of defective media

We suppose that the defective mediums are considered. Kinematics of a defective
medium is determined not only by the vector �eld of displacements Ri, but also
by the second rank tensor �eld of inconsistent (free) distortions Dij. The inconsis-
tency Dij is given by the equation: Ξij = Dim,nemnj 6= 0, where Ξij is the tensor
of density of dislocations( tensor De Vita). The symmetric part of the �eld D2

ij is
a �eld of inconsistent (free and non-integrable) strains εfree

ij = (Dij + Dji)/2. By
de�nition, a tensor �eld of free distortions Dij can not be represented in the form
of a gradient of some vector �eld. Simultaneously with the free (inconsistent) dis-
tortions there are also integrable distortions. In contrast, the �eld of constrained
(integrable) distortions is de�ned as the gradient of the displacements �eld. Such
a �eld of distortions will be denoted by the superscript equal to unity: dij = Ri,j.
Consequently, the total �eld of distortions (deformations) along with an inconsistent
part must also contain the consistent part:

Dfull
ij = dij +Dij = Ri,j +Dij, dij = Ri,j. (1)

The total �eld of distortions Dij is not consistent:

Dfull
im,nemnj = dim,nemnj+Dim,nemnj = Ri,mnemnj+Dim,nemnj = 0+Dim,nemnj 6= 0. (2)

Quite often the physical sense of plastic deformations is prescribed to the tensor
εfree
ij , and the physical sense of the elastic deformations is prescribed to the tensor
εeij = (dij + dji)/2 = (Ri,j +Rj,i)/2.
We will show that both of these statements should be used with extreme caution.
Below we'll give the examples of theories with reversible deformation processes,
containing non-integrable (free or, as they are interpreted, plastic) deformations /
distortions. At the same time, it is quite justi�ed to interpret the free distortions
as plastic, for two reasons. Firstly, they are associated with the �eld of defects �
dislocations, and therefore, they are free or not integrable and are not related to
the displacements �eld (although, they are continuous). Secondly, in the classical
theory of plasticity, dissipative processes are usually associated exactly with plastic
deformations/distortions. Here we note that the Cauchy relation is valid only for
constrained distortions, and not for the total ones, as it is often treated in many
studies. This follows directly from the de�nition of constrained and free distortions.
Therefore, equations (1), (2) may be a criterion for the correctness of the kinematic
theory.
Now let's go back to the interpretation of free distortions as plastic in terms of dis-
sipative processes. Using the feature of dissipativeness for such an interpretation
is not entirely correct. Indeed, in this work, we will show that there are models of
dissipative processes of deformations, where only constrain deformations/distortions
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are used as the kinematic variables. Thus, dissipative processes can occur in com-
pletely defect-free environments where the traditional kinematic model of elasticity
determined only by constrained, integrable distortions is used. The reversibility and
irreversibility of the deformation process is determined only by the physical model
(not by the kinematic model) which ultimately allows you to conclude whether or
not there is the potential energy of deformation.

3 Physical models of defective media

We use a variational approach which by the selected kinematic model allows to con-
struct the variational equation recorded in variations (Sedov's equation), to obtain
Green's formulas and to use them to determine force model of the theory. Regardless
of the choice of dissipative or reversible model of deformation, we establish from Se-
dov variational equation the equilibrium equations and the whole range of boundary
value problems.
We present an algorithm for constructing physical models of medias with the �elds
of conserved [18], [19] dislocations, ie the medias, the kinematic model of which is
determined by the vector of displacements Ri, by two kinds of distortions dij, Dij

and two kinds of curvatures dij,k, Dij,k. For such a kinematic model, the principle
of possible displacements allows to present uniquely the linear variational form of
possible work of external and internal forced factors:

δ̄L = δA−
y

[σαijδD
α
ij +mα

ijkδD
α
ij,k] dV. (3)

Here δ̄L is generally non integrable linear variation form which in the case of inte-
grability coincides with the Lagrangian variation. A =

t
P V
i Ri dV +

v
P F
i Ri dF

is the work of the external volume P V
i and external surface forces P F

i , D
1
ij ≡ dij,

D2
ij ≡ Dij, σαij are the stresses of two types, producing work respectively on con-

strained and free of distortions; mα
ijk are moment stresses of two kinds; αis the grade

index that takes values 1 and 2.
The condition for the existence of bulk density of the potential energy UV in (3) are
the generalized Green's formulas:

σαij =
∂UV
∂Dα

ij

, mα
ijk =

∂UV
∂Dα

ij,k

. (4)

When the conditions (4) are satis�ed, linear variation form is integrable and provides
the de�nition of the Lagrangian Lof corresponding reversible theory:

δL = δ

(
A−

y
UV dV

)
= δA−

y
[σαijδD

α
ij +mα

ijkδD
α
ij,k] dV =

= δA−
y [

∂UV
∂Dα

ij

δDα
ij +

∂UV
∂Dα

ij,k

δDα
ij,k

]
dV. (5)

If the linear variation form in (5) is non integrable, the model de�nes the theory
of some dissipative processes of deformation. Then, instead of (4), there are more
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general relations:

σαij =
∂UV
∂Dα

ij

+ σ̄αij, mα
ijk =

∂UV
∂Dα

ij,k

+ m̄α
ijk. (6)

Where σ̄αij and m̄α
ijk are components of tensors of the second and third rank, re-

spectively, which can not be presented as partial derivatives of some function of
distortions and their gradients. In this respect, there is some analogy with (1): the
�rst term in it has the potential, and the second one has no potential. From (4) and
(6) we have:

∂σαij

∂Dβ
mn

− ∂σβmn
∂Dα

ij

= 2C̄αβ
ijmn = −2C̄βα

mnij,

∂mα
ijk

∂Dβ
mn,l

− ∂mβ
mnl

∂Dα
ij,k

= 2C̄αβ
ijkmnl = −2C̄βα

mnlijk.

(7)

Upper Greek indices are grade indices (take the values 1 and 2).
It is easily seen that for reversible deformation processes C̄αβ

ijmn = 0 and C̄αβ
ijkmnl = 0,

and for the irreversible (dissipative processes) C̄αβ
ijmn 6= 0 and C̄αβ

ijkmnl 6= 0.
We rewrite (7) for reversible processes in the following form:

∂σαij

∂Dβ
mn

=
∂σβmn
∂Dα

ij

= Cαβ
ijmn = Cβα

mnij,

∂mα
ijk

∂Dβ
mn,l

=
∂mβ

mnl

∂Dα
ij,k

= Cαβ
ijkmnl = Cβα

mnlijk.

(8)

From equations (8) it follow that tensors of the fourth Cαβ
ijmn and sixth grade C

αβ
ijkmnl

have the physical meaning of tensors of elastic moduli. By analogy, it is possible to
treat the tensors of the fourth C̄αβ

ijmn and sixth grade C̄αβ
ijkmnl as tensors that have

a physical meaning of tensors of dissipative modules. Taking into account (7) and
(8), we can obtain:

∂σαij

∂Dβ
mn

= Cαβ
ijmn + C̄αβ

ijmn,

∂mα
ijk

∂Dβ
mn,l

= Cαβ
ijkmnl + C̄αβ

ijkmnl.
(9)

The sort of distortions does not in�uence at all the fact whether the physical model
describes the reversible or irreversible processes. It is determined only by the sym-
metry of the tensors Cαβ

ijmn , C̄
αβ
ijmn, and also of the tensors Cαβ

ijkmnl and C̄
αβ
ijkmnl:

Cαβ
ijmn = Cβα

mnij, C̄αβ
ijmn = −C̄βα

mnij,

Cαβ
ijkmnl = Cβα

mnlijk, C̄αβ
ijkmnl = −C̄βα

mnlijk.

Note that the reversible and irreversible models (9) in a particular case can be formu-
lated in a physically linear statement. Indeed, if we hypothesize that in (9) tensors
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of four and six rank are independent of distortions and curvatures components, the
relations (9) can be integrated and we can obtain the corresponding special case of
linear equations of Hooke's law:

σαij = (Cαβ
ijmn + C̄αβ

ijmn)Dβ
mn, mα

ijk = (Cαβ
ijkmnl + C̄αβ

ijkmnl)D
β
mn,l. (10)

For the physically linear medias (10), the expression of possible work (3) takes the
form:

δ̄L = δA−
y

[σαijδD
α
ij +mα

ijkδD
α
ij,k] dV =

= δA−
y

[(Cαβ
ijmn + C̄αβ

ijmn)Dβ
mnδD

α
ij +

+ (Cαβ
ijkmnl + C̄αβ

ijkmnl)D
β
mn,lδD

α
ij,k] dV =

= δ

{
A− 1

2

y
[Cαβ

ijmnD
α
ijD

β
mn + Cαβ

ijkmnlD
α
ij,kD

β
mn,l] dV

}
−

−
y

[C̄αβ
ijmnD

β
mnδD

α
ij + C̄αβ

ijkmnlD
β
mn,lδD

α
ij,k] dV =

= δL− 1

2

y
[C̄αβ

ijmn(Dβ
mnδD

α
ij −Dα

ijδD
β
mn) +

+ C̄αβ
ijkmnl(D

β
mn,lδD

α
ij,k −Dα

ij,kδD
β
mn,l)] dV.

(11)

Relation (11) can be formulated as a theorem 1:
"Any physical linear reversible model can be associated with dissipative model by
the addition of possible work of all dissipation channels that are permissible within
the selected kinematic model to the Lagrangian variation of the reversible model�.
Here, by the channel of dissipation we understand non integrable linear variational
form (see also [20]):

1

2

y
eAijmn(Dβ

mnδD
α
ij −Dα

ijδD
β
mn) dV,

1

2

y
eBijkmnl(D

β
mn,lδD

α
ij,k −Dα

ij,kδD
β
mn,l) dV.

(12)

Here eAijmn and eBijkmnl are the components of the orthonormal bases in the space
of tensors of fourth and sixth order. Each of 3(A + B) channels of dissipation is
associated with its own dissipative module. Indeed, let's present the tensors of
dissipative modules in the form of expansions on the basis tensors:

C̄αβ
ijmn =¯αβA eAijmn, C̄αβ

ijkmnl = Ḡαβ
B eBijkmnl. (13)

Substituting (13) into (11), (12) we obtain:

δ̄L = δL−

− C̄αβ
A

1

2

y
[eAijmn(Dβ

mnδD
α
ij −Dα

ijδD
β
mn)] dV−

− Ḡαβ
B

1

2

y
[eBijkmnl(D

β
mn,lδD

α
ij,k −Dα

ij,kδD
β
mn,l)] dV

(14)

From equation (14) it follows that the number of channels of dissipation is equal to
the number of dissipative modules C̄αβ

A and Ḡαβ
B .
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4 Variational formulation of physically linear re-

versible theories

For the formulation of physically linear reversible models of media with �eld of
defects, we will Lagrange principle. From the requirement of the stationarity of
Lagrangian (5) follow the Euler equations and the entire spectrum of the boundary
value problems:

δL = δA−
y

[σαijδD
α
ij +mα

ijkδD
α
ij,k] dV =

= δA−
y

[σδijdij + sijδDij +mδ
ijkdij,k + βδijkDij,k] dV =

= δA−
y

[(σij −mijk,k)δRi,j + (sij − βijk,k)δDij] dV+

+
{
{−mijknkδRi,j − βijknkδDij} dF =

=
y

[(σij,j −mijk,kj + P V
i )δRi − (sij − βijk,k)δDij] dV+

+
{
{[P F

i − (σij −mijk,k)nj + (mijknk),pδ
∗
pj]δRi −

−mijknjnkδ(Ri,pnp)− βijknkδDij} dF−

−
∑∮

mijkvjnkδRids = 0.

(15)

Here D1
ij ≡ dij, D2

ij ≡ Dij, σ1
ij ≡ σij, σ2

ij ≡ sij, m1
ijk ≡ mijk, m2

ijk ≡ βijk.
The static model of physically linear reversible theories is determined by the partic-
ular case of the system (10):{

σij = C11
ijmnRm,n + C12

ijmnDmn,

sij = C21
ijmnRm,n + C22

ijmnDmn,

{
mijk = C11

ijkmnlRm,nl + C12
ijkmnlDmn,l,

βijk = C21
ijkmnlRm,nl + C22

ijkmnlDmn,l.
(16)

In this way, physically linear reversible theory of defective medias with the �elds of
conserved dislocations [18]�[20] is generally de�ned by twelve equilibrium equations:

σij,j −mijk,kj + P V
i = 0, σij − βijk,k = 0. (17)

The spectrum of the boundary value problems is de�ned by �fteen pares of alternate
the system of the boundary conditions in each non-singular point of the body surface:

[P F
i − (σij −mijk,k)nj + (mijknk),pδ

∗
pj]δRi = 0,

mijknjnkδ(Ri,pnp) = 0,

βijknkδDij = 0.

(18)

In the special points of the body surface (on surface edges) there are additional
conditions for continuity of the vector of displacements Ri and the vector of meniscus
forces m1

ijkvjnkat the transition of the body surface through the rib.
In the result variational equation (15) de�ne the mathematical statement of the
common enough model of media with defects for the reversible processes including
constitutive equations (16), equilibrium equations (17) and the boundary condi-
tions (18).
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4.1 Particular theories

Let's consider as the particular cases of the theory (15) the gradient theory of
Mindlin �Toupin [1], [3]. Assume that the kinematic model of the media does not
allow the existence of concerved dislocations or �elds of free distortion. Then the
Lagrangian (15) coincides with the Lagrangian of the theory of Mindlin-Toupin:

L = A− 1

2

y
(CijmnRi,jRm,n + CijkmnlRi,jkRm,nl) dV.

Static model (constitutive equations) of such gradient theory is determined by the
particular case of the system (10), (16):

σij = CijmnDmn, mijk = CijkmnlDmn,l.

Accordingly, the Euler equations are de�ned by three equations of equilibrium of
high order relatively to classical equations of the fourth order (in displacements):

σij,jmijk,kj + P V
i = 0.

The spectrum of the boundary value problems is de�ned by six pares of alternate
boundary conditions in each non-singular point of the surface of the body:{

[P F
i − (σij −mijk,k)nj + (mijknk),pδ

∗
pj]δRi = 0,

m1
ijknjnkδ(Ri,pnp) = 0.

As in general theory, in the singular points of the body surface (on surface edges)
there are additional conditions for continuity of the vector of displacements Ri and
the vector of meniscus forces mijkvjnk at the transition of the body surface through
the rib.
As the second particular case let us consider the theory of defective medium. Assume
that the tensors of modules in (16) are such that 11

ijkmnl = 12
ijkmnl = 21

ijkmnl = 0. Then
the Lagrangian (15) coincides with the Lagrangian of Mindlin theory cite2:

L = A−1

2

y
(C11

ijmnRi,jRm,n+2C12
ijmnRi,jDmn+C22

ijmnDijDmn+CijkmnlDij,kDmn,l) dV.

The static model of Mindlin theory is determined by the particular case of the system
(10), (16):{

σij = CijmnRm,n + C12
ijmnDmn,

sij = C21
ijmnRm,n + C22

ijmnDmn,

{
mijk = 0
βijk = CijkmnlDmn,l,

Accordingly, the Euler equations (see (17)) are determined by twelve equations:

σij,j + P V
i = 0, sij − βijk,k = 0.

The spectrum of the boundary value problems (see ((18)) is de�ned by twelve pares
of alternate boundary conditions in each non-singular point of the surface body:

(P F
i − σijnj)δRi = 0, βijknkδDij = 0.
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In the Mindlin's type theory (22) there are no additional conditions on the surface
edges.
Let's pay attention to the fact that, the formulated theory (15) has place for the
reversible processes. However, there are free distortions and their gradients. This
con�rms the some incorrectness of the interpretation of the tensor of inconsistent
deformities εfree

ij = (Dij + Dji)/2 as the tensor of plastic deformations, because
plasticity is a dissipative property.

5 The variational formulation of physically linear

irreversible theories

Using the de�nition of possible work of all static factors and equating it to zero, we
can get instead (15) the following Sedov's variational equation for physically linear
irreversible theories:

δ̄L = δ{A− 1

2

y
[Cαβ

ijmnD
α
ijD

β
mn + Cαβ

ijkmnlD
α
ij,kD

β
mn,l] dV }−

− 1

2

y
[C̄αβ

ijmn(Dβ
mnδD

α
ij −Dα

ijδD
β
mn) +

+ C̄αβ
ijkmnl(D

β
mn,lδD

α
ij,k −Dα

ij,kδD
β
mn,l)] dV = 0,

(19)

here Cαβ
ijmn(Dβ

mnδD
α
ij +Dα

ijδD
β
mn) is the variation of the bilinear part of the potential

energy, C̄αβ
ijmn(Dβ

mnδD
α
ij − Dα

ijδD
β
mn) is the non integrable variational form, which

de�ne the channels of the dissipation
The static model for physically linear irreversible theories is determined from (19)
and can be written as (see (10)):{

σij = (Cijmn + C̄ijmn)Rm,n + (C12
ijmn + C̄12

ijmn)Dmn,

σ2
ij = (C21

ijmn + C̄21
ijmn)Rm,n + (C22

ijmn + C̄22
ijmn)Dmn,{

mijk = (C11
ijkmnl + C̄11

ijkmnl)Rm,nl + (C12
ijkmnl + C̄12

ijkmnl)Dmn,l,

βijk = (C21
ijkmnl + C̄21

ijkmnl)Rm,nl + (C22
ijkmnl + C̄22

ijkmnl)Dmn,l,

(20)

By example we consider the stresses of �rst grade. They can be represented as a
sum of reversible and irreversible parts (20):

σij = (Cijmn + C̄ijmn)Rm,n + (C12
ijmn + C̄12

ijmn)Dmn =

= (CijmnRm,n + C12
ijmnDmn) + (C̄ijmnRm,n + C̄12

ijmnDmn).

The reversible part of the stresses depends on both constrain and free distortions
with the tensors of reversible modules C11

ijmn, C
12
ijmn. The irreversible part of the

stresses also depends on both sorts of distortions, but with another set of tensors of
modules � with the dashed modules C̄11

ijmn, C̄
12
ijmn.
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In expanded form, Sedov's equation becomes:
y

[(σij,j −mijk,kj + P V
i )δRi − (sij − βijk,k)δDij] dV+

+
{
{[P F

i − (σij −mijk,k)nj + (mijknk),pδ
∗
pj]δRi −

−mijknjnkδ(Ri,pnp)− βijknkδDij} dF−

−
∑∮

mijkvjnkδRids = 0.

(21)

It is easy to make sure that the dissipative (21) and reversible (15) models have the
same form, being recorded in the static factors.
At the same time, the formulation of physically linear irreversible theories in kine-
matic variables will be di�erent due to other equations of generalized law (20).

5.1 Model of Mindlin�Toupin gradient theory with dissipa-
tion

Let us consider Mindlin�Toupin gradient theory for the reversible processes. Then
we must assume that Dij = 0. Then (19) takes the form:

δ̄L = δ

{
A− 1

2

y
C11
ijmnRi,jRm,n + CijkmnlRi,jkRm,nl dV

}
−

− 1

2

y
[C̄ijmn(Rm,nδRi,j −Ri,jδRm,n) +

+ C̄ijkmnl(Rm,nlδRi,jk −Ri,jkδRm,nl)] dV = 0.

(22)

It is easy to see that there are non-zero dissipation channels in the variational equa-
tion (22).
Let's note that the formulated theory (22) is a dissipative gradient theory. However
this theory is written using only constrain distortions and has not free distortions
and their gradients.
This con�rms the incorrectness of the interpretation of the tensor of constrain de-
formations εij = (dij + dji)/2 = (Ri,j +Rj,i)/2 as the tensor of elastic deformations,
since the joint deformations allows plasticity, a dissipative property, too.

5.2 Dissipative Landau theory

Taking into account theorem 1 (see (11) in section 3) we can introduce in the list
of dissipation channels also the bilinear non-integrable variational forms, containing
gradients of velocity �elds and write Sedov's equation in the form:

δ̄L = δL−
y ∫

Ē
(
ijmnṘm,nδRi,j −Ri,jδṘm,n) dV dt = 0. (23)

The qualitative feature of the Landau model (23) is that there are new kinematic
variables in it � the distortions of rates. Accordingly, we de�ne the new static factors
� tensor of momentums pmn:

pmn =
∂LV

∂Ṙm,n

+ ĒmnijRi,j. (24)
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Along with this, the classical stresses get additional terms associated with dissipa-
tion:

σij =
∂LV
∂Ri,j

+ ĒijmnṘm,n. (25)

Sedov's equation in this case (24), (25) gives to the following variation equation:

δ̄L = δA−
y ∫ {(

∂LV
∂Ri,j

+ ĒijmnṘm,n

)
δRi,j +

∂LV
∂Ri,jk

δRi,jk−

− ρṘmδṘm +

(
∂LV

∂Ṙm,n

− ĒijmnRi,j

)
δṘm,n

}
dV dt =

=
y ∫ {[

∂

∂xj

∂LV
∂Ri,j

− ∂

∂xj∂xk

∂LV
∂Ri,jk

+ Ē11
ijmnṘm,nj − ρR̈i + P V

i +

+
∂

∂t∂xj

(
∂LV

∂Ṙi,j

− Ē11
pqijRp,q

)]
δRi

}
dV dt−

+
{ ∫ {[

P F
i −

(
∂LV
∂Ri,j

− ∂

∂xk

∂LV
∂Ri,jk

− ∂

∂t

∂LV

∂Ṙi,j

)
nj +

(
∂LV
∂Ri,jk

nk

)
,p

δ∗pj

]
δRi+

+

(
− ∂LV
∂Ri,jk

njnk

)
δ(Ri,pnp)

}
dFdt−

∑∮ ∫ (
∂LV
∂Ri,jk

vjnk

)
δRi ds dt−

−
{y [

ρṘm −
∂

∂xn

(
∂LV

∂Ṙm,n

− Ē11
ijmnRi,j

)]
δRm dV+

+
{ (

∂LV

∂Ṙm,n

− Ē11
ijmnRi,j

)
nnδRm dF

}∣∣∣∣t=tk
t=t0

= 0.

(26)

As a result using (26) we can write the equations of motion of dissipative medias in
the form:

∂

∂xj

∂LV
∂Ri,j

− ∂

∂xj∂xk

∂LV
∂Ri,jk

− ρR̈i + P V
i = − ∂

∂t∂xj

∂LV

∂Ṙi,j

− 2Ē11
ijmnṘm,nj (27)

The left side of equations (27) is the operator of the reversible theory, and the right
one describes the corrections de�ned by the dissipation.
Boundary problem in (26) still de�nes six pairs of alternative boundary conditions
in each non-singular point of a surface:

[
P F
i −

(
∂LV
∂Ri,j

− ∂

∂xk

∂LV
∂Ri,jk

− ∂

∂t

∂LV

∂Ṙi,j

)
nj +

(
∂LV
∂Ri,jk

nk

)
,p

δ∗pj

]
δRi = 0,(

− ∂LV
∂Ri,jk

njnk

)
δ(Ri,pnp) = 0.

(28)

As follows from conditions (28) Sedov's equation requires continuity of the vector
of displacements Ri in the speci�c points on the surface (on the surface edges, if
any one exist) and the vector of meniscus forces

(
∂LV
∂Ri,jk

vjnk
)
at the transition of the

body surface through the rib:∑∮ ∫ (
∂LV
∂Ri,jk

vjnk

)
δRi ds dt = 0.
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It is important that the Landau theory leads to a boundary value problem on time
instead of the Cauchy problem (initial value problem).{y [

ρṘm −
∂

∂xn

(
∂LV

∂Ṙm,n

− Ē11
ijmnRi,j

)]
δRm dV +

+
{ (

∂LV

∂Ṙm,n

− Ē11
ijmnRi,j

)
nnδRm dF

}∣∣∣∣t=tk
t=t0

= 0.

6 Conclusion

We formulated the Lagrangian in the case of static problems and we proposed the
applied version of the theory, which provides the reduction of the physical constants
up to the maximum reduction when the physical properties are determined by the
classical elastic moduli. We show that the kinematic model built on the basis of
strict concepts for integrable and non-integrable generalized strains can be a crite-
rion of correctness of theories of defective media and gradient theories of plasticity.
It is proposed the revision of the variants of theories with defects �elds where the in-
tegrable properties and generalized Cauchy relations are unreasonably attributed to
the total strains. We consider the models of the dynamic dissipative media in which
dissipative properties are associated with the strain rates. It is given the formulation
of the variation of the dissipative part of energy which provides the dissipativeness
properties (properties of the lack of potential). We establish the conditions under
which the introduction of energy of dissipation, can be justi�ed formally by compar-
ing the motion equations and boundary conditions with equations obtained correctly
using the variation of energy of dissipation.
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Abstract

The mechanical properties of hierarchically structured materials relies on the
characterization and understanding of their nanostructure. A classical exam-
ple is the dragline silk. Experimental studies have shown that the extraor-
dinary mechanical properties of silk are conferred largely to the nanostruc-
ture. In the �rst part, we propose a three dimensional (3D) �nite element
model of a silk �ber, which is based on the secondary (nano-scale) structure
of the Araneus diadematus silk �ber, taking into account the plasticity of
the β-sheet crystals as well as the viscous behavior of the amorphous matrix.
Our bottom-up approach to dragline silk �ber predicted mechanical properties
agree with the experimental ones within the limits of the experimental accu-
racy. In the second part, a novel combined method for highly brittle materials
such as aragonite crystals is proposed, which provides an e�cient and accu-
rate in-sight understanding for multi-scale fracture modeling. In particular,
physically-motivated molecular dynamics (MD) simulations are performed for
crack modeling on the nano-scale, whereas a macroscopic modeling of fracture
has proven successful using the di�usive phase-�eld modeling (PFM) approach.
A link between the two modeling schemes is proposed by deriving PFM param-
eters from the MD atomistic simulations. Thus, in this combined approach,
MD simulations provide a more realistic meaning and physical estimation of
the PFM parameters.
The proposed computational approach, not requiring any empirical param-
eters, contributes towards an improved understanding of mechanics at all
length-scale levels. Hence, it is an e�cient model for the design of new ma-
terials as well as applicable to other semi-crystalline polymeric systems or
composite materials.

1 Introduction

Molecular dynamics simulations are an e�cient approach to study objects on the
nanometer scale. They become impracticable when the investigated system has
signi�cantly larger dimensions, i. e., on the meso or macroscale. Large-scale simula-
tions of protein materials are not feasible using MD simulations, neither macroscale
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structural and mechanical properties can be straightforwardly inferred from MD
simulations due to the complexity of biological systems. Typical MD simulations
can nowadays be performed on systems containing hundred thousands, or, perhaps,
millions of atoms, and for simulation times ranging from a few hundred nanoseconds
to more than one millisecond. These numbers are certainly respectable but one may
run into conditions where time and/or size limitations become important. On the
other hand, continuum structural mechanics can signi�cantly extend the length and
time scale of the system.
Continuum structural mechanics is a classical method applicable at all scales. Here,
as its name suggests, atomic details of the object are disregarded to focus on the ef-
fect of the discretized structure on mechanics. In certain cases, such as determining
an elastic modulus of a rubber band, or understanding the stress bearing pattern of a
building, the atomic details are normally not the determinant of the property under
investigation. In such cases, the object or parts thereof are treated as a continuum
sharing the same physical properties. This approach has invincible computational
e�ciency by greatly reducing the complexity, but is only applicable as long as the
continuum approximation is adequate. The hierarchical nanoscale structure of silk
renders FEM unfeasible on the small scale, since the atomostic structure crucially
de�nes the material's mechanics. Figure 1 shows a hierarchical structure of spider
dragline silk. Crystalline units, the amorphous phase (representative unit) and a
combination of both are studied using MD simulations. However, molecular simula-
tions of additional crystalline units and the amorphous matrix are computationally
unfeasible. In conjunction to MD, FEM allows to carry out simulations of individ-
ual constituents, combinations of them, and full �ber of dragline silk, provided the
appropriate parameters, obtained for instance by MD simulations.

natural webframe 

of spider silk

dragline silk

silk fiber

alanine-rich

crystals of β-sheets

glycine-rich

amorphous matrix

viscid silk: 

catching spiral silk

skin core

Figure 1: Schematic representation of the spider dragline silk �ber architecture,
highlighting the more viscous catching spiral silk (dotted black line), and the much
tougher web-frame and dragline silk. Dragline silk �bers are mainly composed of
alanine-rich sti� nano-crystals of β-sheets in the glycine-rich disordered peptide
chains, whose composition is shown schematically. Figure adopted from [37].

281



Proceedings of XLIV International Summer School � Conference APM 2016

Using di�erent levels of simpli�cations, continuum mechanics is able to tackle prob-
lems for structure sizes that cannot be reached by MD simulations. In spite of the
conceptual di�erences between continuum mechanics and all-atom simulations, the
combination of these two di�erent methods is promising. Parameters for contin-
uum mechanics can be obtained from all-atom simulations to ensure high accuracy.
The e�ciency of continuum mechanics allows to infer mechanical properties on the
macroscopic scale from the molecular scale, which is the key to understand a mate-
rial's interplay of the atomic structure and its overall performance. Here, continuum
mechanics and all-atom MD simulations are employed for the silk �ber modeling.
Thus, a bottom-up computational approach is used in this work with the aim to
create a bridge between molecular level properties and macroscopic mechanical be-
havior. In this approach, �rst, all atom simulations are carried out to obtain key
mechanical properties and structural parameters, which are then used to develop
a macroscopic model using FEM. In this work, this approach is discussed with the
brittle fracture of aragonite crystals.

2 Brittle Fracture of Aragonite Crystals

Molecular Dynamics (MD) simulations are considered new computational methods
that are employed to describe the time evolution of a system of interacting particles.
They require the numerical solution of Newton's equations for every particle gov-
erned by an interatomic potential, i. e., bonded and non-bonded potentials, keeping
track of the evolution of the system in space. Due to their real time scales (pico sec-
onds), MD methods are perfectly suited to study the high-speed crack propagation
of brittle materials, as demonstrated in the work of Rountree et al. [30]. Addition-
ally, there have also been some applications of the method for a variety of inorganic
crystals, such as Si3N4 [16], SiO2 [31], 3C-SiC [17], and GaAs [34]. Although these
studies have provided valuable in-sights into crack dynamics, a systematic analysis
of mechanical properties at an atomistic scale, as well as a link to the macroscopic
continuum mechanical approaches are still not well established.
Nowadays, typical MD simulations can be performed on systems containing hun-
dreds of thousands, or perhaps, a few millions of atoms for simulation times ranging
from a few hundred nanoseconds up to a millisecond. These numbers are certainly
respectable, but one may run into conditions, where size and/or time limitations
become important. The challenges related to the limited dimensions or time scales
can be tackled by upscaling MD parameters and frameworks through continuum
models. In fact, as it has been shown in numerous other studies, i. e., [5, 26, 27, 28],
the mechanical behavior of a given continuous material can be reproduced in a dif-
ferent scale by using mechanical parameters derived directly from atomistic MD
simulations.
In what numerical modeling regards, phase-�eld modeling (PFM) has emerged as
a powerful tool to model brittle fracture under a macroscopic continuum approach,
o�ering a good accordance between numerical treatment, accuracy, and computa-
tional costs. The pioneering works related to an elastic energy-based approach to
describe brittle fracture, namely the works of Gri�th [9] and Irwin [15], as well as
the variational formulations presented in [4, 8], can be considered as the pillars of
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a well-established energy-based framework for brittle fracture. In the past decades,
many PFMs, which approximate the sharp edges of the crack by a di�usive inter-
face, have been developed. Due to their simple implementation, these models are
able to predict quasi-static and dynamic cases of brittle and ductile fracture, con-
sidering diferent fracture modes and loadings, under several discretization schemes
[4, 8, 3, 11, 22, 35, 19, 21].
Consequently, this research work pursues to establish a link between the under-
standing of brittle fracture of a material at an atomistic scale and its macroscopic
mechanical features. To this end, an aragonite (CaCO3) tablet undergoing fracture
is studied, using both MD and PFM. Herein, the key mechanical properties (e. g.,
Young's modulus, Poisson's ratio), as well as the phase-�eld transition width (ε) and
the mechanical energy release rate (G) of an aragonite crystal are obtained ab ini-
tio. These physical properties are subsequently employed to reproduce a nanoscale
model under a continuous PFM approach.
Given that PFM and MD are relatively new topics in the realm of mechanics, the
second and third sections of this work will brie�y introduce the implementation of
both methods. In the fourth section, a thorough description and brief evaluation of
the numerical experiments in MD, as well as PFM are presented. The last section
is dedicated to the conclusion and outlook of the present work.

2.1 Materials and MD Simulations

In the present work, MD and PFM simulations are employed to describe the be-
havior under fracture of Aragonite (CaCO3), a highly brittle ceramic and major
constituent of nacre (95% vol.). Tablets of this material were modeled, as seen
in Fig. 2, by using the software Visual Molecular Dynamics (VMD) [14]. One
double-notched tablet model was built with length (l), width (w) and height (h)
of 15.38× 11.12× 4.30 nm3, respectively. The pulling layer thicknesses (pt) was
considered to be three atomic layers wide. For the subsequent MD simulations, the
molecular dynamics program GROMACS 5.0.4 package [33] was used. For aragonite
interactions, newly-developed CaCO3 force�eld [36], that describes angle, planar, di-
hedral, electrostatic and van der Waals interactions, was implemented.
The model in question was minimized and equilibrated in the NPT (isothermal-
isobaric) ensemble for 10 ns at 300 K and 1.013 bar. The tablet did not show any
signi�cant changes neither in structural ordering nor in cell dimensions. The last
frames were used to create notched systems as follows: The simulation boxes were
extended 12 nm along l and h, leaving as much empty space as required to allow the
tablet extension during pulling simulations. The periodic vector through the width
w was not extended, resulting in tablets of in�nite length along w-direction. Then,
the v-shaped notches were introduced by removing atoms. The cut lines followed
the (101) and (1̄01) lattice planes, which resulted in an opening angle of 84.4 ◦. Such
cut lines impose the removal of one calcium atom per carbonate group, preserving
the electroneutrality of the systems.
Whereas in the MD calculations, the simulation box, in which the aragonite tablets
were pulled, was repeated periodically in all three dimensions using 2 fs time steps.
Van der Waals interactions were calculated using a cuto� of 1.0 nm. The Particle
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Figure 2: Double-notched all-atom model of an aragonite tablet. Oxygen and carbon
atoms of carbonate groups are shown in cyan and red beads, respectively. Calcium
atoms are shown with green beads. The dimension a (center) denotes the notch
depth, while h, l, w and pt represent the height, length, width and pulling layer
thickness, respectively. Pulling directions are perpendicular to the notch depth,
which is marked by red arrows. Inset: enlargement of the front view of v-notch
region.

Mesh Ewald (PME) method [6] was chosen to account for long-range electrostatic
interactions. To increase the simulation time step, a linear constraint solver for
molecular simulations (LINCS) [12] was used to constrain all bond vibrations. The
Nos�e-Hoover [24, 13] temperature coupling was applied with a coupling time constant
of 0.1 ps.
Fig. 2 shows an aragonite notched model with loading conditions and representative
dimensions. The aragonite tablet model was not constrained at any point (which
allows for rigid body motions) to capture a natural behavior in the simulations.
The system was further equilibrated in the NVT (canonical ensemble, amount of
substance N, volume V and temperature T are conserved) for 10 ns at 300 K. To
avoid tablet drifting, two cuboid volumes parallel to the (100) lattice plane were
restrained, each cuboid volume containing the three outermost layers of CaCO3

atoms. This resulted in a system of 66,720 atoms.
Once the equilibration of the system was achieved, a force-probe Molecular Dy-
namics (FPMD) simulation [10] was employed to enforce an external load. The
restrained layers were released and pulled axially outwards with a spring-like force
applied to the outer surfaces, with a constant velocity of 10 nm ns−1 and a spring
constant of 1000 kJ mol−1 nm−2. FPMD simulations were performed until tablet
rupture, which usually occurred within 13 ns. Altogether, �ve FPMD simulations
were performed. The obtained results were later post-processed to obtain critical
material parameters, as well as the phase-�eld transition width and crack resistance
energy.
Postulated in 1920, though still in force, the Gri�th's energy-based analysis of
cracks [9] states that the fracture strength is always lower than theoretical cohesive
strength and attributes this discrepancy to the inherent defects in brittle materials,
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leading to stress concentration.
One of the underlying principles of fracture mechanics is that crack propagation
occurs when the released elastic strain energy is at least equal to the energy required
to generate new crack surface. The Gri�th's energy criterion for fracture of brittle
materials can then be written as

σf =
1

α

[
2Eγ

πa

]1/2

, (1)

where σf is the rupture strength, a is the notch depth, γ is the surface energy, E
is the Young's modulus, and α is a geometry correction factor. For double edge
notched tension of a semi-in�nite tablet with notch depth a and tablet height h, α
reads [29]

α = 1.12 + 0.43
[a
h

]
− 4.79

[a
h

]2

+ 15.46
[a
h

]3

. (2)

It is now assumed that the available external and internal energy is transferred into
surface energy. In what brittle fracture regards, dissipation and kinetic energy are
neglected. This results in the so-called Gri�th energy balance where the energy
release rate G is equal to 2γ in J/m2. The mechanical energy release rate in the
CaCO3 geometry is the amount of energy per unit area that is supplied by the elastic
energy stored in the system.
The energy release rate can alternatively be calculated by integrating the stress-
strain curve with respect to strain [20, 17]

G = l

∫ ε

0

σ(ε′)dε′, (3)

where l is the model width in the loading direction, see Fig. 2, and σ is the loading
direction component of the stress well ahead of the crack tip. At a strain above εc,
crack propagation at constant velocity is achieved after an initial transient [20].

2.2 Brittle Fracture Modeling using the PFM Approach

The macroscopic modeling of brittle fracture is based on the PFM approach, which
has been widely discussed in several research works, see, e.g. [3, 22, 35] for an
overview. In this, a phenomenological phase-�eld variable φ is introduced, which
approximates the sharp interface of the crack by a di�usive transition zone. Thus,
the global potential energy function F can be written with the help of φ and its
gradient as an integral over the whole body ([4, 8, 19, 21]) as

F (φ, gradφ, ε) =

∫
V

[Ψelast (φ, ε) + Ψcrack(φ, gradφ)] dv (4)

with ε being the linear strain tensor. The phase-�eld variable φ ∈ [0, 1], in the sense
of an indicator function, represents the crack state, where φ = 0 for a cracked state
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and φ = 1 for an undamaged state. The fracture energy Ψcrack is de�ned as

Ψcrack (φ, gradφ) =
G

4ε
(1− φ)2 +Gε |gradφ|2, (5)

where ε is an internal length related to the width of the di�usive crack transition
zone. As the degradation of the material is assumed to occur only under tension or
shear, one applies an additive splitting of the linear elastic energy into a positive part
Ψ+
elast, that considers the tension and shear responses, and a negative part Ψ−elast,

that considers the compression response. Moreover, the degradation function g(φ)
can simply be de�ned in a quadratic form as g(φ) = [(1− η)(φ)2 + η] to obtain

Ψelast (φ, ε) = g(φ) Ψ +
elast + Ψ−elast . (6)

Here, η is a residual sti�ness added for numerical stability purpose. The linear
elastic stress σ is obtained through the derivation of the phase-�eld potential with
respect to the strain tensor, see [23].

σ(φ, ε) =
∂F
∂ε

= g(φ)
∂Ψ+

elast

∂ε
+
∂Ψ−elast
∂ε

. (7)

Furthermore, the momentum balance equation under the assumptions of a quasi-
static state and neglecting the body forces can be expressed as

divσ = 0 , (8)

allowing the computation of displacement �eld u. To this end, the evolution of the
phase �eld is derived using the Allen-Cahn model,which describes the process of
crack evolution via a reaction-di�usion equation as

φ̇ =
∂φ

∂t
= −M∂F

δφ

= −M

[
2 (1− η)φΨ+

elast −
G

2ε
(1− φ)− 2Gε div gradφ

]
, (9)

where M ≥ 0 represents a mobility constant.
For the numerical implementation of the PFM problem, an initial boundary-value
problem of mode-I fracture, illustrated in Figure 3, is solved using the �nite element
package FlexPDE.
The numerical solution is computed considering quadratic shape functions for the
displacement and the phase-�eld variable, and the time integration is applied using
the 2nd-order backward di�erence formula (BDF2), where a time-step automatic
adaptivity is also employed. Moreover, a �xed mesh, re�ned in the area between the
notches, is implemented. A plane stress, linear elastic model is used to reproduce the
MD simulation. Under this setup, the stress is applied until instantaneous rupture
of the plate takes place.
The material parameters, E, ε and G, for the PFM of the aragonite plate were
directly derived from the outcomes of the MD simulations as will be discussed in
the next section. Therewith, the obtained values were E = 126 GPa for the Young's
modulus. The crack resistance (or energy release rate) was found to be G = 2.091
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Figure 3: Boundary conditions of the IBVP (load-controlled). For the boundary
layers with width pt, ν = 0 and zero-stress in vertical direction. In the middle of the
extreme edges (left and right), two points are �xed in the vertical direction to prevent
a rigid body motion. The dimensions here are h=11.2 nm, l=15.3 nm, d=3.08 nm,
and a=1.84 nm.

J/m2 and the internal length scale ε = 0.05 nm. The values of the mobility and
the residual sti�ness parameters were set to M = 10 × 109nm2/Ns and η = 10−5,
respectively, whereas the applied Poisson's ratio is ν = 0.44. The material properties
such as Possion's ratio ν and the density ρ were benchmarked with the aragonite-
related literature ([1, 2, 7, 25]), whereas the mobility parameter M and the residual
sti�ness parameter η are in good agreement with the ranges proposed in, e.g., [18,
23].

2.3 Results and Discussion

As stated previously, to examine the fracture behavior at atomistic scale of aragonite,
monotonic tension tests were performed by means of FPMD. The molecular system
was loaded by moving virtual springs applied to the outer surfaces of the tablets with
constant velocity. The force is obtained directly from the resultant spring force at
the boundaries. Accordingly, the stress is computed by dividing the spring force by
the cross sectional area comprehended between two notches. Moreover, the relative
displacement of atoms was measured between the center of mass of both pulling
layers. Here, the engineering strain is obtained by dividing the total displacement of
the center of mass of any pulling layer by the original distance between this layer and
the center of specimen. The crystals deformed during the FPMD simulations until
the externally applied stress reached the ultimate tensile strength σf , resulting in a
sudden rupture. Due to the chemical structure of calcium carbonate [Ca2+][CO2−

3 ],
and its arrangement in compact crystal, it is not always possible to have symmetric
notches on both edges as well as notches at the exact center of all tablets of CaCO3

models. Therefore, the v-notches in the tablets are not sharp, and the notch tips can
have, either, single or double CaCO3 units (enlarged view in Fig. 2). Thus, di�erent
crack propagations were observed in the tablet models, e. g., the crack starts at the
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top edge, bottom edge or at both edges simultaneously (shown in Fig. 4). For all
simulations, the cracks propagated with an s-shape along the (101) and (1̄01) lattice
planes, as expected.

Figure 4: Rupture of the double-notched aragonite tablets. The snapshots show the
fracture of the aragonite tablets under constant pulling velocity. As the two atom
groups at the ends are pulled, the tablets slightly stretch and break abruptly around
the notch. Here, the crack initiates at the bottom, though, is propagated from both
sides and with an s-shape.

Fig. 4 shows snapshots of the rupture processes observed in the CaCO3 tablet mod-
els. The model was loaded with a constant velocity for 12.88 to 13.056 ns, without
observing crack initiation. However, the crack initiation took place during the fol-
lowing 0.012 ns, inducing an instantaneous total failure.
The results describe a good agreement with the expectations. First of, the energy
release rate G can be calculated using the MD results together with either Gri�th's
criterion given in Eq. (1) or by use of Eq. (3). Both equations con�rm that the
fracture of the CaCO3 tablet occurs at a value G≈ 2.091 J/m2. This value is slightly
lower than the theoretical values of G for CaCO3 (2.10 � 3.74 J/m2), which can be
found in the literature [1, 2, 7], though this di�erence is merely negligible. Therefore,
G= 2.091 J/m2 is adopted for the PFM.
To avoid model dependency in MD simulations, �ve di�erent aragonite tablet models
were considered, and the stress-strain curves were jointly analyzed. The recovered
elasticity modulus E of aragonite ranges between 106 to 148 GPa, which is in the
range of experimental and theoretical studies, see [1, 2, 7]. With regard to the ulti-
mate tensile strength, the resulting MD simulations value of the aragonite notched
samples is 4.6 GPa. This value is slightly lower than the theoretical strength of
�awless minerals, which was estimated to lie in the range of 5 to 10 GPa [32].
Fig. 5 shows the force-displacement curves of the continuous PFM (considering a
Young's modulus of E = 126 GPa) and all-atom simulations. With regard to the
force at failure, the resulting MD simulations value of the aragonite notched samples
is 47 µN and the nonlinear behavior, which is due to the potential energy non-
linearities, is clearly observed. Although, a linear elastic model was considered for
the PFM, an outstanding correlation of the results is observed.
Phenomenologically, the s-shaped crack propagation (along the (101) and (1̄01) lat-
tice planes) is obtained in both MD and PFM approaches. Moreover, the ultimate
tensile strength obtained in the PFM simulations falls perfectly into the ranges de-
scribed in the all-atom simulations. Nevertheless, a discrepancy between the two
schemes can be seen which can be traced to two main reasons: On the one side,
the boundary conditions in the MD simulation allow for rigid body rotations and
translations, which are constrained in the continuum model by �xing the vertical
displacement of two points. This �xation causes an arti�cial symmetry and si-
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Figure 5: Force-displacement curves for the aragonite tablet models. The red line
is the averaged force-displacement curve from the MD simulations, and the gray
shaded area indicates the standard error deviation. The green line indicate the
force-displacement curves obtained from the PFM stress-controlled simulation.

multaneously sti�ens the material. On the other side, the PFM considers a linear
elastic material response, which is not able to account for the inherent material
non-linearities. As seen in Fig. 5, these non-linearities are naturally captured in the
atomistic simulations.
An important outcome, particularly for the phase-�eld parameters, is the theoreti-
cal and numerical consistency of the critical energy release rate G, and a potential
relationship between the molecular transition (distortion) zone and the phase-�eld
transition width governed by the internal length parameter ε. The former can be es-
timated by means of the Gri�th's theory or by integration of the stress-strain curve,
yielding a value within the literature range (approximately 2.1 J/m2). The latter can
be obtained by measuring the cracked surfaces in a straightforward post-processing
step. The results of the MD and PFM simulations are shown in Fig. 6. Taking into
account the density plot of the MD and overlapping it with the resultant intact-
to-cracked material transition of the PFM, as seen in Fig. 6, the phenomenological
correlation is evident.

3 Conclusions

As shown in this work, the e�ciency of continuum mechanics allows to infer mechan-
ical properties from the molecular scale, which is the key to understand a material's
interplay of the atomic structure and its overall performance. Through an atom-
istic obtention of the material parameters, the PFM presented in this work observes
a fair convergence, and more important remains qualitatively and quantitatively
within the outcomes of MD simulations and the benchmarked literature. Moreover,
a correlation between the phase-�eld parameter ε (which is of extreme importance
for convergence) and an MD transition zone was captured for the �rst time. Through
further study, this could result in a physical meaning and obtention of the parameter
value, which is up to date �tted according to each model. Moreover, the observed
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Figure 6: Crack initiation and propagation comparison: (a) Density plots of atoms
in MD simulations (ρ stands for density). The s-shaped crack is illustrated with
a dotted line, and the inset shows an all-atom simulation snapshot of the crack
propagated area. (b) PFM results for stress-controlled simulations ( φ stands for
the damage phase-�eld, blue corresponds to cracked material, and red refers to
undamaged material). The times t0 and t1 are the total loading times before crack
initiation in MD (t0 = 13056 ps) and PFM stress-controlled (t1 = 0.0403089 s)
respectively.

molecular dissipative zone between the undamaged and cracked material allows to
think that in fact, brittle fracture observe a transition zone, under a purely atomistic
standpoint.
The presented bottom-up approach thus represents, an important tool in the �eld
of arti�cial material design. The approach proposed here can be extended to other
bio-materials, and partially or highly ordered polymeric and composite materials,
which are characterized by a similar interplay of structure and mechanics on di�erent
scales.
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Abstract

We introduce positive elastic potentials in the harmonic approximation
leading by Hamilton's variational principle to fractional Laplacian matrices
having the forms of power law matrix functions of the simple local Born von
Karman Laplacian. The fractional Laplacian matrices are well de�ned on pe-
riodic and in�nite lattices in n = 1, 2, 3, .. dimensions. The present approach
generalizes the central symmetric second di�erence operator (Born von Kar-
man Laplacian) to its fractional central symmetric counterpart (Fractional
Laplacian matrix).

For non-integer powers of the Born von Karman Laplacian, the fractional
Laplacian matrix is nondiagonal with nonzero matrix elements everywhere,
corresponding to nonlocal behavior: For large lattices the matrix elements far
from the diagonal expose power law asymptotics leading to continuum limit
kernels of Riesz fractional derivative type. We present explicit results for the
fractional Laplacian matrix in 1D for �nite periodic and in�nite linear chains
and their Riesz fractional derivative continuum limit kernels. The approach
recovers for α = 2 the well known classical Born von Karman linear chain (1D
lattice) with local next neighbor springs leading in the well known continuum
limit of classic local standard elasticity, and for other integer powers to gra-
dient elasticity. We also present a generalization of the fractional Laplacian
matrix to n-dimensional cubic periodic (nD tori) and in�nite lattices. For
the in�nite nD lattice we deduce a convenient integral representation. We
demonstrate that our fractional lattice approach is a powerful tool to generate
physically admissible nonlocal lattice material models and their continuum
representations.

1 Introduction

Fractional calculus has turned out to be a powerful analytical tool in various dis-
ciplines: It has been recognized that especially in more recently emerging �elds
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dealing with complex, chaotic, turbulent, critical, fractal and anomalous transport
phenomena, problems can appropriately be described by equations which involve
fractional operators. A broad overview on applications of the fractional approach
can be found in the review articles of Metzler and Klafter [5, 6].
There exist various de�nitions (Riemann, Liouville, Caputo, Gr�unwald-Letnikow,
Marchaud, Weyl, Riesz, Feller, and others) for fractional derivatives and integrals,
e.g. [3, 5, 15, 16, 17] among many others. This diversity of de�nitions is due to
the fact that fractional operators take di�erent kernel representations in di�erent
function spaces which is a consequence of the nonlocal character of fractional kernels.
The present paper is organized as follows. In the �rst part of the paper we deduce
from �fractional harmonic lattice potentials" on the cyclically closed linear chain a
discrete fractional Laplacian matrix. We do so by applying our recent approach to
generate nonlocal lattice models by matrix functions where the generator operator
is the discrete centered Born von Karman Laplacian [9]. First we obtain the discrete
fractional Laplacian in explicit form for the in�nite chain for particle numbers N →
∞, being in accordance with the fractional centered di�erence models of Ortiguiera
[14] and Zoia et al. [19]. Utilizing the discrete in�nite chain fractional Laplacian
matrix we construct an explicit representation for the fractional Laplacian matrix
on the N-periodic �nite 1D lattice where the particle number N can be arbitrary not
necessarily large. Then we analyse continuum limits of the discrete fractional model:
The in�nite space continuum limit of the fractional Laplacian matrix yields the well
known in�nite space kernel of the standard fractional Laplacian. The periodic string
continuum limit yields an explicit representation for the kernel of the fractional
Laplacian (Riesz fractional derivative) which ful�lls periodic boundary conditions
and is de�ned on the �nite L-periodic string.
In the second part of the paper we suggest an extension of the fractional approach on
nD periodic and in�nite lattices. We deduce an integral representation for fractional
Laplacian on the in�nite nD lattice and proof that as asymptotic representation the
well known Riesz fractional derivative of the nD in�nite space is emerging. More
detailed derivations of some of the results of the present paper can be found in recent
articles [7, 8]. All these results are fully equivalent and can also be deduced by
employing the more general approach of Riascos and Mateos for fractional di�usion
problems on networks [12, 13], and see also the references therein.

2 Fractional Laplacian matrix on the �nite periodic

1D lattice

We consider a periodic, cyclically closed linear chain (1D periodic lattice or ring)
with equidistant lattice points p = 0, .., N − 1 consisting of N identical particles
having all the same mass µ. Each mass point p has equilibrium position at 0 ≤
xp = ph < L = Nh (p = 0, .., N − 1) where L denotes the length of the chain and h
the interparticle distance (lattice constant). Further we impose periodicity (cyclic
closure of the chain). For convenience of our demonstration we introduce the unitary
shift operator D de�ned by Dup = up+1 and its adjoint D† = D−1 with D†up = up−1.
We employ periodic boundary conditions (cyclic closure of the chain) up = up+sN
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(s ∈ Z) and equivalently, cyclic index convention p→ p mod (N) ∈ {0, 1, .., N − 1}.
Any elastic potential in the harmonic approximation de�ned on the 1D periodic
lattice can be written in the representation [9]

Vf =
µ

2

N−1∑
p=0

u∗pf(21̂−D −D†)up = −1

2

N−1∑
p=0

N−1∑
q=0

u∗q∆f (|p− q|)up, (1)

where ∆f (|p−q|) = −µf|p−q| indicates the (negative-semide�nite) Laplacian N×N -
matrix, 1̂ the identity matrix, and f we refer to as the characteristic function:
Physically admissible, elastically stable and translational invariant positive elastic
potentials require for the 1D periodic lattice (cyclic ring) that the characteristic
function f which is de�ned as a scalar function to have the following properties
0 < f(λ) < ∞ for 0 < λ ≤ 4 (elastic stability) and f(λ = 0) = 0 (translational
invariance, zero elastic energy for uniform translations of the lattice). For the ap-
proach to be developed we propose the characteristic function to assume power law
form

f (α)(λ) = Ω2
αλ

α
2 , α > 0, (2)

which ful�lls for α > 0 and Ω2
α > 0 the above required good properties for the

characteristic function. Ωα denotes a dimensional constant of physical dimension
sec−1. Note that 21̂ − D − D† is the central symmetric second di�erence operator
which is de�ned by (21̂ − D − D†)up = 2up − up+1 − up−1. The matrix function
f(21̂−D−D†) is in general a self-adjoint (symmetric) positive semide�nite N ×N -
matrix function of the simple N × N generator matrix [21̂ − D − D†]pq = 2δpq −
δp+1,q−δp−1,q. It can be easily seen that f(21̂−D−D†) has T�oplitz structure, i.e. its
additional symmetry consists in the form fpq = fqp = f|p−q|, p, q = 0, ..N − 1 giving
the fractional generalization of the Born von Karman centered di�erence operator.
The fractional elastic potential has then with (1) the representation

Vα =
µΩ2

α

2

N−1∑
p=0

u∗p(2−D −D†)
α
2 up =

µ

2

N−1∑
p=0

N−1∑
q=0

u∗qf
(α)
|p−q|up, (3)

with the matrix elements f (α)
|p−q| = Ω2

α[(2 1̂ − D − D†)α2 ]|p−q| of the fractional char-
acteristic matrix function. In full analogy to the negative semide�nite continuous
Laplacian (second derivative operator) we de�ne here the fractional Laplacian matrix
as the negative semide�nite matrix de�ned through Hamilton's variational principle1

∆αup = − ∂

∂up
Vα, ∆α = −µΩ2

α(2−D −D†)
α
2 . (4)

It turns out that the fractional Laplacian matrix for non-integer α
2
has nonzero ma-

trix elements everywhere with power law asymptotics ∼ |p− q|−α−1 for |p− q| >> 1
su�ciently large corresponding to nonlocal constitutive behavior. For the �nite 1D

1The sign convention di�eres in many references, so e.g. in [12, 13] the fractional Laplacian
matrix is de�ned positive semide�nite corresponding to the de�nition of the characteristic fractional
operator (21̂−D −D†)α

2 .
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periodic lattice the matrix elements of the fractional Laplacian matrix (4) will be
evaluated explicitly which we shall do in the subsequent paragraph.

In�nite 1D lattice

This can be done using its spectral representation which assumes in the limiting
case of an in�nite lattice (N →∞), see e.g. [7, 8, 12]

f
(α)
|p−q| = Ω2

α(2−D −D†)
α
2

|p−q|, p, q ∈ Z0,

f
(α)
|p| ,=

Ω2
α

2π

∫ π

−π
eiκp

(
4 sin2 κ

2

)α
2

dκ.

(5)

This expression can be obtained in explicit form [7, 8, 19]

f (α)(|p|) = Ω2
α

α!
α
2
!(α

2
+ |p|)!

(−1)p
|p|−1∏
s=0

(
α

2
− s) = Ω2

α (−1)p
α!

(α
2
− p)!(α

2
+ p)!

, (6)

where we introduced the generalized factorial function β! = Γ(β+ 1). In view of (6)
we observe that for noninteger α

2
any matrix element f (α)(|p−q|) 6= 0 is non-vanishing

indicating the nonlocality of the harmonic fractional interparticle interaction (4).
For α

2
= m ∈ N the matrix elements (6) take the values of the standard binomial

coe�cients. (5)2 can be read as the Fourier coe�cients of the in�nite Fourier series

ω2
α(κ) = Ω2

α

(
4 sin2 κ

2

)α
2

= Ω2
α

(
2− eiκ − e−iκ

)α
2 =

∞∑
p=−∞

f
(α)
|p| e

ipκ. (7)

This relation indicates the fractional dispersion relation of the in�nite lattice leading
to the remarkable relation which holds only for complex numbers on the unit circle
z = eiκ, namely(

2− z − 1

z

)α
2

=
∞∑

p=−∞

(−1)p
α!

(α
2
− p)!(α

2
+ p)!

zp, |z| = 1. (8)

This Laurent series converges nowhere except on the unit circle |z| = 1. For instance
the zero eigenvalue ω2

α(κ = 0) = 0 which corresponds to translational invariance
(zero elastic energy for uniform translations) is obtained by putting z = 1 in (8).
For integer α

2
= m ∈ N (6) takes the form of the standard binomial coe�cients

and the series (7), (8) then take the representations of standard binomial series of(
2− z − 1

z

)α
2 = (−1)m(

√
z− 1√

z
)2m breaking at |p| = m corresponding to zero values

for the matrix elements for (6) for |p| > m. We further observe for noninteger α
2
/∈ N

the power law asymptotics for |p| >> 1 which can be obtained by utilizing Stirling's
asymptotic formula for the Γ-function [7, 8]

f
(α)
|p|>>1 → −Ω2

α

α!

π
sin (

απ

2
) p−α−1. (9)
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The asymptotic power law (scale free) characteristics of the fractional Laplacian
matrix ∆pq ∼ |p− q|−α−1 is the essential property which gives rise to many `anoma-
lous phenomena' such as in `fractional di�usion' problems on networks such as the
emergence of L�evy �ights [12, 13] (and references therein). The fractional contin-
uum limit kernels are discussed in the subsequent section. The expressions (5)-(9)
hold for the in�nite 1D lattice corresponding to N → ∞. As everything in nature
is limited we shall consider now the fractional Laplacian matrix for a �nite periodic
lattice where the particle number N is arbitrary and not necessarily large.

1D �nite periodic lattice - ring

It is only a small step to construct the �nite lattice Laplacian matrix in terms
of in�nite lattice Laplacian matrix. We can perform this step by the following
consideration: Let −µf (∞)

|p−q| the Laplacian matrix of the in�nite lattice, and ω2(κ)
the continuous dispersion relation of the in�nite lattice matrix f|p−q| obeying the
eigenvalue relation

∞∑
q=−∞

f
(∞)
|p−q|e

iqκ = ω2(κ)eipκ, 0 ≤ κ < 2π. (10)

This relation holds identically in the entire principal interval 0 ≤ κ < 2π and is
2π-periodic in the κ-space. Let us now choose κ = κ` = 2π

N
` with ` = 0, .., N − 1

being the Bloch wave number of the �nite periodic lattice of N lattice points where
N is not necessarily large. Since the Bloch wave numbers of the chain are discrete
points within the interval 0 ≤ κ` < 2π, then relation (10) holds as well for these N
κ-points, namely [7, 8]2

∞∑
p=−∞

f
(∞)
|q| e

iqκ` = ω2(κ`), 0 ≤ κ` =
2π

N
` < 2π,

N−1∑
p=0

∞∑
s=−∞

f
(∞)
|p+sN |e

i(p+sN)κ` =
N−1∑
p=0

eipκ`
∞∑

s=−∞

f
(∞)
|p+sN | =

N−1∑
p=0

eipκ`f finite|p| = ω2(κ`).

In the second relation the N -periodicity of the �nite lattice Bloch eigenvector
ei(p+sN)κ` = eipκ` has been used. The last relation can be read as the eigenvalue
relation for the N -periodic lattice matrix of T�oplitz structure

f finite|p−q| =
∞∑

s=−∞

f
(∞)
|p−q+sN | = f

(∞)
|p−q| +

∞∑
s=1

(f
(∞)
|p−q+sN | + f

(∞)
|p−q−sN |). (11)

It follows that in the limiting case N →∞ the �nite lattice matrix (11) recovers the
in�nite lattice matrix f finite → f (∞). From (11) we read of for the fractional lattice
Laplacian of the �nite periodic 1D lattice

2where p = 0 in (10) has been put to zero.
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∆α,N(|p|) = −µf (α,finite)
|p| , 0 ≤ p ≤ N − 1 (12)

with

f
(α,finite)
|p| = Ω2

α

(−1)pα!

(α
2
− p)!(α

2
+ p)!

+ Ω2
α

∞∑
s=1

(−1)p+Nsα!

(
1

(α
2
− p− sN)!(α

2
+ p+ sN)!

+
1

(α
2
− p+ sN)!(α

2
+ p− sN)!

)
.

(13)

We observe N -periodicity of (13) and furthermore the necessary property that in
the limit of in�nite chain N →∞, (13) recovers the in�nite lattice expression of eq.
(6).

3 Fractional continuum limit kernels

In this section we investigate the interlink between the lattice fractional approach
introduced above and continuum fractional derivatives. To this end we introduce the
following hypotheses which are to be observed when performing continuum limits.
Following [9] we require in the continuum limit that extensive physical quantities,
i.e. quantities which scale with the length of the 1D system, such as the total mass
Nµ = M and the total elastic energy of the chain remain �nite when its length L is
kept �nite3, i.e. neither vanish nor diverge. Let L = Nh be the length of the chain
and h the lattice constant (distance between two neighbor atoms or lattice points).
We can de�ne two kinds of continuum limits:
(i) The periodic string continuum limit where the length of the chain L = Nh is
kept �nite and h→ 0 (i.e. N(h) = Lh−1 →∞).
(ii) The in�nite space continuum limit where h → 0, however, the length of the
chain tends to in�nity N(h)h = L(h)→∞4. The kernels of the in�nite space limit
can be recovered from those of the periodic string limit by letting L → ∞. From
the �niteness of the total mass of the chain, it follows that the particle mass µ =
M
N

= M
L
h = ρ0h scales as ∼ h. Then by employing expression (3) for the fractional

elastic potential, the total continuum limit elastic energy Ṽ α can be de�ned by

Ṽ α = lim
h→0+

Vα =
µΩ2

α

2

N−1∑
p=0

u∗(xp)

(
−4 sinh2 h

2

d

dx

)α
2

u(xp). (14)

Putting D = eh
d
dx (ph = xp → x) and accounting for 2 − D(h) − D(−h) =

−4 sinh2 h
2
d
dx
≈ −h2 d2

dx2
+O(h4) we get

lim
h→0

(
−4 sinh2 h

2

d

dx

)α
2

= hα(− d2

dx2
)
α
2 . (15)

3In the case of in�nite string L → ∞ we require the mass per unit length and elastic energy
per unit length to remain �nite.

4which can be realized for instance by chosing by N(h) ∼ h−δ where δ > 1.
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The formal relation (15) shows that the continuum limit kernels to be deduced in
explicit forms have the interpretation of the Fractional Laplacian or also in the
literature referred to as Riesz Fractional Derivative. To maintain �niteness of the
elastic energy in the continuum limit h → 0 the following scaling relations for the
characteristic model constants, the mass µ and the frequency Ωα are required [7, 8]

Ω2
α(h) = Aαh

−α, µ(h) = ρ0h, Aα, ρ0 > 0 (16)

where ρ0 denotes the mass density with dimension g × cm−1 and Aα denotes a
positive dimensional constant of dimension sec−2 × cmα, where the new constants
ρ0, Aα are independent of h. Note that the dimensional constant Aα is only de�ned
up to a non-dimensional positive scaling factor as its absolute value does not matter
due to the scale-freeness of the power law. We obtain then as continuum limit of
the elastic energy by taking into account

∑N−1
p=0 hG(xp)→

∫ L
0
G(x)dx and h→ dx,

xp → x,

Ṽ α = lim
h→0

µ(h)

2

N−1∑
q=0

N−1∑
p=0

u∗qf
(α)
N (|p− q|)up

Ṽ α =
ρ0Aα

2

∫ L

0

u∗(x)

(
− d2

dx2

)α
2

u(x) dx =: −1

2

∫ L

0

∫ L

0

u∗(x′)∆̃α(|x− x′|)u(x)dxdx′.

The continuum limit Laplacian kernel ∆̃α(|x−x′|) can then formally be represented
by the distributional kernel representation in the spirit of generalized functions [2]

∆̃α,L(|x− x′|) = −ρ0Aα

(
− d2

dx2

)α
2

δL(x− x′). (17)

The last relation contains the distributional representation of the fractional Lapla-
cian and is obtained for the in�nite space limit (ii) in explicit form as [7, 8]

K(α)
∞ (x) = −

(
− d2

dx2

)α
2

δL(x− x′) = −α!

π
lim
ε→0+

< iα+1

(x+ iε)α+1
, (18)

being de�ned `under the integral' which yields for noninteger α
2
/∈ N for x 6= 0

the well known Riesz fractional derivative kernel of the in�nite space K(α)
∞ (x) =

α! sin (απ
2

)

π
1

|x|α+1 with a characteristic |x|−α−1 power law nonlocality re�ecting the
asymptotic power law behavior (9) of (6) for su�ciently large |p| >> 1.

3.1 (i) Periodic string continuum limit

The continuum procedure of L-periodic string where L is kept �nite is then obtained
as [7, 8]5

5where <(..) denotes the real part of a quantity (..)
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−
(
− d2

dx2

)α
2

δL(x) = K
(α)
L (|x|) =

α! sin (απ
2

)

π

∞∑
n=−∞

1

|x− nL|α+1
, ξ =

x

L
,

K
(α)
L (|x|) =

α! sin (απ
2

)

πLα+1

{
− 1

|ξ|α+1
+ ζ̃(α + 1, ξ) + ζ̃(α + 1,−ξ)

}

K
(α)
L (|x|) = −α!

π
lim
ε→0+

<

{
∞∑

n=−∞

iα+1

(x− nL+ iε)α+1

}

=
α!

πLα+1
lim
ε→0+

<
{
iα+1

(
1

(ξ + iε)α+1
− ζ(α + 1, ξ + iε)− ζ(α + 1,−ξ + iε)

)}
.

(19)

This kernel can be conceived as the explicit representation of the fractional Lapla-
cian (Riesz fractional derivative) on the L-periodic string. The last relation is the
distributional representation and is expressed by standard Hurwitz ζ-functions de-
noted by ζ(..). The two variants of ζ- functions which occur in above relation are
de�ned by

ζ̃(β, x) =
∞∑
n=0

1

|x+ n|β
, ζ(β, x) =

∞∑
n=0

1

(x+ n)β
, < β > 1. (20)

We see for α > 0 and x 6= 0 that the series in (19) are absolutely convergent
as good as the power function integral

∫∞
1
ξ−α−1dξ. For integer powers α

2
∈ N the

distributional representations (19)3,4 take the (distributional) forms of the (negative-
semide�nite) 1D integer power Laplacian operators, namely

K
(α=2m)
L (|x|) = (−1)m+1 d

2m

dx2m

∞∑
n=−∞

lim
ε→0+

1

π

ε

((x− nL)2 + ε2)
,

α

2
= m ∈ N0,

= (−1)m+1 d
2m

dx2m

∞∑
n=−∞

δ∞(x− nL) = −
(
− d2

dx2

)α
2

=m

δL(x),

(21)

where δ∞(..) and δL indicate the Dirac's δ-functions of the in�nite and the L-periodic
string, respectively. We further observe in full correspondence to the discrete frac-
tional Laplacian matrix, the necessary property that in the limit of an in�nite string
lim
L→∞

K
(α)
L (|x|) = K(α)

∞ (x) (19) recovers the expression of the standard 1D in�nite

space fractional Laplacian kernel (18) known from the literture (see for a further
discussion [7, 8] and references therein).
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4 Fractional Laplacian matrix on cubic lattices: to-

wards fractional lattice dynamics

In this section we deduce the nD counterpart of the fractional Laplacian matrix
introduced above. With that approach the fundamentals of `fractional lattice dy-
namics' can be deduced as a generalization of conventional lattice dynamics.
In this section our goal is to generalize the above 1D lattice approach to cubic
periodic lattices in n = 1, 2, 3, .. dimensions of the physical space where the 1D
lattice case is contained. We assume the lattice containsN = N1..×Nn lattice points,
each covered by identical atoms with mass µ. Each mass point is characterized by
~p = (p1, p2, .., pn) (pj = 0, ..Nj − 1) and n = 1, 2, 3, .. denotes the dimension of
the physical space embedding the lattice. In order to de�ne the lattice fractional
Laplacian matrix, it is su�cient to consider a scalar generalized displacement �eld
u~p (one �eld degree of freedom) associated to each mass point ~p only. The physical
nature of this scalar �eld can be any scalar �eld, such as for instance a one degree
of freedom displacement �eld, an electric potential or, in a stochastic context a
probablitity density function (pdf) or in a fractional quantum mechanics context a
Schr�odinger wave function. This demonstrates the interdisciplinary character of the
present fractional lattice approach.
The fractional Laplacian matrix for general networks was only recently and to our
knowledge for the �rst time introduced by Riascos and Mateos [12, 13] in the frame-
work of fractional di�usion analysis on networks which include nD periodic lattices
(nD tori) as special cases being subject of the present analysis. For cubic nD lattices
the fractional Laplacian matrix can be written as [7, 8, 12, 13]

∆α,n = −µΩ2
α,nL

α
2
n , L

α
2
n =

(
2n1̂− An

)α
2 , α > 0, (22)

where 1̂ denotes the identity matrix, n indicates the dimension of the physical space
and 2n indicates the connectivity, i.e. the number of next neighbors of a lattice
point in the nD cubic lattice. In (22) we introduced the adjacency matrix An which
has for the cubic lattice with next neighbor connections the form

An =
n∑
j=1

(Dj +D†j), (23)

where then Dj and D†j = D−1
j denote the next neighbor shift operators in the

j = 1, .., n-directions de�ned by Djup1,..pj ,..,pn = ~up1,..pj+1,..,pn and D†j~up1,..pj ,..,pn =
up1,..pj−1,..,pn , i.e. Dj shifts the �eld associated to lattice point ~p = (.., pj, .. to the
�eld associated with the adjacent lattice point in the positive j-direction (.., pj+1, ..),
and the inverse (adjoint) shift operator D†j = D−1

j to the adjacent lattice point in the
negative j-direction (.., pj−1, ..). All matrices introduced in (22) and (23) are de�ned
on the nD lattice being N×N matrices (N = N1× ..×Nn). As in the case of 1D lat-
tice the so de�ned fractional Laplacian matrix (22) describes for non-integer powers
α
2
, /∈ N nonlocal elastic interactions, whereas they are generated by the `local' next
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neighbor Born von Karman Laplacian which is in our de�nition up to a negative
dimension factor −µΩ2 equal to Ln. We therefore refer to Ln as `generator matrix'.
We emphasize that the sign convention of what we call `(fractional) Laplacian ma-

trix' varies in the literature (e.g. by denoting the positive semide�nite matrix L
α
2
n as

`fractional Laplacian matrix', this convention is chosen, e.g. in [12, 13]). We have
chosen to refer to as `fractional Laplacian matrix' the negative-semide�nite matrix
−µΩ2

αL
α
2
n to be in accordance with the negative de�niteness of continuum limit frac-

tional Laplacian (21) containing as a special case α
2

= 1 the negative semide�nite
conventional Laplacian d2

dx2
δL(x−x′)). For a discussion of some general properties of

the fractional Laplacian (22) well de�ned on general networks including nD lattices,
we refer to [12, 13]. In the periodic and in�nite lattice the shift operators are uni-
tary. Assuming Nj-periodicity in each direction j, the fractional Laplacian matrix
is de�ned by the spectral properties of the Ln-matrix, namely by

[L
α
2
n ](~p−~q) =

1

N

∑
~̀

ei~κ~̀·(~p−~q)λ
α
2

~̀ , λ~̀ =

(
2n− 2

n∑
j=1

cos (κ`j)

)
, α > 0, (24)

where we denoted
∑

~̀(..) =
∑N1−1

`1=0 (..)..
∑Nn−1

`n=0 (..) and ~κ~̀ = (κ`1 , ..κ`n) denotes the
Bloch wave vectors of the Brillouin zone where their components can the values
κ`j = 2π

Nj
`j (`j = 0, .., Nj − 1). It can be seen that (24) has T�oplitz structure

depending only on |p1 − q1|, .., |pj − qj|, ..|pn − qn|). For the in�nite lattice when
all Nj → ∞ in (24), the summation over the reciprocal lattice points assumes
asymptotically the form of an integral 1

N

∑
~̀ g(~κ`) ∼ 1

(2π)n

∫ π
−π ..

∫ π
−π dκ1..dκng(~κ),

where the integration intervals [−π, π] can be chosen instead of [0, 2π] for 2π-periodic
functions g(κj) = g(κj + 2π).
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Fig.1 (a-b) Show the dispersion surfaces ωα(κ1, κ2)/ω2(π, π) = λ
α
4 (κ1, κ2)/2

3
2 = 2

α−3
2 (sin2(κ1/2)+

sin2(κ2/2))
α
4 for the 2D cubic lattice (n = 2) of (24) for four values of α, while (c-d) illustrate

cross-sections of these dispersion sheets with the planes (0 1 0) and (1 1 0), respectively.
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For α �xed, the circular frequency is given by ωα(κ1, κ2) = λ
α
4 . The linear frequency

spectra (a, b, d), for n = 2, are normalized by the maximum frequency ωα=2(π, π) =

λ
1
2 (π, π) = 2

3
2 obtained for a wave vector located in (001) plane. It will be noted

that the sheets cut at dimensionless frequency ωα(κ1, κ2)/ωα=2(π, π) ≈ 0.351 and
the dispersion relations of the classical next neighbor Born von Karman lattice
are recovered (indicated by ωα(κ1, κ2)/ωα=2(π, π) → 1 for α = 2 and κ1,2 → π,
ωα(κ1, 0)/ωα=2(π, 0) → 1 for α = 2 and κ1 → π). When the value of α decreases,
one observes in agreement with another work [7], namely a decrease of the maximum
dimensionless frequency in end of the �rst Brillouin zone.
The goal is now to deduce a more convenient integral representation of (24). To
this end we utilize the following observation: Let in the following L be a positive
semide�nite6 matrix and α > 0 like (22) with the spectral representation

L =
∑
~̀

λ~̀|~̀ >< ~̀|, Lpq =< p|Lq >, (25)

where we have to put for the periodic nD lattice of (24) the Bloch-eigenvectors
< ~p|~̀ >= N−

1
2 ei~κ~̀·~p. Then it will be useful to de�ne the matrix Dirac δ-function by

δ(L − τ 1̂) =
∑
~̀

|~̀ >< ~̀| δ(τ − λ~̀), (26)

where τ is a scalar parameter and 1̂ the identity matrix and δ(τ−λ~̀) the conventional
scalar Dirac δ-function. Then with the matrix δ-function de�ned in (26) we can write

L
α
2 =

∫ ∞
−∞

δ(L− τ 1̂)|τ |
α
2 dτ (27)

and by utilizing δ(τ−λ~̀) = 1
(2π)

∫∞
−∞ e

ik(τ−λ~̀)dk together with the kernel −Dα
2
of the

1D fractional Laplacian (Riesz fractional derivative) of order α
2
in its distributional

form [11]

Dα
2
(k − ξ) =

(
− d2

dk2

)α
4

δ(k − ξ) =:
1

(2π)

∫ ∞
−∞

ei(k−ξ)τ |τ |
α
2 dτ =

lim
ε→0+

1

π
<
∫ ∞

0

e−τ(ε−i(k−ξ))|τ |
α
2 dτ = lim

ε→0+
<

Γ(α
2

+ 1)

π(ε− i(k − ξ))α2
.

(28)

Then we can write for the matrix power function (27) the representation

L
α
2 =

∫ ∞
−∞

eikLDα
2
(k)dk, (29)

where the exponential eikL of the matrix L = Ln can be determined more easily for
the generator Ln =

∑n
j=1 Lj (Lj = 2−Dj −D†j) being the sum of the 1D generator

6i.e. all eigenvalues λ` of this matrix are non-negative.

305



Proceedings of XLIV International Summer School � Conference APM 2016

matrices of the Nj-periodic 1D lattices and having therefore the eigenvalues λ(`j) =
2− 2 cosκ`j and as a consequence having a Cartesian product space spanned by the

periodic Bloch eigenvectors e
i~κ~̀·~p
√
N

=
∏n

j=1
e
ipjκ`j√
Nj

. The matrix elements of the spectral

representation of the exponential of Ln can hence be written as

[eiξLn ]~p−~q =
∑
~̀

ei~κ~̀·(~p−~q)

N
eiξλ~̀ =

n∏
j=1

Nj−1∑
`j=1

ei(pj−qj)κ`j

Nj

ei2k(1−cosκ`j ). (30)

In�nite nD lattice
In the limiting case of an in�nite nD lattice when all Nj →∞ we can write by using
1
N

∑
~̀ g(~κ~̀) ∼ 1

(2π)n

∫ π
−π ..

∫ π
−π dκ1..dκng(~κ) to arrive at

[eiξLn ]~p−~q = [eiξLn ]|p1−q1|,..,|pn−qn| =
n∏
j=1

1

(2π)

∫ π

−π
ei(pj−qj)κei2ξ(1−cosκ)dκ. (31)

Taking into account the de�nition of the modi�ed Bessel functions of the �rst kind
Ip(z) = 1

π

∫ π
0
ez cosϕ cos pϕdϕ where p = N0 denotes non-negative integers [1], we can

write the exponential matrix (31) in the form

[eiξLn ]|p1−q1|,..,|pn−qn| = ei2nξ
n∏
j=1

I|pj−qj |(−2iξ). (32)

Applying now the matrix relation (27) and plugging in the exponential (32) yields
an integral representation of the (negative semide�nite) fractional Laplacian matrix
(22) in terms of a product of modi�ed Bessel functions of the �rst kind, namely

[∆α,n]|p1−q1|,..,|pn−qn| = −µΩ2
α,nL

α
2

|p1−q1|,..,|pn−qn|

= −µΩ2
α,n

∫ ∞
−∞

dξ ei2nξDα
2
(ξ)

n∏
j=1

I|pj−qj |(−2iξ),

(33)

with −Dα
2
(ξ) indicating the Riesz fractional derivative kernel of (28).

Asymptotic behavior
Introducing the new vector valued integration variable ~ξ = ~κp (ξj = pκj,∀j =
1, .., n) we can write for the in�nite lattice integral of (24) by utilizing spherical
polar coordinates ~p = p~e~p (~e~p · ~e~p = 1, p2 =

∑n
j p

2
j)

L
α
2
n (p) =

1

(2π)n

∫ πp

−πp
..

∫ πp

−πp

dξ1..dξn
pn

(
4

n∑
j=1

sin2 ξj
2p

)α
2

cos (~ξ · ~e~p). (34)

The dominating term for p >> 1 becomes

L
α
2
n (p) ≈ 1

pn+α

1

(2π)n

∫ ∞
−∞

..

∫ ∞
−∞

dξ1..dξn

(
n∑
j=1

ξ2
j

)α
2

cos (~ξ · ~e~p), (35)
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having the form

L
α
2
n (~p)p>>1 ≈ −

Cn,α
pn+α

, (36)

where the positive normalization constant is obtained explicitly as Cn,α =
2α−1αΓ(α+n

2
)

π
n
2 Γ(1−α

2
)
, e.g. [10, 11]. We can identify the asymptotic representation (35), (36)

with the kernel of Riesz fractional derivative (fractional Laplacian) of the nD in�nite
space. For a more detailed discussion of properties we refer to [10, 11].

5 Conclusions

We have introduced a fractional lattice dynamics approach which de�nes exact ex-
pressions for fractional lattice Laplacian matrices on nD periodic and in�nite lattices.
These fractional Laplacian matrices have all `good' properties of Laplacian matri-
ces (translational invariance and negative semide�niteness). The formulation of our
approach is fully consistent with the fractional network approach of Riascos and
Mateos [12, 13]. In the in�nite space and periodic lattice continuum limits these
fractional Laplacian matrices take the representations of the well known respective
Riesz fractional derivative kernels, i.e. the convolutional kernels of the (continuous)
fractional Laplacians. The approach allows to model `anomalous di�usion' phenom-
ena on lattices with fractional transport phenomena including asymptotic emergence
of L�evy �ights. In such a lattice di�usional model, the conventional Laplacian matrix
is generalized by its fractional power law matrix function counterpart.
As a general framework, the present fractional lattice Laplacian appears to be fun-
damental in various physical contexts, especially as a point of departure for a newly
emerging generalization of Lattice Dynamics to `Fractional Lattice Dynamics'.
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Abstract

Surfaces of cracks in the stretched natural rubber �lled with silica nanopar-
ticles were studied. On the non-deformed material the notches were made and
then the sample was stretched and �xed. As the result, the defects propagated
deeper into the material and somehow stopped. The polymer matrix in the
region of crack is in critical stress-strain state. The surface of such cracks was
studied by atomic force microscope in nanomechanical mapping regime. It was
found that the sti�ness of the polymer in the crack is much higher than the
sti�ness of the material in the unloaded state. This is due to strain-induced
crystallization and orientation of natural rubber. The formation of elastomer
strands oriented orthogonal to the axis of the crack was observed. It was
shown that the sti�ness and structure of the polymer and oriented strands
depend both on the �ller fraction and the distance from the crack tip.

1 Introduction

Natural rubber (NR) and its vulcanizates are extensively used in rubber industry.
Therefore, it is important to understand the mechanisms responsible for material
failure and especially to prevent in-service failure of materials. The strain of a
polymer in a static crack of the stretched material reaches its limiting value, and
any increase of loading may lead to a further growth of the defect. Investigations the
structural-mechanical properties of such regions on micro- and nano- levels provide
insight into the processes involved into the resistance of NR vulcanizates to failure.
Until recently, in situ studies of the microstructure of cracks and ruptures in rubber
were performed by SEM under low vacuum conditions [1]. However, this procedure
was not e�ective in achieving high resolution (< 10µm) necessary to observe changes
taking place in the NR samples at the submicron scale. The unique advantage of
NR is strain induced crystallization. Application of wide-angle X-ray di�raction
(WAXD) has made it possible to evaluate the degree of crystallization of NR around
a crack tip with spatial resolution of 100µm and more [2].
In the present study, we have used complementary high-resolution atomic force
microscopy (AFM) allowing not only observation of the structure of cracks till the
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scale of separate �ller inclusions and oriented polymer �brils, but also measurement
of the sti�ness of overstressed zones in the material being in a crystalline phase.

2 Materials and methods

In this work the natural rubber vulcanizates �lled with silica oxide (mass fraction 0,
5, 30, and 50 wt. parts) Aerosil (nanoparticles 20nm in size) were used. For testing,
thin-strip specimens were clamped in a miniature tensile device. Small-size notches
were cut at the edges of the specimens, and after that they were stretched and �xed.
To observe changes in the material in the crack, an AFM probe was placed in the
"bottom" of the crack (Fig. 1).

Figure 1: Illustration of AFM crack scanning

The structural-mechanical properties of surfaces were studied with an AFM Di-
mension Icon in PeakForce regime. Every point on the surface was subjected to
nanoindentation, and, apart from a relief height, a force curve F (z) - a relationship
between the indentation force F applied by a cantilever to the specimen surface
and its vertical displacement z was obtained. The high indentation rate allowed
to get rid of undesirable inelastic interactions and to determine the high resolution
mechanical characteristics of the material surface. The original algorithms based
on the Maugis-Dugdale [3, 4] model of elastic interactions were used to �t the force
curves. The result of this processing is the material sti�ness at a given point.
According to the assumed properties of the material, AFM cantilevers of di�erent
sti�ness calibrated by the method of free thermal oscillations were used. Figure
2 presents the examples of force curves obtained in PeakForce mode by scanning
the NR surface areas with di�erent sti�ness (crystallization degree). The result
of the Maugis-Dugdale approximation is shown in Fig.2b: markers - experimental
data; lines - model �tting. The negative values of the indentation depth from Fig.2b
correspond to the case when the material is entrained by the probe during its retrace.
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Figure 2: Force curves obtained for NR in di�erent phases (a) and the corresponding
identi�cation depth (b)

3 Results

The surface relief and elastic modulus of NR in the area without defects are illus-
trated in Fig. 3.

Figure 3: AFM-images of the NR surface height (a) and the map of the elastic
modulus (b). Hereinafter the dark areas correspond to low values, while the light
areas - to higher values

An inset in Fig.3b shows the distribution of the elastic modulus; its mean value
is 2MPa, which is close to macroscopic measurements. Note that in the elastic
modulus map there are relatively soft ( 1.8MPa) and more rigid regions ( 2.6MPa).
Probably, this is associated with the local inhomogeneities of crosslinks.
The structural-mechanical properties of the material surface in a cross crack are
dependent on a distance away from a sharp crack tip. Figure 4 presents the AFM-
images obtained around the crack tip and in the vicinity of the crack opening in
the stretched un�lled NR (schematic representation of scan positions are shown
in the insets). Near the crack tip there are extended polymeric strands moving
from the edges of the crack to its axis and exhibiting a bend towards the crack
tip (indicated by â��Aâ�� in Fig. 4a). Away from the tip or if the crack has a
form of trench crossing the whole sample, the parallel polymer strands and local
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longitudinal ruptures occur on the specimen surface.
Measurements have shown that the NR sti�ness around the crack tip is 300 MPa,
and in the crack opening - 600 MPa. The indentation depth is 9 nm and 5 nm,
respectively. Such a high sti�ness points to the fact that the material is in an
oriented crystalline phase.
The sti�ness of the material in a crack reaches its maximum values at a distance of
±3−4µm away from the rupture axis, and then it reduces sharply. Elastic modulus
pro�les along one of the crack cross-sections (dashed line) are given in Fig.4.

Figure 4: AFM-images of the relief and sti�ness in cracks of the un�lled NR around
the crack tip (a) and in opening (b). Explanations are provided in the text

The close-up views of strands at the rupture tip are given in Fig. 5b. Their cross-
section size is 8...30 nm. The height of the visible part of the strand is 6...8 nm.
Figure 5a shows a region at the crack tip that is free of strands (as in the center of
Fig. 5b). The image is obtained using a sharp probe. It is seen that the structure
of smooth regions in higher resolution is composed of a network of nano�brils. The
maximum visible transverse dimension of a �bril is 4 nm (validity is limited by the
size of the probe tip). The height of the visible �bril part is 0.5...0.7 nm. If it is
supposed that the �bril has a circular cross-section and rises half its size above the
surface, then the true transverse dimension of these �brils is 1.0...1.4 nm. Contrast in
the probe-surface adhesion map is indicative of a di�erence between the mechanical
properties of the polymer in �brils and the surrounding material. Low adhesion
(dark areas) corresponds to a more rigid material.
On the rupture surface there are also parts exhibiting sti�ness (B in Fig. 4) less than
that of the surrounding material. The sti�ness of these structures (Fig.5c) is an order
of magnitude lower than the sti�ness of the surrounding material. They seem to be
partially crystallized fragments of the polymer broken due to crack propagation.
An incorporation of �ller into the polymer increases the number of strands in the
crack. The rupture surface of NR with 5 wt. parts of �ller is characterized by a
larger number of strands (Fig.6). The cross-section dimensions of strands are 20...30
nm (Fig. 6a). The sti�ness of the strand reaches 800 Ð�Pa, and the sti�ness of the
surrounding material is 200 Ð�Pa (Fig. 6b).
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Figure 5: AFM-images of nano�brills (a), sti� strands (b) and soft regions (c) on
the un�lled NR crack surface

Figure 6: AFM-images of the height (a) and the sti�ness (b) of the crack surface of
NR with 5 wt. parts of �ller

As the �ller content increases, the number of strands increases as well and their
length decreases. Figure 7a, b presents the images of cracks in NR with 30 and
50 wt. parts of �ller. Filler distribution in the material is inhomogeneous, which
causes the occurrence of regions with high and low concentration of inclusions. The
highest sti�ness (600...800 Ð�Pa) appears in the regions free of �ller, where the
polymer deformation is maximal. The strand sizes are comparable with the sizes of
inclusions.

4 Conclusion

The surfaces of cross notches in the stretched natural rubber �lled with silica oxide
nanoparticles were investigated. Use of atomic force microscopy made it possible to
study the structural-mechanical properties of the surface of these cracks. It has been
found that the sti�ness of the polymer in the crack (200â�¦600 Ð�Pa) is many times
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Figure 7: AFM-images of the height and sti�ness of cracks in NR with 30 (a) and
50 (b) wt. parts of �ller

as large as the sti�ness of the material in an unloaded state ( 2P ). The generation of
the oriented elastomeric strands orthogonal to the rupture axis was observed. It is
shown that the polymer sti�ness, the structure and sti�ness of strands are dependent
on the �ller concentration, as well as on the distance away from the crack tip.
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Abstract

The development of chemoconvective motion in the initial stationary and
steadily strati�ed system of aqueous solutions of the reacting liquids is studied
experimentally in the vertical Hele-Shaw cell under the neutralization reaction
conditions. It was found that depending on the initial reactant concentra-
tion, there are two reaction modes (i) di�usive mode, in which the dominant
mass transfer mechanism is di�usion and (ii) convective mode characterized
by the formation of the intense convective motion and high rate of reaction.
A physical model of the observed phenomenon and the dimensionless param-
eter, determining the type of the reaction regime have been proposed. Maps
of reaction regimes for di�erent �acid-base� pairs were built.

1 Introduction

In the last decades, considerable progress has been made in the area of chemohydro-
dynamics, which studies the heat/mass transfer processes, the mechanisms respon-
sible for the onset of hydrodynamic instability and the structure and �ow evolution
in the system of reacting �uids. From the fundamental point of view these problems
attract considerable attention as the examples of nonlinear systems, in which the
spatial-temporal variations of physical properties of �uids described by the reaction-
di�usion equations can give rise to hydrodynamic instability, a�ecting the intensity
of the heat/mass transfer processes up to a change in the type of reaction.
The development of the reaction in miscible and immiscible �uids has quite di�erent
scenarios. In experimental studies [1, 2] the new e�ects produced by the interac-
tion of the exothermic neutralization reaction with the liquid-liquid interface of the
two-layer system, placed in the Hele-Shaw cell are described. It was shown that by
changing reagents and their initial concentrations it is possible to obtain di�erent
types of convective structures � spontaneous spreading of convective �nger-shaped
structures [1], which is commonly observed in such systems and even the ideal pe-
riodic system of convective cells formed in the zone between the interface and the
reaction front [2].
Essentially di�erent situation is observed in the systems of miscible reacting �uids
[3-5]. Because of the absence of the interface the only source of chemoconvective
structures is the gravitational mechanisms of instability initiated by the formation
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of local zones with unstable density strati�cation. The �rst reason for the occur-
rence of such zones is the reaction product, whose density can di�er from that of
the surrounding medium which can lead to the formation of the Rayleigh-Taylor
(RT) instability. The second is the double di�usion (DD) instability caused by the
di�erence in the di�usion rate between reactants and the reaction product. In both
cases the development of instability can provoke the formation of irregular convec-
tive structures in the form of salt �ngers travelling at both sides of the reaction front.
However, our previous work [5] has revealed the existence of the structure, which is
not common for miscible systems. It consists of periodic convective rolls localized
within the stable transient zone between the reagent layers. The theoretical studies
showed that the discovered type of instability (we called it concentration-dependent
di�usion instability or CDD convection) can be classi�ed as DD instability and its
onset is the result of concentration dependence of the di�usion coe�cient. Biblio-
graphical retrieval has shown that although there has been a lot of relevant works in
the literature, up to now no systematic investigation (neither experimental nor the-
oretical) of the stability problem has been undertaken for miscible reacting systems.
The only exception is paper [4], in which an attempt has been made to develop a
generalized approach to such systems. However, the correctness of their approach
is doubtful. The objective of the present paper is to study experimentally the sta-
bility of a two-layer system of miscible reacting �uids in the context of the problem
of neutralization reaction. Based on the results of experiments with several �acid-
base� liquid systems carried out in a wide range of concentration we developed a
uni�ed approach to the description of such systems.

2 Experimental technique

The experiments were performed in a vertically oriented Hele-Shaw cell made by
glass plates separated by an insert, which speci�ed the inner dimensions of the
cavity: 9.0 cm×2.4 cm×0.12 cm. The cell was �lled with a two-layer system of
miscible reacting �uids, which had steady density strati�cation. One of the layers
was an aqueous solution of HNO3 and the other was formed by an aqueous solution of
LiOH, NaOH or KOH. The solution concentrations varied in the range of 1.0div 3.0
mol/l. The slots were cut in the walls of the cell along its midsection to �t in the
sliding shutter separating the initial reagents. At the beginning of each experiment
the cell was �lled to half its volume with a denser �uid (depending on the reagent
concentration this might be either an aqueous solution of the acid or one of the
hydroxides), after which the shutter was slid into the place and the less dense solution
was pored into the cuvette over the shutter. In order to start the reaction the shutter
was slid out from the cell.
The Fizeau interferometer was used to visualize the refractive index distribution
caused by changes in the concentration distribution of species and by heat generation
due to reaction exothermicity. The maximum temperature increment recorded by
a thermocouple probe near the reaction front was less than 1 K. Light-scattering
particles were added to the solution to observe the patterns forming during the
reaction. We also visualised the pH distribution by adding a small amount of the
universal acid-base indicator to the solutions. All experiments were performed at
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ambient temperature (23±1)oC.

3 Results

The results of experiments showed that there are two basic regimens of the reaction
evolution: di�usion and convection. In the �rst case after the withdrawal of the
shutter the front of reaction becomes the site of the formation of a transient zone
with a stable strati�cation, in which the reagent transport is accomplished solely by
di�usion (Figure 1 a). With the passage of time, as the reaction proceeds further,
the vertical dimension of the zone slowly increases. The characteristic time of the
reaction process is comparable with the di�usion time evaluated throughout the
height of the cuvette. In our experiments it ranged from a few hours up to several
days, depending on the initial concentration of the reagents.

Figure 1: Time evolution of the reaction regimes. (a) Di�usive regime. The exper-
iment is for HNO3 (Ca=1 mol/l) and NaOH (Cb=2 mol/l); (b) Convective regime.
The experiment is for HNO3 (Ca=1.5 mol/l) and NaOH (Cb=1.4 mol/l)

In the case when the reaction proceeds in the convective regime, the withdrawal of
the shutter leads to the formation of convective motion in the zone located above
the reaction front. This motion develops in the form of rising plumes, which rapidly
reach the upper boundary of the cell (Figure 1 b). As a result, an intensive �uid
�ow spreads throughout the upper layer. The reaction front moves downward rather
quickly and reaches the lower boundary of the cell, after which the reaction ceases.
The characteristic time of the reaction process ranged from 10 to 30 minutes depend-
ing on the initial reagent concentrations. It should be noted that all �acid-base� pairs
used in our investigation followed the above mentioned reaction scenarios, no matter
which of the reagents is present in the upper or lower layers.
The observed phenomena can be initiated by the following physical mechanisms. At
the initial time, as soon as the reacting media come into contact, the di�usion of
reagents into each other leads to the formation of a thin transient zone, which after
completion of the reaction includes aqueous solutions of the reaction product and
one of the reagents taken to excess. If the density of the transient zone is lower than
the density of the upper layer, it rises due to the RT instability responsible for the
generation of plumes observed in the experiment. This convective motion entrains
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new portions of the upper reagent, which enter into the reaction forming another
transient layer and the situation is repeated. Due to this fact, the upper layer
becomes the zone of intensive convective motion, which continuously carries reagent
in the reaction region and provides removal of the reaction product. If the density
of the transient zone is higher than the density of the upper layer, the density
strati�cation of the system becomes stable, which leads to the establishment of
mechanical equilibrium in the system. As a result, the layers of the reagent solutions
are found to be separated by a transient zone, which extends as the reaction goes
further. Since in the absence of convective motion the transport of the reagents
within the transient zone is accomplished by the di�usion processes, the rate of
reaction turns to be a few orders of magnitude lower than in the convective regime.

To generalize the description of the evolution of the two-layer system we intro-
duce a dimensionless parameter, representing the stability of the transient zone �
Kρ = ρdz/ρu, where ρdz is the transient zone density, ρu is the density of the upper
layer of the reagent solution. The density of the transient zone can be calculated
like ρdz = ρs(Cs) + ρres(Cres) − ρ0, where ρs is the density of the solution of the
resultant reaction product with the molar concentration Cs; ρres is the density of
the reagent solution with the molar concentration Cres, which was taken to excess
and remains unreacted in the transient zone after completion of the reaction; ρ0

is the density of the solvent (water in the examined case). The concentrations of
the remaining reagent and the reaction product can be determined from the sim-
ple relations: Cs=Cmin/δD and Cres = (Cmax−Cmin)/δD, where Cmin and Cmax
are the maximal and minimal initial concentrations in the examined reagent pair,
δD = Dslow/Dfast−1 is the parameter speci�ed by the ratio of the di�usion coe�cient
Dslow of the �slower� reagent (slowly reacting substance) in the above pair to that
of the �quicker� reagent (quickly reacting substance, Dfast). It is to be noted that
the di�usion coe�cients should be selected taking into account their dependence on
the concentration.

The value of the obtained dimensionless parameter Kρ speci�es the system evolution.
If Kρ < 1, the reaction proceeds in the convective regime and in the opposite case
when Kρ > 1 it proceeds in the di�usive regime. The results of calculations were
used to build the map of regimes of reaction evolution in the coordinates of initial
reagent concentration. The map of reaction regimes for all used �acid-base� pairs
are shown in Figure 2 a. The isopycnic line (depicted by a dashed line) divides the
whole �eld of the map into two regions, in which the upper layer is generated by the
solution of acid or base �uid of lower density. Coloured zones are zones, in which the
reaction proceeds in the convective regime. For all other concentrations the reaction
is governed by di�usion. The experiment results show good agreement with the
results of computation, which supports the validity of the selected physical mecha-
nism controlling the observed phenomenon and the adequacy of the dimensionless
parameter. In Figure 2 b the same map is depicted in the (Caβa, Cbβb) parameter
plane, where βa and βb are solutal expansion coe�cients for acid and base, respec-
tively. As it is evident from the �gure, for the selected acid HNO3 an increase in
the ratio of the di�usion coe�cients of the reagents (DLiOH <DNaOH <DKOH) leads
to the extension of the reagent concentration range, in which the reaction proceeds
in the convective regime. Indeed, an increase in δD leads to a decrease in the con-
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Figure 2: Maps of reaction regimes for the following systems of aqueous solutions:
(1) HNO3-LiOH, (2) HNO3-NaOH, (3) HNO3-KOH in (a) Ca � Cb; (b) Caβa � Cbβb.
Colored regions are zones of the convective regime

centrations of the reaction product and excess reactant in the transient zone after
completion of the reaction and, consequently, to a decrease of the dimensionless pa-
rameter Kρ. It should be noted that in a strict sense the zone of di�usive regime of
the reaction evolution is not the region of mechanical equilibrium of the two-layer
system. Inside this parameter region, the di�usion is just the prevailing mechanism
of matter transfer in the vicinity of the reaction front, namely, inside the transient
zone. However, in this case there is still a possibility for the development of con-
vective motion due to the DD mechanism, but its intensity is generally low and has
a rather weak e�ect on the mass transfer in the system. To substantiate this ob-
servation we investigated the propagation of the reaction front in di�erent regimes
of proceeding of the reaction. To our knowledge [6], in the case of purely di�usive
mass transfer the propagation of the reaction front is governed by the following law:

xf = Cf
√
t, Cf = Ca

Cb

√
Da
Db
− 1, where Ca and Cb are the concentrations, and Da and

Db are the di�usion coe�cients of the acid and base, respectively. It is seen that
if Ca=Cb and Da=Db, the position of the front does not vary with time. In other
cases the front coordinate changes ∼

√
t. In this case, depending on the sign of the

proportionality coe�cient Cf , the front can move upward and downward. Figure
3 a, showing the map of regimes for the HNO3-NaOH pair, displays curves corre-
sponding to Cf=0, i.e., a change in the direction of the front propagation. Here
also we indicate points, at which we measured the position of the reaction front
as a function of time (Figure 3 b). Obtained dependencies for highlighted points
are presented in Figure 3 b. It is seen that in the convective regime the reaction
front propagates much quicker than in the di�usive regime, which is caused by the
matter transport near the reaction front by the convective motion. In the range
of parameters corresponding to the di�usive regime of reaction evolution the front
moves as xf ∝ t1/2. Crossing the curve Cf means that the reaction front reverses its
direction. The above results show that in the region of di�usive regime of reaction
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Figure 3: (a) The map of regimes for the HNO3-NaOH system with the indicated
points for which experiments have been performed; (b) The position of the reaction
front as a function of time for respective points in the (a)

evolution the transport of the reagents and reaction products is controlled by the
di�usive mechanism, whereas weak movements of the �uid initiated by the double
di�usion mechanism exert negligible e�ect on the mass transfer processes. Such a

Figure 4: The velocity of plume rise at the initial instant of time as a function of
dimensionless parameter Kρ for experiments depicting in �gure 3 a

conclusion can be drawn from the analysis of the plume rise velocity at the initial
stage of the development of convective motion in the zone above the reaction front.
The above parameter characterizes the intensity of arising convective motion. In
�gure 4 these dependences are plotted for reactions run at the parameters denoted
in �gure 3 a by symbols marked by numbers 1 and 2. It is seen that in crossing the
boundary, corresponding to a change from the convective to di�usive regime, the
intensity of the convective regime rapidly decreases up to zero values. In the range
of parameters corresponding to a di�usive regime the experiment revealed a new
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Figure 5: Localized convective structure. (a) pH distribution; (b) interferogram

type of instability, which can be quali�ed as another type of DD instability. The
evolution of the system can be described as follows. The interaction of the reacting

Figure 6: Maps of reaction regimes. CDD instability zones are dashed

layers immediately leads to the formation of a transient zone, inside which the reac-
tion front is located. The transient zone remains immovable, whereas transport of
the reagents and reaction products in the zone is accomplished by di�usion. As it
has been mentioned above, the space above the transient zone is the region of the
formation of a weak convective motion controlled by the DLC mechanism. A few
minutes after the beginning of the experiment one can also observe the initiation
of convective motion in the transient zone, yet in the form of a horizontal series
of convective cells (Figure 5). The observed convective structure exists between
two immovable sections of the transient zone, which is indicative of the formation
of localized density �pocket� with unstable density strati�cation. The discovered
structure exists for a few hours. With the lapse of time the size of the cells in-
creases, while their number decreases. The cells remain in the transient zone, the
vertical dimension of which also increases with time due to di�usion. The instability
exists in a very narrow region on the map of reaction regimes. In �gure 6, this is
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dashed. It is seen that this type of instability is observed only at the one side from
the isopycnic line (experiments where base is poured into the bottom layer). Such
asymmetry along with the fact that the di�usion coe�cient of acid is always higher
than that of the base, also counts in favor of di�usion mechanism responsible for
the initiation of CCD instability.
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Abstract

In an attempt of modeling the state of deformation in self-gravitating ter-
restrial bodies linear Hookean elasticity formulated in terms of linear strain
measures is used initially. In this case the solutions for the stresses, the strains,
and the displacements are unique and can be presented in closed form. The
equations will be evaluated by using data for Mercury and Earth in order to
show that the displacements can be enormous. This illustrates the limit of a
geometrically linear theory.

In order to improve the situation we will then present an �extended model�
and study the in�uence of linear terms of displacement gradients in the body
force density, hence, we assume the body forces to adjust with the current
con�guration. This non-standard approach to linear elasticity serves as a
bridge to a consistently performed large-deformation-analysis while keeping
the advantage of a closed-form expression.

Next we choose a geometrically nonlinear version of Hooke's law, the Saint-
Venant-Kirchho� constitutive equation written in terms of the current con�g-
uration. By doing that we should be able to handle large strains. However,
even this relation creates problems, since it su�ers from instability at very high
compressive strains, i.e., if the mass of the self-gravitating object becomes too
large. There will be a limit mass beyond which stresses will go to in�nity,
similarly to the Chandrasekhar limit.

Finally we will turn to time-dependent modeling of deformation in terms
of a deformation-wise linear viscoelastic model of the Kelvin-Voigt type. Sur-
prisingly this model allows for a closed-form solution. As a new result it will
turn out that in the early days of planet formation the so-called Love radius,
which is the demarcation line between the completely compressive interior of
a planet from a radial strain-wise tensile exterior, does not exist initially and
requires time for its development.

1 Introduction

The purpose of this paper is quite a fundamental one: We wish to draw attention to
the fact that modeling nature by using continuum theory can be based on treach-
erous assumptions. Whilst we may have some con�dence in the applicability of the
fundamental laws of classical physics, such as the conservation of mass, linear and
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angular momentum, or energy, the use of constitutive relations requires special care
and sound scepticism, even if they follow from principles of rational thermodynam-
ics. As a matter of fact, many engineers of daily practice are not even aware of
the fundamental di�erence between conservation laws and �material equations� as
the latter are sometimes innocently called. They believe that they are �true laws of
nature.� Surely, there might be limits to their applicability, if strains become too
high or temperatures are too low (say), but very often this is attributed to numer-
ical inaccuracy rather than a principal internal de�ciency. This dilemma is nicely
depicted in a recent textbook [7].

In our paper we will use self-gravitation in massive celestial bodies as a concrete
example. We will concentrate on �solid bodies,� whatever a solid planet may be,
since we all know that it will likely show an onion-like internal structure and some
of the �onion skins� will be more on the liquid than on the solid side.

We will start on seemingly �rm ground, so-to-speak: Linear Hookean elasticity for-
mulated in terms of linear strain measures is the simplest way of modeling deforma-
tion in self-gravitating terrestrial bodies. In this case the solutions for the stresses,
the strains, and the displacements are unique and can be presented in closed form,
as was �rst shown by the great (linear) elastician A.E.H. Love around the beginning
of last century [1]. We will, �rst, present the underlying theory in modern form.
Second, solutions to the resulting equations will be obtained. Third, the limits of
the equations will be illustrated by using physical data Mercury and Earth. This
will show that under certain circumstances the displacements may be enormous.
Consequently, the limits of linear strain theory will become evident.

As a special feature we will then leave the canonical pathway of linear elasticity,
where it is conventionally assumed that the body forces are applied to the unde-
formed con�guration [2]. In contrast to conventional (engineering) literature, we will
present an â��extended modelâ�� and study the in�uence of linear terms of dis-
placement gradients in the body force density. In fact, this approach may serve as a
bridge between linear elasticity at small strains and elasticity at large deformations.
Moreover, it has the advantage of keeping its closed-form solution character.

In an attempt to remedy the problem of large deformations once and for all we will
choose a geometrically nonlinear version of Hookeâ��s law in the current con�g-
uration. More precisely, the Cauchy stress will be related to the nonlinear defor-
mation measure of the current con�guration, the Euler-Almansi �nite strain, which
replaces the linear strain tensor of the ordinary Hooke's law. This is known as the
Saint-Venant-Kirchho� constitutive equation in the literature [3], albeit stated in
the current con�guration. Using this type of stress-strain relation in context with
self-gravitating objects was �rst suggested in the sixties of last century, see for ex-
ample [4]. However, this approach has drawbacks: As we shall see, we will run into
modeling and numerical problems again, if the mass of the self-gravitating object
becomes too large. There will be a limit mass beyond which stresses will go to
in�nity, similarly to the case of the Chandrasekhar limit for the mass of white dwarf
stars. However, this phenomenon is an artifact of the constitutive law we chose for
the stress-strain relation: It can lead to a unique, two, three, or no solutions for the
problem. In fact, today it is known (see [3], Section 4.3 and [5]) that this constitutive
model su�ers from material instability in large compressive deformation case.
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Finally we will turn to time-dependent modeling of deformation. We will use a
linear viscoelastic model of the Kelvin-Voigt type [6]. Surprisingly it allows for a
closed-form solution for a solid as well as for a hollow sphere. As a new result it will
turn out that in the early days of planet formation the so-called Love radius, which
is the demarcation line between the completely compressive interior of a planet from
a radially strain-wise tensile exterior, does not exist initially and requires time for
its development. Interestingly the solution for the solid sphere will not lead to
zero deformation in the limit of initial time. Rather it jumps abruptly to �nite
values varying linearly throughout the sphere. If the same limit is considered in the
solution for the hollow sphere with a very small hole at the center one can see the
reason for this behavior: The transition from zero to �nite deformation is extremely
fast. In other words: If gravitation is �switched on,� large amounts of mass will
start moving and it is inapt to use the static form of the balance of momentum.
Inertial forces should be taken into account. Hence, this time it is not a fault of the
constitutive equation but an inappropriate simpli�cation of the equations of motion,
which creates a problem.

2 Linear Elasticity

We base our analysis on the static balance of momentum:

∇ · σ = −ρf , (1)

where ρ denotes the local current mass density, and σ the Cauchy stress tensor.
The speci�c body force, f , i.e., the gravitational acceleration, is conservative and
originates from self-gravity. Consequently, a gravitational potential Ugrav(x) exists,
where x denotes an arbitrary (current) position within the body, and we may write:

f(x) = −∇Ugrav(x). (2)

The gravitational potential obeys Poisson's equation:

∆Ugrav(x) = 4πGρ(x). (3)

If we consider a perfectly spherical case, where we have only radial dependencies,
we �nd from the last two relations that:

ρ(r)f(r) = −Gρ(r)m(r)

r2
er, (4)

where er is the radial unit vector, m(r) denotes the total mass within a spherical
region of radial extension r:

m(r) = 4π

r̃=r∫
r̃=0

ρ(r̃)r̃2dr̃ , 0 ≤ r ≤ ro, (5)

and ro stands for the current outer radius of the spherical body.

326



Assessing Deformation due to Self-Gravitation - Treacherous Pathways of
Continuum Mechanics

However, in linear elasticity it is customary to use the body force acting on the
undeformed body. Consequently, if we pretend everything is initially homogeneous
and use a constant mass density, ρ0, we obtain:

ρ(r)f(r) ≈ −Gρ0m(r)

r2
er ≈ −

4πGρ2
0

3
r er. (6)

For the stress tensor we assume Hooke's law for an isotropic body to hold:

σ = λ Trε 1 + 2µ ε. (7)

Moreover, in this context we use the linear strain tensor:

ε = 1
2
(∇u+∇u>). (8)

u refers to the displacement vector, i.e., to u = x − X, X being the reference
position of a material point of the sphere. λ and µ are Lam�e's elastic constants.
If spherical coordinates are used and these relations are inserted into each other the
following di�erential equation of second order for the dimensionless radial displace-
ment, u(x) := ur(r)/ro, results:

u′′ + 2
u′

x
− 2

u

x2
=
α

2
x, (9)

where the dash refers to di�erentiation w.r.t. dimensionless position, x := r/ro, and
with a dimensionless factor, the gravity-sti�ness constant:

α =
8πGρ2

0r
2
o

3(λ+ 2µ)
. (10)

If regularity at x = 0 and a traction-free outer surface is prescribed, its solution
reads (for further details see [8], ν = λ

2(λ+µ)
is Poisson's ratio):

u = − α

20

(
3− ν
1 + ν

− x2

)
x. (11)

Figure 1: Radial displacement vs. normalized radius: Fully linear solution (blue)
and �extended" solution (red); for data see text.

The blue curves in Fig. 1 show plots of Eqn. (11) when data of Mercury (index
M) and Earth (index E) are used for evaluation. Speci�cally we have values for
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the average mass densities of ρE
0 = 5500 kg

m3 and ρM
0 = 5400 kg

m3 and (average) outer
radii of rE

o = 6370 km and rM
o = 2440 km, respectively. For the elastic data we

assume in both cases the values of iron, i.e., E ≡ µ(3λ+2µ)
λ+µ

=210 GPa and ν = 0.3.
Consequently, the strains for Mercury are below 2% but the ones for Earth are huge
and amount to a maximum of 14%. Hence one may question the validity of the
use of linear elasticity in case of very large self-gravitating masses and turn to a
non-linear formulation instead. Indeed, this has been done by the Indian school of
Seth, who was one of the pioneers in large strain measures. We will explore this in
the next section.
Note that, as it should be, the radial displacement is negative and that the curves
show a minimum. The slope of the curves in Fig. 1 is proportional to radial strain.
Hence the only positive (=tensile) radial strains can be found to the right of the
minimum. The transition point between positive and negative strains, identi�able
by locating the minimum of the displacement, is a.k.a. the Love radius :

rLove = r0

√
3− ν

3(1 + ν)
. (12)

The �rst edition of his monograph [1] makes it perfectly clear that Love was aiming
at a failure criterion in context with this transition point, namely speci�cally at
what is known today as maximum principal strain theory : Tensile strains might
lead to damage. However, if one inserts real numbers into the expression for the
corresponding strain (see [8], pp. 30) it turns out that the corresponding numbers are
completely unrealistic. Nevertheless, so far no better model for studying damage due
to severe self-gravitation has been developed. Consequently, it still has its merits,
be it even just to remind us of the fact that a better model is needed.
Before turning to nonlinear theory we shall brie�y depart from one of the crucial
prerequisites of the linear theory of elasticity at small deformations: We shall no
longer insist that the body force is applied to the undeformed con�guration. In
agreement with the principles of a consistently linearized theory we will now take
linear terms of the displacement and its derivative on the right hand side of the
momentum balance into account according to Eqns. (6)1 and put:

ρ(x) ≈ ρ0 [1− Tr ε(x)] . (13)

Hence it follows that:

ρ(r)f(r) ≈ −λ+ 2µ

ro

α

2
x
(

1− u′ − 5
u

x

)
er. (14)

The equivalent to Eqn. (9) then reads:

u′′ +

(
2

x
+
α

2
x

)
u′ −

(
2

x2
− 5α

2

)
u =

α

2
x. (15)

It can be solved analytically:

u =
1

96α

1

x2

[
2x
(
6 + 5αx2 + 6A

(
2− αx2

))
− (16)
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3(1 + 2A)
(
4 + 4αx2 − α2x4

)
exp

(
−αx2

4

) τ=x∫
τ=0

exp
(
ατ2

4

)
dτ

 .
The remaining constant of integration, A, follows from the requirement of vanishing
traction, i.e., vanishing radial stress at the outside, ro, of the sphere, u′|x=1 +
2ν

1−ν u|x=1 = 0. The result is a very lengthy yet closed-form expression, which we
decided not to present here.
Fig. 1 gives us a foretaste of what to expect if the gravitating mass becomes really
large. Two curves are presented, the fully linear solution according to Eqn. (11) in
blue and the �extended" solution based on Eqn. (16) in red. The equations were
evaluated for Mercury and for Earth according to the data presented before. Al-
though α is already equal to 0.347 in the case of Mercury (i.e., it is not small but
in the range of more than 30 percent) the di�erence between the two predictions for
the normalized displacement are close together, and in the range of 2%. This is very
di�erent for Earth: Both predictions are far apart and we should expect normalized
displacements up to 90%. We will get back to this issue in the next section.

3 Geometrically Nonlinear Elasticity

We start our discourse on nonlinear e�ects by mentioning that the original left hand
side of the di�erential equation (15) consisted of three small quantities of �rst order,
namely of u and its spatial derivatives. Consequently, its right hand side should also
be small, i.e., consist of �rst order terms comparable in magnitude to u(x), u′(x),
and u′′(x). Hence, we must ask the question as to whether the factor α is �small"
or not. Unfortunately the size of α is dictated by physics and not by mathematics.
It cannot really be chosen freely and it is as large as required by the celestial object
we wish to model. At the end of the last section we have seen that even for small
gravitating objects like Mercury it is of the order of thirty percent, which cannot
really be considered as small. We wish to improve upon the situation and use the
most simple counterpart to Eqn. (7) by replacing ε with the Euler-Almansi �nite
strain tensor, e:

2e := 1− F−1> · F−1 , F := ∇Xx(X), (17)

F being the deformation gradient joining current and reference positions, x and X,
respectively. The corresponding stress-strain relation could be called Saint-Venant-
Kirchho� law in the current con�guration. It is physically linear but geometrically
nonlinear and was originally suggested by Seth [9]:

σ = λ Tre 1 + 2µ e (18)

A group of Indian scholars (see for example [4]) used it to study selfgravitation
during the sixties. The corresponding di�erential equation for the normalized radial
displacement reads (see [8], Section 3.1.3 for a proof):

d

dx

[
u′
(
1− 1

2
u′
)

+
2ν

1− ν
u

x

(
1− 1

2

u

x

)]
+ (19)
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2(1− 2ν)

1− ν
1

x

[
u′
(
1− 1

2
u′
)
− u

x

(
1− 1

2

u

x

)]
=
α

2
x(1− u′)

(
1− u

x

)5

.

It must be solved numerically by taking into account vanishing displacement (or
better �regularity�) at the center and vanishing radial stress at the outer surface.
Various techniques are possible ranging from Runge-Kutta shooting methods, series
expansions, up to �nite di�erences and �nite elements. Two results are shown in
Fig. 2. For these plots the geometry and mass data for Mercury and Earth were
chosen. There is a slight variation in the choice of Poisson's ratio in the case of Earth
compared to our study in Fig. 1.: If the original elastic data were used for Earth
α increases up to 1.96. For this value a solution could no longer be obtained (see
the discussion below). Hence, Poisson's ratio was raised to 0.38, which is equivalent
to α ≈ 1.75. The reason for the lack of solution becomes immediately apparent by
looking at the plots: In the case of Mercury, there is already a slight discrepancy to
the analytical solution, uanal

r (r), shown in Eqn. (7). The analytical solution (slightly)
underestimates the displacement. This is not surprising since the radial strain, which
is roughly given by ur/ro, is more than two percent, hence, probes the limits of a
geometrically linear theory.
In the case of Earth the situation is much more dramatic. First, the di�erence
between the analytical and the numerical solution is huge and, second, even the
analytical solution already predicts strains of almost 10%, whereas the numerical
solution amounts to 30% and more. Note that the curvature of ur(r) �on the left�
becomes more and more pronounced when the α-values increase. For larger values
of α, i.e., for large values of reference density and small values of Young's modulus
and/or Poisson's ratio, the ur(r)-curve will �rst decline very steeply and then show
an essentially linear behavior with a moderate slope.
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Figure 2: Radial displacement as a function of radial position.

We proceed to investigate this in more detail. The plots shown in Fig. 3 present a
study of solutions to the nonlinear di�erential equation (19) in the following manner:
For a given choice of Poisson's ratio, ν, and gravity-sti�ness-parameter, α, a numer-
ical solution was found by using a shooting technique. To this end use was made
of the boundary condition u(0) = 0 with u(x) = x[1 − β(x)], where β′(x = 0) = 0
and β(0) was varied within a reasonable range. This allowed to calculate numerical
values for the radial stresses σrr on the interval x ∈ {0, 1} based on Eqn. (18) and,
in particular, at the position x = 1, i.e., at the right boundary, where it must vanish.
Hence we have to insist on the condition that σrr(x = 1)

!
= 0 among all the values
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found. During this procedure Poisson's ratio was kept constant, ν = 0.3, while the
value of α increased steadily.
The �rst inset where α = 0.35 depicts the situation for Mercury. As we can see the
nonlinear di�erential equation has only one well-de�ned solution, β(x = 0) ≈ 1.041,
and this would essentially lead to the displacement distribution shown in Fig. 21.
If we increase α to 1 and to 1.3, the situation stays the same: There is only one
solution. However, the curves become more and more non-monotonic. Finally at
α ≈ 1.3887 a second solution appears and if we increase the parameter even a bit
more, α = 1.39, we even end up with three solutions. These disappear and only
two solutions result again if α ≈ 1.39618. If we keep increasing the parameter,
i.e., we choose α ≈ 1.3962 and α ≈ 1.4, respectively, we �nd �rst only one and
�nally no solution at all. This is essentially what we observe in Fig. 2: There is
an end to calculating a displacement distribution for large values of α. Does this
mean that Earth might not show strains larger than 30 percent due to its huge
self-gravity? Of course not! All of this is an artifact of the constitutive equation
used to connect stresses and strains, even if nonlinear strain measures are used. It
should be mentioned that the malfunction of the Saint-Venant-Kirchho� model is
well known and was put into context with Ball's notion of missing polyconvexity of
the strain energy density function, [3], Section 4.3. As an example one may want to
study the one-dimensional analogue to our selfgravitating sphere, the compression
of a one-dimensional Saint-Venant-Kirchho� beam [10].
This shows very clearly that the cure to the problem does not come by turning to
non-linear deformation measures alone, as Love and the group of Seth may have
thought. It is much more complex: We need to �nd a physically sound connection
between stresses and strains and nonlinear strain measures.
Fig. 41 presents a study of the movement of various material points from the perspec-
tive of the reference con�guration. Imagine a sphere of homogeneous mass density,
ρ0, and outer radius, Ro, which is initially completely stress-free. In order to study
its deformation after gravity has beens �switched on," we �rst normalize distances
and displacements in contrast to our previous line of reasoning by that outer radius,
x̄ = r

Ro
, ū = ur

Ro
and then write in view of Eqn. (5) for the current mass of a

radially-symmetric planet up to a position x0:

m(x̄) = m0x̄
3
(

1− ū

x̄

)3

, m0 = 4π
3
ρ0R

3
o. (20)

Note that x̄ will always be smaller than one, which is in contrast to its counterpart,
x. Eqn. (19) will now take the following form:

d
dx̄

[
ū′
(
1− 1

2
ū′
)

+ 2ν
1−ν

ū
x̄

(
1− 1

2
ū
x̄

)]
+ (21)

2(1−2ν)
1−ν

1
x̄

[
ū′
(
1− 1

2
ū′
)
− ū

x̄

(
1− 1

2
ū
x̄

)]
= α0

2
x̄(1− ū′)

(
1− ū

x̄

)5
,

where a counterpart to the original parameter α has been de�ned as follows:

α0 = 3G
2π

m2
0

R4
o(λ+ 2µ)

. (22)

Moreover, we have to observe the following boundary conditions:

ū
∣∣
x̄=0

= 0 , (23)
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ū′
∣∣
x̄=x̄o

(
1− 1

2
ū′
∣∣
x̄=x̄o

)
+ 2ν

1−ν ū
∣∣
x̄=x̄o

(
1− 1

2
ū
∣∣
x̄=x̄o

)
= 0.

Summarizing we may say that the determination of the (current) outer radius, x̄o :=
ro
Ro
, is now part of the problem. Due to the new normalization for the radius the

outer surface of the sphere is no longer at x̄ = 1: The more massive the gravitating
body, the smaller x̄o will become. Moreover, α0 will be particularly large in case of
very massive bodies of great resilience.
This is investigated in Fig. 41, where the �movement� of points originally at
0 ≤ R/Ro ≤ 1, within a selfgravitating body, is depicted in form of blue tra-
jectories in increments of 0.05, as a function of the mass-sti�ness parameter α0 for
ν = 0.36 up to the maximum value of α ≈ 1.319 (black line): The more gravita-
tional mass, the higher the displacement. The red curve shows the displacement of
the Love radius. Note that if nonlinearity is taken into account the location of the
Love radius may change considerably when compared to the value from analytical
solution of Eqn. (12): Fig. 42.

4 Viscoelasticity

We consider a linear viscoelastic material model at small strains of the Kelvin-Voigt
type with no bulk viscosity, i.e., stresses σ, linear strains ε, and strain rates ε̇ are
connected by (η: shear viscosity):

σ = λTrε1 + 2µ ε+ 2η

(
ε̇− 1

3
Trε̇1

)
. (24)

We assume perfectly spherical conditions. Then the ordinary di�erential equation
(9) must be replaced by the following partial di�erential equation:

u′′ + 2
u′

x
− 2

u

x2
+ 4

3

(
u̇′′ + 2

u̇′

x
− 2

u̇

x2

)
=
α

2
x, (25)

where the dot now refers to di�erentiation w.r.t. dimensionless time, τ := λ+2µ
η
t,

and the dash means di�erentiation w.r.t. dimensionless position, x.
This equation can be solved in closed form, e.g., by mapping it into Laplace space
and �nding the back transform. Details of the involved procedures are outlined in
[8], Chapter 5. For a solid sphere one �nds:

u(x, τ = 0) = 0 , (26)

u(x, τ > 0) = − α
20
x
[

3−ν
1+ν
− x2

] [
1− exp

(
−3

4
τ
)]
− α

10
1−ν
1+ν

x exp
(
−3

4
τ
)
,

and for a hollow sphere (ri inner radius):

u(x, τ) =
α

20

[
−x
(
3− ν + 2(1− 2ν)ξ5

)
+ [3−ν−(1+ν)ξ2]ξ3

x2

]
× (27)
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ν = 0.3, α = 0.35
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Figure 3: Behavior of the solution for increasing α-value (see text).

333



Proceedings of XLIV International Summer School � Conference APM 2016

[
1

1+ν+2(1−2ν)ξ3
−

exp
(
−3

4
τ
)
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+ 1−ν
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3ξ3exp
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−
(

1−2ν
1−ν +

1
2ξ3

1+ν
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)
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]
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Figure 4: Studies of the nonlinear deformation due to self-gravitation (see text).

Figure 5: Temporal development of the displacement as a function of radial position
for a hollow and a solid sphere (see text).

Note that special care has to be given to the case τ = 0 in Eqn. (26)2: If we consider
the limit τ → 0 we �nd a non-vanishing initial displacement in contradiction to the
requirement. This is not so for the more cumbersome looking Eqn. (27), where
the limit leads to u(x, τ → 0) = 0. Fig. 51 depicts the temporal evolution of the
displacement as a function of radial distance in dimensionless form as predicted by
Eqn. (22) for the choice ν = 0.3 for a hollow sphere with a very small hole, ξ = 0.01.
In other words: This �gure essentially represents the behavior of the solid sphere.
Moreover, Fig. 52 depicts the temporal evolution of the displacement as predicted
by Eqn. (21) for the solid sphere. Note that immediately after �gravity has been
switched on� the dependence is nearly linear, in other words we observe a sudden
jump, whereas the solution shown in Fig. 51 evolves continuously, but fast (observe
the values for the dimensionless times).
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However, this high speed gives us a clue of what is happening: Our quasistatic
approximation from Eqn. (1) reaches its limits. There will be fast movements of
mass if we �switch on gravity� and this would require us to solve the full balance of
momentum with the inertia terms.
As far as the Love radius is concerned we may use Eqn. (26) to �nd the following
analytical relation:

xLove =
1√
3

√
3− ν
1 + ν

+
1− ν
1 + ν

1

exp
(

3
4
τ
)
− 1

. (28)

For physical reasons the (normalized) Love radius must be smaller than one. Ob-
viously it takes some time before this is the case. Before that time has passed the
Love radius and the outer radius coincide. There is no tensile strain until then, i.e.,
there is no damage possible.

5 Conclusions

We end this essay by a quote by Albert Einstein, which summarizes the predicament
of modeling in physics quite concisely: �As far as the laws of mathematics refer to
reality, they are not certain, and as far as they are certain, they do not refer to
reality.�

References

[1] Love, A.E.H., A treatise on the mathematical theory of elasticity. Volume 1.
Cambridge University Press, 1892.

[2] Kienzler, R., Schr�oder, R.: Einf�uhrung in die H�ohere Festigkeitslehre. Springer,
Dordrecht, Heidelberg, London, New York, 2009.

[3] Ibrahimbegovic, A.: Nonlinear Solid Mechanics, Theoretical Formulations and
Finite Element Solution Methods. Springer Dordrecht Heidelberg London New
York, 2009.

[4] Bose, S.C., Chattarji, P.P.: A note on the �nite deformation in the interior of
the Earth. Bull. Calcutta Math. Soc. 55(1), 11-18, 1963.

[5] Bertram, A., B�ohlke, T., �Silhav�y, M.: On the rank 1 convexity of stored energy
functions of physically linear stress-strain relations. Journal of Elasticity 86, 235-
243, 2007.

[6] Haupt, P.: Continuum mechanics and theory of materials. Springer-Verlag,
Berlin, Heidelberg, New York, 2002.

[7] Capaldi, Franco M.: Continuum mechanics: constitutive modeling of structural
and biological materials. Cambridge University Press, 2012.

335



REFERENCES

[8] M�uller, W. H., Weiss, W.: The State of Deformation in Earthlike Self-
Gravitating Objects. Springer Singapore, 2016.

[9] Seth, B. R.: Finite strain in elastic problems, Phil. Trans. R. Soc. Lond. A., 234,
pp. 231�264, 1935.

[10] Polykonvexe Funktion: https://de.wikipedia.org/wiki/Polykonvexe_Funktion,
Beispiel, 2016.

Wolfgang H. M�uller and Wolf Weiss, Institute of Mechanics, Chair of Continuum Mechan-

ics and Materials Theory, Technical University of Berlin, Einsteinufer 5, 10587 Berlin,

Germany

Elena N. Vilchevskaya, Institute for Problems in Mechanical Engineering of the Russian

Academy of Sciences, Bol'shoy pr. 61, V.O., 199178 St. Petersburg, Russia, and Peter the

Great Saint-Petersburg Polytechnic University (POLYTEC), Politekhnicheskaja 29, 195251

St.-Petersburg, Russia

336



Molecular dynamics study of the relative sliding mechanisms in amorphous silica

Molecular dynamics study of the relative sliding
mechanisms in amorphous silica

Anton Yu. Nikonov, Andrey I. Dmitriev, Werner �Osterle

anickono�@ispms.ru

Abstract

In the paper simulation of the treatment of two crystals with amorphous
interlayer was carried out using the method of molecular dynamics. We studied
a α-silica (quartz) sample with amorphous interlayer. The simulation result
revealed several processes realized in the contact area as a result of shear
loading. Depending on the temperature of the sample we observed deformation
of an amorphous layer and formation of wear particles. It has been found that
a necessary condition for the formation of wear particles is the presence of
free volume in the interface. We compare the time dependencies of resistance
forces for all samples. Results of simulation allows us to explain the low friction
properties of silica tribo�lm and also to say about silica amorphous layer as a
solid lubricant.

1 Introduction

Carbon �bers and silica nanoparticles (SNPs) are widely used in all kinds of polymer
matrix composites (PMCs) either reclusively or in combination. Compared to un-
�lled polymers, �ber-reinforced PMCs provide higher strength and wear resistance
[1]. On the other hand, a number of interesting material properties were achieved
by adding silica nano-particles (SNPs) to polymer materials [2]. Considering tribo-
logical properties, studies described in [3, 4] have shown that the application �eld
of PMCs with micron-sized functional �llers can be extended by additionally in-
corporating a small fraction of inorganic nanoparticles. Especially SNPs are very
e�ective in this respect, and it was shown that only 0.05 vol.% SNPs was enough to
exert a measurable e�ect on friction evolution [5]. In the following, the composite
containing micro- and nano�llers will be termed as hybrid composite whereas its
counterpart without nanoparticles will be termed conventional composite.
The key for obtaining a better understanding of dry sliding properties of a tribologi-
cal couple is a thorough investigation of the third body �lms, also termed tribo�lms,
forming at the tribological interface. The concept of a third body layer being re-
sponsible for load transfer and velocity accommodation between the �rst bodies of
a tribological couple was �rst introduced by Godet [6]. Especially, antifriction and
antiwear properties, i.e. a low coe�cient of friction and wear rate, usually can be
attributed to the formation of stable tribo�lms [7]. During our own previous studies
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we have shown that e�ective tribo�lms, formed during automotive braking, consist
of structural features on the nanometer scale [8]. Furthermore, we could simulate the
sliding behavior of such �lms by nanoscale modeling. Since silica-based tribo�lms
are most crucial for providing wear protection and low friction, it was of great inter-
est to simulate their sliding behavior. So the objective of this paper was to study the
sliding behavior of silica tribo�lm in order to understand the low friction properties
of hybrid composites.

2 Materials

The raw materials used for preparation of the EP + 5% SiO2 composite were: a
standard diglycidil ether of bisphenol A (DBEBA) o�ered by DOW as DER331,
a cycloaliphatic amine hardener HY 2954 from Huntsman and a colloidal silica
masterbatch with a concentration of 40 mass% and a nominal particle diameter of
20 nm in DGBEBA o�ered as Nanopox F400 from Evonik. A thin slice was prepared
from the EP + 5% SiO2 composite by microtomy and investigated in a Scanning
Transmission Electron Microscope (STEM) of type JEOL 2200FS.

3 Experimental Data

Figure 1: Friction coe�cient as func-
tion of pv for composites with 5%
silica nanoparticles (hybrid) and for
the conventional composite without
SNPs.

Striking di�erences were observed between
the tribological performance of conven-
tional and hybrid composites at certain
stressing conditions, as shown in Fig. 1.
Friction is almost the same at pv-values
lower than 1 MPa m/s. Then a steep
increase is observed for the conventional
composite. It should be mentioned here
that the bene�cial e�ect of the SNPs is
only observed in combination with the car-
bon �bers. Composites consisting solely of
EP and SNP do not provide low friction at
high pv, and furthermore, wear is not re-
duced to the same extend as for the hybrid

composite [4].

4 An overview of previous results

Details of modelling of tribo�lm sliding behavior have been described in our recent
paper [9]. The size of modelling elements was adjusted to 10 nm which is close
to the size of the nano�ller of the polymer matrix composite (20 nm) and also is
well suited for sliding simulations of 100 nm thick tribo�lms, as demonstrated in
previous studies [8, 10]. The method of Movable Cellular Automata (MCA) was
used for sliding simulations [9]. It was expected that the results of these simulations
may enable us to understand the very low friction coe�cient observed for the hybrid
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composite at pv = 24 MPa m/s. Unfortunately, this was not the case. Despite
of a very well developed mechanically mixed layer and smooth sliding simulation
the friction coe�cient of tribo�lms did not drop below 0.2 [10], whereas 0.06 was
measured for the hybrid composite at pv = 24 MPa m/s.
The result shown in Fig. 2 is only one example of a comprehensive parameter study
of the silica-graphite system. Brie�y, the following trends were observed during
this study: decreasing the graphite content to 6% increases the COF �uctuations
signi�cantly and the mean COF slightly. The same e�ect was observed for the
structure with 10% graphite if the normal pressure was reduced from 130 to 70 MPa.
On the other hand, an increase from 130 to 150 MPa made no di�erence. In order
to �nd conditions of smooth sliding we identi�ed the parameters given in Fig. 2 as
an optimum for the silica �lm with 10% graphite inclusions.

Figure 2: a) Structure formation and b) friction evolution during sliding simulation
of a tribo�lm consisting of 10% graphite (black) and 90% silica (orange) supported
by carbon �ber (violet) and steel (green). External parameters: p = 130 MPa, v =
10 m/s.

A possible explanation of this very low friction coe�cient could be assigned with
silica transition to amorphous state. Another study even suggests amorphization
of graphite being responsible for friction reduction [11]. Since we have found no
means for considering such mechanisms in our model, the observed superlubricity
e�ect could not be explained by the MCA method. E�ort of �nding explanation by
Molecular Dynamics (MD) simulation was done in this work.

5 A model description

Since amorphous silicon oxide played a crucial role in the present study, we made an
attempt to study its sliding behavior. The �rst step comprised of building a sample
by linking SiO4 tetrahedrons to form the appropriate crystal structure. Then an
intermediate layer of this crystal sample was transformed to the amorphous state by
virtual heating beyond the melting temperature and subsequent quenching. Next,
the sliding behavior of the samples was studied while tangential and normal forces
and a sliding velocity were applied to the rigid substrates comprising of crystalline
SiO2.
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Figure 3: Initial structure of the
modeled sample and a loaded
scheme.

A modeled sample with two crystalline parts
(on the top (block 1) and on the bottom (block
3)) and one amorphous centered layer with the
initial thickness of about 8 nm (block 2) was
designed as shown in Fig. 3. The total geom-
etry of the sample was 14.3 × 42.9 × 8.58 nm
in X×Y×Z axis respectively. Atoms located on
top of the block 1 and on bottom of the block
3 within thickness of about 0.87 nm were sub-
jected to external loading. Loading was applied
through the constant velocity oriented alone X
axis and was equal to V = 15 m/s. Loading to
top and bottom layer was applied in opposite
direction, so totally the modeled sample was
subjected to shear deformation with relative
velocity of 30 m/s. Additionally a compression
was applied to the loading layers through the
constant force alone Y direction. Taking into
account the square of the loaded area this was
equivalent to the loading with about 2 GPa on

top and on bottom layers.
The amorphous layer in the central part was created through instantly heating of the
block 2 up to 6000 K and then quenching to the desired temperature. To study the
behavior of silica sample the tree-body interatomic interaction suggested by Terso�
was used [12].

6 Results of simulation

As it was described above the sample was subjected simultaneously to sliding with
the constant velocity and compression loading. The behavior of sample was inves-
tigated when quenched temperature was equal to 300 K (room temperature) and
1100 K (�ash temperature easily reached during friction sliding with single contact).

6.1 Sliding at room temperature

According to the results of simulation the sliding behavior of silica sample at room
temperature is very sensitive to the loading conditions and to the con�guration of
amorphous interlayer. By following we will try to systemize these features.
1. Sliding simulation of silica sample with amorphous layer under external compres-
sion.
The amorphous layer was created by heating and quenching as was described above.
The thickness of that layer was about 20% of the whole sample size alone Y direc-
tion. In case of shear loading applied simultaneously with compression the intensive
deformation of the sample was observed without relative sliding of two blocks 1 and
3. Decreasing of loading pressure twice (from 4 GPa to 2 GPa) didnâ��t change
the behavior as shown in Fig. 4.
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a) b)

Figure 4: The resulting structure of
the central fragment of the modeled
sample after 0.5 ns with pressure (a)
4 GPa and (b) 2 GPa. The shear
deformation corresponds to ∼ 34%.

Further shear loading until relative defor-
mation of about 46% leads to total destruc-
tion of the silica sample. Probably this can
be explained by relatively high compression
and high initial density of amorphous inter-
layer.
2. Sliding simulation of silica sample with
amorphous layer without external loading.
In order to check the previous assump-
tion the sliding simulation of silica sample
with amorphous interlayer without exter-
nal pressure was implemented. The posi-
tion of atoms in loaded layers alone Y di-
rection was �xed while X coordinates were
linearly changed according to sliding veloc-
ity. This kind of loading provides disconti-
nuity formation within amorphous layer af-
ter ∼ 0.75 ns. This time corresponds to
relative shear deformation of about 50%.

a) b)

Figure 5: The resulting structure of
the central fragment of the modeled
sample after (a) 0.745 ns and (b)
0.750 ns without external pressure.

The analysis of structure gives us a certain
explanation of this process. During shear
deformation with �xed vertical positions of
loaded atoms, both crystalline silica blocks
(1 and 3) become intensively extended alone
the diagonal. As a result after reaching of
a critical value the strength of amorphous
layer is lower than tension forces and there
is a separation of two blocks with discon-
tinuity or pore formation inside the amor-
phous interlayer. Fig. 5 demonstrates the
evolution of silica sample at two consistent
moments of time corresponding to forma-
tion of inner pore inside block 2. Further
shear loading leads to relative sliding of two

blocks through rolling of the formed lump of atoms. This sliding regime is charac-
terized by very low resistance force.
3. Sliding simulation of silica sample under compression with pore inside amorphous
layer.
Within the next step of our study we use the structure shown in the Fig. 5b as an
initial structure for the sliding simulation under same loading condition as was used
in case of tasks shown in Fig. 4a. This means that external pressure equivalent to
4 GPa was apply through loaded layers. In this case the pore still presents and
relative sliding or two blocks is accompanied by rolling of atoms inside early formed
lump. Fig. 6 shows the evolution of the modeled silica sample during relative sliding.
Time dependencies of resistance forces (force acting on loaded atoms of block 1 in X
direction) for the sample with pore inside the amorphous layer is shown in Fig. 7a.
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a) b) c)

Figure 6: Evolution of the central fragment of the modeled silica sample. The
structure at di�erent moments of time: a) t = 0 ns, b) t = 0.5 ns and c) t = 2.5 ns.

According to Fig. 7a we can observe small stick-slip oscillations at the beginning of
sliding connected with rolling of lamb of silica atoms. In spite of such oscillations
the mean value of resistance force is very low. This result allows us to explain the
low friction properties of silica tribo�lm. Nevertheless, it is necessary to keep in
mind that the sliding mechanisms of amorphous silica layer are very sensitive at
room temperature to the loading conditions and layer structure.

a) b)

Figure 7: Time dependencies of resistance forces for the sample with pore inside
amorphous interlayer at (a) 300 K and (b) 1100 K.

6.2 E�ect of �ash temperature

To study the features of silica sample sliding at elevated temperature the structure
similar to one shown in Fig. 5 was taken as an initial structure for further shear
deformation. The algorithm of the sample preparation was identical to the sample,
shown in Fig. 6. First the dynamically equilibrium structure with amorphous inter-
layer in the central part of the silica sample was created by heating and quenching
procedure of atoms from block 2. The next step includes deformation with constant
velocity and �xed position of loaded atoms in vertical direction until micro-pore
formation in the amorphous layer. Than simultaneously with shear deformation the
compression with pressure equal to 4 GPa was applied. The evolution of the silica
sample under combination of shear and normal loading at 1100 K is shown in Fig. 8.
In comparison with similar sample behavior under room temperature here we can
observe smooth sliding within amorphous interlayer.
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a) b) c)

Figure 8: Evolution of the central fragment of the modeled silica sample. The
structure at di�erent moments of time: a) t = 0 ns, b) t = 0.5 ns and c) t = 2.5 ns.

Time dependence of resistance force is shown in Fig. 7b. The silica sample demon-
strates low resistance force (about 250 eV/A (4.0× 10−7 N)). Thus not only amor-
phous carbon interlayer can represent solid lubricant with very low friction charac-
teristics but amorphous silica layer as well.

7 Conclusion

As was described above the low COF of the silica-based tribo�lm was partly con-
�rmed by MCA modelling results, provided that an amount of 10 − 20 % soft in-
clusions was assumed. Furthermore, this result was veri�ed by pin-on-disc tests
with ball-milled powder blends, showing high friction (0.75) for pure silica, but a
reduction to 0.2 for a blend of silica with 15% graphite and 10% Fe2O3. Of course,
we should not forget that modelling relies on many assumptions and simpli�cations
and therefore cannot be considered as a reliable method for predicting tribologi-
cal properties. We rather used modelling as an instrument for understanding what
micro-mechanisms might be activated at sliding interfaces, and how variations of
input parameters change the ongoing mechanisms. The stabilization of the wear
rate up to the highest pv-values is attributed to the self-healing capability of the
hybrid composite providing increasingly higher amounts of silica particles at more
severe stressing conditions at the primary contact sites, the carbon �bers. As long
as enough particles are available for cushioning the �bers and the �lms are thick
enough to withstand complete removal before new layers are formed, the tribological
system will function in the mild wear and low friction regime. It is very likely that
the increase of carbon species with increasing pv will be responsible for the decrease
of friction, although this could not be explained by MCA-modelling. MD-modelling
of amorphous silica helps us to clear this point. Good correlation between tribo-
logical testing and modelling results indicates that sliding of thin surface �lms at
asperity contacts can explain the observed antifriction and antiwear properties of
the hybrid composite with hierarchical micro/nano-structure.
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Abstract

In the paper the study of the processes occurring at di�erent stages of
the process of laser sintering is performed using the method of computer sim-
ulation on the atomic scale. The initial con�guration of the system is two
spherical crystallites with properties of titanium and niobium, with the inter-
face. Interatomic interaction was described by the embedded atom method.
We analyzed the e�ect of cooling rate on the resulting crystal structure of the
alloy Ti-Nb. We also investigated the dependence of the resistance forces to
break of sintered particles on the heating time of the system and its rate of
cooling. It is shown that the main parameter which determines the adhesive
properties of sintered particles is the contact area obtained during sintering
process. The simulation results can not only de�ne the technological parame-
ters of the process to provide the desired mechanical properties of the resulting
products, but also are a necessary basis for calculations on large scale levels
in order to study the behavior of implants in actual use.

1 Introduction

Currently, one of the dominant material for the production of bio-implants is tita-
nium and titanium alloys. Along with the recognized advantages of titanium as the
implant material (magnetic inertia, bio-compatibility, low density combined with
high strength, high corrosion resistance and others.), titanium has a relatively high
modulus of elasticity. It was found that from attractive high biomechanical com-
patibility point of view beta alloys of titanium-niobium, which may also have the
e�ect of pseudoelasticity, bringing them closer in properties to the properties of
cortical bone may be considered. [1, 2]. Metallurgical methods for producing such
alloys are well known but they are complicated, laborious and expensive. This is
caused, in particular, by a large di�erence between the melting points and densities
of titanium and niobium. It should be noted that the titanium and niobium have a
very signi�cantly di�erent in thermal properties (thermal conductivity, speci�c heat,
coe�cient of linear expansion). Manufacturing also requests complex multistep ther-
momechanical methods in order to generate alloys with homogeneous structure and
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chemical composition. Furthermore, during such treatments the preform lost to half
volume.
Recently use of the additive technology, in particular, methods of synthesis of layered
laser solves the above problems and achieves the objectives of personalized medicine
[3, 4]. Advantages of additive technology and selective laser sintering are especially
the possibility of forming not only the volume of the product, but also the internal
structure. When forming structure it is possible simultaneously to synthesize a new
material (alloy), using as the starting powder mixture components in the desired
proportions.
Obviously, the physical properties of samples are determined primarily by processing
conditions and the properties of the starting powder. In turn, the problem of deter-
mining the optimal impact parameters on the starting powder to produce samples
with desired mechanical properties requires a deep understanding of mechanisms
that are taking place during laser sintering at di�erent scale levels. A short time du-
ration and high power laser beam makes particularly di�cult to direct experimental
study the e�ects of high-energy impact. One of the research directions allowing us
to identify the main regularities of the formation of Ti-Nb alloy by layering laser
synthesis, depending on the parameters and intensive modes of heating is the using
of methods of numerical modeling. Thus using the numerical method of ab initial
calculations described in [5] the optimal stoichiometry to obtain the desired elastic
modulus for Ti-Nb alloy system was found. In the present paper, mathematical
model of the process of low modulus β-Ti-Nb alloy system formation produced by
laser sintering from titanium and niobium powders was developed. For this aim,
the particle based method of atomic-scale - the method of molecular dynamics was
used to simulate processes of alloy crystallization under di�erent temperature gradi-
ents conditions. Varying the temperature gradients was determined by the original
temperature conditions of the system and by changing the heat sink intensity given
by the thermo-physical properties of the substrate. Future the adhesion proper-
ties between particles of obtained Ti-Nb alloy, determines by the duration of the
high-energy laser exposure were estimated.

2 Results of calculation

2.1 Features of Ti-Nb alloy crystallization

To study the features of Ti-Nb alloy crystallization under di�erent temperature
gradient conditions on the scale of single atoms the method of molecular dynamics
in the form of LAMMS software [6] was used. Interatomic interaction was described
using an interatomic potential calculated in the framework of the embedded atom
method [7, 8], which had earlier been veri�ed in test problems on the calculation of
elastic and energy characteristics. The simulated system consisted of two spherical
crystallites, one of which was corresponded to the lattice of titanium, and the second
one - niobium. The diameter of each sphere was 10 nm, which is 5 times less than
the characteristic size of the powder particles used for laser synthesis. The total
number of atoms exceeds 150000. The initial sample structure is shown in Fig. 1a.
In order to study the e�ect of varying duration of a laser beam exposure the high-
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a) b) c)

d) e)

Figure 1: (a) The initial structure of the modeled particles of Ti (dark gray) and Nb
(light gray) and structure corresponds to di�erent moments of time of the high-speed
heating process up to 6000 K: (b) 30 ps, (c) 70 ps, (d) 120 ps and (e) 220 ps.

speed warm-up of two particles up to temperature of 6000 K, 5000 K and 3000 K
in various tasks was realized. Snapshots given on Figures 1b-d demonstrate the
structure of the modeled system at di�erent moments of time corresponding to the
heating process. As a result of warm up stage the uniform melting for both metals
within one particle was achieved as shown in Figure 1e.
The future solidi�cation procedure during which a linearly decreasing of the system
temperature from high value to ambient (300 K) one was carried out. The following
cooling rates of the modeled ensemble of atoms were studied: 9.5, 5.7 and 3.1 K/ps.
The corresponding time dependencies of the temperature changing for the modeled
system during cooling stage are shown in Figure 2. Note that in order to achieve
the cooling rate of 3.1 K/ps the resulting temperature of the system after heating
stage was decreased to 5000 K. The resulting structure of the sample after cooling
was analyzed using the algorithm which allows one to determine the local topology
of interatomic structure corresponding to bcc, fcc and hcp crystal lattices. The
in�uence of cooling rate on the ratio of atoms with bcc local topology of Ti-Nb alloy
was studied.
The resulting structures for considered variants of cooling rates are shown in Fig-
ures 3a-c. Percentage of bcc atoms for the resultant state depends on the cooling
rate and amounts to 11.2%, 56.2% and 87.7%, respectively. A further reduction of
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Figure 2: Time dependencies of the system temperature and parts of fcc atoms for
three cooling rates.

the rate of the system cooling has not led to a noticeable change in the proportion of
atoms with a bcc lattice in the resulting state. Thus, by trying of di�erent cooling
modes of the system we found that the cooling rate of 3.1 K/ps or less for two-
component system is su�cient to ensure that to form the resulting polycrystalline
structure of Ti-Nb beta-alloy. The remaining 12% corresponds to the surface atoms,
and atoms located near the formed grain boundaries.

a) b) c)

Figure 3: The �nal structure of the modeled sample after crystallization with dif-
ferent cooling rates: (a) 9.5 K/ps, (b) 5.7 K/ps and (c) 3.1 K/ps.

These results allow the use of mechanical and physical characteristics of the formed
particles of the Ti-Nb alloy as the parameters needed to describe the interaction
between particles for models of a mesoscopic scale. We can also note the qualita-
tive agreement between results of simulation and existing experimental data on the
e�ect of pre-heating the powder mixture and the use of the substrate during the
preparation of beta-titanium-niobium alloy under selective laser sintering.
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2.2 Adhesion properties of Ti-Nb particles

Next stage of research was devoted to study the in�uence of the alloy particle system
heating duration and its cooling rate on the value of the resulting adhesive force.
For this purpose two hemisphere-shaped particles with an internal structure corre-
sponding to the structure of the β-alloy Ti-Nb system obtained by as a result of the
crystallization process were simulated. Testing was carried out as follows. Initially
hemisphere from their tops converged to a distance of about 1 nm. Obtained in
this way con�guration of the modeled system is shown in Figure 4a. The crystallo-
graphic orientation of the particles was chosen so that, in the area of convergence
of the particles grain boundary was formed.
By the next stage of testing a local heating of both particles in the region of tops
convergence by adding the kinetic energy to the surface atoms of the ratio of 1 eV/ps
for the entire system was simulated. As a result melting of the hemispheres and
their subsequent sintering were occurred. Depending on the duration of heating the
sintering area has changed. The resulting structure, corresponding to the contact
area of 8500 �A2 is shown in Figure 4b.This con�guration was obtained by heating
the modeled system in the area of convergence of particles tops to ≈ 3000 K within
50 ps, followed by cooling.

a) b)

Figure 4: The structure of the modeled setup of Ti-Nb β-alloy at di�erent stage:
(a) before heating, (b) after heating.

To assess the adhesive force the con�guration, not only with di�erent values of the
contact square, but with a di�erent structure of resulting contact were created. The
modi�cations in the structure were achieved by changing the cooling rate of the
molten area. At low cooling rates the crystallization of the molten contact area
with formation of a grain boundary was observed. At relatively high cooling rates
the amorphization of a conjugated area was taking place. The �nal stage of adhesive
forces estimation consists into modeling of rupture of the formed coupling. To this
end, the movement with constant velocities of atoms located at the base of the
hemispheres was modeled. Velocities were oriented in opposite directions along axis
X. Figure 5 shows the dependence of the resistance force on the initial value of
the square of molten area. It can be seen very well pronounced linear dependence
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between forces and squares for all considered cases. In these particular cases features
of structure of the molten area does not have a signi�cant impact on the resulting
dependence.

Figure 5: The dependence of adhesion strength on the square and the structure
features of the molten area of two particles of Ti-Nb β-alloy.

Thus, the main factor determining the magnitude of the adhesive force is the square
of the area involved in the contact between two particles. This parameter directly
depends on the duration of thermal exposure. The cooling rate and the related
structure of the molten area almost no e�ect on the resulting adhesion properties.

3 Conclusions

Computer simulation results of the melting process, followed by crystallization of
a mixture of particles of titanium and niobium, for di�erent values of the temper-
ature gradient allowed to determine the conditions necessary to obtain a system
with a maximum content of beta-crystal structure of the alloy Ti-Nb. It was found
that the cooling rate of 3.1 K/ps or less for considered two-component system is
su�cient to ensure that the resulting polycrystalline structure was beta alloy with
a maximum content of the bcc lattice. At that variation of the temperature gra-
dients determined by the initial system temperature and a di�erent heat removal
intensity de�ned by thermo-physical properties of the substrate. It should be noted
that the obtained results qualitatively agree with experimental data on the e�ect of
preheating the powder mixture and the use of substrate during the production of
beta-alloy of titanium-niobium system by selective laser sintering [9, 10]. According
to the simulation results it was shown that the main factor determining the value
of the adhesion forces between the particles is the area of the region involved in the

350



REFERENCES

contact between two particles. The rate of cooling and the structure of the obtained
contact region almost no e�ect on the properties of the resulting adhesive. The
obtained result will be used to specify the mechanical and physical characteristics of
the formed powder particles of the alloy Ti-Nb in the description of the interaction
between the particles in the model of a mesoscopic scale.
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E�ects of dispersion and structure molecules on
time relaxation

Evelina V. Prozorova
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Abstract

Here in the mechanics the in�uence of the angular momentum and the
delay are investigated. Non-symmetric stress tensor is obtained. The delay
process is counted, which is important in describing of the discrete space and
for the relaxation of the complicated molecules. The analysis of the recording
the Lagrangian function for the collective interaction of the particles are made
with changing distance of the inertia center. Another de�nition of tempera-
ture is obtained for molecules with vibration and rotation and for mixture.
This is making another value for pressure. The analysis is complemented by
new results of computational experiments. The simplest interaction of two
homogeneous �ows that moving in the same direction at di�erent speeds is
investigated.

Keywords: angular momentum, conservation laws, nonsymmetrical stress ten-
sor, Boltzmann equations, Chapman-Enskog method, conjugate problem the
Navie-Stokes, the molecular dynamics method.

1 Introduction

In classical mechanics, the basic laws are the laws of conservation of mass, mo-
mentum and energy. The law of conservation of angular momentum is carried out
indirectly on the basis of the law of the balance of power. The paper analyzes the
provisions of the underlying mathematical models of continuum mechanics and the
kinetic theory. We propose to include in the new model two types of e�ects: nonlocal
e�ects and dispersion, i.e. we examine the impact of non-locality in time and space
and the e�ect of the angular momentum on the processes occurring in the gas and
liquid; we give a new interpretation of the conservation law of motion, which does
not contain the arbitrary choice of the axis of rotation of the elementary volume.
Each of the e�ects is considered separately. Angular momentum gives emergence of
additional forces that can play the role of small perturbations a�ecting the stability
of the structure. The resulting e�ects may a�ect in a critical and near a critical
modes of aircraft, rockets, various devices, structures, as well as in some of the nat-
ural processes. The value of the additional force is determining by the gradient of
physical quantities (density, velocity, momentum). The role of the delay observed
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in experiments with shock waves in a rare�ed gas, in lasers based on polyatomic
gases, in chemical reactions. In some experiments with shock waves we can see
the in�uence of the second viscosity [1]. In this work we give another de�nition of
temperature for molecules with vibration and rotation and for mixture of molecules.
This is making another value for pressure and temperature than in classic [2]. These
new e�ects connect with nonlinear of de�nition the pressure and temperature. The
in�uence of the angular momentum and the delay are investigated in the mechan-
ics for: the interaction of many-particles, kinetic theory, the structural of molecules.
Attention is drawn to the delay process, which is important in describing the discrete
space. The analysis of the recording of the Lagrangian function [3,4] for the collec-
tive interaction of the particles with the change of the center of inertia of the moving
particles and the e�ect in�uence angular momentum are made. Elementary volume
can rotate around the axis of inertia or to be involved in the rotational movement.
In both cases the �ow density varies across the border on the value d(ρu)

dr
·(r′−r)+· · ·

by the rotation of the elementary volume [5-9]. For rare�ed gas the second term
(on space) in integral of collision of the Boltzmann equation is taken into account
to calculate the self-di�usion and thermo-di�usion that was foretold by S.V. Vallan-
der. It should be noted that for the kinetic theory (the Boltzmann equation) the
law of conservation of angular momentum does not hold. Macroscopic parameters
are determined in the equilibrium function of the Chapman-Enskog distribution in
which used parameters of the Euler equations. Fromt this implies for the Chapman-
Enskog distribution function formally we have values (density, linear moment and
energy) with the �rst-order error. This fact was noted by Hilbert without further
use and correction. The Boltzmann equation is invariant with respect to the choice
of macro parameters. Therefore, the coincidence of the Navier-Stokes equations and
the construction is of formal nature, order of approximation for the parameters in
a locally equilibrium distribution function di�erent. The Hilbert paradox was being
solved. To solve this problem the iteration procedure was suggested. The new stress
tensor is obtained for the molecules with their rotations and oscillations. Summary
records of all e�ects lead to a cumbersome system of equations and therefore require
the selection of main e�ects in a particular situation. Study is continued of the
problem of Faulkner-Scan with a constant vortex at the outer edge of the boundary
layer and with changing the vortex. The emergence of �banded� structures revealed
under certain conditions of �ow at the outer edge. We have results that small di�er
from classic results for the �ows without vortex on the upper boundary.

2 The Lagrangian function

Here I would like to highlight some of the issues of theoretical mechanics. In the
theoretical mechanics the Lagrangian form is considered [3,4]

L =
∑
i

mav
2
i

2
−U(r1, r2, . . .).

Here I would like to highlight some of the issues of theoretical mechanics. In the
theoretical mechanics the Lagrangian form is considered [10,11]. Always implicitly
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assumed that U(r1, r2, . . .) � the full potential of the interaction of all particles, but
in practice it is usually known interaction potentials of the two particles, and we
use their sum. At equilibrium, or at small strains, but under nonequilibrium ther-
modynamic e�ects and perturbations lead to an uneven distribution of the physical
parameters and the role of collective e�ects, that determined by the growing in�u-
ence of the angular momentum. In addition, when these strains change position of
the center of mass of elementary volume, that sign.

dL

dt
=
∑
i

[
∂L

∂qi
q̇i +

∂L

∂q̇i
q̈i

]
+
∑
i

[
∂L

∂(qi − a)

(
q̇i − ȧ

)
+

∂L

∂(q̇i − ȧ)

(
q̈i − ä

)]
,

a =
∑
i

miri
mi

, for electrical interaction a =
∑
i

eiri
ei
.

In view of the time we are invited to consider force formula
F = F0 +∇

(
(R− a)× ∂U

∂R

)
, R � the current radius. This formula is transformed

with the permutability derivatives and directions of forces in the formula

F = F0 +∇
(
(R− a) · ∂U

∂R

)
.

Usually, however, such as the Hamiltonian system of two interacting molecules after
separation of the center of mass is represented as the sum of the Hamiltonians of
isolated molecules H0 = HA + HB operator and their electrostatic interaction [10]
H = H0 + V

V = −
nA∑
a=1

NB∑
j=1

Za
raj
−

nB∑
b=1

NB∑
j=1

Zb
rbj

+

NA∑
i=1

NB∑
j=1

1

rij
+

nA∑
a=1

nB∑
b=1

ZaZb
Rab

,

where the indices A, B numbered core indices i, j � the electrons of molecules A, B,
respectively, the atomic units.

3 The kinetic theory

We can suggest the new formulation of some macrovalues (temperature, stress ten-
sor, �ow heat): in classic theory [11-15]

3

2
kT=

1

n

∑
k

∫
mk(c

k)2

2
fk dξk,

(
n =

N∑
k=1

nk
)
,

here k � number of components, T � temperature, ck=ξk−u (velocity of �k� com-
ponents), �q� � heat �ow, f � distribution function, one's velocity of molecules, ξk
velocity of molecules. Another de�nition is

3

2
kT=

∫ (∑
k
nk
n
mk

) (∑
k
nk
n
ck
)2

2
f dξ.
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Then we have one term is traditional and another is as the second viscosity. For
stress tensor we can have Pij=

∫ (∑
k
nk
n
mkc

k
)
i

(∑
k
nk
n
mkc

k
)
j
fdξ.

For the �ow of the heat

q=

∫ (∑
k
nk
n
ck
) (∑

k
nk
n
mk

) (∑
k
nk
n
ck
)2

2
fdξ.

What we take in experiment?
f

(0)
ν =nν

(
m

2πkT

)3/2
exp

(
− m

2kT
(cν)2

)
or for exclusive temperature

f
(0)
ν =nν

(
m

2πkT ν

)3/2
exp

(
− m

2kT ν
(cν)2

)
.

For full temperature we can't conclude the right probability. The highest probability
- transitions with a change in the quantum number by one aν+1,µ

νµ =aν+1
ν . Deactivation

process is
aν−1
ν =aνν−1 exp

(
∆Eν

kT

)
. In my opinion aν−1

ν =aνν−1 exp
(

∆Eν

kT ν−1

)
. For the internal energy

remains the old equation, but with modi�ed temperature value.

4 Interaction of two homogeneous �ows

The simplest interaction is two homogeneous �ows that moving in the same direction
at di�erent speeds. The classical formulation proposed in [16] (Fig. 1).

Figure 1: The overall picture of the interaction of two streams

Figure 2: Stream interaction painting, U2

U1
=0.6

The problem is on the singularity. Two singularities dictate (the boundary conditions
are set at in�nity) a non-standard method of solution. Approximation boundary
conditions at zero, and then the iterative process to satisfy the boundary conditions.
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The problem was solved by student of fourth-year A. G. Garaev. The problem is
on the singularity. Two singularities dictate (the boundary conditions are set at
in�nity) a non-standard method of solution. Approximation boundary conditions
at zero, and then the iterative process to satisfy the boundary conditions. The
problem was solved by student of fourth-year A. G. Garaev.

u
∂u

∂x
+v

∂u

∂y
= Ue

∂Ue
∂x

+
∂

∂y

(
µ
∂u

∂y

)
+
∂

∂y

(
µy
∂2u

∂y2

)
,

∂u

∂x
+
∂ν

∂y
= 0,

u, v � velocity on x, y.
Once we have the dimensionless equations

−1/2ηΦ
dΦ

dη
+ V

dΦ

dη
= µ

d2Φ

dη2
+

d

dη

(
µη
d2Φ

dη2

)
,

−1/2η
dΦ

dη
+
dV

dη
= 0.

In this way

µ
d

dη

(
η
d3ψ

dη3

)
+ µ

d3ψ

dη3
+ 2Ψ

d2ψ

dη2
= 0.

Here Ψ∗ =
√
µ/U1 Ψ, y1 = 1/2

√
µ/U1 η.

Then we have 2ηΨ
′′′′

+ 2Ψ
′′′

+ ΨΨ
′′

= 0.
With boundary conditions

Ψ(0) = 0,Ψ
′
(0) = 1− a,Ψ′′(0+) = Ψ

′′
(0−),Ψ(−∞) = a.

The analytical solution has been found. Numerical results are presented in Fig. 2.

5 Conclusion

We propose the modi�ed equations of continuum and Boltzmann equation in early
works taking into account dispersion and delay, as well as the position of the center
of inertia of the elementary volume. The possibility to describe discrete medium
in the framework of continuum mechanics. Set the role of dispersion and delays in
physical and chemical relaxation processes. The e�ect of angular momentum and,
as a consequence, the nonsymmetrical of the stress tensor in the elementary volume
was received. A model of the collective e�ects in the Lagrangian function was build.
The results of the numerical solution of the modi�ed problem of interaction of two
parallel streams moving in the same direction are given.
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Abstract

Acoustic streaming in a gas �lled rectangular cavity subjected to the vibra-
tion e�ect is investigated numerically. Various vortices of acoustic streaming
for small amplitude of vibration and three vibration frequencies are obtained.
The cases of rectangular cavity and cylindrical cavity with similar problem for-
mulation are compared. The di�erences between the two cases are shown. The
nonlinear e�ects are quite small because of the small amplitude of vibration.

1 Introduction

Acoustic streaming is a directed time average mass transfer by steady vortices or
time-independent circulations, which is often found in addition to the periodic mo-
tion in a compressible �uid driven by vibrating surface [1]. Features of acoustic
processes need to be considered in the development of various thermoacoustic de-
vices. In our time, acoustic streaming is widely investigated [2]�[9]. Hamilton et
al. [2] obtained an approximate analytical solution for acoustic streaming for two-
dimensional channels and for cylindrical tubes. This analytical solution does not
account for the mean temperature variation, which may occur [3], [4]. Reyt et al.
[6], [7] numerically and experimentally studied fast acoustic streaming in a cylin-
drical waveguide. Gubaidullin and Yakovenko [8] investigated the e�ects of heat
exchange and nonlinearity on acoustic streaming in a cylindrical cavity. In this pa-
per the amplitude of vibration was large and the frequencies of vibration were far
from resonance. In [9] the features of acoustic streaming when heat exchange is
taken into account are studied. The cylindrical cavity was taken. In this article,
the results of [9] for isothermal boundary condition are compared with the case of
rectangular cavity with similar problem formulation.

2 Problem formulation for rectangular cavity

A rectangular cavity of length L and width M with impermeable ends is considered
(Figure 1). The cavity is �lled with a perfect viscous gas (air). The gas in the cavity
is initially in the state at rest and at constant temperature T0 and constant pressure
p0. The system is disturbed from the equilibrium by a vibration e�ect Acos(ωt)
with constant amplitude A and frequency ω. Constant temperature walls are taken.
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The thermal conductivity, heat capacity, and viscosity are assumed constant. The
upper half of the cavity is considered due to the symmetry.

Figure 1: Schematic of the problem

The system of equations that describes the gas motion with respect to the vibrating
cavity in the Cartesian coordinate system (X, Y ) in dimensionless variables has the
following form:

∂ρ̃

∂τ
+
∂ρ̃U

∂X
+
∂ρ̃V

∂Y
= 0, (1)

∂ρ̃U

∂τ
+
∂ρ̃UV

∂X
+
∂ρ̃V U

∂Y
= − ∂P

∂X
+N(

∂2U

∂X2
+
∂2U

∂Y 2
) +

N

3
(
∂2U

∂X2
+ (

∂2V

∂X∂Y
))+

+ ρ̃ÃΩ2 cos(Ωτ), (2)

∂ρ̃V

∂τ
+
∂ρ̃UV

∂X
+
∂ρ̃V V

∂y
= −∂P

∂Y
+N(

∂2V

∂X2
+
∂2V

∂Y 2
) +

N

3
(
∂2V

∂Y 2
+ (

∂2U

∂X∂Y
)), (3)

∂ρ̃Θ

∂τ
+
∂ρ̃UΘ

∂X
+
∂ρ̃VΘ

∂Y
= Γγ

∂

∂X
(
∂Θ

∂X
)+Γγ

∂

∂Y
(
∂Θ

∂Y
)−γ(γ−1)P (

∂U

∂X
+
∂V

∂Y
)−

− 2

3
γ(γ− 1)N(

∂U

∂X
+
∂V

∂Y
)2 + γ(γ− 1)N(2(

∂U

∂X
)2 + 2(

∂V

∂Y
)2 + (

∂U

∂Y
+
∂V

∂X
)2),

(4)

P = ρ̃(
Θ + 1

γ
). (5)

The initial and boundary conditions are as follows:

τ = 0 : U = 0, V = 0, Θ = 0, P =
1

γ
, ρ̃ = 1, (6)

1)X = 0 : U = 0, V = 0, Θ = 0, (7)

2)X = 1 : U = 0, V = 0, Θ = 0, (8)

3)Y = 0 :
∂U

∂y
= 0, V = 0,

∂Θ

∂y
= 0, (9)

4)Y = M̃ : U = 0, V = 0, Θ = 0. (10)
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The following dimensionless variables and parameters are introduced: X = x
L
, τ =

= tc0
L
, U = u

c0
, Y = y

L
, ρ̃ = ρ

ρ0
, Θ = T−T0

T0
, V = v

c0
, P = p

γp0
, Ω = ωL

c0
, Ã = A

L
, M̃ =

= M0

L
, N = v

c0L
is the dimensionless kinematic viscosity, Γ = χ

c0L
is the dimensionless

thermal di�usivity, γ is the ratio of speci�c heats.
Here, t is time, x and r are the spatial coordinate, u and v are the axial and
radial particle velocity components, respectively, ρ is density, ρ0 = p0

RgT0
is the initial

density, c0 =
√
γRgT0 is the adiabatic speed of sound in the undisturbed medium,

p is pressure, T is temperature, Rg is the gas constant, v is the kinematic viscosity,
and χ is the thermal di�usivity.

3 Problem formulation for cylindrical cavity

The geometry of the cylindrical cavity corresponds formally to the upper half of
Figure 1, with the rectangular coordinates (x, y) replaced by the cylindrical coordi-
nates (x, r). Axial symmetry is assumed. The system of equations in the cylindrical
coordinate system (X,R) in dimensionless variables has the following form:

∂ρ̃

∂τ
+
∂ρ̃U

∂X
+

1

R

∂Rρ̃V

∂R
= 0, (11)

∂ρ̃U

∂τ
+
∂ρ̃UU

∂X
+

1

R

∂Rρ̃UV

∂R
= − ∂P

∂X
+N(

∂2U

∂X2
+

1

R

∂

∂R
(R
∂U

∂R
)) +

1

3
N(

∂2U

∂X2
+

+
1

R

∂

∂X
(
∂RV

∂R
)) + ρ̃ÃΩ2 cos(Ωτ), (12)

∂ρ̃V

∂τ
+
∂ρ̃UV

∂X
+

1

R

∂Rρ̃V V

∂R
= −∂P

∂R
+N(

∂2V

∂X2
+

1

R

∂

∂R
(R
∂V

∂R
))+

1

3
N(

1

R

∂

∂R
(R
∂V

∂R
)+

+
∂

∂R
(
∂U

∂X
)) − 4

3
N
V

R2
, (13)

∂ρ̃Θ

∂τ
+
∂ρ̃UΘ

∂X
+

1

R

∂Rρ̃VΘ

∂R
= γΓ(

∂2Θ

∂X2
+

1

R

∂

∂R
(R
∂Θ

∂R
))−γ(γ−1)P (

∂U

∂X
+

1

R

∂RV

∂R
)−

− 2

3
γ(γ−1)N(

∂U

∂X
+

1

R

∂RV

∂R
)2+γ(γ−1)N((

∂U

∂R
+
∂V

∂X
)2+2γ(γ−1)N((

∂U

∂X
)2+

+ (
∂V

∂R
)2 +

V 2

R2
), (14)

P =
ρ̃(Θ + 1)

γ
. (15)

The initial and boundary conditions are as follows:

τ = 0 : U = 0, V = 0, Θ = 0, P =
1

γ
, ρ̃ = 1, (16)
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1)X = 0 : U = 0, V = 0, Θ = 0, (17)

2)X = 1 : U = 0, V = 0, Θ = 0, (18)

3)R = M̃ : U = 0, V = 0, Θ = 0, (19)

Here, R = r
L
. For comparison the results it is assumed that Y and R coordinates

are the same.

4 Results and discussion

The problem was solved numerically using numerical method described in [9]. The
following dimensionless gas parameters were used: γ = 1.4, N = 8.6 × 10−4, Γ =
1.2× 10−5. The gas parameters correspond to the thermophysical properties of air
at a temperature of 300 K. Width of the cavity was chosen as M̃ = 0.02. The
following range of vibration frequencies was used: Ω = 0.5, 1.5, 2.5. Amplitude of
vibration was chosen as Ã = 0.01. The computational grid had 1002 × 22 nodes.
The time step was 4τ = 0.24X. For each calculation 500,000 timesteps are used.
The CPU-time per 100 timesteps is 33 seconds on Intel(R) Core(TM) i3-2120 CPU
@ 3.30GHz Processor.
The axial and radial streaming velocity components are given by [5]

Ust =
〈ρ̃U〉
〈ρ̃〉

, Vst =
〈ρ̃V 〉
〈ρ̃〉

(20)

Here, 〈〉 indicates the time-averaged quantities for the period T̃ = 2Π
Ω
.

Figure 2 shows the streamlines of acoustic streaming for frequencies of vibration
Ω = 0.5 (a), 1.5 (b), and 2.5 (c) for rectangular cavity. It is visible that with the
frequency of vibration Ω = 0.5 two vortices are observed. The centers of these
vortices are displaced to the cavity sidewalls. With the frequency of vibration Ω =
1.5 near the central part of the top wall of the cavity two additional vortices appear.
These vortices �ll all upper part of the cavity at frequency of vibration Ω = 2.5.
These results are in a good agreement with the results of the article [9], where the
formation of two additional vortices in the case of isothermal boundary conditions
for cylindrical cavity is shown.
In Figure 3 streamlines of acoustic streaming for the case of cylindrical cavity con-
sidered in [9] are shown. It is visible that acoustic streaming in cases of rectangular
cavity (Figure 2) and cylindrical cavity (Figure 3) qualitatively coincide, but there
are some di�erences. At frequency Ω = 0.5 the centers of vortices are more dis-
placed to the top wall of the cavity in the case of cylindrical cavity. Two additional
vortices which are formed at increase in vibration in the case of cylindrical cavity
are larger than in the case of rectangular cavity. At frequency of vibration Ω = 2.5
the boundary line of top and bottom vortices is closer to the top wall of the cavity
in the case of rectangular cavity.
Let's carry out a comparison of change of the longitudinal acoustic streaming com-
ponent along the cavity width (cavity radius) for the case of rectangular cavity and
the case of cylindrical cavity (Figure 4). Some di�erences are visible. In general,
we can conclude that acoustic streaming is more intensive in the case of cylindrical
cavity (Figure 4 (a)) than in case of rectangular cavity (Figure 4 (b)).
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Figure 2: Streamlines of the streaming �ow; (a) - Ω = 0.5,(b) - Ω = 1.5,(c) - Ω = 2.5;
rectangular cavity
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Acoustic streaming in a rectangular cavity

Figure 3: Streamlines of the streaming �ow; (a) - Ω = 0.5,(b) - Ω = 1.5,(c) - Ω = 2.5;
cylindrical cavity
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Figure 4: Variation of the streaming velocity along the Y coordinate; (a) - Ω =
0.5,(b) - Ω = 1.5,(c) - Ω = 2.5;1-rectangular cavity, 2- cylindrical cavity
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5 Conclusions

Acoustic streaming in a rectangular cavity subjected to the vibration e�ect is inves-
tigated. Three frequencies of vibration Ω = 0.5, 1.5, 2.5 are considered. In the case
of frequency of vibration Ω = 0.5 two vortices are observed. The centers of these
vortices are displaced to the cavity sidewalls. At increase in frequency of vibration
two additional vortices are formed near the central part of the top wall of the cav-
ity. These vortices �ll all upper part of the cavity with the frequency of vibration
Ω = 2.5. At the same time the centers of primary vortices are displaced from the
cavity sidewalls to the cavity center.
After comparison of the results with the results of a similar problem in cylindrical
statement it is possible to notice some di�erences. With the frequency Ω = 0.5 the
centers of vortices are more displaced to the top wall of the cavity in the case of
cylindrical cavity. Two additional vortices which are formed at increase in vibration
in the case of cylindrical cavity is larger than in the case of rectangular cavity. With
the frequency of vibration Ω = 2.5 the boundary line of top and bottom vortices is
closer to the top wall of the cavity in the case of rectangular cavity. Also acoustic
streaming is more intensive in the case of cylindrical cavity than in the case of
rectangular cavity.
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Abstract

The boundary value problem of statics of plane stress state of micropolar
theory of elasticity is considered in a thin circular area. Rather adequate
hypotheses of general nature are formulated [1-3] and on the basis of these
hypotheses applied (one-dimensional) model of micropolar elastic circular thin
bar is constructed. Mechanic balance equation is obtained. It is con�rmed that
all energy theorems and Ritz, Bubnov-Galerkin, FEM variation methods are
applicable for the constructed applied model of micropolar elastic circular thin
bar and for solutions of corresponding boundary value problems of the applied
model. One-dimensional variation functional is constructed and it is proved
that all basic equations and natural boundary conditions of applied model of
micropolar elastic circular thin bar will be obtained from the corresponding
variation equation (as Euler equations).

1 Introduction

Papers [1-4] are devoted to the construction of applied theories of micropolar elastic
thin plates and shells. Review of works in this direction has been implemented in
the paper [5]. In the papers [6-9] general applied theory of micropolar elastic thin
plates and shells is constructed on the basis of the hypotheses method, which are
formulated adequately with the results of the asymptotic method of integration of
three-dimensional boundary-value problem in thin domain [10]. In the paper [11]
the applied theory of micropolar elastic thin straight bars is constructed in the same
way.
In this paper, analogous hypotheses are formulated, on the basis of which general
applied model of static deformation of micropolar elastic circular bar is constructed.

2 Problem statement.

A bar with a curved axis is considered (Fig. 1), which has a constant transverse cut
with height 2h = r2− r1 and with width b so small that the problem of the bending
of this bar can be viewed as plane (i.e. there is a plane stress state). The axis of
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Fig. 1

the bar is the arc of a circle with radius r0; the material of the bar is isotropic,
micropolar-elastic.
Equations of the plane stress state of micropolar theory of elasticity are applicable
in the middle plane of the bar, where the polar system of coordinates (r, ϕ) will be
introduced: r1 ≤ r ≤ r2, 0 ≤ ϕ ≤ ϕ1 [12,13]:

Equilibrium equations

1

r

∂σ11

∂ϕ
+
∂σ21

∂r
+

1

r
(σ21 + σ12) = 0,

∂σ22

∂r
+

1

r
(σ22 − σ11) +

1

r

∂σ12

∂ϕ
= 0

1

r

∂µ13

∂ϕ
+
∂µ23

∂r
+

1

r
µ23 + σ12 − σ21 = 0 (1.1)

Elasticity relations

γ11 =
1

E
[σ11 − υσ22], γ22 =

1

E
[σ22 − υσ11], γ12 =

µ+ α

4µα
σ12 −

µ− α
4µα

σ21

γ12 =
µ+ α

4µα
σ21 −

µ− α
4µα

σ12, χ13 =
1

B
µ13, χ23 =

1

B
µ23 (1.2)

Geometrical relations

γ11 =
1

r

∂V1

∂ϕ
+

1

r
V2, γ22 =

∂V2

∂r
, γ12 =

1

r

∂V2

∂ϕ
− 1

r
V1 − ω3, γ21 =

∂V1

∂r
+ ω3

χ13 =
1

r

∂ω3

∂ϕ
, χ23 =

∂ω3

∂r
(1.3)

Here σ11, σ22, σ12, σ21 are power (normal) stresses; µ13, µ23 are moment stresses;
γ11, γ22, γ12, γ21 are deformations; χ13, χ23 are bending-torsions; V1, V2 are displace-
ments; ω3 is free rotation; E, ν, µ = E

2(1+ν)
, α, B are elastic constants of the microp-

olar material.
It is assumed that on the front lines r = r1, r = r2 the external forces and moments
are given:

on r = r1, σ21 = q−1 ; σ22 = q−2 ; µ23 = m−,
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on r = r2, σ21 = q+
1 ; σ22 = q+

2 ; µ23 = m+, (1.4)

and one of the following variants of the boundary conditions can take place:

a) on ϕ = 0, σ11 = σ
′

11, σ12 = σ
′

12, µ13 = µ
′

13;

on ϕ = ϕ1, σ11 = σ
′′

11, σ12 = σ
′′

12, µ13 = µ
′′

13; (1.5)

b) on ϕ = 0, V1 = V
′

1 , V2 = V
′

2 , ω3 = ω
′

3;

on ϕ = ϕ1, V1 = V
′′

1 , V2 = V
′′

2 , ω3 = ω
′′

3 ; (1.6)

c) on ϕ = 0, σ11 = σ
′

11, V2 = V
′

2 , µ13 = µ
′

13;

on ϕ = ϕ1, σ11 = σ
′′

11, V2 = V
′′

2 , µ13 = µ
′′

13; (1.7)

Further it is assumed that 2h � r and 2h � l, where l is the length of the bar
middle line (i.e. the bar is thin). The aim of the paper is the construction of the
applied (one-dimensional) model of micropolar elastic circular thin bar. For this
purpose the radius vector r of an arbitrary point of the domain is represented as
follows: r = r0 + z, where −h ≤ z ≤ h (r = r0 − h, r = r0 + h), and on the basis of
the fact that the bar is thin-walled, it will be assumed that

1 +
h

r0

.
= 1 (1.8)

3 Hypotheses, displacements and rotation, defor-

mations and bending-torsions, power and mo-

ment stresses.

Following assumptions (hypotheses) are formulated for the construction of the ap-
plied model of micropolar elastic circular thin bar [6-11]:
1. Hypothesis of the straight line is accepted as an initial kinematic hypothesis for
displacements, i.e. Timoshenko's hypothesis. This means that the linear element,
which is initially perpendicular to the middle plane of the circular bar before the
deformation, remains straight and is rotated to a certain angle after the deformation,
without changing its length and without remaining perpendicular to the deformed
middle line. In addition, it is accepted that the free rotation ω2 is a constant function
along the coordinate z. As a result following linear law for displacements and free
rotation will be obtained along the thickness of the middle plane of the circular bar:

V1 = u(ϕ) + zψ(ϕ), V2 = w(ϕ), ω3 = Ω3(ϕ), (2.1)

where u(ϕ) and w(ϕ) are displacements of points of the middle line in directions
of its tangent and normal (i.e. w(ϕ) is de�ection of the bar); ψ(ϕ) is the angle of
rotation of initially normal element; Ω3(ϕ) is the free rotation of this element points.
As in the paper [6-11], the kinematic hypothesis (2.1) in general is called Timo-
shenko's generalized hypothesis in the case of micropolar thin bar (in this case, for
the circular thin bar).
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2. The hypothesis of the circular bar thin-wallness, where the approximate equality
(1.8) is accepted, and as well as,

1

r
=

1

r0 + z
=

1

r0(1 + z
r0

)
.
=

1

r0

. (2.2)

3. Assumptions about smallness of the normal stress σ22, compared with the normal
stress σ11 in the �rst equation of Hooke's law ((1.2)1).
4. During the determination of the deformations, bending-torsions, force and mo-
ment stresses, it is accepted

σ21 = σ0
21(ϕ). (2.3)

After the determination of the mentioned quantities the formula for σ21 will be cor-
rected in the following way. The second equilibrium equation from (1.1) ((1.1)2) is
integrated by z and during the determination of the constant of integration (func-
tions from ϕ ), it will be required that the integral from −h to h of the obtained
expression is equal to zero. After this speci�ed integration the obtained �nal ex-
pression will be added to the formula (2.3).
In accordance with the accepted law (2.1) of distribution of displacements and ro-
tation, substituting them into formulas (1.3), following expressions will be obtained
for deformations and bending-torsions:

γ11 =
( 1

r0

du

dϕ
+

1

r0

w
)

+ z
1

r0

dψ

dϕ
, γ22 = 0, γ12 =

1

r0

dw

dϕ
− 1

r0

u− Ω3,

γ21 = ψ + Ω3, χ13 =
1

r0

dΩ3

dϕ
, χ23 = 0 (2.4)

Following notations are accepted:

Γ11 =
1

r0

du

dϕ
+

1

r0

w, Γ12 =
1

r0

dw

dϕ
− 1

r0

u− Ω3, Γ21 = ψ + Ω3

K11 =
1

r0

dψ

dϕ
, k13 =

1

r0

dΩ3

dϕ
, (2.5)

Then for deformations, bending-torsions will be obtained following formulas:

γ11 = Γ11 + zK11, γ22 = 0, γ12 = Γ12, γ21 = Γ21, χ13 = k13, χ23 = 0. (2.6)

Here Γ11 is the relative longitudinal deformation of the middle line; K11 is the change
of middle line curvature (from the force stresses); Γ12,Γ21 are shift deformations; k13

is the change of curvature of the middle line (from the moment stresses).
Using the hypothesis 3) and formula (2.6)1, following expression will be obtained for
the stress σ11 from the formula (1.2)1:

σ11 = σ0
11(ϕ) + zσ1

11(ϕ), (2.7)

where
σ0

11(ϕ) = EΓ11, σ
1
11(ϕ) = EK11. (2.8)
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The formulas (1.2)3, (2.4)3, (2.4)4 will be used for determination of the power stress
σ12:

σ12 = (µ+ α)Γ12 + (µ− α)Γ21. (2.9)

Taking into consideration formulas for σ11 ((2.7)), σ12 ((2.9)), the second equilibrium
equation ((1.1)2) is considered, which is integrated over r. Based on the thin-wallness
of the domain and the boundary conditions from (1.4) for σ22 , we will �nally obtain:

σ22 =
1

2
(q+

2 + q−2 )− h2

2

1

r0

σ1
11 + z

( 1

r0

σ0
11 −

1

r0

dσ0
12

dϕ

)
+

1

r0

σ1
11

z2

2
. (2.10)

On the basis of formulas (1.2)5 and taking into account formulas from (2.6) for χ13

, following formula will be obtained for the moment stress µ13 :

µ13 = Bk13. (2.11)

The expression for the moment stress µ23 will be obtained from the third equilibrium
equation ((1.1)3) by integrating it by r, taking into account formulas (2.11), (2.9)
and (2.3):

µ23 =
1

2
(m+ +m−)− z

( 1

r0

dµ0
13

dϕ
+ σ0

12 − σ0
21

)
(2.12)

For determination of the force stress σ21 ,the hypothesis 4) will be taken into account,
then by using the �rst equilibrium equation ((1.1)1), as well as the formula (2.3), it
will be �nally obtained:

σ21 = σ0
21(ϕ) +

1

r0

h2

6

dσ1
11

dϕ
− z
( 1

r0

dσ0
11

dϕ
+

1

r0

σ0
12

)
− 1

r0

z2

2

dσ1
11

dϕ
(2.13)

4 Forces and moments. Obtainance of the basic

system of equations of micropolar elastic circu-

lar bar.

In order to bring two-dimensional problem of micropolar theory of elasticity to
one-dimensional one, which has already been done for displacements and rotation,
deformations and bending-torsions, force and moment stresses, following integral
characteristics are introduced in the applied theory of micropolar elastic circular thin
bar, which are statistically equivalent to the components of the force and moment
stresses: e�orts N, Q1, Q2 and moments M11, L13, which are expressed by the
following formulas:

N =

∫ h

−h
σ11dz, Q1 =

∫ h

−h
σ12dz, Q2 =

∫ h

−h
σ21dz,

M11 =

∫ h

−h
σ11zdz, L13 =

∫ h

−h
µ13dz (3.1)

Now formulas for σ21 ((2.13)), σ22 ((2.10)) and µ23 ((2.12)) will be accepted as basic
ones. Satisfying the boundary conditions (1.4) and considering the formula (3.1),
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following system of equilibrium equations of the applied model of micropolar elastic
circular bar will be obtained:

1

r0

N − 1

r0

dQ1

dϕ
= q+

2 − q−2 ,
1

r0

Q1 +
1

r0

dN

dϕ
= −(q+

1 − q−1 )

Q2 −
1

r0

dM11

dϕ
= h(q+

1 + q−1 ), Q2 −Q1 −
1

r0

dL13

dϕ
= m+ −m− (3.2)

Further, with the help of formulas for σ11 ((2.7)), σ12 ((2.9)), σ21 ((2.13)), µ13

((2.11))elasticity relations will be obtained for this model:

N = 2EhΓ11, Q1 = 2h(µ+α)Γ12 +2h(µ−α)Γ21, Q2 = 2h(µ+α)Γ21 +2h(µ−α)Γ12.

M11 =
2Eh3

3
K11, L13 = 2Bhk13. (3.3)

Geometric equation (2.5) will be added to the equilibrium equations (3.2) and the
elasticity relations (3.3):

Γ11 =
1

r0

du

dϕ
+

1

r0

w, Γ12 =
1

r0

dw

dϕ
− 1

r0

u− Ω3, Γ21 = ψ + Ω3

K11 =
1

r0

dψ

dϕ
, k13 =

1

r0

dΩ3

dϕ
, (3.4)

The equilibrium equations (3.2), elasticity relations (3.3) and geometric relations
(3.4) represent the system of basic equations of the applied model of micropolar
elastic circular bar. The boundary conditions should be added to this system of
equations:
I. Conditions of the power and moment load:

N |ϕ=0 = N
′
=

∫ h

−h
σ
′

11dz, M11|ϕ=0 = M
′
=

∫ h

−h
σ
′

11zdz;

Q1|ϕ=0 = Q
′

1 =

∫ h

−h
σ
′

12dz, L13|ϕ=0 = L
′

13 =

∫ h

−h
µ
′

13dz;

N |ϕ=ϕ1 = N
′′

=

∫ h

−h
σ
′′

11dz, M11|ϕ=ϕ1 = M
′′

=

∫ h

−h
σ
′′

11zdz;

Q1|ϕ=ϕ1 = Q
′′

1 =

∫ h

−h
σ
′′

12dz, L13|ϕ=ϕ1 = L
′′

13 =

∫ h

−h
µ
′′

13dz. (3.5)

In particular, from these conditions we will obtain conditions of free edges.
II. Conditions, when the displacements and rotation are set on the edge:

u|ϕ=0 = u
′
=

1

2h

∫ h

−h
V
′

1dz, ψ|ϕ=0 = ψ
′
=

3

2h3

∫ h

−h
V
′

1zdz;

w|ϕ=0 = w
′
=

1

2h

∫ h

−h
V
′

2dz, Ω3|ϕ=0 = Ω
′

3 =
1

2h

∫ h

−h
ω
′

3dz;
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u|ϕ=ϕ1 = u
′′

=
1

2h

∫ h

−h
V
′′

1 dz, ψ|ϕ=ϕ1 = ψ
′′

=
3

2h3

∫ h

−h
V
′′

1 zdz;

w|ϕ=ϕ1 = w
′′

=
1

2h

∫ h

−h
V
′′

2 dz, Ω3|ϕ=ϕ1 = Ω
′′

3 =
1

2h

∫ h

−h
ω
′′

3dz. (3.6)

Particularly, conditions of full sealing edges will be obtained from the above men-
tioned conditions.
III. Hinged supported conditions:

N |ϕ=0 = N
′
=

∫ h

−h
σ
′

11dz, M11|ϕ=0 = M
′
=

∫ h

−h
σ
′

11zdz;

w|ϕ=0 = w
′
=

1

2h

∫ h

−h
V
′

2dz, L13|ϕ=0 = L
′

13 =

∫ h

−h
µ
′

13dz;

N |ϕ=ϕ1 = N
′′

=

∫ h

−h
σ
′′

11dz, M11|ϕ=ϕ1 = M
′′

=

∫ h

−h
σ
′′

11zdz;

w|ϕ=ϕ1 = w
′′

=
1

2h

∫ h

−h
V
′′

2 dz, L13|ϕ=ϕ1 = L
′′

13 =

∫ h

−h
µ
′′

13dz. (3.7)

Mathematical model of micropolar elastic circular thin bar is expressed by the system
of equations (3.2)-(3.4) and boundary conditions (3.5) (or (3.6), or (3.7)).
The equation, expressing the law of conservation of mechanical energy in the case
of deformation of micropolar circular bar, and corresponding general variation func-
tional are also obtained. On the basis of the latter, �nite element method will be
developed in future for solving concrete boundary value problems of models (3.2)-
(3.7).
It should be noted that if in the model (3.2) - (3.7) of micropolar elastic circular
thin bar physical constant α(α = 0) is equated to zero, then we will come to the
model [14] of elastic circular thin bar in the classical formulation with consideration
of transverse share deformations.
On the basis of the constructed applied model of micropolar elastic circular bar
(3.2)-(3.7) some concrete problems of the applied character are considered. With
the help of numerical analysis e�ciency of micropolar material is established in
comparison with classical in terms of sti�ness and strength of the bar.
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Abstract

In this activity, we systematize some results on the study of the equations of
spatial motion of dynamically symmetric �xed rigid bodies�pendulums located
in a nonconservative force �elds. The form of these equations is taken from the
dynamics of real �xed rigid bodies placed in a homogeneous �ow of a medium.
In parallel, we study the problem of a spatial motion of a free rigid body also
located in a similar force �elds. Herewith, this free rigid body is in�uenced by a
nonconservative tracing force; under action of this force, either the magnitude
of the velocity of some characteristic point of the body remains constant, which
means that the system possesses a nonintegrable servo constraint, or the center
of mass of the body moves rectilinearly and uniformly; this means that there
exists a nonconservative couple of forces in the system.

1 Introduction

Earlier (see [1, 2]), the author already proved the complete integrability of the
equations of a plane-parallel motion of a �xed rigid body�pendulum in a homoge-
neous �ow of a medium under the jet �ow conditions when the system of dynamical
equations possesses a �rst integral, which is a transcendental (in the sense of the
theory of functions of a complex variable, i.e., it has essential singularities) function
of quasi-velocities. In [1, 2, 3], the planar problem was generalized to the spatial
(three-dimensional) case, where the system of dynamical equations has a complete
set of transcendental �rst integrals. It was assumed that the interaction of the homo-
geneous medium �ow with the �xed body (the spherical pendulum) is concentrated
on a part of the body surface that has the form of a planar (two-dimensional) disk.

In this activity, the results relate to the case where all interaction of the homogeneous
�ow of a medium with the �xed body is concentrated on that part of the surface
of the body, which has the form of a two-dimensional disk, and the action of the
force is concentrated in a direction perpendicular to this disk. These results are
systematized and are presented in invariant form.
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2 Model assumptions

Let consider the homogeneous plane circle disk D (with the center in the point
D), the plane of which perpendicular to the holder OD. The disk is rigidly �xed
perpendicular to the tool holder OD located on the spherical hinge O, and it �ows
about homogeneous �uid �ow (Fig. 1). In this case, the body is a physical (spherical)
pendulum. The medium �ow moves from in�nity with constant velocity v = v∞ 6= 0.
Assume that the holder does not create a resistance.

Figure 1: Fixed pendulum on a spherical hinge in the stream running medium

We suppose that the total force S of medium �ow interaction is parallel to the holder,
and point N of application of this force is determined by at least the angle of attack
α, which is made by the velocity vector vD of the point D with respect to the �ow
and the holder OD (Fig. 1); the total force is also determined by the angle β1, which
is made in the plane of the disk D (thus, (v, α, β1) are the spherical coordinates of the
tip of the vector vD), and also the reduced angular velocity ω ∼= lΩ/vD, vD = |vD|
(l is the length of the holder, Ω is the angular velocity of the pendulum). Such
conditions arise when one uses the model of streamline �ow around spatial bodies.
Therefore, the force S is directed along the normal to the disk to its side, which is
opposite to the direction of the velocity vD, and passes through a certain point N
of the disk such that the velocity vector vD and the force of the interaction S lie in
the plane ODN .
The vector e = OD/l determines the orientation of the holder. Then S = s(α)v2

De,
s(α) = s1(α)sign cosα, and the resistance coe�cient s1 ≥ 0 depends only on the
angle of attack α. By the axe-symmetry properties of the body�pendulum with
respect to the point D, the function s(α) is even.
Let Dx1x2x3 = Dxyz be the coordinate system rigidly attached to the body, here-
with, the axis Dx = Dx1 has a direction vector e, and the axes Dx2 = Dy and
Dx3 = Dz lie in the plane of the disk D (Fig. 1). In the same �gure it is shown
the angles θ = ξ, ψ = η1, i.e., the angles determining the pendulum position on
the sphere. In this case, the angle θ is made by the holder and the direction of the
over-running medium �ow (the axis x0); and the angle ψ is made by the projection
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of the holder to the immovable plane y0z0 (which perpendicular to the over-running
medium �ow) and the axis y0 (Fig. 1). Obviously, the angles (θ, ψ) = (ξ, η1) are the
spherical coordinates of the point D.
The space of positions of this spherical (physical) pendulum is the two-dimensional
sphere

S2{(ξ, η1) ∈ R2 : 0 ≤ ξ ≤ π, η1 mod 2π}, (1)

and its phase space is the tangent bundle of the two-dimensional sphere

T∗S
2{(ξ̇, η̇1; ξ, η1) ∈ R4 : 0 ≤ ξ ≤ π, η1 mod 2π}. (2)

To the angular velocity, we put in correspondence Ω = Ω1e1 +Ω2e2 +Ω3e3 (e1, e2, e3

the unit vectors of the coordinate system Dx1x2x3) the skew-symmetric matrix

Ω̃ =

 0 −Ω3 Ω2

Ω3 0 −Ω1

−Ω2 Ω1 0

 , Ω̃ ∈ so(3). (3)

The distance from the center D of the disk to the center of pressure (the point N ,
Fig. 1) has the form |rN | = rN = DN (α, β1, lΩ/vD) , where rN = {0, x2N , x3N} =
{0, yN , zN} in system Dx1x2x3 = Dxyz (we omit the wave over Ω).

3 Set of dynamical equations in Lie algebra so(3)

If diag{I1, I2, I2} is the tensor of inertia of the body�pendulum in the coordinate
system Dx1x2x3 then the general equation of its motion has the following form:

I1Ω̇1 = 0,

I2Ω̇2 + (I1 − I2)Ω1Ω3 = −zN
(
α, β1,

Ω

vD

)
s(α)v2

D,

I2Ω̇3 + (I2 − I1)Ω1Ω2 = yN

(
α, β1,

Ω

vD

)
s(α)v2

D,

(4)

since the moment of the medium interaction force is determined by the following
auxiliary matrix: (

0 x2N x3N

−s(α)v2
D 0 0

)
,

where {−s(α)v2
D, 0, 0} is the decomposition of the medium interaction force S in the

coordinate system Dx1x2x3.
Since the dimension of the Lie algebra so(3) is equal to 3, the system of equations
(4) is a group of dynamical equations on so(3), and, simply speaking, the motion
equations.
We see, that in the right-hand side of Eq. (4), �rst of all, it includes the angles
α, β1, therefore, this system of equations is not closed. In order to obtain a complete
system of equations of motion of the pendulum, it is necessary to attach several sets
of kinematic equations to the dynamic equation on the Lie algebra so(3).
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3.1 Cyclic �rst integral

We immediately note that the system (4), by the existing dynamic symmetry

I2 = I3, (5)

possesses the cyclic �rst integral

Ω1 ≡ Ω0
1 = const. (6)

In this case, further, we consider the dynamics of our system at zero level:

Ω0
1 = 0. (7)

Under conditions (5)�(7), the system (4) has the form of unclosed system of two
equations:

I2Ω̇2 = −zN
(
α, β1,

Ω

vD

)
s(α)v2

D, I2Ω̇3 = yN

(
α, β1,

Ω

vD

)
s(α)v2

D. (8)

4 First set of kinematic equations

In order to obtain a complete system of equations of motion, it needs the set of
kinematic equations which relate the velocities of the point D (i.e., the formal center
of the disk D) and the over-running medium �ow:

vD = vD · iv(α, β1) = Ω̃

 l
0
0

+ (−v∞)iv(−ξ, η1), (9)

iv(α, β1) =

 cosα
sinα cos β1

sinα sin β1

 . (10)

The equation (9) expresses the theorem of addition of velocities in projections on
the related coordinate system Dx1x2x3.
Indeed, the left-hand side of Eq. (9) is the velocity of the point D of the pendulum
with respect to the �ow in the projections on the related with the pendulum coor-
dinate system Dx1x2x3. Herewith, the vector iv(α, β1) is the unit vector along the
axis of the vector vD. The vector iv(α, β1) has the spherical coordinates (1, α, β1),
which determines the decomposition (10).
The right-hand side of the Eq. (9) is the sum of the velocities of the point D
when you rotate the pendulum (the �rst term), and the motion of the �ow (the
second term). In this case, in the �rst term, we have the coordinates of the vector
OD = {l, 0, 0} in the coordinate system Dx1x2x3.
We explain the second term of the right-hand side of Eq. (9) in more detail. We have
in it the coordinates of the vector (−v∞) = {−v∞, 0, 0} in the immovable space. In
order to describe it in the projections on the related coordinate system Dx1x2x3,
we need to make a (reverse) rotation of the pendulum at the angle (−ξ) that is
algebraically equivalent to multiplying the value (−v∞) on the vector iv(−ξ, η1).
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Thus, the �rst set of kinematic equations (9) has the following form in our case:

vD cosα = −v∞ cos ξ,

vD sinα cos β1 = lΩ3 + v∞ sin ξ cos η1,

vD sinα sin β1 = −lΩ2 + v∞ sin ξ sin η1.

(11)

5 Second set of kinematic equations

We also need a set of kinematic equations which relate the angular velocity tensor
Ω̃ and coordinates ξ̇, η̇1, ξ, η1 of the phase space (2) of pendulum studied, i.e., the
tangent bundle T∗S2{ξ̇, η̇1; ξ, η1}.
We draw the reasoning style allowing arbitrary dimension. The desired equations
are obtained from the following two sets of relations. Since the motion of the body
takes place in a Euclidean space En, n = 3 formally, at the beginning, we express
the tuple consisting of a phase variables Ω2,Ω3, through new variable z1, z2 (from
the tuple z). For this, we draw the following turn by the angle η1:(

Ω2

Ω3

)
= T1,2(η1)

(
z1

z2

)
, (12)

T1,2(η1) =

(
cos η1 − sin η1

sin η1 cos η1

)
.

In other words, the relations(
z1

z2

)
= T1,2(−η1)

(
Ω2

Ω3

)
(13)

hold, i.e.,

z1 = Ω2 cos η1 + Ω3 sin η2, z2 = −Ω2 sin η1 + Ω3 cos η2. (14)

Then we substitute the following relationship instead of the variable z:

z2 = ξ̇, z1 = −η̇1
sin ξ

cos ξ
. (15)

Thus, two sets of Eqs. (12) and (15) give the second set of kinematic equations:

Ω2 = −ξ̇ sin η1 − η̇1
sin ξ

cos ξ
cos η1, Ω3 = ξ̇ cos η1 − η̇1

sin ξ

cos ξ
sin η1. (16)

We see that three sets of the relations (8), (11), and (16) form the closed system of
equations.
These three sets of equations include the following functions:

yN

(
α, β1,

Ω

vD

)
, zN

(
α, β1,

Ω

vD

)
, s(α). (17)

In this case, the function s is considered to be dependent only on α, and the functions
yN , zN may depend on, along with the angles α, β1, generally speaking, the reduced
angular velocity ω ∼= lΩ/vD.
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6 Problem on free body motion under assumption

of tracing force

Parallel to the present problem of the motion of the �xed body, we study the spatial
motion of the free axially symmetric rigid body with the frontal plane butt-end (the
circle disk D) in the resistance force �elds under the quasi-stationarity conditions
with the same model of medium interaction.
If (v, α, β1) are the spherical coordinates of the velocity vector of the center D of disk
D lying on the axis of symmetry of a body, Ω = {Ω1,Ω2,Ω3} are the projections of its
angular velocity on the axes of the coordinate system Dx1x2x3 related to the body
(in this case, the axis of symmetry CD coincides with the axis Dx1 = Dx, C is the
center of mass), and the axes Dx2 = Dy and Dx3 = Dz lie in the hyperplane of the
disk; I1, I2, I3 = I2, m are characteristics of inertia and mass, then the dynamical
part of the equations of motion in which the tangent forces of the interaction of the
body with the medium are absent, has the form

v̇ cosα− α̇v sinα + Ω2v sinα sin β1 − Ω3v sinα cos β1 + σ(Ω2
2 + Ω2

3) =
Fx
m
,

v̇ sinα cos β1 + α̇v cosα cos β1 − β̇1v sinα sin β1 + Ω3v cosα−
−Ω1v sinα sin β1 − σΩ1Ω2 − σΩ̇3 = 0,

v̇ sinα sin β1 + α̇v cosα sin β1 + β̇1v sinα cos β1 + Ω1v sinα cos β1− (18)

−Ω2v cosα− σΩ1Ω3 + σΩ̇2 = 0,

I1Ω̇1 = 0,

I2Ω̇2 + (I1 − I2)Ω1Ω3 = −zN
(
α, β1,

Ω

v

)
s(α)v2,

I2Ω̇3 + (I2 − I1)Ω1Ω2 = yN

(
α, β1,

Ω

v

)
s(α)v2,

Fx = −S, S = s(α)v2, σ = CD, in this case(
0, yN

(
α, β1,

Ω

v

)
, zN

(
α, β1,

Ω

v

))
are the coordinates of the point N of application of the force S in the coordinate
system Dx1x2x3 = Dxyz related to the body.
The �rst part of three equations of the system (18) describe the motion of the
center of a mass in the three-dimensional Euclidean space E3 in the projections
on the coordinate system Dx1x2x3. And the second part of three equation of the
system (18) is obtained from the theorem on the change of the angular moment of
a rigid body in the K�onig axis.
Thus, the direct product R1 × S2 × so(3) of the three-dimensional manifold and
the Lie algebra so(3) is the phase space of sixth-order system (18) of the dynamical
equations. Herewith, since the medium in�uence force dos not depend on the posi-
tion of the body in a plane, the system (18) of the dynamical equations is separated
from the system of kinematic equations and may be studied independently.
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6.1 Cyclic �rst integral

We immediately note that the system (18), by the existing dynamic symmetry

I2 = I3, (19)

possesses the cyclic �rst integral

Ω1 ≡ Ω0
1 = const. (20)

In this case, further, we consider the dynamics of our system at zero level:

Ω0
1 = 0. (21)

6.2 Nonintegrable constraint

If we consider a more general problem on the motion of a body under the action
of a certain tracing force T passing through the center of mass and providing the
ful�llment of the equality

v ≡ const, (22)

during the motion, then Fx in system (18) must be replaced by

T − s(α)v2. (23)

As a result of an appropriate choice of the magnitude T of the tracing force, we can
achieve the ful�llment of Eq. (22) during the motion. Indeed, if we formally express
the value T by virtue of system (18), we obtain (for cosα 6= 0):

T = Tv(α, β1,Ω) = mσ(Ω2
2 + Ω2

3)+

+s(α)v2

[
1− mσ

I2

sinα

cosα

[
zN

(
α, β1,

Ω

v

)
sin β1 + yN

(
α, β1,

Ω

v

)
cos β1

]]
. (24)

This procedure can be viewed from two standpoints. First, a transformation of the
system has occurred at the presence of the tracing (control) force in the system
which provides the corresponding class of motions (22). Second, we can consider
this procedure as a procedure that allows one to reduce the order of the system.
Indeed, system (18) generates an independent fourth-order system of the following
form:

α̇v cosα cos β1 − β̇1v sinα sin β1 + Ω3v cosα− σΩ̇3 = 0,

α̇v cosα sin β1 + β̇1v sinα cos β1 − Ω2v cosα + σΩ̇2 = 0,

I2Ω̇2 = −zN
(
α, β1,

Ω

v

)
s(α)v2,

I2Ω̇3 = yN

(
α, β1,

Ω

v

)
s(α)v2,

(25)

where the parameter v is supplemented by the constant parameters speci�ed above.
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The system (25) is equivalent to the system

α̇v cosα + v cosα [Ω3 cos β1 − Ω2 sin β1] + σ
[
−Ω̇3 cos β1 + Ω̇2 sin β1

]
= 0,

β̇1v sinα− v cosα [Ω2 cos β1 + Ω3 sin β1] + σ
[
Ω̇2 cos β1 + Ω̇3 sin β1

]
= 0,

Ω̇2 = −v
2

I2

zN

(
α, β1,

Ω

v

)
s(α),

Ω̇3 =
v2

I2

yN

(
α, β1,

Ω

v

)
s(α).

(26)

We introduce new quasi-velocities in our system:(
Ω2

Ω3

)
= T1,2(β1)

(
z1

z2

)
, (27)

T1,2(β1) =

(
cos β1 − sin β1

sin β1 cos β1

)
.

In other words, the following relations(
z1

z2

)
= T1,2(−β1)

(
Ω2

Ω3

)
(28)

hold, i.e.,

z1 = Ω2 cos β1 + Ω3 sin β2, z2 = −Ω2 sin β1 + Ω3 cos β2. (29)

We can see from (26) that the system cannot be solved uniquely with respect to
α̇, β̇1 on the manifold

O =
{

(α, β1,Ω2,Ω3) ∈ R4 : α =
π

2
k, k ∈ Z

}
. (30)

Thus, formally speaking, the uniqueness theorem is violated on manifold (30). More-
over, the inde�niteness occurs for even k because of the degeneration of the spherical
coordinates (v, α, β1), and an obvious violation of the uniqueness theorem for odd k
occurs since the �rst equation of (26) is degenerate for this case.
This implies that system (25) outside of the manifold (30) (and only outside it) is
equivalent to the following system:

α̇ = −z2 +
σv

I2

s(α)

cosα

[
zN

(
α, β1,

Ω

v

)
sin β1 + yN

(
α, β1,

Ω

v

)
cos β1

]
,

ż2 =
v2

I2

s(α)

[
zN

(
α, β1,

Ω

v

)
sin β1 + yN

(
α, β1,

Ω

v

)
cos β1

]
−

−z2
1

cosα

sinα
− σv

I2

s(α)

sinα
z1

[
zN

(
α, β1,

Ω

v

)
cos β1 − yN

(
α, β1,

Ω

v

)
sin β1

]
,

ż1 = z1z2
cosα

sinα
+

[
−v

2

I2

s(α) +
σv

I2

s(α)

sinα
z2

]
×

×
[
zN

(
α, β1,

Ω

v

)
cos β1 − yN

(
α, β1,

Ω

v

)
sin β1

]
,

β̇1 = z1
cosα

sinα
+
σv

I2

s(α)

sinα

[
zN

(
α, β1,

Ω

v

)
cos β1 − yN

(
α, β1,

Ω

v

)
sin β1

]
.

(31)
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6.3 Constant velocity of the center of mass

If we consider a more general problem on the motion of a body under the action
of a certain tracing force T passing through the center of mass and providing the
ful�llment of the equality

VC ≡ const (32)

during the motion (VC is the velocity of the center of mass), then Fx in system (18)
must be replaced by zero since the nonconservative couple of the forces acts on the
body: T − s(α)v2 ≡ 0.
Obviously, we must choose the value of the tracing force T as follows:

T = Tv(α, β1,Ω) = s(α)v2, T ≡ −S. (33)

The choice (33) of the magnitude of the tracing force T is a particular case of the
possibility of separation of an independent fourth-order subsystem after a certain
transformation of the system (18).
Indeed, let the following condition hold for T :

T = Tv(α, β1,Ω) =
3∑

i,j=0, i≤j

τi,j

(
α, β1,

Ω

v

)
ΩiΩj = T1

(
α, β1,

Ω

v

)
v2, Ω0 = v. (34)

At the beginning, we introduce new quasi-velocities (27)�(29).
We rewrite the system (18) for the cases (19)�(21) in the form

v̇ + σ(z2
1 + z2

2) cosα−

−σv
2

I2

s(α) sinα

[
yN

(
α, β1,

Ω

v

)
cos β1 + zN

(
α, β1,

Ω

v

)
sin β1

]
=

=
T1

(
α, β1,

Ω
v

)
v2 − s(α)v2

m
cosα,

α̇v + z2v − σ(z2
1 + z2

2) sinα−

−σv
2

I2

s(α) cosα

[
yN

(
α, β1,

Ω

v

)
cos β1 + zN

(
α, β1,

Ω

v

)
sin β1

]
= (35)

=
s(α)v2 − T1

(
α, β1,

Ω
v

)
v2

m
sinα,

Ω̇3 =
v2

I2

yN

(
α, β1,

Ω

v

)
s(α),

Ω̇2 = −v
2

I2

zN

(
α, β1,

Ω

v

)
s(α),

β̇1 sinα− z1 cosα−

−σv
I2

s(α)

[
zN

(
α, β1,

Ω

v

)
cos β1 − yN

(
α, β1,

Ω

v

)
sin β1

]
= 0.

383



Proceedings of XLIV International Summer School � Conference APM 2016

If we introduce the new dimensionless phase variables and the di�erentiation by the
formulas zk = n1vZk, k = 1, 2, < · >= n1v <

′>, n1 > 0, n1 = const, system (35)
has the following form:

v′ = vΨ(α, β1, Z1, Z2), (36)

α′ = −Z2 + σn1(Z2
1 + Z2

2) sinα+

+
σ

I2n1

s(α) cosα [yN (α, β1, n1Z) cos β1 + zN (α, β1, n1Z) sin β1]−

−T1 (α, β1, n1Z)− s(α)

mn1

sinα, (37)

Z ′2 =
s(α)

I2n2
1

[1− σn1Z2 sinα] [yN (α, β1, n1Z) cos β1 + zN (α, β1, n1Z) sin β1]−

− σ

I2n1

Z1
s(α)

sinα
[zN (α, β1, n1Z) cos β1 − yN (α, β1, n1Z) sin β1]−

−Z2
1

cosα

sinα
+ σn1Z2(Z2

1 + Z2
2) cosα− Z2

T1 (α, β1, n1Z)− s(α)

mn1

cosα, (38)

Z ′1 =
1

I2n2
1

s(α)

sinα
[σn1Z2 sinα− 1] [zN (α, β1, n1Z) cos β1 − yN (α, β1, n1Z) sin β1]−

− σ

I2n1

Z1s(α) sinα [zN (α, β1, n1Z) sin β1 + yN (α, β1, n1Z) cos β1] +

+Z1Z2
cosα

sinα
+ σn1Z1(Z2

1 + Z2
2) cosα− Z1

T1 (α, β1, n1Z)− s(α)

mn1

cosα, (39)

β′1 = Z1
cosα

sinα
+

σ

I2n1

s(α)

sinα
[zN (α, β1, n1Z) cos β1 − yN (α, β1, n1Z) sin β1] , (40)

Ψ(α, β1, Z1, Z2) = −σn1(Z2
1 + Z2

2) cosα+

+
σ

I2n1

s(α) sinα [yN (α, β1, n1Z) cos β1 + zN (α, β1, n1Z) sin β1] +

+
T1 (α, β1, n1Z)− s(α)

mn1

cosα.

We see that the independent fourth-order subsystem (37)�(40) can be substituted
into the �fth-order system (36)�(40) and can be considered separately on its own
four-dimensional phase space.

7 Case where the moment of nonconservative forces

is independent of the angular velocity

We take the function rN as follows (the disk D is given by the equation x1N ≡ 0):

rN = R(α)iN , (41)

where iN = iv (π/2, β1) (see (10)).
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Cases of integrability corresponding to the motion of a pendulum in the
three-dimensional space

Thus, the equalities x2N = R(α) cos β1, x3N = R(α) sin β1 hold and show that for
the considered system, the moment of the nonconservative forces is independent of
the angular velocity (it depends only on the angles α, β1).
And so, for the construction of the force �eld, we use the pair of dynamical functions
R(α), s(α); the information about them is of a qualitative nature. Similarly to the
choice of the Chaplygin analytical functions, we take the dynamical functions s and
R as follows:

R(α) = A sinα, s(α) = B cosα, A,B > 0. (42)

Theorem 7.1. The simultaneous equations (4), (11), (16), under conditions (5)�
(7), (41), (42) can be reduced to the dynamical system on the tangent bundle (2) of
the two-dimensional sphere (1).

Indeed, if we introduce the dimensionless parameter and the di�erentiation by the
formulas b∗ = ln0, n

2
0 = AB/I2, < · >= n0v∞ <′>, then the obtained equations have

the following form:

ξ′′ + b∗ξ
′ cos ξ + sin ξ cos ξ − η′21

sin ξ

cos ξ
= 0,

η′′1 + b∗η
′
1 cos ξ + ξ′η′1

1 + cos2 ξ

cos ξ sin ξ
= 0, b∗ > 0.

(43)

The phase pattern of the system (43) (ξ ↔ θ, η1 ↔ ψ) is shown in Fig. 2.

Figure 2: Phase pattern of the �xed pendulum on a spherical hinge situated in the
medium �ow
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Theorem 7.2. Three sets of relations (4), (11), (16) under conditions (5)�(7), (41),
(42) possess three the �rst integrals (the complete set), which are the transcendental
function (in the sense of complex analysis) and are expressed as a �nite combination
of elementary functions.

We have the following topological and mechanical analogies in the sense explained
above. (1) A motion of a �xed physical pendulum on a spherical hinge in a �owing
medium (nonconservative force �elds). (2) A spatial free motion of a rigid body in a
nonconservative force �eld under a tracing force (in the presence of a nonintegrable
constraint). (3) A spatial composite motion of a rigid body rotating about its center
of mass, which moves rectilinearly and uniformly, in a nonconservative force �eld.
On more general topological analogues, see also [4, 5, 6, 7, 8, 9].
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Abstract

The paper reports on a study of the in�uence of the Mullins softening ef-
fect on changes in the stress �elds of a rotating car wheel under acceleration
and braking conditions. In our opinion, this e�ect has received little attention
in tire industry until recently. We have developed an algorithm to evaluate
changes in the stress-strain of the wheel of the acceleration car taking into
account the Mullins e�ect. With the algorithm proposed one can study the
softening e�ect in di�erent points of the tire during the turns of a wheel un-
der acceleration conditions. The results of numerical simulations demonstrate
that the softening e�ect should be taken into account even when developing
a simpli�ed model of a car wheel, in which the tire material is considered as
isotropic, and the model tire has a simpler geometry than the real tire. It has
been found that the deformation of the lateral surface of the tire calculated
with the Mullins e�ect is signi�cantly higher than the deformation obtained
in calculations where this e�ect has been ignored. The degree of softening is
evaluated in terms of the Ogden-Roxburgh model.

The purpose of this study is to investigate the in�uence of the Mullins e�ect [1-3]
on changes in the stress-strain state in the moving wheel in such operating regimes
as acceleration and braking. To our knowledge, the Russian tire industry has paid
insu�cient attention to this e�ect. It is ignored in many calculations, for instance,
the rolling and head-on crash situations are described in [4-5] taking into account
the complex structure of a tire, but ignoring the softening e�ect. Computer mod-
eling of car tire softening is a complex mathematical problem. The material of a
tire changes its properties during the �rst turn of the wheel, and these variations
proceed di�erently at di�erent points of this material. Accordingly, the pattern of
strain distribution in the tire also changes. To obtain a stable solution allowing one
to consider material softening accumulation in di�erent parts of the tire, we have
developed a special algorithm (Fig. 1).
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acceleration

Figure 1: Algorithm for car tire loading

1 - road is shifted by the value l, which gives rise to an angular moment in the tire,
the tire material softens.
2 - wheel does not make a rotation, the road turns back to its initial state, the
angular moment disappears.
3 - road is removed, the wheel rotates to the angle φ;
4 - road is back to normal shape.
5 - if the wheel does not make a full rotation, the road is again shifted by the value
l, which gives rise to an angular moment in the tire, the tire material softens;
6 - stress-strain state in the accelerated wheel tire is obtained in the calculation with
consideration of the Mullins e�ect;
In step 3, the wheel turning angle φ is found from the φ = 2d

l
, where d is the

external wheel diameter, l is the road shift
This algorithm makes it possible to study the softening e�ect in di�erent points of
the tire during the �rst turn of a wheel under acceleration conditions.

389



Proceedings of XLIV International Summer School � Conference APM 2016

The motion of the car wheel has been modeled for a 3D case. For the characteristics
of the tire model, we have chosen a 1600 kg car, which accelerates from 0 to 100 kilo-
meters per hour in 12 seconds. The value of force acting on the car is equal to 3700
Í. A horizontal force of 1850 Í is applied to the driving wheel. The tire pressure is
assumed to be 0.17 ÌPa. The road is modeled as a rigid rectangular parallelepiped.
The tire has the following geometrical characteristics: external diameter - 760 mm;
track height - 180 mm; track width - 260 mm (Fig. 2).

Figure 2: The geometrical characteristics of a car tire

Simulations indicate that the deformation of the lateral surface of the tire calculated
with the Mullins e�ect is signi�cantly higher than the deformation obtained in cal-
culations, where this e�ect has been ignored (Fig. 3). The hyperelastic forth-order
Ogden model is applied to describe the mechanical properties of an elastomeric ma-
trix of the tire. The degree of softening is evaluated in terms of the Ogden-Roxburgh
model [6].

390



Features of simulation of the tire under conditions of movement of the car with
acceleration

a b

Figure 3: Distribution of the left stretch tensor �elds found with (a) and without (b)
taking into account the Mullins e�ect

Conclusions

We have developed an algorithm to evaluate changes in the stress-strain of the wheel
of the moving car taking into account the Mullins e�ect. The results of modeling the
behavior of an accelerated car wheel indicate that the distribution of deformations in
the tire volume undergoes largest changes. Maximum equivalent Mises deformations
have been observed on the tire lateral surface, which, in our opinion, may cause the
formation of cracks in the tire. Changes in stress �elds have been insigni�cant
because of two opposite mechanisms: on the one hand, deformations increase and,
on the other hand, the material softens. It has been found that the stress-strain
state should be analyzed in each point of the car wheel diameter taking into account
di�erent degrees of the Mullins softening e�ect. Summing up, the softening e�ect
modeling allows one to accurately predict the serviceable life of tires. In this study we
focus on the signi�cance of considering the Mullins e�ect, which enables the wheel
model to be simpli�ed signi�cantly; the anisotropic and viscoelastic properties of
an elastomeric matrix are neglected in the model. Our simulations also show that
even such a simpli�ed formulation of the problem makes it possible to reveal an
essential di�erence in the stress-strain state obtained in calculations performed with
and without consideration of the Mullins e�ect.
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Abstract

The work aims to make a further step in using the computational advan-
tages of the modi�ed theory for e�cient simulation of hydraulic fracturing.
The step is made by solving the KGD problem in frames of the dynamic
approach in non-normalized coordinates with using hypersingular elasticity
operator. It is shown that the obtained system of ODE may be e�ciently
integrated by employing accelerated Runge-Kutta or Adams methods. The
approach developed provides acceptable accuracy for Newtonian and thinning
�uids used in practice. We conclude that it may be extended to 3D problems.

1 Introduction

Numerical simulation is an important means to improve understanding and to con-
trol hydraulic fracturing (HF), which is widely used for many engineering purposes.
They include oil, gas and heat recovery, CO2 sequestration, waste disposal, exca-
vation of hard rock, preconditioning in mines, etc. Despite numerous studies have
been performed during the last four decades (see e. g. reviews in [1], [6], [16]),
numerical simulation of truly 3D HF problems still remains "a formidable task" (see
[2], p. 147). There is need to "dramatically speed up" simulators (see [1], p. 754).
It is a challenge to radically improve HF simulation.
The recent �ndings [5, 6, 7, 10] suggest a means to meet the challenge. They are
summarized in the modi�ed formulation of the HF problem. The analytical and
computational advantages of the modi�ed formulation have been demonstrated by
obtaining new analytical solutions and very accurate and computationaly e�cient
numerical algorithms for 1D problems (e.g., [6], [8] - [10], [16]). These results con�rm
that drastic progress may be achieved in numerical simulation of 2D fractures in the
3D space.
Emphasize however that e�cient techniques open by the modi�ed formulation for
tracing a moving fracture front, have not completely overcome the remaining di�cul-
ties caused by a) strong non-linearity of the problem, b) non-integrable singularity
of the pressure gradient at points of the front, and c) the fact that, for a general 3D
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problem, the dependence between the opening and net-pressure involves hypersin-
gular operator. The cited 1D solutions have employed ad hoc simpli�cations, which
being available in 1D cases, are unavailable in general 3D problems. Therefore, it is
reasonable to re-visit the classical 1D problems for developing tools, which do not
employ the ad hoc simpli�cations and may be extended to 3D problems.

The present work aims to make a step in this direction. To the date, except for
the paper [5] considering the PKN [12], [13] model, the computational advantages
of the modi�ed theory have been con�rmed by calculations only when the PKN and
KGD [3],[4] problems were solved in coordinates normalized by the fracture length.
This excluded singularity of the temporal derivative of the opening at the fracture
tip. However, such bene�cial normalizing is unavailable in 3D problems because, for
them, the fracture front is composed of continuum of points. Thus, it is of value
to solve the KGD problem in frames of the modi�ed theory in global coordinates
without using the normalizing. Furthermore, having in mind extensions to 3D prob-
lems, it is reasonable to employ hypersingular operator, which expresses the pressure
via the opening, rather than its weakly singular inversion. The inversion, although
bene�cial when there is an analytical expression for the inverse operator (e.g. [8],
[16]), is not available in an analytical form in general.

Summarizing, the objective of the paper is to develop methods, based on the mod-
i�ed formulation, which provide accurate, computationaly e�cient and stable solu-
tion of the KGD problem with two features, which suggest extensions to 3D prob-
lems:

(i) the solution is found in the global rather than normalized coordinates,

(ii) the solution is obtained by using the direct (hypersingular) rather than inverse
(weakly singular) elasticity operator.

The second feature also opens the possibility to employ the dynamic approach in
time stepping as an alternative to the schemes of the Crank-Nicolson type, which,
strictly speaking, require ε-regularization. Below to demonstrate the extended op-
tions, we employ the dynamic approach. It consists of complementing the system
of ODE, obtained after spatial discretization, with the speed equation, in which its
r. h. s. is evaluated by using the universal asymptotic umbrella [7]. We reach
the goal by developing numerical schemes, which show high e�ciency and which
may be promptly extended to 3D problems. The accuracy control is performed by
the comparison of the results obtained with the self-similar solution found to the
accuracy of four correct signi�cant digits, at least. We focus on the comparison of
the key quantities, which are the opening at the inlet and the fracture length. The
time range considered covers two decimal orders (in practice, it corresponds to the
time growth from �rst minutes to �rst hours what is typical for HF treatments). It
is also established that the methods developed are applicable for Newtonian, as well
as for thinning �uids, used in practice.
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2 Problem formulation

We consider the plane KGD problem of HF for the practically important case when
the rheology of a fracturing �uid is prescribed by the power-type dependence:

τ = Mγ̇n, (1)

where τ is the shear stress, γ̇ is the shear strain rate, M is the consistency index,
n is the �uid behavior index. For a Newtonian �uid, n = 1; for a perfectly plastic
�uid, n = 0; for thinning �uids, 0 < n < 1.
We use the modi�ed formulation of the problem. In contrast with the conventional
formulation, it employs the particle velocity v instead of the �ux, the speed equation
(SE) instead of the global mass balance and the universal asymptotic umbrella to
prescribe the r. h. s. of the SE.
The equations for a �uid include the continuity equation:

∂w

∂t
= −∂ (wv)

∂x
− ql, (2)

and the Poiseuille-type movement equation:

v =

[
wn+1

µ′

(
−∂p
∂x

)]1/n

, (3)

where w is the fracture opening, p is the net-pressure, ql is the term accounting for

�uid leak-o� into formation, µ′ = θM , θ = 2
[

2(2n+1)
n

]1/n

.

We neglect a small lag and consider the physically consistent case when singularity,
if it is generated by the leak-o� term at the front, is not too strong to distort
predominantly in-plane �ow within the fracture. Then, as shown in [7], the SE
has the form following from the Reynolds transport theorem. Speci�cally, in the
considered case of a power-law �uid, the particle velocity v tends to the propagation
speed v∗ at the fracture tip x = x∗, so that the speed equation is:

dx∗
dt

= v∗ = lim
x→x∗

(
−w

n+1

µ′
∂p

∂x

)1/n

. (4)

The opening w is not prescribed in advance. For elastic rocks, it is de�ned by
the equation of the elasticity theory, connecting the opening and net-pressure. Ex-
cept for the particular cases of straight and penny-shaped factures, when there
exists weakly singular analytical inversion, the explicit form of the equation con-
tains hypersingular integral with density equal to the opening. The net-pressure is
proportional (with known factor) to the integral. In the considered 1D problem,
taking into account that the problem is symmetric about the origin (w(−x) = w(x),
p(x) = p(−x)), the elasticity equation is:

p(x, t) = −E
′

4π

∫ x∗

0

[
1

(ξ − x)2 +
1

(ξ + x)2

]
w(ξ, t)dξ, 0 ≤ x ≤ x∗, (5)
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where E ′ = E
1−ν2 , E is Young's modulus, ν is Poisson's ratio. The density w(x, t) is

assumed to belong to the class of functions equal to zero at the fracture tip:

w(x∗, t) = 0. (6)

The possibility of the fracture propagation is de�ned by the fracture criterion of
linear fracture mechanics

KI = KIC , (7)

whereKI is the stress intensity factor (SIF),KIC is its critical value. Then equations
of the elasticity theory yield for the opening near the tip x = x∗:

w(x, t) =

√
32

π

KIC

E ′
√
x∗ − x+O ((x∗ − x)α) , (8)

where 1 ≥ α > 1/2. The exact asymptotic behavior of the opening, pressure
and their spatial derivatives near the fracture front is completely de�ned by the
propagation speed [7]. We focus on the viscosity dominated regime, when the major
resistance to the fracture propagation is caused by the �uid viscosity µ′ rather than
fracture toughness KIC . This regime is typical for HF propagation (see, e. g. [14]).
For it, fracture toughness may be neglected (KIC = 0). Then the �rst term on the r.
h. s. of (8) vanishes and asymptotic dependence of the opening on the propagation
speed becomes [7]:

w = Aµ(α)v1−α
∗ [(x∗ − x)]α , (9)

where α = 2/(n+ 2), Aµ(α) = [(1− α)B(α)]−
α
2 , B(α) = α

4
cot[π(1− α)].

In view of the asymptotic umbrella (9), the SE (4) becomes

dx∗
dt

= v∗ = [Aµ(α)]−
1

1−α lim
x→x∗

[
w(x)

(x∗ − x)α

] 1
1−α

. (10)

The boundary conditions (BC) for the partial di�erential equations (2) and (3) are
as follows. One of them is the condition of zero opening at the front (6). It is
satis�ed automatically by using the opening in the mentioned class of functions. In
particular, accounting for the asymptotics (9) automatically meets the condition of
zero opening at the front. The second BC is the condition of the prescribed in�ux
Q = 2q0 at the inlet (x = 0). In terms of the particle velocity it is:

w (0) v (0+) = q0. (11)

Using the limit v (0+) of the velocity from right accounts for the fact that the
velocity is discontinuous at the source point (v (0+) = −v (0−)). Consequently, the
in�ux Q0 is equally distributed between the left and right parts of the fracture, so
that q0 = Q/2.
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The initial conditions (IC) assign the opening w0(x) and the fracture length x∗0 at
an initial moment t0 of time:

w(x, t0) = w0(x) |x| ≤ x∗(0),

x∗(0) = x∗0.
(12)

We need to solve equations (2), (3), (5) in the class of functions w(x, t) with the
asymptotics (9), under the BC (11), the IC (12) and with the propagation speed
dx∗/dt de�ned by (10).

3 Scaling

We introduce the normalizing opening wn

wn =

(
ts
E ′

µ′

) 1
n+2

(13)

to exclude the elasticity E ′ and viscosity µ′ constants from the movement and elas-
ticity equations. The constant ts in (13) denotes a time-scaling factor, which may
be chosen for convenience. Speci�cally, when the shear strain rate in (1) is measured
in the usual unit 1/s, then taking ts = 60n actually transforms the viscosity to time
units of minutes. Then the particle velocity, leak-o� term, the propagation speed,
the in�ux in the source and the initial time may be speci�ed with time measured
in minutes. This is more convenient than tracing a HF propagation with time mea-
sured in seconds. In particular, with ts = 60n, the initial time t0 = 1 corresponds
to 1 minute. Accordingly, hundred-fold greater time t = 100 corresponds to 100
minutes what has the usual order of HF treatment time. Therefore, in further cal-
culations we may consider the problem when the time changes in the range from
�rst to hundreds units.
The normalized variables are:

w′ =
w

wn
p′ =

p

wnE ′

q′l =
ql
wn

w′0 =
w0

wn

q′0 =
q0

wn
.

(14)

In terms of the normalized quantities (14), marked by the primes, the system of
equations (2), (3), (5), the SE (10), boundary conditions (6), (11) and initial con-
ditions (12) keep their form with the only di�erence: now the constants E ′ and µ′

are set unit. From now on to simplify notation, we write the normalized variables
omitting primes.

4 Numerical solution by using dynamic approach

In this paper, we employ the pressure explicitly de�ned via the opening by hyper-
singular operator. This su�ces applicability of the dynamic approach [7], [9], [10].
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It consists of reducing the problem to a complete system of ordinary di�erential
equations (ODE) in time.
The complete system is obtained as follows. We start with an interval of the length
L, exceeding, for certainty and convenience two-fold, the initial fracture half-length
x∗0. On the interval, we spatially discretize the r. h. s. of equations (2), (3), (5) by
using �nite di�erences for PDE (2) and (3) and appropriate quadrature rules for the
hypersingular integral in (5). An approximation of the opening and velocity involves
a �xed number M +1 values wi = w(xi, t), vi = v(xi, t) atM +1 points xi with zero
values of the opening and velocity at points ahead of the fracture front (x ≥ x∗).
Therefore, the r. h. s. of discretized continuity equation is actually set zero at
nodal points ahead of the front. The hypersingular integral (5) provides the nodal
values pi of the pressure behind the front expressed via M + 1 values of the opening.
Then substitution of the found pi into disretized movement equation (3) gives the
nodal values vi of the particle velocity behind the front expressed via wi. Thus the
disretized r. h. s. of continuity equation (2) becomes expressed via the nodal values
wi of the opening. Equating it to the l. h. s. of (2), represented by the time
derivatives ∂wi/∂t, at M nodal points yields M ODE in M unknowns wi. (There
is no sense to include the last M + 1-th point, where the opening and its temporal
derivative are always zero, because the interval is doubled when the front reaches
this point). Still, the obtained system of ODE is not complete because it contains
the unknown half-length x∗(t), which enters through the elasticity equation. The SE
gives the needed additional equation. Indeed, the time derivative dx∗/dt is de�ned
via the opening by the SE (10). Hence, by adding the SE to the ODE, obtained
from the continuity equation, we arrive at a complete system of M + 1 ODE with
M + 1 unknowns: M nodal openings wi plus the fracture half-length x∗.
We follow this line by using the same �nite di�erences for spatial derivatives and
quadrature rules for hypersingular integral as those used in [9]. However, in contrast
with [9], we employ non-normalized spatial coordinates to make possible an extension
to 3D problems. It is easy to show that in non-normalized coordinates, the temporal
derivative of the opening is singular as O ((x∗ − x)α−1) at the fracture front. As
noted in Introduction, this may unfavorably in�uence the accuracy of numerical
results.
As mentioned, we start with an interval of the length L two-fold greater than the
initial fracture half-length: L = 2x∗0. Later on, when the current fracture front
x∗(t) reaches end point x = L, the length L is doubled and the problem becomes
similar to that at the start of calculations.
We use a standard mesh with M + 1 nodes on the interval L. The �rst node is
always placed at the origin (x = 0). Next nodes are located successively at distances
∆x = L/M one from another: xi = xi−1 + ∆x (i = 2, ..,M + 1). The intermediate
points are xi−1/2 = xi−∆x/2, (i = 2, ..,M+1) and, equivalently, xi+1/2 = xi+∆x/2
(i = 1, ..,M). The position of the front x = x∗ is known on each current time step.
It serves to �nd the number i∗ of the node, which being ahead of the front is closest
to it. Since the openings and velocities are zero at nodes ahead of the front, we set
wi = 0, vi = 0 for i = i∗, ...,M + 1. The last node with non-zero opening has the
number i∗ − 1.
The nodal values of the pressure behind the front are found by using piece-wise
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constant approximation of the opening in the hypersingular integral (5):

−4π

E ′
pi =

M+1∑
j=1

Aijwj i = 1, ..., i∗ − 1, (15)

where Aij = 1
τj−xi −

1
τj+1−xi + 1

τj+xi
− 1

τj+1+xi
, with τ1 = 0, τ2 = ∆x/2, τM = xM+1 −

∆x/2, τM+1 = xM+1, and τj = xj−1/2 for j = 2, ...,M − 1; to avoid dividing by
zero, the �rst collocation point x1 is taken slightly moved from the origin as x1 =
0.0000001∆x. Note that the in�uence coe�cients Aij are inversely proportional to
∆x. Hence, they may be evaluated by scaling the coe�cients of a standard square
matrix A0 of order M + 1, calculated in advance for a particular value of ∆x, say,
∆xu = 1/M . This corresponds to the unit interval of integration. Then for a current
∆x = L/M , the coe�cients of Aij are obtained simply by dividing coe�cients of
the matrix A0 by L.
The velocities behind the front are evaluated as follows. At the �rst node, the
velocity is:

v1 = (wn+1
1

p1 − p2

∆x
)1/n.

At the point i∗− 1 closest to the front, the velocity is calculated by using its known
asymptotic behavior:

vi∗−1 = v∗[1 + av(1− xi∗−1/x∗)],

where av = −n/[(n+ 1)(n+ 4)], and the propagation speed v∗ = dx∗/dt is found by
using the asymptotic umbrella (10) as

dx∗
dt

= [Aµ(α)]−
1

1−α

[
wi∗−1

(x∗ − xi∗−1)α

] 1
1−α

. (16)

At other points on the fracture (i = 2, ..., i∗ − 2), the velocity is found by using the
�nite di�erence equation suggested in [9] to account for strong singularity of the
pressure near the front:

vi =

[
wn+1
i

pi−1 − pi+1

∆f(xi−1, xi, xi+1)

] 1
n

, (17)

where ∆f = (x∗−xi)α(n+1)

α(n+1)−1

[
1

(x∗−xi+1)α(n+1)−1 − 1
(x∗−xi−1)α(n+1)−1

]
. Thus, the openings

and velocities become known at each node of the �xed mesh. They are used in �nite
di�erences representing the r. h. s. of continuity equation (2). At the �rst node,
continuity equation is written by taking into account the BC (10) of prescribed in�ux
Q. For certainty, the latter may be set unit (Q = 1), consequently, q0 = 1/2Q = 1/2.
Continuity equation for the �rst node yields the ODE:

dw1

dt
=

3q0 − (4w2v2 − w3v3)

2∆x
. (18)
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At following nodes up to that with the number i∗, the ODE are

dwi
dt

=
−wi+1vi+1 + wi−1vi−1

2∆x
. (19)

For nodes with numbers exceeding i∗, the nodal openings and velocities are zero;
consequently, the r. h. s. of continuity equation are zero, as well, and the ODE are:

dwi
dt

= 0. (20)

The complete dynamic system is obtained by adding the SE (16) to the M ODE
(18)-(20), generated by continuity equation. The resulting system of ODE (18)-(20),
(16) is solved under the discretized IC (11):

wi(t0) = wi0 i = 1, ...,M
x∗ = x∗0.

Herein wi0 and x∗0 are known numbers; for nodes ahead of x∗0, the initial openings
are set zero: wi0 = 0 when xi > x∗0.
The complete system of ODE may be solved by standard methods like those by
Euler, Runge-Kutta, Adams, etc. The coordinate x∗ of the propagating front grows
with increasing time. When it reaches the prescribed length L, the latter is doubled.
Thus the interval again becomes equal to the doubled x∗. We keep the same number
M + 1 of nodes for the doubled interval. Then the mesh size ∆x is also doubled. If
taking M even (M = 2N), odd nodes of the previous mesh become current nodes
of the new mesh. The openings at these nodes are known; the current fracture half-
length x∗ is also known. Hence, we have the same system as that at the beginning of
integration for previous L, with known initial values of nodal openings, with known
half-length, and with doubled ∆x. Since the mesh size ∆x is increased, the time step
may be also increased without loss of stability of an explicit scheme of integration.

5 Numerical results

We implemented the approach described by using two methods of time stepping:
Runge-Kutta (R-K) of fourth order (without and with acceleration) and Adams.
This tended to distinguish that method which provides stable accurate results with
minimal time expense. A proper choice may serve for extending the approach to 3D
HF problems.
We set Q0 = 1 (q0 = 1/2) and used various number of nodes: M + 1 = 21, 41, 61
and 81. In accordance with Sec. 3, the time range considered was from the initial
time t0 = 1 to the �nal time tfin = 100 of conditional time units. The range covers
the usual time of a HF treatment. When using the R-K method, the time step
∆t was chosen small enough to guarantee stability. Since the stability condition
involves the ratio ∆t/∆x2, the time step could be increased with growing mesh size
∆x. Calculations by the R-K method were performed either with a �xed time step
(without acceleration), or with time step doubled when the mesh size was doubled
(with acceleration). To further decrease the time expense, we employed the Adams
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inexplicit predictor-corrector method with iterations at a time step. The accuracy
of the calculations was checked by comparison with the self-similar bench-mark
solution, obtained to the accuracy of four signi�cant digits, at least. To make the
comparison applicable at any time step, the initial conditions (12) at t0 = 1 were
assigned as those corresponding to the self-similar solution at this instant.
The typical numerical results obtained for a Newtonian �uid (n = 1) are illustrated
by Figure 1.

a) b)

Figure 1: Computational results at time tfin = 100 for a) M + 1 = 21 and b)
M + 1 = 81

It presents distributions of the opening along the fracture half-length at the �nal
time tfin = 100 for M + 1 = 21 (Figure 1a) and M + 1 = 81 (Figure 1b) nodes. The
last points at the x−axis correspond to the �nal half-length x∗. For comparison, the
bench-mark self-similar solution is shown by the solid lines. It appears that for a
quite coarse mesh with merely 21 nodes at the interval of the length 2x∗, the error
of the opening at the source is 3.7%, and the error of the half-length is 6.9%. For
M + 1 = 41 nodes, the errors become 2.0% and 4.9%, respectively. For M + 1 = 81
nodes, they are 1.4% and 3.0%, As could be expected, these errors are greater than
those reported in the paper [9], where the same meshes were used in the normalized
coordinates. Then the error of the �nal half-length x∗ did not exceed 0.94% even
for N + 1 = 21 nodes. The growth of errors is explained by the fact that for non-
normalized coordinates, the temporal derivative ∂w/∂t is singular as O((x∗ − x)α−1)
at the front, while in normalized coordinates it is non-singular being equal to zero
(∂w/∂t = 0) at the front. Surely, the error may be decreased by more accurate
integration of the elasticity equation and by direct accounting for the singularity
discussed.
From Figure 1, it can be also seen that there is no signi�cant di�erences in the
accuracy of integration by the R-K and Adams methods. Hence, we may turn
to the comparison of their computational e�ciency. The calculations by the R-K
method without acceleration with M + 1 = 41 nodes required 1 hour to cover the
range from t0 = 1 to tfin = 100 at a conventional laptop in the Matlab environment.
Using acceleration drastically decreased this time; it became 10 minutes. Employing
the Adams scheme additionally decreased the time to 5 minutes. Calculations with
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using FORTRAN required two-fold less time when employing arithmetics of double
precision. Therefore, in the problem considered, the accelerated R-K method is
acceptable, while the Adams method appears superior over it.
The approach developed has been tested for thinning �uids (0 < n < 1), as well. We
could see that, similar to using the normalized coordinates [9], the accuracy notably
decreased when the behavior index n approached zero. The reason is clear from
equations (3) and (4). They contain the degree 1/n, which tends to in�nity when
n goes to zero. This tremendously magni�es even small errors in the base of the
exponent. Therefore for small n, the computatinal algorithm should be modi�ed.
It can be done by raising (3) and (4) to the degree n and expanding into Taylor's
series in n. We do not employ this option, because in practice the behaviour index
is not close to zero. Normally it exceeds the value 0.5 [11], for which the approach in
the form described in the previous section provides results with acceptable accuracy.
Speci�cally, for n = 0.5, when using the mesh with M + 1 = 41 nodes, the errors of
the opening at the source and of the half-length are 3.9% and 2.6%, respectively.

6 Conclusion

Summarizing, we conclude that the approach developed is e�cient when solving
the HF problem in global coordinates with using direct (hypersingular) elasticity
operator. In the time range typical for HF treatments, integration of the obtained
system of ODE may be e�ciently performed by employing accelerated R-K or Adams
methods; the latter looks superior over the former. It is shown that the approach
provides acceptable accuracy for Newtonian and thinning �uids used in practice.
The results imply that it may be successfully extended to 3D problems of hydraulic
fracturing.
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Abstract

Cyclic and low magnitude mechanical loading is considered bene�cial in
prevention and the reversal of bone loss. It is believed that loading on bone
induces normal strain which inhibits resorption and promotes osteogenesis
(i.e., new bone formation) at the sites of elevated normal strain magnitude.
Thus, computer models of bone adaptation have assumed normal strain as
a stimulus and successfully predicted the locations of osteogenesis; however,
these models fall short in �tting the quantity of newly formed bone. Such
limitation may be due to non-incorporation of loading parameters such fre-
quency, cycles and time etc. which considerably in�uence the amount of new
bone formation. Nevertheless, a relationship between loading parameters and
a remodeling parameter such as mineral apposition rate (MAR) to quantify
the amount of newly formed bone, is needed. Accordingly, this study presents
a back-propagation neural network model to identify the relationship between
loading parameters and MAR. The model establishes an empirical relationship
to estimate MAR as a function of loading parameters. The model's predic-
tions closely �ts several in-vivo experimental data. The model can be fur-
ther utilized to de�ne MAR derived remodeling rate coe�cients in computer
model. These �ndings may improve the capability of bone adaptation models
to predict qualitative and quantitative new bone distribution; and thus will be
ultimately useful in design and development of bio-mechanical interventions
to prevent or cure bone loss.

1 Introduction

Long bones are usually subjected to various mechanical loads such as gravity, ground
reaction force and muscle contraction forces in daily routine. In-vivo studies have
reported that these physiological loads are essential to maintain the weight bearing
capacity of bone since bone/muscle disuse in case of bedridden patients, physically
challenged individuals and microgravity in astronauts result into signi�cant bone
loss and thus increases bone fracture risks[1, 2]. Prevention or treatment of such
bone loss is a serious concern for clinicians. Recent research e�orts have shown
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that low-amplitude and cyclic loading on bone may be e�ective in the recovery
from bone loss as it stimulates the osteogenesis (i.e., new bone formation) at the
location of elevated normal strain [3, 4, 5]. Computer models of bone adaptation
have considered normal strain as a stimulus and successfully predicted the locations
of new bone formation for in-vivo experiments [6, 7, 8]. However, these studies
have modeled osteogenesis for speci�c in-vivo experiment and accordingly tuned the
model with speci�c remodeling parameter to �t the amount of new bone formation.
Thus, the same model may fail to precisely predict the amount of new bone formation
for other experimental studies. It is important to note that loading parameters such
as frequency, loading cycle and time signi�cantly in�uence the amount of new bone
formation and remodeling parameters. For example, Hsieh and Turner have shown
that an increase in loading frequency may enhance the new bone thickness [9];
whereas, Cullen et al. had shown that the amount of newly formed bone increases
with increase in number of loading cycles/time [10]. This aspect has been overlooked
in most of the computational models. It indicates that models parameter such
remodeling rate coe�cient must be selected based on loading parameters to improve
the e�cacy of computational prediction. However, there is no unifying principle
to relate bone remodeling parameters such as MAR with loading parameters. In
recent years, neural network models have emerged as an e�cient tool for establishing
an unseen relationship among the given set of parameters [11, 12]. Accordingly,
this preliminary study proposes a neural network approach to identify an empirical
relationship between loading parameters, e.g., normal strain, frequency and cycles,
and MAR. The model opts for a back propagation algorithm. The model captures
the characteristics from available experimental data in the literature and provides an
equation to estimate MAR as a function of loading parameters. The model has been
trained and tested by several in-vivo experimental data. The model's prediction of
MAR closely �ts several in-vivo experimental results. The results clearly indicate
the importance of loading parameters in bone remodeling estimation. These �nding
may be useful for the development of e�cient and universal approaches/models to
predict loading induced osteogenesis, which can be further extended to design of
bio-mechanical therapies for the prevention and cure of bone loss.

2 Method

2.1 Experimental Data Collection

In the present study, we attempt to model the relationship between loading pa-
rameters and a remodeling parameter, i.e., MAR using a neural network modeling
approach. There are several in-vivo experimental studies readily available in the lit-
erature where rodent longs bones especially tibia or ulna of rat/mice were loaded in
cantilever bending [13], axial compression[14], four point [15] and three point bend-
ing [16] and MAR were reported in response to loading. However, di�erent loading
cases have led to di�erent new bone formation even when the strain distribution
were similar. This may be mainly because of di�erences in other loading parame-
ters such as frequency and cycles etc. Hence, loading parameters such as frequency,
cycles, time along with strain and corresponding MAR have been collected from 70
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in-vivo studies. 108 experimental data sets have been prepared out of these studies
and these data-sets were further used as inputs to the model. We have listed few of
these in-vivo studies [17, 18, 19, 20, 21, 22, 10, 9]

2.2 Network Model

A back propagation neural network model with a single hidden layer with four nodes
has been used to relate MAR with loading parameters (Fig. 1). Three loading pa-
rameters, i.e., normal strain, frequency and loading cycles have been incorporated
as inputs to the model whereas corresponding MAR has been considered as an out-
put. Hence, the model has four nodes in hidden layer and one node in output layer.
These layers have been connected through synaptic weights. A sigmoid function has
been used as an activation function for the hidden and the output layers. MATLAB
(Mathworks Inc. Boston) was used to build the neural networks model. The model
has been trained with few experimental data sets to capture the characteristics of
experimental data. The error (sum of squared errors (SSE)) between model out-
put and the target updates synaptic weights through a feedback algorithm during
training. Finally, the model has been tested to check the accuracy of the model. In
this study, we have supplied 25%, 50% and 75% of experimental data as training
inputs and remaining 75%, 50% and 25% has been tested to check the e�cacy of
the model. A step-wise learning rate has been used for training the data.

Figure 1: The neural network model to predict MAR

406



A Neural Network Model to Investigate the E�ect of Frequency and Time on
Loading Induced Osteogenesis

3 Results

3.1 Training Results

The network has been trained in three di�erent batches of 25%, 50% and 75% of
experimental data sets. The training performance of the network for these data
sets can be noticed from Figs. 2, 3 and 4. The error decreases with an increase
in iterations or epochs. The network minimizes the error for all training data sets
using multiple learning rates. The training performance was found satisfactory
for all batches as the error between the network and the targeted outputs was
minimal. These training results establishes an empirical equation to estimate MAR
as a function of strain (ε), loading frequency(f ) and cycles (c), which is as follows:

MAR =
1

1 + e−
∑4
j=1 Zjwjk

(1)

where

Zj =
1

1 + e−
∑3
i=1 xivij

(2)

xi are the inputs, i.e., ε, f and c to the model. wjk and vij are constants obtained
from training of experimental data. The constants obtained from training of 50%
data sets are given bellow:

vij =


−1.29 −4.59 1.79
0.82 0.85 0.36
−2.62 5.26 −10.95
−0.25 −1.16 3.09


and

wjk =


−0.48
−8.72
−7.00
5.89


3.2 Testing Results

The model has been tested to predict MAR for remaining 75%, 50% and 25% of
experimental data-sets after training. It can be observed from Fig. 2 that the error
between predicted output and experimental data is high (SSE = 0.40) when 75%
of experimental data has been tested and only 25% was sent for training. The
model's prediction improved when 50% and 75% of data were sent for training and
correspondingly 50% and 25% of experimental data have been tested (Figs. 3 and
4). It is interesting to note that the model more closely (SSE = 0.05) predicts MAR
for 50% of experimental data which include most of the in-vivo loading cases such
as axial loading, cantilever bending and four point bending (Fig. 2). Moreover, the
same model closely predicts MAR for a broader range of frequencies (i.e., 1, 2, 5, 10
and 30 Hz) and loading cycles (i.e., 90-1200) which can be noticed from Fig. 2.
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Figure 2: (a) Training and (b) testing outputs vs. experimental data; (c and d) SSE
vs. epochs/iterations showing network training performance for 25% data sets.

Figure 3: (a) Training and (b) testing outputs vs. experimental data; (c and d) SSE
vs. epochs/iterations showing network training performance for 50% data sets.
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Figure 4: (a) Training and (b) testing outputs vs. experimental data; (c, d and e)
SSE vs. epochs/iterations showing network training performance for 75% data sets.

4 Discussion

This study �lls the gap between computational prediction and in-vivo experimental
results. Available computational models in the literature predict the location of new
bone formation, however, failed in predicting the amount of new bone formation
as loading parameters change with experiments. Most of the models tuned the
remodeling rate parameters to make prediction more close to the in-vivo results.
This study may be useful for existing computer models in selection of a suitable
remodeling rate constants according to experimental loading condition. The present
model in combination with stimulus based models may be useful in the development
of a robust computational model to �t all the available experimental data in the
literature; thus, the same model can be extended in future to accurately predict
the new bone formation for any other in-vivo study. The model can also be useful
in understanding the role of frequency and loading cycles. For example, the model
captures the characteristic from experimental data that the MAR increase with
loading frequency and cycles which can be noticed form the results as well. This is
one of the advantage of our model. However, one of the limitations of the model
that it captures only a limited number of experimental data. Hence, incorporation of
more data will surely improve the accuracy. In addition, the age of the animals and
rest insertion time between cycles will be incorporated in future as these parameters
also governs the osteogenesis. Collectively, this model provides an insight that a
model based on all experimental result can be useful in understanding the loading
induced osteogenesis which will surely improve the bio-mechanical intervention to
treat or prevent bone loss.
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Abstract

The numerical simulation of �ltration streams of gas in a coal layer with
allowance for of character of distribution of stresses in a boundary part of a
layer is conducted. The numerical algorithm of problem solving about mass
transfer of methane to openings in gas content coal seams is developed and
realized on the computer. The model of gas seepage in a coal bed has revealed
features of the process based on the dependence of coal permeability on ef-
fective stresses and adsorbed gas amount. A seepage wave forms in this case;
the wave travels in an originally impermeable coal bed, generates permeability
zone in it and provides out�ow of gas through exposures to mined-out area.

1 Introduction

Underground coal mining is usually faced with the challenging tasks concerned with
gas �ow analysis. The relevance of such studies grows as mining goes to deeper levels.
Large volumes of gas, especially methane, emitting from coal beds into mined-out
areas create di�cult and, sometimes, hazardous operation conditions in mines.
Among all characteristics of methane mass-transfer in a porous medium of coal,
a special place belongs to permeability coe�cient connecting gas seepage rate and
pressure gradient. Many researchers attempted to determine permeability of coal
specimens under varied con�ning pressure in a laboratory with a purpose of using
the results to judge on coal bed permeability and on the permeability variation with
rock pressure. Such tests are of interest for qualitative descriptions of mechanisms
of change in permeability versus rock pressure. Quantitative estimation of coal
bed permeability in the in�uence zone of rock pressure relaxation needs ad hoc ap-
proaches to determining in situ real-time permeability of coal beds. The theoretical
basis of the methods to determine apparent permeability of coal beyond in�uence
zones of underground excavations was given in [1], with the exempli�ed procedure
of corresponding tests to be carried out in mines.
The already available �ndings of theoretical and experimental research have laid
foundation for modern understanding of methane mass-transfer in coal beds satu-
rated with gas. Advancement in numerical methods to solve boundary value prob-
lems in terms of partial derivatives and the high-performance computers enable
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new-level formulation of basic problems on gas seepage in coal beds and allow new
mechanisms to be determined with regard to kinetics of methane desorption from
coal [2], [3], [4].
It has been shown in [2] that gas-bearing coal beds in a virgin rock mass are im-
permeable. Permeability zones appear when alteration of the intact state results
in opening of fractures in coal beds. Fractures grow with gas out�ow. When this
happens, pressure in a sealed hole drilled in a coal bed and in a permeability zone
around this hole is lower than the natural gas pressure in intact coal.
The key in�uence on initiation of permeability zones in coal beds is mining-induced
alteration of coal bed stress. Stress relaxation and shearing cause joints oriented
mainly along the major principal stress, spacing of joints grows, and thus a system
of seepage channels connecting pores appears in coal. The zone with such system of
channels is gas-permeable. The zone is con�ned by a certain level of stresses that
comparatively fast abate with distance from a mine opening.
Another factor related with initiation and expansion of gas-permeable zone in coal
is shrink (volume reduction) of coal substance when adsorbed gas releases. Joints,
initially tightly crowded, deform, and spacing grows between them (cleats). When
cleats are su�ciently wide, a system of seepage channels is formed as in the case of
coal bed relaxation.
Based on the in situ observation data on gas pressure variation in coal beds and
reasoning from the analysis of coal shrinkage and swelling in the course of adsorption-
desorption, it is shown in [3] that gas �ow in coal bed can be considered as a gas
seepage wave with a jump in adsorbed gas value at the wave front coincident with
the moving boundary of the permeability zone. A determinant in this case is a gas
saturation limit Q∗, at which gaps su�cient for gas seepage (out�ow) appear in
gas-impermeable part of coal bed.
Inasmuch as Q∗ is associated with widening of microcracks and gaps between joints,
it is naturally dependent on stress state of coal, �rst of all, then on tectonic dam-
age and gas content of coal, and on gas sorption-storage capacity and adsorption-
deformation properties of coal. For this reason, because of considerable variability
of damage and sorption properties within a coal bed section, either along the strike
or down the dip, the values of Q∗ at the boundaries of gas-permeable zones will
di�er. This is one of the main causes for di�erent pressures in closely spaced holes
within the same coal bed.

2 Gas seepage model

This section gives details of theoretical notions on formation of permeability in a
coal bed under conditions of its natural occurrence.
A volume of coal bed with voids represented by fractures and pores that can be
�lled with gas is named active porosity and denoted by m apparently, in coal beds:

m = m(σ,Q). (1)

where σ is a certain generalized stress related with fracture opening; Q is the ad-
sorbed gas concentration, i.e. gas amount per unit volume of coal bed. It is note-
worthy that these two parameters give a complete characteristic of state of a coal
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bed as other characteristics are described in terms of these parameters. For natural
rock pressure and natural gas saturation of coal, these parameters are denoted as
σ0 and Q0, respectively.
Flow of �uid and gas in porous media under e�ect of pressure di�erence is charac-
terized by a seepage rate −→u . The seepage rate is de�ned as the �ow rate per unit
area of porous medium oriented perpendicularly to the �ow direction. As a rule, in
permeability zones in coal beds, seepage is a slow �ow and, thus, is assumable as
inertialess. This fact enables connecting the seepage rate −→u and the seepage �ow
pressure p in the form of the linear Darcy law:

u = −k
µ
grad(p), (2)

where k is permeability; µ is viscosity. The value k has the dimension of area and is
only related with the geometry of a porous medium. Such geometrical parameters
of permeability zones in coal beds are, for instance, representative sizes of open
fractures and sizes of joints. These parameters, as the active porosity, depend on
stresses and adsorbed gas concentration. Therefore, in coal beds, generally:

k = k(σ,Q). (3)

The coal bed stresses σ, conditioned by the original stress state of rock mass, depend
on occurrence depth of the coal bed and can be arbitrary and as like as not plenty
high. On the other hand, adsorbed gas is limited in amount by the coal adsorption
limit Q0. Accordingly, the state of coal in the coordinates (Q, σ) is described by an
arbitrary point in a half-string 0 < Q < Q0, σ > 0.
The basic equation of gas seepage in permeability zone is given by:

∂

∂x

(
k

µ
p
∂p

∂x

)
=

∂

∂t
(mρ+Q) , (4)

where ρ is the gas density related with the pressure p by the linear equation of state:

ρ =
p

RT
.

It follows from (4):

∂

∂x

(
k

µ
p
∂p

∂x

)
=

m

RT

∂p

∂t
+
∂Q

∂t
. (5)

In this case [5]:

∂Q

∂t
= δ

[
Q

b(a−Q)
− p
]
. (6)

The di�usive mass-transfer of gas in coal bed is as a rule a slow process; incidentally,
desorption kinetics in permeability zone is neglected, i.e., the gas-dynamic state
of coal bed is assumed equilibrium at any time, and the corresponding sorption
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isotherm is used to connect p and Q. In this case, in (5), instead of (6), it is possible
to use:

∂Q

∂t
=

ab

(1 + bp)4

∂p

∂t
. (7)

This case will be discussed below with illustrated generation of a gas seepage wave
in an originally impermeable coal bed.
Let the coordinate axis x be connected with the free surface of a semi-in�nite coal
bed and oriented in line of expansion of a permeability zone. The boundary of this
zone is denoted as x̃(t).
The initial distribution of coal bed gas pressure is assumed as the natural formation
pressure p0, i.e.:

p = p0, x > 0, t = 0.

At the free surface of a semi-in�nite bed, it is possible to set pressure or a linear
combination of pressure and its normal derivative to the free surface. Consequently,
the respective boundary condition in a general form is given by:

α1p+ α2
∂p

∂x
= f(t), x = 0, t > 0, (8)

where α1, α2 are constants; f(t) is a certain function.
In the permeability zone, the distributions of the gas pressure and adsorbed gas
concentration, p(x, t) and Q(x, t), are continuous at any time t up to the boundary
x̃(t). At the boundary, the �ow continuity condition should hold true:

p̃
k

µ

∂p

∂x
= β

(
Q0 − Q̃

) dx̃
dt
, x = x̃(t), t > 0, (9)

where

p̃ = p(x̃, t), Q̃ = Q(x̃, t), (10)

β is a constant.
In the coordinates (σ,Q, k) the relation (3) describes a permeability surface schemat-
ically shown in Figure 1. The structural features of this surface and its application
are comprehensively discussed in [6].
The equation (4) of gas seepage in coal bed is a quasi-linear equation of thermal
conduction relative to the pressure p, where k and m depend on the wanted function
p and can be discontinuous functions of the arguments x and t. The permeability
k, in view of (3), depends on Q and, eventually, via the sorption isotherm, on the
pressure p.
At the present day, the most e�cient method to solve quasi-linear equations is the
�nite di�erence method. With this method, it is inexpedient to use explicit schemes
inasmuch as the stability condition:

τ ≤ h2

2maxα(y)
(11)
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requires a very small time increment τ at sound selection of a coordinate increment
h.
In connection with this, an implicit scheme is constructed within the accuracy O(h2+
τ)

(
kji p

j
i − k

j
i+1p

j
i+1

) (
pj+1
i+1 − p

j+1
i

)
−
(
kji−1p

j
i−1 − k

j
i p
j
i

) (
pj+1
i − pj+1

i−1

)
=

2h2

τ
Ei
(
pj+1
i − pji

)
.

(12)

Figure 1: Permeability surface

Simple transformations modify the scheme to suite the double-sweep method:

Aip
j+1
i−1 − Cip

j+1
i +Dip

j+1
i+1 = −Fi, 0 < i < N, (13)

where
Ai = kji−1p

j
i−1 + kji p

j
i ,

Di = kji p
j
i + kji+1p

j
i+1,

Ci =
(
kji−1p

j
i−1 + kji p

j
i

)
+
(
kji p

j
i + kji+1p

j
i+1

)
+

2h2

τ
Ei,

Fi =
2h2

τ
Eipij . (14)

The boundary conditions in the general form may be given by:

y0 = κ1y1 + υ1, (15)

yN = κ2yN−1 + υ2 (16)

It is of no particular di�culty to set boundary conditions at the free boundary of the
computational domain. In the simplest case, a constant pressure is set (pressure in
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open hole or in underground excavation - 1 atm), in other words, κ1 = 0, υ1 = phole
should be accepted in (15).
At the moving boundary of the permeability zone, the �ow continuity condition (9)
should be set. Written in the form of (16), it reduces to:

yN+1 − yN = υ2, (17)

where

υ2 =
RTµh

kpbound
Mbound,

T is the absolute temperature of gas; R is the universal gas constant.
The �ow Mbound, entering the permeability zone from the impermeable zone, is
de�ned by the di�usive �ow of gas from coal particles, Mcoal:

Mcoal = β(Q0 − Q̃). (18)

With the denotation of the di�erence scheme:
Q0 ⇒ qN+1, Q̃⇒ qN .

The parameter β is a free-varied value characterizing kinetics of gas desorption from
coal.
This approach requires continuous positioning of the boundary x̃(t), which seems in-
convenient as the computational domain undergoes permanent variation and should
include fractional cells. This inconvenience many be overcome in the framework of
the shock-capturing method. The �nite di�erence scheme should be conservative
in this case, which means that the �ow continuity condition is automatically sat-
is�ed at any point of the domain. The permeability k is assigned to be non-zero
in accordance with (3) over the entire mesh and to be zero in the remaining part.
With such formulation, the calculation, pursuant to (13), (14), embraces the whole
mesh, without identifying the boundary x̃(t), which is determined as a jump in the
pressure (permeability, adsorbed gas amount, etc.).
The isotherm of methane adsorption by coal is given by the relation:

Q =
abp

1 + bp
(19)

at the adsorption parameters a = 15kg/m3, b = 0.1atm−1. These values are within
the real ranges of the adsorption characteristic of coal.
Furthermore, the permeability surface (3) is given by:

k = 10−18

[
25(1− σ)2 −Q

25(1− σ)

]1.5

, Q 0 15kg/m3. (20)

where σ is the stress referred to the minimum initial rock pressure when gas out�ow
is insu�cient to induce permeability (0 0 σ 0 1).
The gas-saturation limit Q∗ is related with the stress set as σ as follows: Q∗ =
25(1− σ)2
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Obtained in such a manner, the surface, which is the boundary of the permeability
zone in coal bed, has the form as in Figure 1 and is qualitatively described by the
relation (20). A quantitative description of this surface in actual coal strongly needs
experimentation, which calls for special equipment and proper procedures. There
are almost no such data available at present time.

3 Results and discussion

The calculations of the parameters of gas �ow in underground excavations within
the developed approach trace the time variation in the state and dimension of the
permeable zone in coal bed (0 0 x 0 x̃); the left-hand boundary x = 0 of this zone
is the excavation surface, and the right-hand boundary x = x̃ is the moving front
of the permeable zone. Initially, at t = 0 an exposure is instantly created, i.e. the
excavation wall is made, and gas out�ow from coal starts in accordance with the
laws (4)-(10).
The parameters that determine the coal bed state at the initial time are:p = p0 =
50atm, Q = Q0 = 12.5kg/m3 , m = m0 = 0.03, and the initial stress σ(x) included
in (20) ranges from 0 to 1. For another thing, it is assumed that at the initial
time the rock mass adjoining the exposure undergoes partial stress relaxation. The
consequent assumption says that in the stress relaxation zone, σ(x) linearly grows
from zero value at the exposure (x = 0) up to a certain maximum at x = 0.5 m.
Beyond this zone (x > 0.5) m, rock mass is in the initial stress state.
The most signi�cant parameter is the gas �ow rate in a hole or in an excavation,
and the time variation in the rate. This is nearly a single characteristic measur-
able directly in �eld conditions. By comparing with this parameter, it is possible,
to a certain degree, to adjust problem input parameters which are impossible to
determine experimentally.
Figures 2 and 3 show time dependences of gas emission rate and total gas out�ow
in mine in logarithmic coordinates for the selected values σ = 0.0, 0.1, 0.4, 0.5, 0.6,
0.7.

Figure 2: Gas emission rate
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Figure 3: Total gas out�ow in mine

A feature of this theory of seepage is the fact that gas seepage takes place only in
a limited zone adjoining coal exposure. This zone continuously enlarges with time,
which is illustrated in Figure 4 for various values of σ. Figures 5 and 6 give plots

Figure 4: Gas seepage zone enlarge with time

of gas pressure and permeability distributions in the mentioned zone at di�erent
times at σ = 0.4. There are two clear sub-zones within the permeability zone: in
one sub-zone permeability is generated by stress relaxation of coal at the exposure
(0 < x <∼ 0.5m), in the other sub-zone permeability is the consequence of gas
desorption and out�ow from coal.
These seepage calculations assume that stresses are independent of time; in other
words, coal shrinkage due to gas out�ow and the associated redistribution of stresses
in overlying rock mass are neglected.
In case that initial stress is relatively low (in the case analysed, <∼ 0.28), coal bed,
in line with (2), becomes permeable at any t irrespective of adsorbed gas amount
Q. Otherwise (i.e. when σ(x) > 0.28), stress relaxation induces permeability in a
certain area where Q < Q(σ). Outside this area coal bed remains impermeable and
its state can only alter with the reduction in Q with time.
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Figure 5: Gas pressure distribution at di�erent times

Figure 6: Permeability distribution at di�erent times

4 Conclusions

The model of gas seepage in a coal bed has revealed features of the process based on
the dependence of coal permeability on e�ective stresses and adsorbed gas amount
(see Figure 1). A seepage wave forms in this case-it is clearly seen in Figure 5; the
wave travels in an originally impermeable coal bed, generates permeability zone in
it and provides out�ow of gas through exposures to mined-out area.
The seepage wave travel to a great extent depends on e�ective compressive stresses.
From the analysis of this dependence, it is concluded on the limitedness of dimension
of the permeability zone and, as a consequence, on the �niteness of gas emission in
mined-out area.
The accepted gas pressure in an underground excavation (at the left-hand boundary
of the computational domain) is 1 atm. In line with the sorption isotherm (19),
this pressure �ts with adsorbed gas amount Q = 1.36kg/m3, which, in its turn,
on the strength of (20), agrees with the constraining stress σ = 0.766. This means
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that when calculations assume maximum stress as equal or higher than 0.766, the
behaviour of gas seepage changes cardinally. In this case, the permeability zone
extends until the stress at the zone front reaches the value 0.766. From then on,
dimension of gas-drained area in coal bed remains unchanged and pressure here
drops down to 1 atm. Supposing coal bed stress originally exceeds 0.766 (for the
parameters accepted in the present calculations), seepage does not start at all, and
slow di�usive escape of gas from coal takes place.
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Abstract

Low-frequency time-harmonic �exural-gravitational waves of a small am-
plitude in a �oating elastic plate are considered. Straight-line obstacles in
the plate are periodically spaced in the horizontal coordinate with an equal
separation. Propagation of �exural-gravitational waves through the plate is
analytically studied under a thin �uid layer approximation. We are concerned
with stopping and passing frequency bands, of which the boundaries are found.

1 Introduction

In [1] under a shallow-water approximation transmission of �exural-gravitational
waves through a periodic �oating elastic plate was investigated. The plate simu-
lated an ice cover of ocean shelf with two kinds of straight-line obstacles: areas of
broken ice and ice hummocks. The paper [2] was devoted to scattering of �exural-
gravitational waves by periodically spaced arrays of straight-line narrow cracks in
ice sheets modelled by a periodic elastic plate �oating on water of �nite depth. In [3]
wave propagation in periodic plates and cylindrical shells composed by alternating
segments of di�erent elastic materials was considered.
A mathematically similar problem of transmission of waves along a periodically
weighted strings and beams was studied in [4]. It was pointed out that two oncoming
decaying waves can transfer energy. An elastically supported string with point-wise
defects and waves in it were considered in [5]. Flexural waves in an elastic beam
with periodic system of weights were explored in [6].
Note that the study and development of periodic models such as strings, rods, mass-
springs, beams, plates, shells have increasing attention due to a wealth of di�erent
engineering applications, e.g., vibration protection, noise isolation, railway track
dynamics simulation etc.
In our previous work [7] we investigated transmission of �exural-gravitational waves
through multiple straight-line obstacles in a �oating elastic plate. In the case of
equidistant obstacles complete transmission of an incident wave was obtained at
certain frequencies. The plot of energy transmission coe�cient against the separa-
tion between the obstacles is featured by consecutive peaks reaching 1 in limited
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Figure 1: Energy transmission coe�cient T of an incident �exural-gravitational
wave against the fractional separation x0/λ between the movable clamps. N = 7.
A thin �uid layer approximation. The horizontal line displays energy transmission
coe�cient T1 in a case of one movable clamp. Hereafter, we use the values of
parameters taken from the work [8]. In particular, the plate density ρ = 917 kg/m3,
the Young's module E = 4.2 · 109 N/m2, the Poisson ratio ν = 0.3, the thickness of
the plate h = 1.6 m, the thickness of the �uid layer h1 = 50 m, the density of the
�uid ρ1 = 1000 kg/m3. Wave frequency is ω = 1.2 s−1, wave length is λ = 139.4 m.
Vertical dashed lines show the boundaries of the stopping bands. The stopping
bands are shaded.

intervals (Fig. 1). The number of the consecutive peaks is equal to N − 1, where
N is the number of obstacles. As the number of obstacles increases, the peaks �ll
in these intervals. Intervals with the peaks alternated with another intervals inside
which the energy transmission coe�cient is closed to zero. We suggested in [7] that
in the case of a periodic array of obstacles passing and stopping bands would occur.
The present paper is devoted to this case and organized as follows. We begin with
the study of �exural-gravitational waves in an elastic periodically supported plate
�oating on a thin �uid layer. After that, we consider �exural waves in an elastic
periodically supported beam and compare obtained results with each other.

2 An elastic periodically supported �oating plate

A thin elastic plate �oats on the surface of an ideal incompressible �uid of the
thickness h1 and the density ρ1. A periodic array of movable clamps at lines xn = x0n
(n ∈ Z) divides the plate into in�nite number of identical strips of the width x0.
Con�guration of the model is shown in Fig. 2. We deal with time-harmonic �exural-
gravitational waves of a small amplitude propagating at a low frequency ω. Time-
dependent factor e−iωτ is omitted everywhere. The �uid layer is thin in comparison
to all wave lengths.
The velocity potential Φ(x, z) is developed as a series in z + h1

Φ(x, z) = α0(x) + α1(x)(z + h1) + α2(x)(z + h1)2 + . . . , −h1 < z < 0. (1)
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Figure 2: Cross-section of a periodic elastic plate �oating on a thin �uid layer.

From the Laplace equation 4Φ(x, z) = 0, where 4 = ∂2

∂x2
+ ∂2

∂z2
, we derive

α2k(x) =
(−1)k

(2k)!

∂2kα0(x)

∂x2k
, α2k+1(x) =

(−1)k

(2k + 1)!

∂2kα1(x)

∂x2k
, k = 1, 2, . . . (2)

In particular, we have

α2(x) = −α′′0(x)/2. (3)

From the boundary condition ∂Φ(x,−h1)
∂z

= 0 on the rigid bottom z = −h1 we obtain

α1(x) = 0. (4)

With account of the terms of the �rst order of smallness inclusively, in view of (4),
we have

Φ(x, 0) = α0(x). (5)

From the kinematic boundary condition ∂Φ(x,0)
∂z

= −iωζ(x) at the interface z = 0, in
view of (3), we get

ζ(x) = − i
ω
α′′0(x)h1, (6)

where ζ(x) is the elevation of the plate. The dynamic boundary condition

Dζ ′′′′(x) + (ρ1g − ρhω2)ζ(x)− iωρ1Φ(x, 0) = 0, x 6= xn

at the interface z = 0 gives

D
d6α0(x)

dx6
+ (ρ1g − ρhω2)

d2α0(x)

dx2
+
ρ1ω

2

h1

α0(x) = 0, x 6= xn, (7)

where D is the �exural rigidity, ρ is the density, h is the thickness of the plate. Thus,
under a thin �uid layer approximation we will employ the equation (7) instead of
the Laplace equation and the boundary conditions at z = 0 and z = −h1. The
matching conditions are imposed at x = x0n (n ∈ Z).

lim
x→x+n

α0(x) = lim
x→x−n

α0(x), lim
x→x+n

α′0(x) = lim
x→x−n

α′0(x), lim
x→x+n

ζ(x) = lim
x→x−n

ζ(x),

lim
x→xn

ζ ′(x) = 0, lim
x→x+n

ζ ′′′(x) = lim
x→x−n

ζ ′′′(x).
(8)
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Let us consider the equation (7) on the interval (0, 2x0). According to the theorem
of Floquet [9], the general solution of the problem takes the form

α0(x) =



2∑
n=0

(
C+
n e

iλnx + C−n e
−iλnx

)
, x ∈ (0, x0),

2∑
n=0

(
C+
n e

iλn(x−x0) + C−n e
−iλn(x−x0)

)
eiϕ, x ∈ (x0, 2x0),

(9)

where λ0, λ1, λ2 are the roots of the dispersion equation

Dλ6 + (ρ1g − ρhω2)λ2 − ρ1ω
2

h1

= 0. (10)

λ0 is the positive root, λ1 and λ2 are two complex roots located in the upper half
plane (λ2 = −λ1). Satisfying the matching conditions at x = x0 leads to an inho-
mogeneous linear system of equations Pu = v, with a matrix P equals to

P =



1 1 1 0 0 0

0 0 0 λ0 λ1 λ2

−λ2
0 −λ2

1 −λ2
2 0 0 0

0 0 0 −iλ3
0 −iλ3

1 −iλ3
2

λ4
0 λ4

1 λ4
2 0 0 0

0 0 0 iλ5
0 iλ5

1 iλ5
2


. (11)

Variables u are introduced by the formulae

un = C+
n (eiϕ − eiλnx0) + C−n (eiϕ − e−iλnx0),

un+3 = C+
n (eiϕ − eiλnx0)− C−n (eiϕ − e−iλnx0), n = 0, 1, 2.

A column-vector v is determined by v = iω
H

(
0, 0, 0, 0, B

D
, 0
)t
. The �rst and second

equations of the system describe continuity of α0(x) and its �rst derivative α′0(x) at
x = x0. The third, forth and sixth equations show continuity of the elevation ζ(x)
and its �rst ζ ′(x) and third ζ ′′′(x) derivatives at x = x0, respectively. According to
the �rth equation, the jump of the second derivative ζ ′′(x) is non-zero. The quantity
B represents the bending moment at x = x0. Solution of the system is

u0 =
iωB

HD(λ2
0 − λ2

1)(λ2
0 − λ2

2)
, u1 =

iωB

HD(λ2
1 − λ2

0)(λ2
1 − λ2

2)
,

u2 =
iωB

HD(λ2
2 − λ2

0)(λ2
2 − λ2

1)
, u3 = u4 = u5 = 0.

(12)

Coe�cients C±0 , C
±
1 , C

±
2 are calculated by

C±0 =
iωBυ±0

2DH(λ2
0 − λ2

1)(λ2
0 − λ2

2)
, C±1 =

iωBυ±1
2DH(λ2

1 − λ2
0)(λ2

1 − λ2
2)
,

C±2 =
iωBυ±2

2DH(λ2
2 − λ2

0)(λ2
2 − λ2

1)
,

(13)
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Figure 3: Moduli |eiϕ| and |e−iϕ| against the fractional separation x0/λ between
the movable clamps. Wave frequency is ω = 1.2 s−1, wave length is λ = 139.4 m.
Vertical dashed lines show the boundaries of the stopping bands. The stopping
bands are shaded

with υ±n = 1/(eiϕ − e±iλnx0), n = 0, 1, 2. We set ζ ′(x) equal to zero at x = x0 and
derive a simple algebraic equation

υ+
0 − υ−0

(λ2
0 − λ2

1)(λ2
0 − λ2

2)
λ3

0 +
υ+

1 − υ−1
(λ2

1 − λ2
0)(λ2

1 − λ2
2)
λ3

1 +
υ+

2 − υ−2
(λ2

2 − λ2
0)(λ2

2 − λ2
1)
λ3

2 = 0. (14)

Let us consider the cases a) |eiϕ| = 1 and b) |eiϕ| 6= 1 separately. In the case a) the
solution α0(x) undergoes a change in phase ϕ across two neighboring cells of the
width x0 and represents a wave propagating without attenuation throughout the
periodic array of the movable clamps. The phase velocity of the wave is directed to
the side of increasing or decreasing of coordinate x. The frequency is said to lie in
a passing band. Under condition b) relation α0(x + x0) = eiϕα0(x) indicates that
amplitude of the wave process exponentially grows or decays when passing from one
cell to another. The frequency is said to lie in a stopping band.
It can be shown straightforwardly that the boundaries of passing and stopping bands
satisfy the equations

λ3
0(λ2

1 − λ2
2) ctg

λ0x0

2
+ λ3

1(λ2
2 − λ2

0) ctg
λ1x0

2
+ λ3

2(λ2
0 − λ2

1) ctg
λ2x0

2
= 0,

λ3
0(λ2

1 − λ2
2) tg

λ0x0

2
+ λ3

1(λ2
2 − λ2

0) tg
λ1x0

2
+ λ3

2(λ2
0 − λ2

1) tg
λ2x0

2
= 0,

sin(λ0x0) = 0.

(15)

If eiϕ is a solution of the equation (14) then so is e−iϕ. It means that waves have
no preference in the direction in which they propagate. Dependencies of |e±iϕ| from
the fractional separation x0/λ between the movable clamps are shown in Fig. 3.

3 An elastic periodically supported beam

We also concern with an in�nitely long elastic beam with a periodic array of movable
clamps at the points xn = x0n, n ∈ Z. The wave motion of the beam is governed
by the equation

Dζ ′′′′(x)− ρhω2ζ(x) = 0, x 6= xn, (16)
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Figure 4: Moduli |eiϕ| and |e−iϕ| against the fractional separation x0/λ between
the movable clamps. Wave frequency is ω = 1.2 s−1, wave length is λ = 184.6 m.
Vertical dashed lines show the boundaries of the stopping bands. The stopping
bands are shaded.

where ζ(x) is the elevation of the beam, D is the �exural rigidity, ρ is the density, h
is the thickness, ω is a wave angular frequency. The elevation ζ(x) must satisfy the
matching conditions at the points x = xn

lim
x→x+n

ζ(x) = lim
x→x−n

ζ(x), lim
x→x+n

ζ ′′′(x) = lim
x→x−n

ζ ′′′(x), lim
x→xn

ζ ′(x) = 0. (17)

The periodicity of the con�guration allows us to consider the equation (16) on the
interval (0, 2x0) and in accordance with the Floquet theorem write the general so-
lution in the form

ζ(x) =

{
C1e

ikx + C2e
−ikx + αe−kx + βekx, x ∈ (0, x0),

(C1e
ik(x−x0) + C2e

−ik(x−x0) + αe−k(x−x0) + βek(x−x0))eiϕ, x ∈ (x0, 2x0),

(18)

where k is the arithmetical root of the equation Dk4 − ρhω2 = 0. Unknown coe�-
cients C1, C2, α and β must satisfy the inhomogeneous linear system of equations

C1(eiϕ − eikx0) + C2(eiϕ − e−ikx0) + α(eiϕ − e−kx0) + β(eiϕ − ekx0) = 0,

C1(eiϕ − eikx0)− C2(eiϕ − e−ikx0) + iα(eiϕ − e−kx0)− iβ(eiϕ − ekx0) = 0,

C1(eiϕ − eikx0) + C2(eiϕ − e−ikx0)− α(eiϕ − e−kx0)− β(eiϕ − ekx0) =
B

D
,

C1(eiϕ − eikx0)− C2(eiϕ − e−ikx0)− iα(eiϕ − e−kx0) + iβ(eiϕ − ekx0) = 0

(19)

to which we arrive from the matching conditions (17). The solution of the system is

C1 =
B

4D(eiϕ − eikx0)
, C2 =

B

4D(eiϕ − e−ikx0)
,

α = − B

4D(eiϕ − e−kx0)
, β = − B

4D(eiϕ − ekx0)
.

(20)

The derivative ζ ′(x) must be equated to zero at x = x0 to �nd the characteristic
equation with respect to the unknown factor eiϕ

eikx0

eiϕ − eikx0
− e−ikx0

eiϕ − e−ikx0
− i e−kx0

eiϕ − e−kx0
+ i

ekx0

eiϕ − ekx0
= 0. (21)
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Figure 5: Passing and stopping bands in relation to the angular frequency ω and
the fractional separation x0/λ between the movable clamps. Stopping bands are
shaded. λ is a wave length. a) An elastic periodic �oating plate. b) An elastic
periodic beam.

The boundaries of passing and stopping bands are described by equations

tg
kx0

2
± th

kx0

2
= 0, sin(kx0) = 0. (22)

Fig. 4 shows |e±iϕ| versus the fractional separation x0/λ between the movable clamps.
Fig. 5 demonstrates the passing and stopping bands in relation to the frequency ω
and the fractional separation x0/λ between the movable clamps. The left subplot
shows the curves obtained in the case of a �oating elastic plate, the right subplot �
in the case of an elastic beam. It is seen that the presence of a �uid layer markedly
a�ects on the propagation of �exural waves. Stopping bands are narrowed. At very
low frequencies they vanish. On the other hand, passing bands are broaden. Ap-
parently this result has the following physical explanation. A �uid layer represents
an additional channel of energy transfer, which facilitates the transmission of waves.
Another feature is that the width of the �rst passing band is larger then others and
is equal to a half-wave length.

4 Conclusion

Calculations performed by formulae (15) show that the maxima of energy transmis-
sion coe�cient in a case of a �nite number of movable clamps are reached within
passing bands, and the minima � within stopping bands (Fig. 1). Since the maxima
of transmission of an incident wave are accompanied by considerable internal e�orts
that are developed in all movable clamps and also by great amplitudes of the plate
elevation, the knowledge of the boundaries and location of stopping and passing
bands is of practical value.
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