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Abstract

This paper is devoted to the evaluation of sampling interval provid-
ing robust exponential stability of nonlinear system with sector bounded
nonlinearities. It extends our previous results (R.E. Seifullaev, A.L. Frad-
kov. Sampled-Data Control of Nonlinear Oscillations Based on LMIs and
Fridmans Method. In 5th IFAC International Workshop on Periodic Con-
trol Systems, 95-100. Caen, France. 2013). The proposed approach ex-
ploats E.Fridmans method for linear systems based on a general time-
dependent Lyapunov-Krasovskii functional. With classical results of V. A.
Yakubovich about S-procedure the problem is reduced to feasibility anal-
ysis of linear matrix inequalities. The results are illustrated by example:
the pendulum system with friction and sector bounded multiple nonlin-
earities.

1 Introduction

A long standing problem in computer controlled systems analysis and design
is evaluation of admissible sampling period. Since the 1950s a number of ap-
proaches to this problem were proposed [1, 2, 3]. However conservativeness
reduction of the sampling period estimates is still of interest even for linear sys-
tems. The problem has become still more important after broad propagation of
networked control. E.g. in [18] a solution to the approximate tracking problem
of sampled-data systems with uncertain, time-varying sampling intervals and
delays is presented and sufficient conditions for the input-to-state stability of
the tracking error dynamics with respect to this perturbation are given.

An efficient approach to estimation of the admissible sampling period is being
developed for more than two decades by Emilia Fridman with coauthors. It is
based on the interpretation of a networked control system as a continuous-time
delayed system with time-varying (sawtooth) delay (”Input-delay method”) [4,
5,6,7,8,9, 10]. Early results [4, 5] were significantly extended and powered with
the so called descriptor method [6], proposed by E.Fridman. In [7] the input
delay approach was extended to robust stabilization. It was further refined in
[8] with the novel time-dependent Lyapunov-Krasovskii functional and efficient
LMI solvers this method has become significantly less conservative. In this paper
we will use the version of the input delay approach formulated and justified in
[8]. This version will be called ”Fridman’s method” throughout this paper.

Until recent the existing results on Fridman’s method and its extensions
(e.g. [19]) were applied only to sampled-data linear systems and switched lin-
ear systems([13, 14, 15, 16, 10]), up to authors’ knowledge. Some results were



extended to nonlinear Lurie systems in [12]. This paper is devoted to further
extension of this method to include both robust and nonlinear settings. Namely
the structured uncertainty in plant parameters and sector bounded nonlineari-
ties are considered.

There exist a number of papers related to evaluation of sampling period
for nonlinear systems. For example, in [24] the analytic conditions for the de-
lay size and the maximum sampling interval ensuring stability of affine system
with delay and sampling in feedback are given. In paper [25] the existence of a
nonzero sampling interval for ISS nonlinear systems is shown. In [23] the stabi-
lization of nonlinear system with delayed and sampled-data control is studied,
where it is shown that sampled- data feedback laws with a predictor-based de-
lay compensation can guarantee global asymptotic stability for the closed-loop
system with no restrictions for the magnitude of the delays and arbitrarily long
sampling period. Paper [20] investigates the stabilization problem of the non-
linear networked control systems with drops and variable delays. In [26] the
synchronization algorithm for chaotic Lurie systems using sampled-data control
is proposed.

In this paper we study the simple for implementation zero-order-hold lin-
ear controller for robust stabilization of nonlinear Lurie systems with sector
bounded nonlinearities. The contribution of this paper is the condition for sam-
pling interval size providing exponential stability of sample-data system. To
verify our condition one needs to check feasibility of a number of new linear
matrix inequalities. The key tools to obtain the results is application of Frid-
man’s method and Yakubovich’s S-procedure. In the paper we also examine
an example: the pendulum system with friction and sector bounded multiple
nonlinearities. The system is closed by sampled-time linear state feedback. Our
aim is to evaluate the upper bound of the sampling interval below which the
system is absolutely stable. Evaluation of the maximum sampling period ensur-
ing exponential stability is performed for several cases: with known parameters,
with unknown friction, with unknown mass, with unknown length and with un-
known all those parameters at once. Comparison with Matlab simulation results
demonstrates good quality of the estimates.

2 Problem formulation

Consider the uncertain nonlinear system

k1
#(t) = (A+ AA)a(t) + 3 (@ + AG) &) + (B + ABé(1)) u(t),

o - (1)
ao(t) =Tox(t), &o(t) = @o(ao(t),1),
T

&z(t) =T J?(t), gi(t) :Qbi(a'i(t)vt)’ i=1,..., k1,

X

where z(t) € IR" is the state vector, u(t) € R is the control function, A € R"*",
B ¢ R™™ are constant matrices, §; € IR",7; € R", 7y € IR" are constant vec-
tors.



Assume that &(t) = $;(54(t),t) are nonlinear scalar functions (see Fig.1)
satisfying R

for all ¢ > 0, where ji; < jij are real numbers. Let scalar nonlinear function
&o(t) = @0(60(t),t) be bounded for all £ > 0

where @, < @ are real numbers.
&t & =10
{=¢(00)

§=mo

Figure 1: Sector bounded nonlinearity

Assume that uncertainties AA, Ag;, AB are structured as follows:

k2
AA = Z q ay f?,

=1
k3

Ag; = E qij aij, 1=1,..., k1,
=1

AB = Byb,

where q_l S IRn,F[ S ]PL”(Z = 1,...,](12), (jqjj S IRn,(Z: 1,...,]1117 jz 1,...,/433)
are known constant vectors, By € IR™*™ is known constant matrix, and a;, a;;, b
are unknown real numbers satisfying

0<a <a < al+,
0 <a;; <aij éa;;, (5)
0<b <b<bt,
where a;,aﬁa&,a%,b‘,b“‘ (Il=1,....ks, i=1,....k;, j=1,...,ks) are
known positive real numbers.
Given a sequence of sampling times 0 = t) < t; < ... <t < ... and a
piecewise constant control function
u(t) = ug(ty), tex <t <tpsr, (6)



where khﬁrglo t, = oo.
Assume that h € IR (h > 0) and
toor —th <h, Vk>=0 (7)
and consider a sampled-time control law
u(t) = Ka(ty), tp <t <tpyr, (8)
where K € R™*". The law (8) can be rewritten as follows:
u(t) = Kz(t — 7(t)), 9)

where T(t) =1 =g, tp <t <tpy1.
It’s required to analyze the influence of the upper bound h of sampling
intervals on the closed-loop system exponential stability:

k1
#(t) = (A+ AA)a(t) + (B + ABéO(t)) Ka(t—7(t) + (G + Ag:) &(1),
=1

Got) =g x(t), &o(t) = Go(Go(t).1),
Gi(t) =7 x(t), &) =@i6:(1),1), i=1,....k
T(t) =t—tg, te [tk,tk+1).
(10)
Remark 1 Let us provide some examples of sector bounded nonlinearities, sat-
isfying (2):
o { =gin(o): p1 &~ —0.2173, po =1 (see. Fig. 2),
o & =sin(0?): u1 ~ —0.855, g ~ 0.855 (see. Fig. 3),

o relay with dead zone, saturation, piecewise-linear function etc. (see [11]).

Let us give an example of mechanical system described by equation (1).
Consider the system, corresponding to the computer controlled pendulum with
friction:

B() = Tsin(o(t) — So(0) + (),
u(t) = Ka(t —7(t)), (11)
T(t)zt—tk, tE[tk,tk+1), thke1 —tek=h, k=0,1...,

where | and m are the length and the mass of the pendulum respectively, « is a

viscous friction constant, ¢ is the deviation angle of the pendulum from vertical
(¢ = 0 at the upper position), u is the control torque, z(t) = [p(t), ¢(t)]".

Let friction x be unknown, and

0 < k1 < K < Ka.
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Figure 2: ¢ = sin(o)

System (11) can be rewritten as follows:

z(t) = (A+ AA)xz(t) + 161 () + Bu(t),
or(t) =ria(t), &i(t)=sinoi(t),

where

& and a for all ¢ > 0 satisfy

2
oy < o1& < paoy.

3 Preliminaries

Definition 1 The space of absolutely continuous on [—h,0) functions f : [—h,0] —
IR" having square integrable first-order derivatives is denoted by W with the

norm | fllw = max 176)|+ [J2, 1f(s)ds] .

Denote x4(0) : [—=h,0] = R"™ as x4(0) = x(t + 0), where 2(0) = 0 if 6 € [—h,0).
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Figure 3: ¢ = sin(o?)

Definition 2 System (10) will be called exponentially stable with the decay rate
a > 0 if there exists § > 0 such that for solution x(t) of (10) with initial
condition x, the following estimate holds

ja(t)|? < Be™* 071 |y, |3y, VE > to.

The proof of our main result is based on the following auxiliary statement that
can be proved along the lines of Lemma 1 in [8].

Lemma 1 Let there exist positive numbers (1,82 and a functional V : IR X
W x La[—h,0] — IR such that

Brlp(0)> <V (t, ¢, ) < Ba |03 - (12)

Let the function V (t) = V (t,x,44) be continuous from the right for x(t) satis-
fying (10), absolutely continuous for t # ty, and satisfies

lim V(t) > V(tx). (13)
Given a > 0 if along x(t)
V(t)+2aV(t) <0 (14)

almost for all t then (10) is exponentially stable with the decay rate a.



4 Main result

Introduce new variables as follows:
oo(t) =rga(t), &l(t) =po(oo(t),t),
oit) =rFz(t), &) =i(os(t),t), i=1,...,N,

where

N=Fk +ko+kiks, ro=79, ¢=¢ for i=1,... kq,

Ti =TiGy, G = Qi) for di=ki+1,... ki +ko,  j(i) =1 — ki,

i =71, ¢ =quu for i=ki+ke+1, ... ki +katks, j(i)=1i—k — ko,

Ti =To, @i = Qo) for i=ki+kotks+1, ... ki +ko42ks, (i) =1 — ki —ka— ks,

TP =Tk Qi = Qryj(s) for i=k +ko+ (ki —1ks+1,...,N, j()=i—N+ks,
QDO(O-()(t)at) = b@o(ao(t),t)7
po =b" G0, wg =bTag, i @p >0,
<pg:b+gfa, <p3'=b+</~93', %f gfa<0,<p3'>0,
wo =bt @y, @5 =b"¢5, if @5 <0,
&(t) = ajoyoilt), py =aj,y, w=aj
for i=ki+1,...,k + ko, j(i):i—k/’l;

pp = agphy s 1= afpa, i Ay 20,
&i(t) = arjé (), pi =ay by 1= aypal, i fp <0, 4 >0,
M;:alj(i)ﬂ;a Ky :a;j(i)ﬁfa if Ay <0,
for i=ki+ka+1,... k1 +kotks, j@)=i—k —ko;
B =gy, 1 =agfn, i iy >0,
&i(t) = agjna(1), Wi = agupfa s 1= agpfis, i iy <0, fi3 >0,
My :a;_j(i)ﬂz_a Hy :ag_j(i):[l‘;_? if [z <0,
for i=Fki+ho+ks+1, ... ki +ky+2ks, §(i)=1i— ki — ko — ks;

- - - T
B Hi = Qg iy .Ui *ailj(i)ﬂilv it iy, >0, .
§i(t) = k) €h (1), Mi = g M= O it iy, <0, fig, >0,
- =

e = b = i, 1 B <O,
for i=k1+k2+(/€1—1)k‘3+17...,N, j(i)Zi—N-‘v-kg.
From (2), (3), (4) and (5) it follows that

vy < &lt) < ¢f, (15)



- 2

+ 2
Ky 0 i

<oi&<p o, i=1,...,N. (16)

(2
Therefore, system (10) can be rewritten as follows:

N
(t) = Ax(t) + (B + Boo(t)) Kzt — 7(t)) + Z qi&i(t),

oo(t) =rda(t), &(t) = poloo(t),t), (17)
oi(t) =rTa(t), &(t) = ilos(t),t), i=1,...,N,
T(t):t—tk, t e [tk7tk+1).

Let us start with the special case of the constant sampling intervals ;41 —
ty = h, k = 0,1,... Consider the following functional (introduced in [8]) on
R xW x LQ[—h,O]:

0
V(t,xe, ) = Jit(O)TPJ?t(O)—F(h—T(t))/ e2as :ctT(s) Q x4(8)ds+Vi(t, zy),

—r(t)
(18)

where P and ) are symmetric positive definite matrices, and

X4x7 —X+X
Vo) = (-ro) 7| T T e e
2

and ¢ = col {xt(O),xt,T(t)(O)}, X e R™", X; € R™"™.

To formulate the main result of the paper let us check the conditions of
Lemma 1.

For fulfillment of (12) it is sufficient that

o(h) > 0, (19)
where
_ [ P XXt hX1 —hX
Oh) = x —hXy — hX{ + hXEXT
Indeed,
h—7(t t
e POVl z) = =T T om (T (o) ¢ im0,

(20)

where 81 = min(v1,12), v and v, are minimum eigenvalues of P and ©(h)
respectively. -
Define function V (t) = V (¢, z¢, &), i.e.

V(t) = x(t)T Pa(t) + Vg (t,&(t)) + Vi(t, =(t)), (21)



where o
Vo(t,&(t)) = (h—7(1)) / 25 3T (t + 5) Q (t + s)ds.
—7(t)
Note that
o Vo >0and lim Vg(t,@(t)) = Vo(tk, (tx)) = 0 because 7(t)j—, = 0,

t—t)
o lim Vi(t,x¢) = Vi(ty,2¢,) = lim Vi(t,z) =0 (i. e. 7(t) = h att — ¢,
t—t; t—th
and 7(t) =0 at t — t;7, hence, z(t) = z(t — 7(1))).
Therefore, V (t) is continuous from the right and condition (13) holds.

Evaluate the left hand side of (14). Since Lz(t — 7(t)) = (1 — 7(t))&(t —
7(t)) = 0, we obtain

V() +2aV (t) < 227 (t)Pa(t) + 202 (t)Pa(t) + (h — 7(t)&T (1) Qi (t)

0 X+xT _X
—2ah . T . T + X1
— t t ds — t 2 t
e /_T(t)w (t+5)Qi(t+s)ds—( (){ O ¢(t)
+(h=7(t)) (" ()X + XT)z(t) + 22" ()(=X + X1)z(t — 7(t)))+2a Vi (t, (1))
(22)
Denote
L[ s (23)
v(t) = — z(t + s)ds,
1) T(t) J o7
where right hand side of (23) for 7(¢) = 0 is understood as (li)movl = &(t).
T(t)—
From the Jensen’s inequality [22] we have
0
/ T (t+5) Qi(t + s)ds = 7(t) v Quy. (24)
—7(t)

Denote for brevity B(t) = B + Bo&o(t), B~ = B+ Boy, , BF = B + Boypg. If
x(t) is the solution of (10), then the following equalities hold

0=2[—z(t) +x(t—7(t)) + 7(t)v1] X

)

N
T
x [xT(t)YlT +aTWYE 4T - ()T + Y &gl v
i=1

0=2[2"(t)P +a"(t)P]]

Az(t) + BO)Kz(t — 7(t)) + Z @:&i(t) — x‘(t)] ,
= 25

~~

where Py € R™", Py € R™", v, € R™", Y, € RV, V) € R™™ (i
1,...,N), T € IR"" are some matrices.
Denote 11 (t) = col {a(t), (), z(t — 7(1)),&1(1), ..., En(t), 01(8)}, m € R



Adding (25) to the right-hand side of (22) and using (24) we obtain

V(t)+2aV(t) <0’ (£)¥(t)n(t), (26)
where
[ ®1i(t) @ia(t) Pra(t) @) ... @) r@y ]
x Boy(t) Dos(t) @) ... @) syl
x x Bg(t) 0% ... ol r@rT .
U(t) = * * * 0 ... 0 Y | @
* * * o : :
. T(t)Q%Y:g(N)
L * * * * * *  —T1(t)Qe 2 |
where ” %7 stands for corresponding block of the symmetric matrix and

X+ XxT
®11(t) = ATPy+ PYA+2aP - Y, —Y{¥ — (1 —2a(h — T(t)))%,
X+ X7

2 b

B19(t) =P — PL + ATP; — Yo + (h— 7(t))

i3(t) = Y + Py BO)K — T + (1 — 2a(h — 7(H))(X — X1),
)
)

A

2(t) = =Ps — P + (h—7(1))Q,
Bo3(t) =Yy + P{BHK — (h—7(1))(X — X1),
X+ X7 -2x;, —2xT
5 ,
o) =Pl g - vV, o) =Plq, o) =vP¢, i=1,... N

Py3(t) =T +T" — (1= 20(h — 7(t)))

Thus, to check condition (14) it is sufficient to verify that the matrix W(t) is
nonpositive for all ¢ > 0. Consider the following linear matrix inequalities:

r — 1 N) 1
Pujrw=0  Przjrmy=0  Pygir)=o o) ... of)y
_ 1 N
* Pozir()=0  Pazir(1)=0 (Dé4) e (I>é4 )
1 N
U = * * (I>33\T(t):0 (1)2(34) s (1)2(34 ) <0 (28)
0 * * * 0 0 ’
L 0 0
r 1 N) 7
Piipr=0 Piair=o Pypmo PiH o DL
1 N
* Dasjrt)=0  Pa3r(1y=0 of) ... )
1 N
\I/+ — * * ®33‘T(t)=0 ¢§4) e ¢§4 ) < O (29)
0 * * % 0 ... 0 ’
L 0 0

10



_ 1
Puijriy=h  Prajr=n  Pizr)=n o)
_ 1
* Posjr()=h  Pogirt)=n ‘I)g4)
* * D33 (t)=h ‘I’g?
v = * * * 0
* * *
0
L *
[ Dipren Do O aY
Hlr(®)=h F12/7(t)=h  F13|r(t)=h lil
* Poz|r(t)=h ‘I’5L3|T(t):h ‘1’54)
* * D33 (t)=h ‘I’gi)
‘IIT = * * * 0
* * *
0
L %
where
or,(t) =Y + PYB K — T+ (1 -2a(h—
L) =Y + PTB+K T+(1- 2a(h
Dyy(t) =Yy + P{B K — (h—7(t))(X
DL (t) =Y, + P BYK — (h—7(1))(X — X1).
Denote no(t) = col {a(t), i(t), a(t — 7(¢)), & (1), .
(30) and (31) imply ¥(¢) < 0Vt > 0 because
h=1(t) o5 —wo(t) 7 - h—1(t) polt) —
— 1o Yo o+
h of—ep ©° h of -
Ttg0+—<pt _ 7(t) woll) — vy
LTOE o) g0 o) i
Yo — Po Yo — %o
Denote

Fy (m0) = ng ¥y nos
Fy (m) =ni ¥1 n,

11

N
@5y
()

N
ol

HHX
() (X

g W Mo

<0,

<0,

;én()}. Then (28), (29),

nF Ut g = Wet)ym <0, Vg #0.

Fif (no) = ng ¥§ no.
Fi(m) =n{ ¥T n.

(32)



Thus, if
<0, VUO 7& 0,

)
770) < 07 V770 # Oa
) < 07 VUI 7é Oa
F1+ 771)<07 Vﬁl?éoa

then condition (14) of Lemma 1 holds.
Introduce quadratic forms

G (o) = (& — mrl ) (pogrfe — &), i=1,...,N,
G (m) = (& — T 2)(pagrle - &), i=1,...,N.

Note that the forms G(()i) (no) and G@ (m) are defined on different spaces. From
(16) the following inequalities holds along trajectories of system (17):

Therefore, we can require that the first inequality of (33) holds in the set
G((f)(no) >0foralli=1,...,N, i e.

Fy (o) <0if G{'(no) >0, Vi=1,....N, Vo #0. (34)
Similarly,

Fir(no) <0if G (no) 20, Vi=1,....N, V¥ #0, (35)

Fy(m) <0if GP(m) >0, Vi=1,...,N, Vg #0, (36)

Fi(m) <0it GP(m) =0, Vi=1,...,N, Vn #0. (37)

Let us transform (34) - (37) using S-procedure [21]. Consider the following
forms:

N
Sy (o) = Fy (o +Z%OZ Ymo),  Sg(mo) = Fo (o) + D _ s, G (o),

i=1

5((771)=Ff(771)+z%fﬁgi)(m)» Sy (m) = Fy (m) +Z%1Z '(m),
i=1

i=1

and require them to be negative for some non-negative {”0 l}l " {% }Z 1

{%11}5\[1 {% }l | respectively:

_ N _
3{%0 7 > O}izl : SO (770) < 0, VnO 7& 07 (38)

12



N
3{%31 > O}i:l : SJ(TIO) < Oa V770 7é 07 (39)
_ N _
e, >0}, ¢ Sy(m) <0, Vg #0, (40)
N
o, 20} 0 Sf(m) <0, Vi #£0. (41)

Condition (34) is sufficient for condition (38) (in case N = 1 these conditions are
equivalent by the theorem about a losslessness of S-procedure [21]). Similarly,
(35) is sufficient for (39), (36) is sufficient for (40) and (37) is sufficient for (41).
Therefore, if conditions (38) - (41) hold, then (14) is fulfilled. Using (22), (32)
we obtain the following inequalities:

Sy (0) < mg Wsomos  Sg (mo) <15 W o
St (m) <nmi gy, ST (m) <nf U5 m,
where
M &— - —(1) —(N) 7
‘I)Slh(t):o P12 (t)=0 (1)13\7(15):0 (I)S(Zl) CI)S(QN)
* Pozirty=0 Pozry=o P24 Doy
N
o % * Bygir(mo  PLY ol
50 — - (1) )
* * * I 0
| * * * 0 @ES(N) i
M H+ + + (1) + (N)
‘I’sur(t):o P12jr(t)=0 (I’13|T(t):o ‘I)szl ‘I’szN
* Doslr(t)=0  Pogir(r)=0 Y o5y
1 N
ot * * D33/ (t)=0 ‘I):(m) <I>§4)
S0 " % % (D;S(l) 0 ’
i * * * 0 ‘1)§3(N) ]
ro _ - —(N
(I)S4\T(t):h Piajr(t)=h ‘1)13\T(t):h q>55( : ‘Pssz(v ) hYy"
_ 1
* ¢'22|T(t):h ¢)23\T(t):h (I)g4) (I)gzl ) h}/2T
% * Dagriy=n Py () v .
Uy, = * * * (1)56(1) 0 hqfY;l)
B T
R SRR 7 AL
i * * * —th‘Qah

13




t + +(1) +(N)
Posrw=n  Pr2irw=n  Pi3r=n Pss s B hY”

1 N
* Pos|r(t)=h (I);?)‘T(t)zh ‘1’54) e ¢g4 ) hYy"
N
* * ®33\T(t):h @gi) e (I)L(’>4 ) hTT
\I/gl = * * * @;6(1) o 0 hqi Y(l)
* * :

. T
L aE pry
* * * —hQe =2k i

and

N N
Dy (1) = Pua(t) = > s spunptagriri , B () = Pua(t) = D) o pizrar?

i=1 i=1

i i 1 i i 1
Ogy ) = ) + Soy (s + pa)rs, OFE) = O+ Soal (g + ),

2 2
‘IJSJ() -2 4 <I>+(>*—%(J{Z,
N N
Ogy = Pua(t Z o haizgmiry , ®hy = 1t Z sy 2T
i=1 =1
[3 [3 [3 1
CI)S5( )= ¢§4 + 7"1 (1 4 p2g)ris @gﬁ’f ) = q)<14) + 5%%(#11- + p2,)7i
Dol =, OL =, i=1,... N
Hence, if
Uy, <0, (42)
w3, <0, (13)
Uy, <0, (44)
v <o, (45)

then (14) holds.
To formulate our main result we need the following statement that can be
proved along the lines of Lemma 2 in [8].

Lemma 2 LMIs (19), (42) - (45) are convex in h: if they are feasible for h,
then they are feasible for all h € (0, h)].

Therefore Lemma 2 is fulfilled in the case of constant sampling: tx11 —
tr = h < h. Next we generalize this result to the case of variable sampling:
thy1 —tk =hr < h, k=0,1,...

14




Consider the following Lyapunov-Krasovskii functional:

Viar (t, T, ) = Viar (t) = &7 () Pz (t) + (th11 —1) / t 267 3T () Q ir(s)ds+

tr

bl —n @ TE XX e ot (46)
=Xy - X{+ X ’ ’ ’

where ((t) = col{z(t), z(t)}. Note that in (46) the second and the third terms
are egual to 0 for t — t, and t — t;‘. Hence, Vi, is 7continuous because
tlir{l Voar(t) = Viar(tr). Applying previous arguments to V., (t), we arrive at
—lk

the main result:

Theorem 1 Given o > 0, let there exist matrices P € IR™™"™ (P > 0), Q €
R (Q>0), be RV", 3e R"", X e R™", X, € R"", T € R"™",
Y € R™", Yy € R™™™, YS(l) € R™" (i=1,...,N), and positive real numbers
{%51.}?[:1, {%Oﬂ}i]\;l, {%fi}j\il {5, 11'11’ such that LMIs (19), (42) - (45)
are feasible. Then system (10) is exponentially stable with decay rate o. If LMIs
(19), (42) - (45) are feasible for a = 0, then (10) is exponentially stable with a
small enough decay rate.

5 Numerical Examples.

5.1 Example 1. Pendulum with friction

Let us illustrate the obtained results by examples. Consider the system, pro-
posed in Section 2:

B(t) = sin(p(t) — T(1) + —u(t),
u(t) = Ka(t — (1)), (47)
T(t) =t —ty, t € [tptht1), thior —th=h, k=0,1....

If friction is known, then for the system with the following parameter values
I=2m, m=1kg, ¢g=98m/s’ k=8 N/m, K =[-20.6,—3]

with Theorem 1 the maximum upper bound of sampling was found as 0.95 (for
a=0).

5.1.1 TUnknown friction.

Let friction x be unknown, and

0 < k1 <K< Ko
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System (47) can be rewritten as follows:

@(t) = Az(t) + q1€1(t) + ga&a(t) + Bu(t),
t), &(t) =sinoi(),

t),  &(t) = roy,

where

<[]+ [ 3] =l o-l2)

& and & for all t > 0 satisfy

2 2 2 2
p1oy < o1& < pooy, k105 < 0282 < Kp03.

The values of maximum upper bound h (for k1 = 7.5, k2 = 8.5) when (47)
is exponentially stable with a small enough decay rate are given in Table 1.

5.1.2 TUnknown mass.
Let mass m be unknown, and
0<mi <m< mo.

System (47) can be rewritten as follows:

@(t) = Ax(t) + €1 (t) + (B + Bobo(t)) u(?),

o1(t) = rlTx(t), &1(t) = sinoq (t),
where
0 1 0 0 0 1
A= 0 j ) B:|:O:|a B(): l ) q1 = g ) 7"1:|:0:|.
l 2 l
& and & for all t > 0 satisfy
2 2 1 1
p1o] < 0181 < 2oy, — << —.
mo mq

The values of maximum upper bound h (for m; = 0.97,my = 1.03) when

(47) is exponentially stable with a small enough decay rate are given in Table
1.
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5.1.3 Unknown length.

Let length ! be unknown, and
0<ili €I
System (47) can be rewritten as follows:

@(t) = Ax(t) + q1&i(t) + q2€a(t) + (B + Bo&o(t)) u(t),
o1 (t) = riz(t), ()—smal()
(

oot) = 1Ta(t), &(t) =

where

=[3] e[ 2] =4 [t

&1, & and & for all ¢ > 0 satisfy

M1 f2 1 1
—oi <0161 < 0t, —03<026< 05, 5 <&H< g
I I I I 2 B

The values of maximum upper bound h (for [ = 1.99,l; = 2.01) when (47)
is exponentially stable with a small enough decay rate are given in Table 1.

5.1.4 Unknown friction, mass, length.

Let k,m,l be unknown, and
O0<ki <K<Ky, O<m <m<me, 0<li; <I<ls.
System (47) can be rewritten as follows:

@(t) = Azx(t) + q1&1(t) + q2€a2(t) + (B + Bo&o(t)) u(t),
z(t), &i(t) =sin 01( ),

{
oa(t) =rza(t), &(t) =

where

&1, & and & for all ¢t > 0 satisfy



The values of maximum upper bound h (for k1 = 7.5,ke = 85,m; =
0.97,ms = 1.03,1; = 1.99,l = 2.01) when (47) is exponentially stable with
a small enough decay rate are given in Table 1.

The estimates obtained by Theorem 1 is compared with those of simulation.
LMIs is solved by using Matlab [27] with toolbox Yalmip [28]. The simulation
is carry out with Matlab Simulink [27]. System (47) can be considered as a
system with polytopic uncertainties as proposed in Remark 2 in [8]. The results
obtained with Remark 2 in [8] are also provided in Table 1.

Remark 2 . . Quality
in [8] Theorem 1 Simulation of Estimates
Known parameters | h = 0.79 h=095 | h=h,, 1.75<h, < 1.77 54%
Unknown friction |, 79 | j 086 | h=h,, 1.60 < h, < 1.7 51%

7TH5<K<L8D

Unknown mass

097 <m<103 | #=005 | h=082 | h=h, 17<h <171

Unknown length

1.99 <1 < 2.01 h=0.74 h=0.88 | h=h, 1.74<h,<0.75

Unknown friction,
mass, length
75 < k<85 h=0.31 h=0.36 | h=h,, 1.62<h,<1.63

0.97 < m < 1.03
1.99 <1 <201

Table 1: Upper bounds for the variable sampling

Note that the estimates obtained with Theorem 1 are more accurate than the
estimates from Remark 2 in [8]. Moreover, using S-procedure we increase the
size of LMIs without increasing their number unlike using polytopic approach
that increases the number of LMIs and, hence, the computational complexity
of LMI solving.

5.2 Example 2

Consider the system

i) =| o 7 [0+ | TEE e

g1

where z(t) is the state vector, u(t) is the control input, defined with (7), (8),
and |g1] < 0.1, |g2| < 0.3. This example coincides exactly with Example 1 in
[7], where it was verified that the maximum sampling interval h < 0.35. With
Theorem 1 the maximum upper bound was found as 0.65. Hence, the upper
bound for the sampling interval obtained by our approach (with S-procedure)
is about twice more accurately.
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6 Conclusions

With Fridman’s method and Yakubovich’s S-procedure the problem of estima-
tion of the sampling interval providing exponential stability of the closed loop
nonlinear system with parameter uncertainties is reduced to feasibility analysis
of linear matrix inequalities The obtained results are illustrated by examples
of upper stabilization of simple pendulum with friction, where some system
parameters can be uncertain. It is shown that the proposed method provides
estimates for sampling interval not less that 54% (for known pendulum param-
eters) or 22% (for unknown pendulum parameters) of the value evaluated by
simulation.

The key idea of the paper is application of the Yakubovich’s S-procedure
allowing us to extend previous stability criteria and take into account nonlin-
earities. Its application is demonstrated for ”Fridman’s method” ;, but it also
can be used with other methods of stability analysis.

References

[1] Jury, E.I. Sampled-data control systems. New-York: John Wiley. 1958.
[2] Isermann, R. Digital Control Systems. Berlin, Springer-Verlag, 1981.

[3] K.J.Astrém, B.W.Wittenmark. Controlled Systems— Theory and Design.
Prentice-Hall, Englewood Cliffs, New Jersey, 1984.

[4] Fridman E., Micheev Yu., Sobolev V. Asymptotic analysis of digital control
systems. Automation and remote control. 1988, vol. 49, p. 1175-1180 .

[5] Fridman E. Use of models with aftereffect in the problem of design of
optimal digital control. Automation and remote control. 1992, vol. 53, No
10, pp. 1523-1528.

[6] Fridman E. New Lyapunov-Krasovskii functionals for stability of linear
retarded and neutral type systems. Systems & Control Letters. 2001. 43 (4)
309-319.

[7] Fridman E, Seuret A, Richard JP. Robust sampled-data stabilization of
linear systems: an input delay approach. Automatica. 2004. 40 (8) 1441-
1446.

[8] Fridman, E. A refined input delay approach to sampled-data control. Au-
tomatica. 2010. 46, 421-427.

[9] Liu, Kun, Fridman, Emilia, Hetel, Laurentiu. Network-based Control via a
Novel Analysis of Hybrid Systems with Time-varying Delays. In 51st IEEE
Annual Conference on Decision and Control (CDC). 3886-3891. Maui,
Hawaii, USA, 2012.

19



[10]

[17]

[18]

[20]

Laurentiu Hetel, Emilia Fridman. Robust Sampled Data Control of
Switched Affine Systems. IEEE Transactions on Automatic Control. 2013.
Vol. 58 (11), 2922-2928.

Hassan K. Khalil. Nonlinear Systems. Prentice Hall PTR, 2002.

R. E. Seifullaev, A. L. Fradkov. Sampled-Data Control of Nonlinear Oscil-
lations Based on LMIs and Fridman’s Method. In 5th IFAC International
Workshop on Periodic Control Systems, 95-100. Caen, France. 2013.

Kulkarni, V., Jun, M., & Hespanha, J. P. Piecewise quadratic Lya- punov
functions for piecewise affine time-delay systems. In Proc. American Con-
trol Conference.2004, pp. 3885-3889.

Moezzi, K., Rodrigues, L., & Aghdam, A. G. Stability of uncertain piece-
wise affine systems with time delay: delay-dependent Lyapunov approach.
International Journal of Control, 2009, 82(8), 1423-1434.

Samadi, B., & Rodrigues, L. Stability of sampled-data piecewise affine sys-
tems: A time-delay approach. Automatica. 2009. 45. 1995-2001.

Duan, S., Ni, J., & Ulsoy, A. G. Stability criteria for uncertain piecewise
affine time-delay systems. In Proc. American Control Conference. 2012, pp.
5460-5465.

Moarref, M., & Rodrigues, L. Asymptotic stability of sampled-data piece-
wise affine slab systems. Automatica. 2012. 48. 2874-2881.

N. van de Wouw, P. Naghshtabrizi, M. B. G. Cloosterman, J. P. Hes-
panha. Tracking control for sampled-data systems with uncertain time-
varying sampling intervals and delays. International Journal of Robust and
Nonlinear Control 2010; 20:387-411.

M. Moarref, L. Rodrigues. On exponential stability of linear networked
control systems. International Journal of Robust and Nonlinear Control
(2012). Published online in Wiley Online Library (wileyonlinelibrary.com).
DOI: 10.1002/rnc.2936

Xi Liu, Horacio J. Marquez, K. D. Kumar, Y. Lin. Sampled-data control of
networked nonlinear systems with variable delays and drops. International
Journal of Robust and Nonlinear Control (2013). Published online in Wiley
Online Library (wileyonlinelibrary.com). DOI: 10.1002/rnc.3074

V. A. Yakubovich, G. A. Leonov, A. Kh. Gelig. Stability of Stationary Sets
in Control Systems with Discontinuous Nonlinearities. Singapore, World
Scientific, 2004.

Gu, K., Kharitonov, V., Chen, J. Stability of time-delay systems.
Birkhauser, Boston, 2003.

20



[23] Karafyllis, I., Krstic, M..Nonlinear stabilization under sampled and delayed
measurements, and with inputs subject to delay and zero-order hold. IFEFE
Transactions on Automatic Control, 2012, 57(5), 1141-1154.

[24] Mazenc, F., Malisoff, M., Thach, N.D. Robustness of nonlinear systems
with respect to delay and sampling of the controls. Automatica. 2013. 49,
1925-1931.

[25] Teel, A. R. and Nesic, D. and Kokotovic, P. V. A note on input-to-state
stability of sampled-data nonlinear systems. In the 37th IEEE Conference
on Decision & Control. 2473 -2478. Tampa, Florida USA, 1998.

[26] Chuan-Ke Zhang, L. Jiang, Yong He, Q.H. Wu, Min Wua. Asymptoti-
cal synchronization for chaotic Lur’e systems using sampled-data control.
Communications in nonlinear science and numerical simulation. 2013, 18,
2743-2751.

[27] MathWorks MATLAB and Simulink for Technical Computing.
http://www.mathworks.com/

[28] YALMIP Wiki Main/Home Page. http://users.isy.liu.se/johanl/yalmip/

21



	1 Introduction
	2 Problem formulation
	3 Preliminaries
	4 Main result
	5 Numerical Examples.
	5.1 Example 1. Pendulum with friction
	5.1.1 Unknown friction.
	5.1.2 Unknown mass.
	5.1.3 Unknown length.
	5.1.4 Unknown friction, mass, length.

	5.2 Example 2

	6 Conclusions

