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Dissipativity of T-Periodic Linear Systems
Vladimir A. Yakubovich, Alexander L. Fradkov, David J. Hill, and Anton V. Proskurnikov

Abstract—It is proved that the existence of a positive-definite
storage function is necessary and sufficient for strict dissipativity of
linear systems with periodic coefficients. The connection between
strict dissipativity of the system and a nonoscillatory property of
an associated Hamiltonian system is established.
Index Terms—Dissipativity,
periodic systems.
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I. INTRODUCTION

T

HE concept of dissipativity for linear and nonlinear systems was introduced by Willems in 1972 [22]. It is closely
related to hyperstability introduced by Popov [19], [20] and also
to absolute stability. An extensive literature is devoted to frequency-domain absolute stability criteria. (Let us mention only
the survey [23].) In [8] and [15], the first results on necessity
of frequency-domain conditions of absolute stability for systems with several integral constraints were established. Dissipativity is closely related to the energy flow in physical systems
and provide physical insight important for study of the systems.
Different versions of dissipativity were investigated in detail in
[9]–[12].
An interest has been renewed recently in the investigation
of systems with integral quadratic constraints which have been
studied since the 1960s. Various problems of nonconvex optimization [25], analysis [14], [21], and design [3], [16] of nonlinear uncertain systems can be solved by reduction to problems
with integral constraints. Recently, new generalizations of dissipativity have appeared, e.g., structured dissipativity [21] and
quasi-dissipativity [18].
The concept of dissipativity is intimately connected to that
of a storage function. These functions provide convenient Lyapunov functions in stability analysis of the system. Moreover, it
has been shown for linear time-invariant systems [22] that dissipativity is equivalent to existence of a storage function and
satisfaction of a frequency-domain condition. This result can be
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derived from the so called frequency theorem [otherwise called
the Kalman–Yakubovich–Popov (KYP) lemma] giving necessary and sufficient conditions for solvability of some matrix inequalities. Conditions for existence of a storage function were
extended to time-varying and nonlinear systems [1], [9]. However, some gap between the necessary and sufficient conditions
for the time-varying case still remains. Therefore, it is of interest
to examine for which classes of systems it is possible to remove
this gap.
It has turned out that the gap between the necessary and sufficient conditions of dissipativity can be completely cancelled for
T-periodic linear systems. Periodic control systems are of great
importance for applications in engineering, physics, and science
[17]. Among the classical fields of application, chemical plant
control and helicopter modeling are well established; recently,
significant applications to aerospace engineering (in particular
satellite attitude control) came to the stage. Periodic models are
of large interest also in time-series analysis, econometrics and
finance, and in all other cases when seasonal phenomena has to
be modeled.
In this paper, the necessary and sufficient conditions of dissipativity for T-periodic linear systems are obtained by using an
appropriate extension of the KYP lemma [29], [30]. The main
result of this paper provides necessary and sufficient conditions
for strict dissipativity of T-periodic linear systems. A convenient
way of formalizing these conditions is based on the nonoscillatory property of a certain associated Hamiltonian system. (The
concept of nonoscillatority for Hamiltonian systems was introduced in [24], while the connection between nonoscillatority
and absolute stability for T-periodic systems was established
in [27] and [28].) It is shown that, similarly to time-invariant
case, strict dissipativity is equivalent to the existence of a strong
storage function. Also, it is shown that strict dissipativity is
equivalent to the solvability of the corresponding Riccati equation or to the strong nonoscillatory property of an associated
Hamiltonian system. The preliminary version of this paper was
presented in [33].
It is worth noting that according to the recent tradition in control theory, we use the term “dissipativity” in sense introduced
by Willems [22]. However, this term is still being used in the
theory of differential equations with a different meaning as all
the trajectories falling into some bounded set after some time.
This second meaning could be referred to as “dissipativity in
sense of Levinson” or “ultimate boundedness”; see, e.g., [4] and
[34].
The structure of this paper is as follows. In Section II,
the main definitions and the problem formulation are given.
In Section III, associated Hamiltonian system is introduced
and studied. The main results are formulated in Section IV.
Section V is devoted to proofs of the main results.
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II. PROBLEM STATEMENT

is called a storage function
Definition 5: Function
if
for system (2.1) with supply rate
and

Consider a linear periodic controlled system
(2.1)

(2.6)
stand for the state vector and
Here,
the control input of the system. Hereafter, functions
are assumed to be locally square integrable. Consider also the
associated quadratic form
(2.2)
where
and T-periodic,

and

. All real matrix-valued functions
, and
are defined on , bounded
, and
(2.3)

to be controllable, that is,
We assume the pair
, and
, such that
,
for any
there exists a function
such that the solution of (2.1) with
satisfies
.
Definition 1: System (2.1) is called dissipative with the
supply rate (2.2) if
(2.4)
and for any
such that (2.1) holds and
.
Definition 2: System (2.1) is called strictly dissipative with
it is dissipative with the
the supply rate if for some
supply rate
.
In [22], the supply rate is defined as a function of input
and an output . This reduces to the current formulation after
substituting for as a function of and .
Definition 3: System (2.1) is called
-dissipative with
the supply rate , if (2.4) is valid for any
.
-dissipativity definition is
It is easy to see that the
equivalent to the following.
-dissipative with
Definition 3a: System (2.1) is called
the supply rate if

and
satisfying (2.1).
is called a
for all
strong storage function if, additionally,
for
.
is called
-storage funcDefinition 6: Function
, if
tion for system (2.1) with supply rate
for
and (2.6) holds. Similarly,
is called a strong
-storage function, if
for
and (2.6) holds.
Obviously, the existence of the storage function
-storage function] implies the dissipativity [
-dis[
sipativity] of the system (2.1). The opposite, in general, is not
true. However, for a -periodic linear system, the existence of
a storage function with supply rate
is necessary and sufficient for strict dissipativity, as follows
from the results of this paper.
III. ASSOCIATED HAMILTONIAN SYSTEM AND THE FREQUENCY
THEOREM FOR PERIODIC SYSTEMS
In order to present the main results of this paper, we need
to introduce some concepts related to the “frequency theorem”
(KYP lemma) for periodically time-varying systems.
We introduce the function

for any

(3.1)
where

, and consider the system
(3.2)

Since (2.3) holds, the last (3.2) can be solved for
(3.3)
Denote
(3.4)
Then, system (3.2) can be rewritten in the form

(2.5)

for any

and any
satisfying (2.1) and
.
-dissipaDefinition 4: System (2.1) is called strictly
tive with the supply rate if it is
-dissipative with the
for some
.
supply rate
The problem is to find conditions (necessary and sufficient)
-dissipativity of
for dissipativity, strict dissipativity, and
system (2.1).
In the following, we study only the cases of strict dissipativity
-dissipativity.
and strict

(3.5)
The system (3.5) is called an associated Hamiltonian system for
the previous problems.
Let

(3.6)
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Then, the system (3.5) takes the form

, where

and the system

(3.17)
(3.7)
Let

be the transition matrix of (3.7)
(3.8)

Introduce the “frequency-domain” condition

is exponentially stable (all multipliers lie in the strict unit
circle).
with abC) There exist a function
solutely continuous T-periodic
-matrix
and T-periodic
-matrix function
such
that

(3.9)
(3.18)
This means that system (3.7) has no multipliers on the unit
circle. Due to symmetry of spectrum
with respect to the
unit circle, condition (3.9) implies that the Hamiltonian (3.7)
,
has real linearly independent solutions
such that

Introduce

if

(3.10)

if

(3.11)

matrix functions

is expo-

and the system
nentially stable. Here,
due to the system (2.1)

stands for the derivative of

Using (3.18), the functions
shown to satisfy (3.17).
and
D) There are numbers
equality

(3.12)

and

are easily
such that the in-

(3.19)

Analogously, let

(3.13)

is valid whenever
and
E) There are numbers
equality

and

satisfy (2.1),
,
.
and
such that the in-

Definition 7: We call the Hamiltonian system (3.7) [or (3.5)]
strongly nonoscillatory if the frequency-domain condition (3.9)
holds and
for

(3.14)

We will see in the following that for any strongly nonoscillatory
system one has also
for

(3.15)

Note that (3.14) implies that
for all
.
The following proposition, crucial for the results exposed
later, generalizes the well-known KYP lemma for the case of
T-periodic systems and in its essential part was obtained in [29]
and [30].
Lemma 1: Suppose the pair
in (2.1) to be
controllable and (2.3) holds. Then, the following assertions are
equivalent.
A) Hamiltonian system (3.7) is strongly nonoscillatory.
B) There exists an absolutely continuous T-periodic
-matrix valued function
such that

(3.16)

(3.20)
is

valid whenever complex valued functions
and
satisfy (2.1),
, and
, where
.
[For complex vectors and , operation in (2.2) stands
for the complex-conjugate transposing.]
A’) Hamiltonian system (3.7) satisfies (3.9) and
for all
.
B’) There exists an absolutely continuous T-periodic
-matrix valued function
such that

(3.21)
and the system

, where
(3.22)

is exponentially antistable (all multipliers lie outside the
unit circle).
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C’) There exist a function
with ab-matrix
solutely continuous T-periodic
and T-periodic
-matrix function
such
that

Remark 2: Suppose the system (2.1) and the quadratic form
(2.1) to be time-invariant. In this case, the “frequency-domain
condition” (3.9) means that the constant matrix
has no eigenvalues on the imaginary axis. Its charactercan be shown to
istic polynomial
satisfy

(3.23)
and the system
nentially antistable.
D’) There are numbers
equality

is expoand

where

such that the in-

(3.24)

for all
such that
. Thus, the frequencydomain condition (3.9), which can be rewritten as follows:
for all

is valid whenever
and
satisfy (2.1),
.
and
If these conditions hold, then the functions
and
in B),C),B’), and C’) are unique and are given by

,

(3.25)
where

and

are defined by (3.26) and
(3.26)

where

and

are defined by (3.13). Moreover
(3.27)

for all
and

, where
is taken over the set of all solutions
of (2.1), such that
and
. The optimal process in the specified optimization
. Analproblem is generated by the feedback
ogously
(3.28)

is equivalent to conditions A)–D) in accordance with classical
KYP lemma (see [20] and [31]). Particularly, in time-invariant
case, conditions (3.14) and (3.15) follow from (3.9). However,
as shown in [30], for nonstationary periodic systems, the frequency-domain condition does not longer imply (3.14), and
thus, is only necessary, but not sufficient for the validity of
assertions A)–E) and A’)–D’).
Remark 3: The conditions A)–E) remain equivalent if the
controllability condition is replaced with a weaker condi-stabilizability [30]. The pair
is said
tion of
-stabilizable, that is, for any
there exist
to be
and
such that (2.1) holds,
, and
functions
. In fact, -stabilizable T-periodic
pair turns out to be T-periodically exponentially stabilizable
[30]: There exists a feedback of the form
(where
is bounded -periodic function) rendering the
system (2.1) exponentially stable. Analogously, the conditions
is
A’)–D’) and E) remain equivalent if the pair
-“antistabilizable” in the sense that for any
there
and
such that (2.1) holds,
,
exist functions
.
and
Remark 4: Suppose that for some
-matrix valued functhe quadratic form
tion
satisfies the inequality

for any

, where
is taken over the set of all solutions
of (2.1), such that
and
. The optimal process in the specified optimization
problem is generated by the feedback
.
Remark 1: Note that the condition E) is valid for the system
(2.1) and the quadratic form (2.1) iff it is valid for the “timeinverted” system

Then, from (3.27) and (3.28), one can easily see
. Particularly,
and
are the minimal and the maximal
T-periodic solutions of the Riccati equation

(3.30)
(3.29)
and the “time inverted” quadratic form
.
Proof of Lemma 1: The equivalence of conditions A)–E)
follows from the results of [30, Th. 2]. However, conditions
A’)–D’) are easily checked to coincide with the conditions
and the system (3.29)
A)-D) written for the form
and, therefore, accordingly to the Remark 1, are equivalent to
conditions A)–E).

IV. MAIN RESULTS
In this section, we list the main results of this paper that are
the criteria of strong dissipativity.
Theorem 1: The following assertions are equivalent.
1) System (2.1) is strictly dissipative.
2) The associated Hamiltonian system (3.7) is strongly
and any
and
nonoscillatory and for some
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defined by (3.25) satisfies the

Lemma 2: Let the Hamiltonian system (3.7) be strongly
in (3.25)
nonoscillatory [consequently, matrices
and (3.26) are well defined and absolutely continuous]. Then,
, one has
for

(4.1)
Here,
is the Cauchy transition matrix of the
with
given
system
by (3.17).
3) The associated Hamiltonian system (3.7) is strongly
, defined by (3.26), is
nonoscillatory and the matrix
(or, equivalently, for all
negative definite for all
).
If the listed assertions are valid, then the function
is a strong storage function, i.e., (2.6) is valid and
unless
.
is controllable, the pair
Remark 5: As the pair
is controllable as well. Thus, all
inverse matrices in the right side of (4.1) exist.
Theorem 2: The following assertions are equivalent.
-dissipative.
1) System (2.1) is strictly
2) The associated Hamiltonian system (3.7) is strongly
and any
nonoscillatory and for some
the matrix
defined by (3.25) satisfies the inequality
.
(4.1) with
3) The associated Hamiltonian system (3.7) is strongly
, where
is defined
nonoscillatory and
by (3.26).
If the listed assertions are valid, then the function
is a strong
-storage function.
Theorem 3: Let there exist a solution
of (3.30), such that for
the equation

(5.3)
is taken over all

Here, the first
that

and the second

is taken over all

and

such that
(5.5)

Analogously, if the Hamiltonian system (3.7) is strongly
[with
nonoscillatory, then for
defined by (3.25)] one has

(5.6)

Here, the first
that

is taken over all

and

such

(5.7)
and the second

is taken over all

and

such that

(5.8)
Proof of Lemma 2: Let and
infima in (5.3). It is evident that
imply that

where
Thus,

be the first and the second
. Due to (3.18) and (5.5)

(5.9)
and
is given by (3.17).
. To prove the first statement, show that

.
Rewrite system (2.1) in the form

V. PROOFS OF THE MAIN RESULTS
The proofs of Theorems 1–4 rely heavily on Lemma 1. We
need also several propositions that seem to be of independent
interest.

such

(5.4)

(4.2)
has no multipliers on the unit circle. Then, the system (2.1) is
strictly dissipative. Conversely, if the system (2.1) is strictly dissipative, then the Riccati (3.30) has absolutely continuous T-pesuch that (4.2) is
riodic solution
exponentially antistable.
Theorem 4: Let the Riccati (3.30) have solution
, such that
and, for
, (4.2) has no multipliers on the unit
-dissipative. Concircle. Then, the system (2.1) is strictly
versely, if the system (2.1) is strictly
-dissipative, then
the Riccati (3.30) has absolutely continuous T-periodic solution
such that
and (4.2) is exponentially antistable.

and

(5.10)
Let

be the Cauchy transition matrix of the system
and define
for
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as follows:
and

for

Let

(5.11)
A straightforward computation shows that for
and
in (5.10) one has
. By virtue
of the exponential stability of the system (5.10) one obtains that
as
in the
norm. Applying (5.9)
and
, one obtains that
to
that proves the first statement. The second one can be proved in
the same way.
Remark 6: The infimum in the right-hand side of (5.6) is
called the required supply by Willems [22]. The infimum in the
right-hand side of (5.3) is called the available storage.
Lemma 3: Consider the following minimization problem. To
minimize the functional

and

; then

Thus, the infimum in the left-hand side of (5.14) is greater than
.
Now we turn to proofs of Theorems 1,2.
Proof of Theorem 1: First, we prove implication
. Suppose that the system (2.1) is strictly dissipative. Then,
the condition D) of Lemma 1 holds with arbitrary . This is
easily seen by substituting
(where
is sufficiently small) into the (2.4) and
. By Lemma 1, this proves that
passing to the limits as
the Hamiltonian system (3.7) is strongly nonoscillatory. Thus,
, given by (3.25), is absolutely continuous and satisfies
(3.18). Integrating (3.18) and using strict dissipativity, one obtains that for some

(5.15)
over the set of all solutions of the system (2.1) such that
,
, where the system is assumed to be controllable and
(2.3) holds. The minimum in this problem is given by

whenever
where
one obtains that

and
, where
. The system (2.1) is rewritten as (5.10),
. Taking
,

(5.16)

(5.12)
and is achieved at the solution of (2.1) with

(5.13)
Here,
stands for the Cauchy transition matrix of the
system (2.1).
Lemma 3 is a version of standard optimization results for
linear time-varying systems over finite time interval; see, e.g.,
[13].
, one has
Lemma 4: For any

, and (5.10) holds. Applying Lemma 3
if
to the system (5.10), one obtains (4.1).
. Let
, where
Proof of the implication
is from (4.1). As (4.1) can be rewritten as (5.15), one obtains
that (5.10) holds. Since (5.10) is exponentially stable system (all
are inside the unit circle), there exist
multipliers of
constants
, determined by the function
only,
and
,
such that for any and and any functions
, one has
satisfying (2.1) and

(5.14)
, and all solutions
where infimum is taken over all
and
.
of (2.1), such that
and
are
Proof of Lemma 4: As functions
bounded, there exist constants
and
such that
one has
for any

Thus, for sufficiently small

, one has
(5.17)
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if
and (2.1) holds, that shows the system (2.1) to be
strictly dissipative.
. The strong nonoscillatority was derived
Let us prove
from Assertion 1 while proving
. Lemmas 1 and 2 imply
, one has
that, for any

(5.18)
, where infima are taken over all
for sufficiently small
and all pairs
and
, such that (2.1) holds,
, and
. From Lemma 4, one obtains that
for all
.
Now, we turn to the proofs of the last implication
and
the statement on storage functions. From (3.23), one obtains that

, where is a posipick up the specified and
tive integer. Respectively, instead of the dissipativity inequality
(2.4), the inequality (2.5) should be used throughout the proof.
Proof of Theorem 3: The “converse” part of the theorem
follows immediately from Theorem 1 and Lemma 1. By Theorem 1, the system (3.7) is strongly nonoscillatory and the magiven by (3.26) is negative definite. Lemma 1 imtrix
to satisfy (3.21) and the system
plies the function
, where
is given by (3.22), is antistable.
exists with the properties
Assume that the function
specified in the theorem. We show that the condition E) from
be chosen arbitrary. Let the pair
Lemma 1 holds. Let
be solution of (2.1) such that
,
where
. Denote
[where
]. Then, one has
(5.21)
, where
Let
of the system (4.2). One has

is the Cauchy transition matrix

(5.19)
for
and
, where
The system (2.1) is then equivalent to the system

.

or, equivalently

(5.20)
As the system (5.20) is antistable, then there exists constants
and
such that for all
,
, one has

By assumption, the function
is continuous (and
, so there are constants
,
thus bounded) for
only, such that
determined by the function

(5.22)
As
for all , then, for sufficiently small
,
one has (5.17).
is a
From (3.23), its evident that
storage function. Condition 3 implies that
and thus
is in fact a strong storage function.
Proof of Theorem 2: Let
and
be a solution of (2.1)
and
from
and
. Passing
with
to the limit as
in the inequality

one obtains (3.19) (with
). Thus, by Lemma 1, the strict
-dissipativity implies the strong nonoscillatority of the
associated Hamiltonian system (3.7).
Further arguments replicate the proof of Theorem 1 with the
and
one should
only difference that instead of arbitrary

whenever (2.1) holds,
, and
. On the other hand, from the Riccati equation, one obtains in a standard way that

so by (5.22) one obtains that for sufficiently small
the
inequality (3.20) is valid if
.
Thus, by Lemma 1, the Hamiltonian system (3.7) is strongly
by (3.26). According to Remark 3,
nonoscillatory. Define
, thus
. From Theorem 1, one obtains
the strict dissipativity.
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Proof of Theorem 4: Proof of Theorem 4 is analogous
to that of Theorem 3. The “converse” part follows immediately from Theorem 2 and Lemma 1. By Theorem 1, the
system (3.7) is strongly nonoscillatory and for the matrix
given by (3.26) one has
. Lemma 1 imto satisfy (3.21) and the system
plies the function
, where
is given by (3.22),
is antistable.
We have shown (see proof of Theorem 3) that if the function
with mentioned properties exists, then the Hamiltonian
by (3.26).
system (3.7) is strongly nonoscillatory. Define
Accordingly to Remark 3,
, thus
.
From Theorem 2, one obtains the strict dissipativity.
VI. CONCLUSION
In this paper, the results on dissipativity criteria for -peri-disodic linear systems are presented. The concept of
sipativity is introduced as dissipativity over intervals of length
. It is shown that dissipativity and
-dissipativity are related to nonoscillatority of Hamiltonian systems
and to existence of storage functions with particular positivity
properties.
The results can be applied for feasibility and optimality analysis of periodic control systems in many areas of science and
technology.
An open question is: Is it possible to extend the dissipativity
results of this paper to time-varying nonperiodic systems? In
this respect, the results of [5]–[7] may be helpful.
REFERENCES
[1] B. D. O. Anderson and P. J. Moylan, “Synthesis of linear time-varying
passive networks,” IEEE Trans. Circuits Syst., vol. CS-21, no. 5, pp.
678–687, 1974.
[2] S. Bittanti and P. Bolzern, “Stabilizability and detectability of linear
periodic systems,” Syst. Control Lett., vol. 6, pp. 141–145, 1983.
[3] S. Boyd, L. Ghaoui, E. Feron, and V. Balakrishnan, Linear Matrix Inequalities in Systems and Control Theory. Philadelphia, PA: SIAM,
1994.
[4] B. P. Demidovich, Lectures on Mathematical Stability Theory (in Russian). Moscow, Russia: Nauka, 1967.
[5] R. Fabbri, R. Johnson, and C. Nunez, “Rotation number for non-autonomous linear Hamiltonian systems. Basic properties,” Z. Angew.
Math. Phys., vol. 54, pp. 484–501, 2003.
[6] R. Fabbri, R. Johnson, and C. Nunez, “On the Yakubovich frequency
theorem for linear non-autonomous processes,” Discrete Continuous
Dyn. Syst., vol. 9, no. 3, pp. 677–704, 2003.
[7] R. Fabbri, S. T. Impram, and R. Johnson, “A criterion of Yakubovich
type for the absolute stability of nonautonomous control processes,”
Int. J. Math. Math. Sci., no. 16, pp. 1027–1041, 2003.
[8] A. L. Fradkov and V. A. Yakubovich, “Necessary and sufficient conditions for absolute stability of systems with two integral quadratic constraints,” Soviet Math. Doklady, vol. 14, pp. 1812–1815, 1973.
[9] D. J. Hill and P. J. Moylan, “The stability of nonlinear dissipative systems,” IEEE Trans. Autom. Control, vol. AC-21, no. 5, pp. 708–711,
Oct. 1976.
[10] D. J. Hill and P. J. Moylan, “Connections between finite gain and
asymptotic stability,” IEEE Trans. Autom. Control, vol. AC-25, no. 5,
pp. 931–936, Oct. 1980.
[11] D. J. Hill and P. J. Moylan, “Dissipative dynamical systems: Basic
input-output and state properties,” J. Franklin Inst., vol. 309, pp.
327–357, 1980.
[12] D. J. Hill, “Dissipative nonlinear systems: basic properties and stability
analysis,” in Proc. 31st IEEE Conf. Decision Control, 1992, vol. 4, pp.
3259–3264.
[13] D. G. Luenberger, Optimization by Vector Space Methods. New
York: Wiley, 1969.

[14] A. Megretsky and A. Rantzer, “System analysis via integral quadratic
constraints,” IEEE Trans. Autom. Control, vol. 47, no. 6, pp. 819–830,
Jun. 1997.
[15] A. V. Megretsky and S. R. Treyl, “S-procedure and power distribution
inequalities: A new method in optimization and robustness of uncertain
systems,” Preprint Mittag–Leffler Inst., no. 1, pp. 301–319, 1990/1991.
[16] A. Megretsky, “Synthesis of robust controllers for systems with integral quadratic constraints,” in Proc. 33rd IEEE Conf. Decision Control,
1994, pp. 3092–3097.
[17] “Periodic control systems 2001,” in Proc. IFAC Workshop, S. Bittanti
and P. Colaneri, Eds., Cernobbio-Como, Italy, Aug. 27–28, 2001.
[18] I. G. Polushin, “Stability results for quasidissipative systems,” in Proc.
3rd Eur. Control Conf., 1995, pp. 681–686.
[19] V. M. Popov, “One problem in the theory of absolute stability of controlled systems,” Autom. Rem. Control, vol. 25, no. 9, pp. 1129–1134,
1964.
[20] V. M. Popov, Hyperstability of Control Systems. New York:
Springer-Verlag, 1973.
[21] A. V. Savkin and I. R. Petersen, “Structured dissipativeness and absolute stability of nonlinear systems,” Int. J. Control, vol. 62, no. 2, pp.
443–460, 1995.
[22] J. C. Willems, “Dissipative dynamical systems. Part I: General theory.
Part II: Linear systems with quadratic supply rates,” Arch. Rat. Mech.
Anal., vol. 45, pp. 321–393.
[23] V. A. Yakubovich, “Frequency methods of qualitative investigations of
nonlinear systems,” in Advances in Theoretic and Applied Mechanics,
A. Y. Ishlinsky and F. L. Chernousko, Eds. Moscow, Russia: MIR,
1982.
[24] V. A. Yakubovich, “Oscillatory properties of the solutions to the canonical equations,” Matematicheskii Sbornik, vol. 56, no. 98, 1, pp. 3–42,
1962.
[25] V. A. Yakubovich, “Nonconvex optimization problem: The infinitehorizon linear-quadraric control problem with quadratic constraints,”
Syst. Control Lett., vol. 19, pp. 13–22, 1992.
[26] V. A. Yakubovich, “Minimization of quadratic functionals under the
quadratic constraints and the necessity of a frequency condition in the
quadratic criterion for absolute stability of nonlinear control systems,”
Soviet Math. Doklady, vol. 14, pp. 593–597, 1973.
[27] V. A. Yakubovich, Application of the Theory of Linear Periodic Hamiltonean Systems to the Problems of Absolute Stability of Linear Systems
with Periodically Time-Varying Linear Part, ser. 1, 15. Leningrad,
Russia: Vestnik Leningr. Univ., 1987, pp. 55–60.
[28] V. A. Yakubovich, “Dichotomy and absolute stability of nonlinear systems with periodically nonstationary linear part,” Syst. Control Lett.,
vol. 11, pp. 221–228.
[29] V. A. Yakubovich, “A frequency theorem for periodic systems,” Soviet
Math. Dokl., vol. 33, no. 3, pp. 360–363, 1986.
[30] V. A. Yakubovich, “Linear-quadratic optimization problem and the frequency theorem for periodic systems,” Siberian Math. J., vol. 21, no.
4, pt. I:, pp. 614–630, 1986.
[31] V. A. Yakubovich, “Frequency theorem in control theory,” Siberian
Math. J., vol. 14, no. 2, pp. 384–419, 1973.
[32] V. A. Yakubovich and V. M. Starzhinsky, Linear Differential Equations with Periodic Coefficients and Their Applications. New York:
Wiley, 1975.
[33] V. A. Yakubovich, A. L. Fradkov, and D. J. Hill, “Dissipativity of
T-periodic linear systems,” in Proc. 35th IEEE Conf. Decision Control, 1996, pp. 3953–3957.
[34] T. Yoshizava, “Note on the boundedness and the ultimate boundedness
of solutions of x_ = F (x; t),” Ser. A. Math., vol. 29, pp. 34–53, 1955.
Vladimir A. Yakubovich received the Diploma degree (M.S.) from Moscow State University, Moscow,
Russia, in 1949, the Candidate degree (Ph.D.) in
1953 and the Doctor of Science degree in 1959
from Leningrad State University, Leningrad (now St.
Petersburg), Russia, all in mathematics.
Since 1959, he has been with Leningrad (now St.
Petersburg) State University, St. Petersburg, Russia.
He is the coauthor of more than 300 papers and seven
books in different areas of applied mathematics and
control theory. He has worked in parametric resonance theory, stability theory, optimization theory, and others.
Prof. Yakubovich has served on many scientific committees and editorial
boards. He was awarded the Norbert Wiener Prize in 1991, a prize from international editorial company “Nauka” for best publication in its journals in 1995,
and the IEEE Control Systems Award in 1996. In 1991, he was elected a corresponding member of the Russian Academy of Sciences.

YAKUBOVICH et al.: DISSIPATIVITY OF T-PERIODIC LINEAR SYSTEMS

Alexander L. Fradkov (F’04) received the Diploma
degree in mathematics from the Department of Theoretical Cybernetics, Saint-Petersburg State University, St. Petersburg, Russia, in 1971, the Candidate of
Sciences (Ph.D.) degree in engineering cybernetics
from the Leningrad Mechanical Institute [now Baltic
State Technical University (BSTU)], St. Petersburg,
Russia, in 1975, and the Doctor of Sciences degree
in control engineering from the St. Petersburg Electrotechnical Institute, St. Petersburg, Russia, in 1986.
From 1971 to 1987, he occupied different research
positions and in 1987 became Professor of Computer Science at BSTU. Since
1990, he has been the Head of the “Control of Complex Systems” Lab of the
Institute for Problems of Mechanical Engineering, Russian Academy of Sciences. He is also a Professor at the Department of Theoretical Cybernetics,
Saint-Petersburg State University. He coauthored more than 400 journal and
conference papers, ten patents, 15 books and textbooks, including: Introduction to Control of Oscillations and Chaos with A. Yu. Pogromsky (Singapore:
World Scientific, 1998), Nonlinear and Adaptive Control of Complex Systems
with I. V. Miroshnik and V. O. Nikiforov (Norwell, MA: Kluwer, 1999), Selected Chapters of Automatic Control Theory with MATLAB examples (Russia:
Nauka, 1999, in Russian), and Cybernetical Physics (St. Petersburg: Nauka,
2003, in Russian, extended English version: Cybernetical Physics: From Control of Chaos to Quantum Control, Berlin-Heidelberg: Springer-Verlag, 2007).
Between 1991 and 2006, he visited and gave invited lectures in 70 universities and research centers of 22 countries. His research interests are in fields of
nonlinear and adaptive control, control of oscillations and chaos, cybernetical
physics (borderland field between physics and control).
Dr. Fradkov has been the Vice-President of the St. Petersburg Informatics
and Control Society since 1991 and the member of the Russian National Committee of Automatic Control. He organized and cochaired the 1st–11th International (Baltic) Student Olympiades on Automatic Control in 1991–2006, the
1st and 2nd International IEEE-IUTAM Conference on Control of Oscillations
and Chaos in 1997 and 2000, the 5th IFAC Symposium on Nonlinear Control
Systems (NOLCOS’01), and the 1st and 2nd IEEE-IUTAM-EPS Conference on
Physics and Control in 2003 and 2005. He was a member of IEEE CSS Conference Editorial Board (1998–2006).

1047

David J. Hill (M’76–SM’91–F’93) received the B.E.
and B.Sc. degrees from the University of Queensland,
Brisbane, Australia, in 1972 and 1974, respectively,
and the Ph.D. degree in electrical engineering from
the University of Newcastle, Callaghan, Australia, in
1976.
Currently, he is an Australian Research Council
Federation Fellow at the Research School of Information Sciences and Engineering, The Australian
National University, Canberra, Australia. He has
held academic and substantial visiting positions at
the universities of Melbourne, California (Berkeley), Newcastle (Australia),
Lund (Sweden), Sydney, and Hong Kong (CityU). He holds honorary professorships at the University of Sydney, South China University of Technology,
and City University of Hong Kong. His research interests are in network
systems, circuits and control with particular experience in stability analysis,
nonlinear control and applications.
Dr. Hill is a Fellow of the Institution of Engineers, Australia and a Foreign
Member of the Royal Swedish Academy of Engineering Sciences.

Anton V. Proskurnikov received the Diploma
(M.S.) degree in 2003 and the Candidate (Ph.D.)
degree, both in applied mathematics, in 2006 from
the Saint-Petersburg State University, St. Petersburg,
Russia.
Since 2006, he has been with the V. I. Smirnov Research Institute of Mathematics and Mechanics as a
Junior Researcher. he is also an Assistant Professor
at the St. Petersburg University. He coauthored 17
journal and conference papers. His research interests
include optimal, robust, and nonlinear control, functional analysis, signal processing, and computational geometry.

