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Passification of Non-square Linear Systems and Feedback
Yakubovich±Kalman±Popov Lemma
Alexander Fradkov
Institute for Problems of Mechanical Engineering, Russian Academy of Sciences, 61 Bolshoy ave V.O., St. Petersburg, 199178, Russia

The concepts of G-passivity and G-passifiability (feedback G-passivity) are introduced extending the concepts of passivity and passifiability to nonsquare
systems (systems with different numbers of inputs
and outputs). Necessary and sufficient conditions for
strict G-passifiability of nonsquare linear systems by
output feedback are given. Simple description of a
broad subclass of passifying feedbacks is proposed. The
proofs are based on a version of the celebrated
Yakubovich±Kalman±Popov lemma.
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1. Introduction
During the last decade there was a growing interest in
passivity-based or passification design methods. It
attracted an attention to feasibility conditions for
passification and to passifiable or feedback passive
systems ± ones that can be made passive by means of
state or output feedback [7,15,25,27,29,31,32]. Such
passifiability conditions are of interest even for linear
systems because they are used not only for linear
feedback design, but also for passivity-based design of
cascade nonlinear systems [29,31]. Since passivity of
a linear system is equivalent to positive realness of its
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transfer function, the linear passifiable (strictly passifiable) systems were also called ``almost positive
real'' (``almost strictly positive real'') [23,33]. The
conditions for passifiability by output feedback are of
most importance.
Necessary and sufficient conditions for passifiability of linear systems by linear output feedback were
suggested in [34,41] (for SISO systems) and in [1,18,21]
for MIMO systems. Note that feedback structures in
[1,18] and in [21] are different (see also [37]). State
feedback case was considered in [24,29]. In [13], it was
shown that strict passifiability conditions for state
feedback and output feedback case coincide. In a
number of works the problem of positive real
synthesis for systems with feedthrough (relative degree
zero case) was considered, see [35] and references
therein. The obtained results have applications in
robust control [1,18,34,41], adaptive control [2,21,23],
stabilization of partially linear cascaded systems
[24,29,31].
In the Russian literature the problem of feedback
design ensuring strict positive realness was studied still
in the 1970s, see [9] for SIMO systems and [10] for
MIMO systems. The results were systematically
applied to adaptive control [8,11,36], to VSS design
[4], to synchronization systems design [14,17,16].
Although the papers [9,10] (translations from
Russian) were published in the West and some results
of [9,10] were recalled in [2,3,13], these results were
somewhat overlooked in the Western literature.
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Particularly, the necessary and sufficient conditions of
output strict passifiability in [1,18,21,34,41] are
straightforward consequences of the corresponding
results of [9,10] and the adaptive output feedback
control algorithms proposed in [21] (and recalled in
[25]) coincide with those of [10].
The existing passification and passifiability results
are developed for the case of systems with equal
number of inputs and outputs (square systems).
However, nonsquare systems appear in many applications. Using the squaring down procedure (multiplying the input or output vector by a rectangular
matrix of appropriate size, see [30]) for output passification design leads to unnecessary reduction of the
designer's possibilities. Indeed, the passifying feedback law of the squared down system may contain less
gain coefficients that may reduce flexibility of the
design and ease of interpreting the controller parameters. For adaptive control systems, the nonsquaring
down designs lead to better parameter convergence: it
was shown by computer simulation that parameters
may converge faster and their limit values are smaller
[8,11]. Therefore, it is interesting to extend the passification framework to nonsquare systems.
In this paper, the concepts of G-passivity and
G-passifiability (feedback G-passivity) are introduced
extending the concepts of passivity and passifiability
to nonsquare systems. Necessary and sufficient conditions for strict G-passifiability of nonsquare linear
systems by output feedback are given in Theorems 2
and 3. Besides, simple parametrization of a broad
subclass of passifying feedbacks is proposed (see
Corollary 3). In the proofs some auxillary matrix
inequalities results are used (Theorem 4 and Lemma 5)
are used which, in turn, are based on a ``semi-singular''
version of the celebrated Yakubovich±Kalman±
Popov lemma established by V.A. Yakubovich in
1966 [40] (Theorem 1).
The problem is formulated in Section 2 where the
G-passivity definitions for nonsquare systems are
also introduced. The main results are presented in
Section 3, while the proofs are given in Section 4.

2. G-passivity and G-passification
Consider an affine in control system
x_  f x  g xu,

y  h x,

1

where x  x t 2 Rn , u  u t 2 Rm , y  y t 2 Rl are
state, input and output vectors, respectively, f, h are
smooth vector-valued functions of x and g is smooth
matrix-valued function of x. In some applications

(e.g., in control of quantum-mechanical systems), the
case with complex-valued variables and parameters
(x  x t 2 Cn , u  u t 2 Cm , y  y t 2 Cl ) is also
important. Such a case will be called complex case
while the case of real-valued variables and parameters
will be called real case.
Let G be a prespecified m  l-matrix.
Definition 1. System (1) is called G-passive if there
exists a nonnegative scalar function V(x) (storage
function) such that:
Zt
V x  V x0  

u t Gy t dt

2

0

for any solution of system (1) satisfying x 0 
x0 , x t  x. In (2) and below, the asterisk denotes
transposition of the matrix and complex conjugation
of its elements which is just transposition in real case.
Definition 2. System (1) is called strictly G-passive,
if there exist a nonnegative scalar function V(x) and
a scalar function  x, where  x > 0 for x 6 0,
such that
Zt
V x  V x0  

u t Gy t

 x t dt

3

0

for any solution of system (1) satisfying x 0  x0 ,
x t  x.
In this paper, we will be dealing with strict version
of G-passivity property for linear systems
x_  Ax  Bu,

y  Cx,

4

where x 2 Rn , u 2 Rm , y 2 Rl , A, B, C are matrices of
appropriate size. For linear systems, the storage
function V(x) is quadratic form V x  0:5x Hx (or
Hermitian form in complex case), while function  x
is just Euclidean norm of the vector:  x 
jxj2 ,  > 0.
Obviously, if l  m and G  Im is identity
matrix, then G-passivity coincides with conventional passivity property. In turn, passivity is
closely related to hyperstability, introduced by
V.M. Popov [28]. In fact V.M. Popov was the first
who studied passivity in detail for linear control
systems and gave its characterization in terms of
frequency-domain inequality meaning positive
realness of the system.
Note that if the storage function V(x) is smooth, the
integral dissipation inequalities (2), (3) are equivalent
to their differential forms. For a nonlinear system (1),
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the integral inequality (3) is equivalent to fulfillment
of the differential dissipation inequality
@V
f x  g xu  u Gy
@x

 x:

5

For linear system (4) and for quadratic storage function V x  0:5x Hx, the integral inequality (3) is
equivalent to




x H Ax  Bu  u Gy

%jxj

2

6

for some % > 0 and all x 2 Rn , u 2 Rm .
In its turn, the dissipation inequality (5) is equivalent to the relations
@V
f x 
@x

%jxj2 ,

@V
g x  Gh x ,
@x

7

while the inequality (6) is equivalent to the following
matrix relations
HA  A H < 0,

HB  GC :

8

The solvability conditions for (8) and related versions
of the dissipation inequalities for linear systems
are given by the seminal Yakubovich±Kalman±
Popov or Kalman±Yakubovich lemma (for this special case also called positive real lemma). In what
follows we need the ``semi-singular'' version of the
Yakubovich±Kalman±Popov lemma established
by V.A. Yakubovich [40] in 1966. Introduce the
following notations1:
G  HA  A H  R,


G g
Q H 
,
g %
 s  % -2Re b sIn
- a s In

g

Ha

b,

Theorem 1 Yakubovich, 1966. Let A be Hurwitz
matrix, %11  0 and rank a2  m2 . Necessary and sufficient
conditions for existence of matrix H  H such that
Q H  0 and rank Q(H)  n  m1 are
p
(1)  i! > 0 for all real !; i 
1.
(2) lim!!1 !2 22 i! 21 i!111 i!12 i! > 0.
Note that for m2  0 Theorem 1 turns into ``nonsingular'' Yakubovich±Kalman±Popov lemma, while
for m1  0,C R  0 it provides solvability conditions
for matrix inequalities HA  A H < 0, Ha  b corresponding to SPR property of the matrix function
b* sIm A 1 a.
For the purposes of control systems design the
following G-passification problems are important.
Problem A. Find m-vector function y and m  mmatrix function y such that the system (1) with the
output feedback
u

y 

yv,

9

where v 2 Rm is new input, is strictly G-passive.
Problem B. Find m-vector function y such that the
system (1) with the output feedback (9) is strictly
G-passive with fixed m  m-matrix function y.
For linear systems, a linear passifying feedback
is considered instead of (9) and the passification
problems are formulated as follows.
Problem AL. Find m  l-matrix K and m  m-matrix
L such that the system (4) with the output feedback
u  Ky  Lv,

10

m

(where v 2 R is new input, det L 6 0, see Fig. 1) is
strictly G-passive.
A 1 a

A  1 R sIn

A 1 a,

where H  H is n  n-matrix, R  R is n  nmatrix, %  % is m  m-matrix, a, b are n  mmatrices. Let m  m1  m2 , where m1 , m2 are integer
numbers and let matrices %, , a be split into the
corresponding blocks as follows:




 
a1
%
%12
11 12
%  11
, 
, a
%21 %22
21 22
a2

Problem BL. Find l  m-matrix K such that the
system (4) with the output feedback (10) is strictly
G-passive with fixed matrix L.
For complex case all the variables and functions
in (9), (10) are complex valued. Important for
G-passification are G-passifiability problems: checking solvability of the Problems A, B, AL and BL.

and %12  %21  0, %22  0.

1
Notation Re K stands for the Hermitian part of the matrix:
Re K  K  K  =2.

Fig. 1
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 s, K  detsIn

A K,

W s, K  CsIn

A K 1 B,

where K is m  l-matrix. Obviously,  s, K and
W s, K are characteristic polynomial and transfer
matrix, respectively, of the system (4) closed with the
feedback

Fig. 2

u  Ky  v:

11

It is easy to show that the following identities are
valid:
 s, K   s detIm
W s, K  W sIm
Fig. 3

In this paper, the passification and passifiability
problems AL, BL for linear nonsquare systems (l 6 m)
are studied. Related problems for square MIMO
linear systems were considered in [1,18,21,37]. In [1,18]
the special case L  K (configuration Fig. 2) was
considered, while configuration in the papers [21,37]
corresponds to the case L  I (Fig. 3).
Note that the problems cannot be reduced to the
``square'' case by the ``squaring down'' procedure (see,
e.g. [30]). Indeed, initially the unknown matrix K is
rectangular and the squaring down will reduce the
number of constructive parameters. It follows from
our main results, however, that squaring down by
introducing new output y  Gy 2 Rm does not change
the passifiability conditions, while the passifying
feedback can always be found in the form
y  Lv (see Section 3). In other words, the initial
u  K
problems related to finding a rectangular m  l-matrix
K have same solvability conditions as the corresponding reduced problems related to finding a square
m  m-matrix K. However, the problems are not
equivalent since they have different number of unknowns. Preserving initial number of parameters is
important, e.g. for adaptive control, where reducing the
number of adjustable parameters may decrease transient performance of adaptive systems, see [8,11].

3. Main Results
In order to formulate the solutions to the above
problems, introduce the following notations:
 s  det sIn A, W s  C sIn
A K  A  BKC,

A 1 B,

KW s,
1

KW s :

12
13

Let G be m  l-matrix. Define ' s   s det GW s,
 lims!1 sGW s. It can be shown (see Lemma 1
below) that ' s is a polynomial of degree not
exceeding n m, invariant with respect to feedback
transformation (11). Since  GCB, the m  m-matrix
is also invariant with respect to the feedback
transformation (11).
Definition 3. The system (4) is called G-minimum phase
if the polynomial ' s is Hurwitz (its zeros belong to
the open left half-plane). It is called strictly
G-minimum phase if it is minimum phase and
det 6 0, and hyper minimum phase if it is minimum
phase and   > 0.
Since the above terms are correctly defined using
the transfer matrix of the system (4), it is no abuse to
use same terms as related to the transfer function
itself.
It is worth noticing that for square systems the
introduced terms are related to the frequently used
notion of minimum phaseness defined via transmission
zeros of the system (4) and to the notion of strong
detectability introduced by M. Hautus [19]. Namely,
for m  l and G  Im the roots of the polynomial ' s
coincide with transmission zeros since ' s  det ,
where  is the Rosenbrock matrix:


sIn A
B

:
C
0
For nonsquare case the notions are different. Indeed,
let m  1. Then, the set of transmission zeros is the set
of common zeros of all j s, j  1, . . . , l where j s is
the numerator of the transfer function for j-th output.
Even if j s have only left common zeros, their linear
combination is not necessary Hurwitz because the set
of all Hurwitz polynomials of degree k is neither linear
nor convex for k > 2. In fact, if m  l and the number
q of common roots of the polynomials j s is less than
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m, then the remaining m q zeros of det GW s can be
assigned more or less arbitrarily, as illustrated by the
following example.
Example 1. Consider a second order system with one
input, two outputs and transfer function


1
s  b1
W s  2
:
s  a1 s  a2 s  b2

14

Let G be a 1  2-matrix, G  g1 , g2 . Then the root of
the binomial GW s  g1  g2 s  g1 b1  g2 b2  can
be assigned everywhere in the plane, if b1 6 b2 , i.e. if
the system does not have transmission zeros (because
in that case the equations g1  g2  a, g1 b1  g2 b2  b
are always solvable for g1 , g2 ).
Now we formulate the main results of the paper.
Assume that rank B  m, i.e. there is no redundancy
in inputs. The following two theorems give solvability
conditions for the Problems AL and BL.
Theorem 2. The system (4) is strictly G-passifiable by
output feedback (10) if and only if it is strictly
G-minimum-phase.
Theorem 3. The system (4) is strictly G-passifiable by
output feedback (10) with fixed matrix L if and only if
the system with the transfer matrix W(s)L is hyper
G-minimum-phase.
Corollary 1. In view of results of [19,20,26]
existence of the matrix G, rendering the transfer
function GW(s) strictly minimum-phase is necessary
and sufficient for existence of the unknown input
observer.
Proofs of the Theorems 2 and 3 are based on the
solution to the following algebraic problem, posed
and solved in [10].
Given complex-valued matrices A, B, C, G, R of the
dimensions n  n, n  m, l  n, m  l and n  n,
respectively (m  n, l  n). Let R  R  0.
Find existence conditions for a Hermitian n  n
matrix H  H > 0 and a complex valued m  l
matrix K such that
HA K  A K H  R < 0,

15

HB  GC ,

16

where
A K  A  BKC:

17

The case when all the matrices A, B, C, G, R are real
valued will be called the real case.

Theorem 4. Fradkov, 1976: For the existence of the
matrices H  H > 0, K satisfying relations (15)±(17)
and being real valued in the real case, it is sufficient
(and, when rank B  m, it is also necessary) that the
matrix GW(s) be hyper minimum phase.
Obviously, relations (15), (16), (17) for fixed K
coincide with the linear matrix inequalities (LMI) (6)
arising in a version of Yakubovich±Kalman±Popov
lemma. Therefore, Theorem 4 deals with the existence
of a feedback rendering the system satisfy conditions
of Yakubovich±Kalman±Popov lemma. In other
words, Theorem 4 can be called the Feedback
Yakubovich±Kalman±Popov lemma. Note also that
the inequalities (15) are bilinear matrix inequalities
and the problem of their solvability is in general NPhard. However, for the above special case the solvability conditions for (15), (16), (17) are simple and
constructive that is seen from Theorem 4 formulation.

4. Proof of Main Results
In order to make the paper self-contained we start
with the proof of the Theorem 42. Then we will derive
Theorems 2 and 3 from Theorem 4. First of all, we
need to establish several auxiliary lemmas.
Lemma 1. Let p, q be n  m-matrices,
s 
sIn A 1  s, and  s  p sq. Then det  s 
m 1 s s, where  s is a polynomial of degree no
higher then n m with the leading coefficient
sn m det p q. Besides,  s does not change with substitution A  qr instead of A, where r is any n  m
matrix.
Proof of Lemma 1. It is seen that  s  det  s,
where


sIn A  qp
q
 s 
:
p
0
Let  s  n sn      1 s  0 . Then, n k is equal
to a sum of three principal minors of order m  k of
the matrix  0, expansion of which contains exactly
k elements from the upper left block. Therefore
n k  0 for k < m. Furthermore


q
sIn A  qp
 s
n m  lim n m  lim det
s!1 s
s!1
0
p


q
In
 det 
0
p
 det p q:
2
The proof is slightly simplified compared with [10,15]. Some
misprints in [10,15] are also fixed.
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The second statement of the Lemma follows from the
fact that substitution A ! A  qr gives the same
result as if we added the last m columns of the matrix
 s, multiplied by corresponding elements of the
matrix r, to the first n columns of the same matrix
 s. Obviously, such a manipulation does not change
&
the polynomial det  s.
Corollary 2. The polynomial ' s   sGW s 
GC sIn A 1  sB, defined above, has the leading
coefficient sn m det and is invariant under ``feedback
transformation'' of the form A ! A K  A  BKC.
Lemma 2. Any k-th order minor of the matrix  s,
defined in Lemma 1, is divisible by  sk 1 , with the
fraction being a polynomial of degree not exceeding n k. Its leading coefficient is equal to the
corresponding minor of the matrix p q.
Proof of Lemma 2. The matrix 0 s of the mentioned
minor has the form 0 s  e1  se2 , where e1 , e2 are
constant matrices of dimensions m  k. Therefore
0 s  a1 sa2 , where a1 , a2 are matrices of dimensions n  k. Application of Lemma 1 to the matrix
&
0 s proves Lemma 2.
Lemma 3. Let the polynomial P s have the form
P s  sn m Q s  R s, where
Q s 
R s 

m
X

qk  q0k k sk ,

k0
nX
m 1
k0

m
X

rk  r0k sk ,

where i , . . . , m are the roots of Q . Thus, the roots
of P s will belong to the left half-plane, if the roots of
&
Q(s) and R(s) lie in the same half plane.
Lemma 4. Let  !, ! 2 R1 be complex valued m  mmatrix function satisfying for all x 6 0 and all ! 2 R1
the inequality: Re x  !x > 0. Then
j arg det  !j  m,
where
 arg

!  lim  arg
!!1

!

arg

!:

Proof of Lemma 4. Let si !, xi !, i  1, . . . , m,
be the eigenvalues and eigenvectors of the matrix
!. Then,
Re xi ! !xi !

> 0,

R s  q0 sn

m



nX
m 1

rk sk

k0

Proof of Lemma 3. It is easy to see that n m roots of
the polynomial P s tend to the roots of polynomial
R s  lim!0 P s as  ! 0, while remaining m roots
tend to infinity. Let us substitute s   and denote
S   n m P =. Then,
m
X

k0
nX
m 1
k0

qk  q0k k
rk  r0k k n

m k

:

det  ! 

m
X

si ! 6 0

i1

be Hurwitz. Then the polynomial P s is Hurwitz for
all sufficiently small  > 0.



i  1, . . . , m,

Therefore si ! 6 0 and

qk s k ,

m

i
 O 1,


kxi !k2
i  1, . . . , m, ! 2 R1 :

k0

S   n

si 

Re si ! 

and q0k   O , r0k   O  for  ! 0. Let, additionally, the polynomials
Q s 

From the latter expression it is obvious that n m
roots of the polynomial S  tend to zero as  ! 0,
while remaining m roots tend to the roots of Q  with
the rate O . Therefore, m roots s1 , . . . , sm of the
polynomial P s as  ! 0 take the form

for any ! 2 R1 . Besides j arg si !j  , and hence
j arg det  !j 

m
X

j arg si !j  m:

i1

&

Finally, we will need another version of the Yakubovich±
Kalman±Popov lemma which deals with positive
definite solutions of the matrix relations (8).
Lemma 5. Let A0 , R, B, C0 be matrices of dimensions
n  n, n  n, n  m, m  n respectively, and
R  R  0, rank B  m. Let
 s  2 Re C0 sIn A0  1 B
B sIn A0  1 R sIn

A0  1 B:

18
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For the existence of n  n-matrix H  H > 0
such that
HA0  A0* H  R < 0,

HB  C0 ,

19

where a s  W s s. Expanding the determinant in
the right-hand side of expression (20), we obtain
k s 

km
 s



m 1

which is real valued in the real case, the following
conditions are necessary and sufficient:
(i) det sIn A0  is a Hurwitz polynomial;
(ii)  i! > 0 for all ! 2 R1 ;
(iii) lim!!1 !2  i! > 0.
Proof of Lemma 5. The sufficiency of conditions (i),
(ii) and (iii) follows from Theorem 1 for m1  0. Let us
prove their necessity. The necessity of condition (i)
follows from the fact that fulfillment of (19) implies
asymptotic stability of the system x_  A0 x (it
follows from the Lyapunov theorem about solution
of the matrix inequality (19)). Finally, validity of (ii)
and (iii) when (19) and (i) hold also follows from
&
Theorem 1.
Note that the requirement H  H > 0 makes the
solvability problem for linear matrix inequalities more
complicated. Although the case of inequalities (8),
corresponding to passivity is trivial, constructive solvability conditions for the case of general quadratic
forms, corresponding to dissipativity property are still
unknown. Of course, numerical solution of LMI is
always possible, but for our purposes analytical conditions are needed. The case considered in Lemma 5
is an intermediate one. The inequalities with R > 0
are important for treating stochastic stabilization
problems, see [11].
Proof of Theorem 4. First, let us prove the sufficiency.
To this end, choose an m  l-matrix K0 such that
matrices A0  A  BK0 C, C0  GC satisfy conditions
(i), (ii) and (iii) of Lemma 5. We will show that K0 can
be chosen as K0  kG, where k > 0 is sufficiently
large (this guarantees that K0 is real valued in the real
case). For brevity we denote
k s   s,

kG,

Wk s  W s,

Ak  A

kBGC,

kG:

To check condition (i) we use the equality (12) which
means that
k s 

km
 sm

det
1



 s
Im  Ga s ,
k

20

 sm
 sm 1
 '1 s m 1    
m
k
k

 s
 'm s ,
 'm 1 s
k

where '1 s, . . . , 'm 1 s, 'm s  det Ga s are the
coefficients of the characteristic polynomial of the
matrix Ga(s). By Lemma 2 'k s   sk 1 k s,
where k s is a polynomial of degree n k, the
leading coefficient of which k is equal to the sum of
principal minors of order k for the matrix
GCB k  1, . . . , m.
Therefore,
1
 s
1 s
m 1 s
 m s
k s  m  m 1     
km
k
k
k
 
 m  m 1 
s
s
1
 sn m


O
1
k
k
k
 
 
s
1
  
m 1O
k
k


m

s 

s, k,

where s, k is some polynomial of degree not higher
then n m with coefficients of order O(1/k) as
k ! 1. Applying Lemma 3 for   1=k, we obtain
that the polynomial k s is Hurwitz for sufficiently
large k, if the following polynomials are also Hurwitz
Q s  sm 

m 1
X

ks

k

,

R s 

m

s:

k0

However, Q(s) and R(s) are Hurwitz by assumptions
of the theorem since Q s  det sIm  GCB 
det sIm  , while R s  ' s. Thus the condition (i)
is valid for k > k1 and some positive number k1 .
To prove condition (ii), let us rewrite it in the
following form:
2 ReGWk i! > B i!In Ak  1 R i!In
Ak  1 B:

21

By virtue of invariance of the polynomial ' s for any
k, we conclude that det GWk s  ' s=k s. In
accordance with the conditions of the theorem,
the polynomial ' s is Hurwitz, and, hence,
det GWk i! 6 0 for all ! 2 R1 . Therefore for any
! 2 R1 we obtain
Re GWk i!  GWk i!
 Re GWk i! 1 GWk i!:
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In view of the latter equation, inequality (21) is
equivalent to the following inequality
2 Re GWk i!

1

> Wk i!G  1 B

i!In

1

Ak 

 BGWk i! 1 :

22

However,
GWk s

1

 kIm  GW s 1 :

Therefore, it is sufficient to show that Re GW i! 1
and the right-hand side of (22) is bounded for ! 2 R1 .
Since det GW i!  ' i!= i! for ! 2 R1 , the
matrix GW i! 1 is bounded in any bounded
set of !.
Now let us show that Re GW i! 1 is bounded for
! ! 1. By virtue of the conditions of the theorem,
  > 0, where  GCB. Therefore
1

Re GW i!

 Re i!i!GW i! 1

 
1
1
 Re i!
O

 i!

1

1 

   O 1  O 1

for ! ! 1:
To end the proof we need to show the boundedness of
the right-hand side of (22) as k !). For k > k1 , the
matrix function k  is continuous, and, hence,
bounded on any bounded set. Let us show that for
any k there exists a finite limit lim!!1 k !.
Denote Bs  sIn Ak  1 B. Then Bs  B=s O 1=jsj2 
for s ! 1, and
lim Bi! GCBi! 

!!1

1

 BGCB 1 :

Therefore, there exists a finite limit
lim

!!1

k

!  lim Bi! C G  1 Bi! RBi! GCBi! 
!!1
 

 B C G  1 B RBGCB


1

1

1

B RB :

Thus, condition (ii) of Lemma 5 is valid for k > k2
with some positive number k2 > k1 > 0.
Finally, to verify the condition (iii) for
sufficiently large k > 0 we use the following apparent
relationships
lim !2  i!  2ReGCAk B B RB

!!1

 2ReGCAB B RB2kGCB2 :
Thus the sufficiency part of the theorem is proved.

To prove necessity, assume that the relationships
(15), (16), (17) are fulfilled for some H0  H0 > 0 and
K0 . By Lemma 5, the polynomial 0 s 
det sIn A K0  is Hurwitz and Re GW i!, K0  > 0
for any ! 2 R1 , where W s, K0   CsIn A K0  1 B.
Due to the invariance of the polynomial ' s we
obtain
' s  0 s det GW s, K0 :
Calculating the increment of the argument for s  i!,
where ! varies from 1 to 1 for both sides of this
equality, we have
 arg ' i!  n   arg det GW i!, K0 :
By Lemma 4 we obtain  arg ' i!  n m.
However, ' s is a polynomial of degree n m with
the leading coefficient sn m det (see Lemma 1).
Therefore j arg ' i!j  n m, and arg'(i!) 
n m. Hence ' s is Hurwitz, and det > 0.
It remains to show that    0. By Lemma 5
lim !2 Re GW i!, K0 

!!1

 lim Re i!GCB
!!1

 lim i!
!!1





GCA K0 B  O 1=j!j
Re GCA K0 B > 0,

and, hence,   . It is worth noting that the relationships (15), (16), (17) are, obviously, valid if we
substitute A K0  kIn k > 0 instead of A K0 .
Applying Lemma 5 again, we conclude that
GCA K0 B  k > 0 for any k > 0. Therefore
 0. To complete the proof of the theorem note
that in the real case the matrix K  kG is real by
its choice and the matrix H can be chosen real by
&
Lemma 5.
Proof of Theorems 21 and 23. Proof of the main results is
now straightforward. If the matrix L is fixed, then the
strict output passifiability is equivalent to existence of
matrices K, H, satisfying relations (15)±(17) where B
is replaced by BL. By Theorem 43, it is equivalent to the
minimum phaseness and fulfillment of D  DT > 0,
where D  GCBL, i.e. to the hyper G-minimumphaseness of the transfer matrix W(s)L. If matrix L is
subject to choice, we can ensure the relation
D  DT > 0 as soon as system is strictly minimum
phase, i.e. if det GCB 6 0. In this case the simplest
&
choice is L  GCB 1 .
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Corollary 3. The set of matrices K satisfying (15), (16),
(17) i.e. G-passifying the initial system contains the
subset of matrices of form K  k G, where
k > k0  sup max GW i! 1 
!2R1

23

(max is the maximum singular value of the matrix).
Proof of the Corollary 3. It is clear from the proof of
Theorem 4 that the most restrictive condition among
conditions (i), (ii) and (iii) of Lemma 5 for ensuring
strict G-positive realness by choice of K  kG is the
condition (ii): ReGWk i! > 0 for all ! 2 R1 , where
matrix inequality is understood in sense of Hermitian
forms (quadratic forms in the real case). Indeed, the
condition (ii) is equivalent to Re GWk i! 1 > 0.
Multiplying
the
identity
GWk s 1  kIm 
1
GW s , by x , x and choosing s  i!, ! 2 R1 we
obtain
x Re GWk i! 1 x  kx x  x GW i! 1 x
 kx x1  x GW i! 1 x=x x=k
 kx x1

max GW i! 1 =k,

where max stands for the maximum singular value of
the matrix. Therefore if the condition (23) holds then
condition (ii) holds. Since det Im jGW i! 1 j > 0
&
for k > k0 , the conditions (i), (iii) hold too.

5. Conclusions
The paper clarifies some interrelations between passification of nonsquare linear systems and solvability
of a class of bilinear matrix inequalities. The presented
passification results can be useful for design purposes
in various situations. For example, they justify design
of SPR system based on providing some minimum
phase property and applying high gain output feedback (this approach has numerous applications in
adaptive control, see [9,10,22,23,25,33,38]).
Note that Theorem 4 provides solvability conditions for the inequalities (15), (16), (17) rather than
complete description of the set of solutions. A
complete description of matrices H, K satisfying to
(15), (16), (17) can be obtained similarly to [21] based
on solving some LMI.
An extension of G-passification approach to infinitedimensional linear systems is presented in [5,6].
Different G-passifiability conditions for affine nonlinear systems (1) can be obtained by extension of the
results of [7,13] and will be presented elsewhere.
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