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Abstract. The speed-gradient method of control
design for oscillatory nonlinear systems is extended
to multi-objective and constrained problems including the problem of suppressing resonances.
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1 Introduction
Control of nonlinear oscillatory systems has attracted much attention of control theorists recently
[18, 5, 8, 9, 11, 15, 17]. It is motivated by various potential application in mechanics, physics,
vibrational technology, etc. Another reason of increasing interest is that control of oscillatory systems requires achieving nonclassical control goals
(swinging, synchronization) as well as describing
and analyzing complex motions of the closed loop
system. The problem of swinging the Hamiltonian
system up to the desired level of energy was solved
in [8, 9, 11] using speed-gradient method [7]. It
was shown that speed-gradient control algorithms
allow to achieve the desired energy hypersurface
with arbitrary small control intensity. However
the motion along the energy hypersurface may be
rather complex. For example it has been shown by
computer simulation [14] that the controlled double pendulum (two-link manipulator) may perform
chaotic motions with di erent levels of energy.
The present paper is devoted to the further study of
possibilities and limitations of speed-gradient control of Hamiltonian systems.
In this work, we consider the controlled Hamiltonian system (CHS) [16] with a phase vector x =
(p; q ) 2 R2n and Hamiltonian function H (q; p; u) =

H0 (q; p) + Pmj=1 Hj (q; p)uj, being linear in input
functions uj ; j = 1; : : :; m. The corresponding
CHS with u = 0 is called unforced CHS. Given
the set of the conserved quantities Fi ; i = 1; : : :; k

of the unforced CHS, we pose the control goal as
directing each of them to the prespeci ed value:
lim F (x(t)) = fi ; i = 1; : : :; k:
(1.1)
t!1 i
The proposed control algorithms, ensuring the control aim (1.1), are obtained by means of speedgradient method. The conditions are found ensuring that the (2n k)-dimensional surface in the
phase space of CHS de ned by the desired values
of the conserved quantities fi is attracting set of
the closed-loop CHS. Moreover it is shown that
in the case when k = n > 1 each trajectory of
the closed-loop CHS approaches some quasiperiodic trajectory and therefore can not be chaotic.
The obtained results then are extended to the class
of the generalized Hamiltonian systems and to the
systems with additional inequality constraint. The
last problem is important in mechanics for suppression of resonances when spinning up nonbalanced
rotors [6, 13].

2 The problem statement
Let M 2n be smooth 2n-dimensional Poisson manifold with the system of local coordinates x =
(q; p) 2 M 2n and standard Poisson structure (see
[1],[16]). The notations C 1 (M 2n ); V 1 (M 2n )
stand for the Lie algebras of smooth functions
and smooth vector elds on M 2n , correspondingly.
Now let F; G 2 C 1 (M 2n ), then we de ne their
Poisson bracket as follows
n  @F @G @F @G 
X
fF; Gg(q; p) =
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i=1

i

i

i

i

Same notation is used when F or G or both are
vectors. Consider an ane controlled Hamiltonian
system [16]
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where H0 2 C (M 2n ) is a Hamiltonian function of
unforced CHS (2.1); Hj 2 C 1 (M 2n ); j = 1; : : :; m
1

are interaction Hamiltonians being independent
functions ( in the sense that the corresponding oneforms dHj 2 T  (M 2n ) are linearly independent)
[16]; uj ; j = 1; : : :; m are control inputs of CHS.
The equations (2.1) provide a convenient mathematical description for various controlled physical
and mechanical systems. The q and p components of phase vector will be called "generalized
coordinates" and "generalized momenta", correspondingly.
Let the set of independent functions Fi 2
C 1 (M 2n ); i = 1; : : :; k; k  n and the set of real
numbers fi ; i = 1; : : :; k be given. Then the level
set of functions Fi

Mf = f(q; p) 2 M 2n : Fi (q; p) = fi ; i = 1; : : :; kg

(2.2)
is (2n k)-dimensional submanifold of M 2n by
virtue of implicit function theorem. It is well
known [1] that the condition

fH0; Fj g = 0; ; j = 1; : : :; k
(2.3)
implies that the manifold Mf is invariant set of the
unforced CHS. Moreover, in the case when k = n
(we assume that F1 = H0 ) and the manifold Mf

is compact and connected it is di eomorphic to a
n-dimensional torus. Then the unforced CHS (2.1)
is integrable and its motion on Mf is quasiperiodic
(and hence is not chaotic). To achieve the control goal (1.1) we must design the input functions
of the corresponding CHS in such a way that the
level set Mf of functions Fi ; i = 1; : : :; k should be
attracting set for the controlled CHS (2.1).
Choose the set of admissible controls U as
U = fu = (u1; : : :; um)T : uj (q; p) 2
C 1 (M 2n ); uj (q; p) = 0; 8(q; p) 2 Mf ; j =
1; : : :; mg. The problem is to design the control
algorithm
u = u(q; p) 2 U
(2.4)

for CHS (2.1) in such a way that for any given
numbers fi , i = 1; : : :; k the manifold Mf is an
invariant attracting set for the trajectories of the
closed-loop system (2.1), (2.4), (1.1).

3 Control algorithm design
To solve the posed problem we use the speed gradient method [7, 8], which suggests the following
control algorithm

u(q (t); p(t)) =

ruQ_ (q(t); p(t))

(3.1)

or, more generally

u(q(t); p(t)) = (ru Q_ (q(t); p(t))); (3.2)
where Q(q; p) is the goal functional, Q_ is the full
derivative of Q(q; p) along the solutions of (2.1)
and (z ) is a vector-function forming sharp angle
with z , i.e. (z )T z > 0 for z =
6 0. Take the goal

functional as follows
Q(q; p) = 21 [F f ](q; p)T R [F f ](q; p); (3.3)
where F (q; p) = (F1 (q; p); : : :; Fk (q; p))T , f =
(f1 ; : : :; fk )T and R is symmetric positive de nite
constant matrix. Then the corresponding speedgradient control algorithm (3.1) has the following
form
 Qg = [H;
 F ](q; p)  R  P (q; p); (3.4)
u = fH;
where H stands for column vector with components Hj
The general algorithm (3.2) looks as follows
 Qg):
u = (fH;
(3.5)
Introduce the set
 F g; s = 0; 1; : : :g:
S (q; p) = spanfadsH0 fH;
where for every H; G 2 C 1 (M 2n ) we de ne inductively ad0H G = G; ad1H G = fH; Gg; adsH+1 G =
fH; adsH Gg.

Proposition 3.1 Consider the controlled Hamil-

tonian system (2.1) de ned on a smooth 2ndimensional manifold M 2n with Hamiltonians
H0 (q; p); Hj (q; p) bounded together with their rst

and second partial derivatives on the set " =
f(p; q) : Q(p; q) < "g for some " > 0. Let
Fi 2 C 1(M 2n ); i = 1; : : :; k be conserved quantities of the unforced CHS (2.1). Assume that there
exists  > 0 such that each connected component of
the set

D = 0 \ f(p; q ) : det AT A < g
 F g and
is compact, where A = fH;
dim S (q; p)  k 8(q; p) 2 " ;
(3.6)
Then the control goal (1.1) is achieved for any trajectory of the system (2.1), (3.5) with initial conditions from the set " .

Remark. If the condition (3.6) hold everywhere in

except some set of isolated points (p ; q) then
(p; q) is an equilibrium of the unforced system.
Therefore it follows from the center manifold theory that if the unforced system has only isolated
equilibria (p; q) in " and each of them is unstable (in sense that corresponding Jacobi matrix
has at least one eigenvalue with positive real part)
then the Lebesgue measure of the initial conditions
for which the goal (1.1) is not achieved is equal to
zero.
The proof follows lines of [9] and [16] ( compared
with Lemma 10.7 of [16] the goal equilibrium is
replaced by the goal manifold).
In fact the Proposition 3.1 states that if we have
avoided convergence to the stable equilibrium then
the control goal (1.1) will be achieved for almost all
initial conditions under observability-like condition
(3.6).
In the case when one of the goal functions Fj is
proper function the explicit conditions ensuring the
goal (1.1) can be given.
"

Proposition 3.2 Let F1 be proper function, i.e.
the set f(p; q ) : F1 (p; q )  cg is compact for all
c 2 R1 . Let dim S (p; q )  k for all (p; q ) 2 0,
where 0 = f(p; q ) : jF1 (p; q ) f1 j < "g. Then the
goal (1.1) is achieved in system (2.1), (3.4) for all
initial conditions (p(0); q (0)) 2 0.

Remark 1. The simple condition eliminating convergence to a stable equilibrium is just absence of
stable equilibria in the connected component of

the set f(q; p) : Q(q; p)  Q(q (0); p(0))g containing Q(q (0); p(0)). To satisfy it the proper choice
of the goal function Q(q; p) i.e. proper choice of
values fi and weighting matrix R may help.
Remark 2. In case when k = n and each two of
functions Fi are in involution, i.e.

fFi; Fj g = 0; i; j = 1; : : :; k;

(3.7)
it can be proved that each trajectory of the closed
loop CHS tends to some trajectory of the unforced
system which is either quasiperiodic one, or equilibrium point [1]. Hence, the behavior of the closed
loop control system (2.1), (3.5) can not be chaotic.

4 Example: spherical pendulum
For example consider spherical joint manipulator
with a single link of length l and a point mass m
associated to the free end of link modelled as spherical pendulum. Choose the spherical coordinates of
free end of link q = (q1 ; q2)T as the generalized coordinates. Then the Hamiltonian of unforced CHS
takes the following form
H0(q; p) = 21 (1=! )(p21 + p2= sin2 q1 ) + mgl cos q1;
(4.1)
2
T
where ! = 1=(ml ); p = (p1; p2) is the vector of
the generalized momenta. Note, that the Hamiltonian H0 (q; p) does not depend on q2 . Hence this
coordinate is cyclic and therefore, p2 is conserved
quantity of the system under consideration. Thus
the set of function
F1(q; p) = H0(q; p); F2(q; p) = p2
forms the full number of conserved quantities, i.e
k = n = 2.
In the case when H1 (q; p) = q1 ; H2 (q; p) = 0 (k =
2; m = 1), the condition (3.6) is not ful lled. Note,
that this case can be reduced to the problem of
energy stabilization of a simple pendulum k = n =
m, considered in early works [8, 9, 14]).
In the case when Hi (q; p) = qi ; i = 1; 2 (k = m =
2), or H1 (q; p) = 0; H2(q; p) = q2 (k = 2; m = 1),
the condition (3.6) is ful lled on f(q; p) 2 R4 : q1 6=
0; p1 6= 0g and
u1 =
 (!p1(H0(q; p) f1)+
!p2(p2 f2 )= sin2 q1 )
(4.2)
u2 =
 (p2 f2);

In the case when H1(q; p) = 0; H2(q; p) = q2 (k =
2; m = 1), then S = f(q; p) 2 R4 : q1 6= 0g and
u1 =  (!p2= sin2 q1  (H0(q; p) f1 ); (4.3)
u2 =  (p2 f2 ):

Therefore the algorithm (3.1) reads as

u=

m
X
i=1

rHiT g(Hi Hi);

(5.4)

By virtue of Proposition 3.1, the presented control algorithms (4.2) and (4.3) ensure the control
aim realizing for any initial condition of the control
system (2.1) belonging to W0  R4nf(q; p) 2 R4 :
q1 6= 0; p1 6= 0g in both cases of input functions.

where g = col(gq ; gp; gs ). The conditions which
guarantee achievement of the goal (5.3) can be derived similarly to Proposition 3.1.
A special case of (5.1) is a mechanical system with
kinematic constraints. Consider the LagrangeEuler system with the Hamiltonian

5 Control of generalized Hamiltonian systems

_ (q )q_ + (q );
H = 12 qM

(5.5)

A(q)T q_ = 0;

(5.6)

The proposed approach applies also to the so called
generalized Hamiltonian systems [17] which are described in the canonical local coordinates as follows
8 q_ = r H (q; p; s) + g (q; p; s)u;
p 0
q
<
p
_
=
r
H
(
q;
p;
s
)
+
gp (q; p; s)u; (5.1)
q
0
: s_ = g (q; p; s)u;
s

where q 2 Rn ; p 2 Rn ; s 2 Rl ; H0; gq; gp; gs are
some smooth functions.
Obviously the function H0 in (5.1) is an invariant
of the unforced system
8
< q_ = rp H0(q; p; s);
(5.2)
: p_ = rq H (q; p; s);
s = const:
Suppose that some set of the invariants H1 ; : : :; Hm
of the unforced system is given. Then we may pose
the problem of achieving the goal
lim H (q (t); p(t); s(t) = Hi ; i = 1; : : :; k
t!1 i

(5.3)

and design the speed-gradient algorithm (3.2) as
follows. Choose partial goal functional
Vi = (Hi Hi)2 =2:
Its derivative along (5.1) is as follows

and

@H @Hi
i
V_i = (Hi Hi)[ @H
@p p_ + @q q_ + @s s_]

@H
@Hi T
i
ruV_i = (Hi Hi)[ @H
@p gp + @q gq + @s gs ] :

where M (q ) is positive de nite matrix of kinetic
energy, (q ) is potential energy. Suppose there are
k kinematic constraints on the generalized velocities of the form
where the k n matrix A(q ) has rank k. Performing
the procedure of eliminating k dependent generalized coordinates (see e.g. [10, 17]) we arrive to a
generalized Hamiltonian description in the space of
reduced dimension 2n k. The control algorithm
ensuring the goal (5.3) can be derived similarly to
(5.4).

6 Suppression of resonances
Consider the problem of controlling translational
oscillations of rotational actuator (TORA) which
has become recently a benchmark example for nonlinear control [6, 13, 2, 12]. In [2, 12] the problem
of global stabilization of TORA was considered.
However initially this system has been used as a
simpli ed model to study the resonance capture
phenomenon [6, 13]. The capture phenomenon represents the failure of a rotating mechanical system
to be spun up by a torque-limited rotor to a desired
rotational velocity due to its resonant interaction
with another part of the system [6, 4, 3].
We consider the problem of suppressing the resonances by means of control. The key point of
our solution is to pose the problem as spinning the
system up to the desired energy level under restriction on the energy of its speci ed subsystem. To
explain this idea consider the TORA example The
approach applies however to much more general

systems. The TORA system consists of a cart attached to a wall by a spring. On the cart a rotating eccentric mass (debalanced rotor) is actuated
by a DC motor. The goal is to achieve the desired
average angular velocity of the motor under constraint imposed on the translational oscillations of
the cart. The motor torque is assumed to be a
control variable u = u(t).
The model of the system is given by
(M + m)z + ml( cos  _2 sin ) + kz = 0;
ml2 + mz cos  = u;
where z is the displacement of the cart from its
equilibrium position,  is rotational angle of the
rotor. The system has the state vector x =
col(z; z_ ; ; _) 2 IR4 .
The total energy of the system is as follows:
H = 12 (M + m)z_ 2 + mlz_ _ cos  + 21 ml2_2 : + 12 kz2 :
(6.1)
We want to achieve the control goal

Q(x(t)) ! 0;
(6.2)
where Q = (H H)2 =2 and H is the desired
energy level under the constraint

Q1 (x(t))  ;
(6.3)
where  > 0 and Q1 is the kinetic energy of the
cart

Q1(x) = 21 mz_2 :

(6.4)

Since we have two objective functions (Q and
Q1) speed-gradient algorithm cannot be applied
directly. To solve the problem the projection of
gradient-like control strategy is proposed:
a) If the condition (6.3) is satis ed then SG algorithm is used designed for objective function Q
which is de ned in (6.2).
b) When constraint (6.3) is broken the control
strategy suggests to supprese vibrations of rst
subsystem by means of SG algorithm designed
according to the objective (6.4). To ensure the
achievement of the two goals (6.2) and (6.3) exploit
the freedom of choosing function in general form
of SG algorithm (3.2). Namely choose forming
sharp angle with the speed-gradient of Q1 and
strictly sharp angle with the speed-gradient of Q.
Then Q1 will never increase while Q will decrease

unless vectors ru Q_ and ru Q_ 1 lie in the opposite
directions. In that exceptional case right choice is
just to put u = 0. However the exception may become a rule if the angular velocity of the rotor coincides with the angular frequency of free oscillations
of the cart. Such an event means exactly appearance of the resonance which can be passed by small
change of control along ru Q_ followed by coming
back to the previous strategy. The only thing remaining to describe the control algorithm precisely
is just explicit expression of speed-gradients.
Calculating the speed-gradients of the goal functions Q and Q1 in u gives
ruQ_ = (H H);_ ruQ_ 1 = z=
_ cos :
To meet the sharp angle condition we combine
these expressions into the control algorithm

(H H );_ if (ru Q_ )(ru Q_ 1) > 0
u=
0; otherwise
(6.5)
where > 0. Explicitly,

_
 ); if (t) > 0
u = 0; (Hif H
(6.6)
(t)  0
where (t) = (H (p(t); q (t)) H )_(t)z_ (t) cos (t).
Obviously (t) = (H (p(t); q (t)) H)z_ (t)z_1 (t)
where z1 = l sin  is the projection of the rotor position onto the axis of spring. Although the function
Q1 is not an invariant of the unforced system, the
algorithm (6.6) does not allow it to increase and
the constraint (6.3) will be held for all t  0 provided that it holds at the initial time instant t = 0.

7 Conclusion
The obtained results establish possibilities and
some limitations of SG algorithms for organizing
oscillatory behavior of nonlinear Hamiltonian systems. The proposed algorithms ensure control goal
(1.1) for arbitrary fi , and therefore for arbitrary
energy level of system. Moreover, the goal can
be achieved with arbitrary small > 0, i.e. for
arbitrary small control level (so called swinging
property [9]). The results have been extended
to the generalized Hamiltonian systems and systems with constraints. It is interesting to compare the above results with the KAM-theory [1]
which in essence analyses the behavior of system

with uncontrolled perturbed Hamiltonian. One of
the core results of KAM-theory can be interpreted
as follows: the perturbed system with Hamiltonian H (q; p) = H0 (q; p) + Hd(q; p) generically becomes chaotic when  grows. Our results show that
the controlled perturbed
Pm system with Hamiltonian
H (q; p) = H0 (q; p)+ j=1 Hj (q; p)uj and SG feedback will never create chaos since the trajectories
of the closed loop system for arbitrary gain tend to
quasiperiodic motions.
The work was supported in part by RFBR (grant
96-01-01151) and INTAS (project 94-965).
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