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The main difficulty of the partial stabilization
algorithm design is to find constructive conditions localizing
the limit set of the closed loop system. Usually the desired limit set is contained in Dc = {Z : V(c) = 0},
where V 2 0 is a given goal function. Obviously, Dc
does not necessarily coincide with Di = {Z : V(z) = 0).
In this case, standard arguments based on La Salle principle require the evaluation of the largest invariant set
containing in Dl. Therefore they do not provide explicit
conditions ensuring that the trajectories of the closed
loop system approach the set Do. On the other hand
the existing conditions of stability of the sets (e. g. [9])
assume that the limit set is known which is not case in
our problem.

Abstract.
In this paper the problem of invariant set
stabilization for cascaded nonlinear system is considered. New stabilizability
conditions and new feedback
control laws are suggested. The energy stabilization
problem for controlled pendulum with actuator is examined in detail.

1 Introduction
An interest in nonlinear control problems has been continuously growing during last decade. It was motivated
both by growing maturity of nonlinear control theory
and by applications (control of mechanical systems, biochemical processes, etc). More attention has been recently attracted by control of oscillations (see, e. g. [4]).

The above obstacle was overcome in [3, 131 based on
the concept of V-detectability
[12], which extends the
zero-state detectability, see [2], to the case of the partial
stabilization.
In the present paper the results of [3, 13, 121 are extended to the class of cascaded systems. Important results concerning with the stabilization of the cascaded
systems were established previously in [l, 14, 7, 11, 10,
2, 6, 81. In [6, 8] a systematic design of stabilizing controllers for nonlinear cascades, the so called “integrator backstepping”, was proposed. However the results
of [6, 8] related to the set stabilization problems (e. g.
Lemma 2.8, p. 34, and Corollary 2.22, p. 51, of [S]) state
convergence to the largest invariant set M contained in
the set {(z, w) : V(Z) = 0,~ = 0). The evaluation of the
set M is a separate problem. Even the establishing the
relation M C ((2, u) : V(z) = 0}, meaning the achievement of the control goal, needs special consideration,

The control of oscillations problems has some specific
features compared with conventional problems of stabilization and tracking. Namely the control goal is formulated as approaching some manifold rather than a
prescribed point (position) or a curve (trajectory).
It
corresponds to the transition from a conventional stability to partial stability. Another feature is a “small
control” requirement. The existing methods of the partial stabilization (e. g. [15]) use mainly the feedback
linearization technique that often leads to the local results and makes it difficult to meet the “small control”
requirement. Another approach based on passivity was
proposed in [3] for the problem of stabilization of a
number of first integrals of the unforced Hamiltonian
system. It was extended to more general problems in

The main results of the present paper (Theorems
3.1, 3.4) together with the sufficient conditions of Vdetectability
(Propositions 2.3-2.5) give constructive
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As it will be shown the V-detectability
condition of the
system (2.1), (2.3) plays important role in the solution
of stabilization problem (2.4), but this notion is nonconstructive and requires an additional checkable criterion.
In the following statements some conditions, which imply V-detectability,
are presented. Introduce the set

conditions ensuring that the limit set M is inside the
set ((2, v) : V(z) = 0), i. e. the goal is achieved.
Theorems 3.1, 3.4 hold for fully nonlinear cascades.
Their application, in view of Propositions 2.3-2.5, requires the evaluation of rank of some distribution
depending on the system to be controlled. Application
of Theorems 3.1, 3.4 is demonstrated by example of
swinging the pendulum with actuator.

S = {x E R” : LyL,V(z)
= 0,
for all 7 E D, 0 < m 5 T- l),
where D is a distribution

2 Problem

Statement

=
=

i,

Y =

f(x) + Y(X)%
Q(X, v) + b(x, v)u,

(2.1)

h(4

(2.3)

where gi, 1 5 i 5 m are the vector components of the
smooth vector field g(x). Recall that a nonnegative
function V is said to be proper if Vc 3 0 the set V, =
{x E R” : V(z) < c} is compact.

(2.2)

Proposition

2.3 ([12]) Suppose that the system
is P assive with C’, r > 1, smooth proper
nonnegative function V. If the set

where x E R”, v E Rm are state vectors of subsystems,
u E Rm is control input vector, y E Rm is output
vector; f(x), g(x), a(x,v), a(x,u) are smooth vector
fields of appropriate dimensions. It is assumed that in
the state space of the system (2.1) a goal set S is defined
and that this set S is contained in the set of zeros of
known smooth scalar function V, i. e. S C {x : V(z) =
0). The problem is to find output feedback regulator
and sufficient conditions which guarantee the control
goal
*lJnIn V(x(t)) = 0.
(2.4

P.l))I

0,

LsV(z)

=

h(+-,

Vz E R”
Vz E R”.

To formulate another criterion of V-detectability,
assume that the C’-smooth scalar function V(z), P 1 1,
admits the factorization
V(x) = fb+,12,

(2.9)

where w : R” + R’, 1 5 n, is a C’-smooth vector
function. Introduce the distribution g(x) as follows
n
S(x) = span{LjL,w(x),
Ic = 0, 1, . . . , T - 1). (2.10)
It is easy to see that the dimension of distribution j(x)
cannot be greater than I for any point x E Rn. Denote
the set

(2.5)
(2.6)

Al = {x E R” : (Ljw(x))TLfLSw(x)
k:=O,l,...,
Definition
2.2 ([12]) System (2.1), (2.3) is said to be
locally V-detectable if there exists positive number c > 0
such that for all xc E 24 = {x E R” : V(z) < c}
h(qt,

x0,0)) = 0 v t 1 0 * ,li.&

definition

is just the differential

= 0,
r-l},

and consider its subset Pi, where the distribution
has the maximal dimension, i. e.
Pi = {x E Ai : dim$(x)

V(a?(t, x0,0)) = 0,

3(x)

= I}.

Let a set Ri be defined as follows

where cP(t, xc, 0) is a solution of subsystem (2.1) with
v(t) c 0. If U = R”, the system (2.1), (2.3) is Vdetectable.
IThis
one [2]

(2.8)

does not contain any whole trajectory of the unforced
system k = f(x) then the system (2.1), (2.9) is Vdetectable.

Definition
2.1 ‘Let V(z) be a C’, T 2 1, smooth nonnegative function. The system (2.1), (2.3) is said to be
passive with storage function V if
5

(2.3)

S \ {x E R” : V(z) = 0)

In addition, it will be assumed that the subsystem (2.1),
(2.3) is passive (or passifiable by some smooth feedback)
with the storage function V. For the completeness recall the notions.

LIV(z)

defined by the relation

and Preliminaries

We will consider a cascaded nonlinear system
h

(2.7)

521 = {xo E X = R” \ (PI U {x E R” : V(z) = 0)) :
the whole trajectory x = x(t, xc) of (2.1)
with v = 0 lies in X}.
(2.11)

version of the standard
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Proposition
2.4 ([12]) Suppose that the system
(2.11, (2.3) is passive with a proper C’, r 2 1, smooth
function V which can be represented in the form (2.9).
If the set RI is empty then the system (2.1), (2.3) is
V-detectable.
Denote the sets
A2 = {x E R” : ~(x)~L;Lsw(x)

= 0, h = O,l, . . .,r-1},

Pz = {z E AZ : dimg(z)

= I},

‘i-l2 = {x0 E X = R” \ (Pz u {z E R” : V(x) = 0)) :
the whole trajectory x = x(t, ze) of (2.1)
with v = 0 lies in X}.
(2.12)
Proposition
2.5 ([12]) Suppose that the system
(2.1), (2.3) is passive with a proper C’, r 2 1, smooth
function V which can be represented in the form (2.9).
If the set fia is empty then the system (2.11, (2.9) is a
V-detectable.

Its derivative
form

along the trajectory

$wcx,

v> = g,(x)

results

3.1 Case a(w,z) 3 0, b(v,x) 3 I,
First consider a special case of problem, namely, suppose that the system of interest has the form

- vTPv 5 0.

(3.7)

By assumption the function W is nonnegative and
proper. Therefore the trajectory [x(t), w(t)] possesses
the non-empty w-limit set S-l, which is closed and consists of whole trajectories of the closed loop system
(3.1)-(3.4), see [5].
Take an arbitrary point [So, as] E 52 and consider the
trajectory i(t) = S(t, SO), C(t) = C(t, Cc) of (3.1), (3.2),
(3.3). Along this trajectory
;w(x(t),

v(t)) = aVrx@)) f@(t)) - qt)=Pqt)

= 0.

Due to the passivity of (3.1), (3.3) and the positive
definiteness of P, one has that Vt > 0

aww>
f(i(t))
dx
Differentiating
all t 2 0

= 0

and

G(t)
= 0.

the last equality, one concludes that for

0 = 5(t) = -PC(t)
3 Main

[x(t), v(t)] has the

Then due to V-detectability
jectory [fc, GO]the relation

- y(t) = -y(t).
assumptions along the tra-

&-l-l V@(1)) = 0

$

=

f(x) + Y(X)%

(3.1)

ti

=

u,

(3.2)

holds. Therefore the inclusion (&, 60) E fl implies 60 =
0 and V(xo) = 0. This means that for trajectory x(t) =
x(t, ~0, wc) the goal limit equality

h(x),

(3.3)

tJ-& V(x(t)) = 0

Y =

that is the first system in cascade is the block of integrators.
Theorem 3.1 Suppose that the system (2.1), (3.3) is
passive with C’, r 2 1, smooth proper storage function
V. If the system (3.1), (8.3) is V-detectable then for
any solution of the closed loop system ($.l), (3.2), (3.3)
with the regulator
u=-Pv-y,

(3.4)

where P is an arbitrary positive definite m x m matrix,
P = P” > 0, the goal relation (2.4) is valid. Moreover,
lim lv(t)l’
t-++CO

= 0.

(3.5)

Proof.
Fix a regulator of the form (3.4) and consider the solution [x(t), v(t)] = [x(t, xo, vo), v(t, xo, vo)]
of the closed loop system (3.1)-(3.4).
Take the Lyapunov function candidate as
W(x, v) = ;[,I2

+ V(x).

(3.6)

is fulfilled.

Theorem 3.1 is proved. n

The combination of Theorem 3.1 and one of Propositions 2.3-2.5 leads to the following results.
Theorem
3.2 Suppose that the system (3.1), (3.3) is
passive with C’, r 2 1, smooth proper storage function
V. If the set
S \ {x E R” : V(x) = 0)
does not contain any whole trajectory of the unforced
system x = f(x).
Then for any solution [x(t), v(t)]
of the closed loop system (3.1)~(S.3) with the regulator (3.4) the goal relation (2.4) is valid. Moreover,
lim++,
lv(t)12 = 0.
Theorem
3.3 Suppose that the system (J.l), (3.3) is
passive with C’, r > 1, smooth proper storage function
V. If the set s/a (or Q,) is empty, then for any solution [x(t), w(t)] of the closed loop system (3.1)-(3.3)
with the regulator (3.4) the goal relation (2.4,) is valid.
Moreover, limt,+,
It(
= 0.

3.2 General

Remark 3.5 As it was mentioned above the condition
of V-detectability
of the system (3.9) can be verified
by Propositions 2.3-2.5. It is easy to formulate the
analogs of Theorem 3.4 replacing the assumption of Vdetectability by one of the sufficient conditions stated
in Propositions 2.3-2.5.

case

Theorem 3.4 Consider the system (2.1), (22), (2.3)
under the following assumptions:
1). the 2nd subsystem is passifiable, i. e. there exists
smooth locally bounded function IA(X) such that
$f(x)+g(+(x)]

5 0,

L,V(x)

= h(x)T,

Vx E R”,
(3.8)

where V(x) is some nonnegative proper function;
2). det b(v, x) # 0 VW,Z;
3). the system
k = (f(x)

+ SW+))

+ g(x)%

Y = h(x)

(3.9)

is V-detectable.
Then for any solution [x(t), v(t)] of the closed loop system (2.1), (2.2), (2.$) with the regulator

4 Example:
stabilization
pendulum
with

(3.10)

Proof.
Make the coordinate change (z, v) --+ (x, 9),
where 3 = v-a(z).
Then the system (2.1), (2.2), (2.3)
takes the form

5

=

Y =

(3.12)

h(x),

(3.13)

level of

g(t)

=

-mgl

. sin(q(t)) + ml . w(t),

T ev(t)

=

u(t) - v(t),

(4.1)

(4.3)

where (q, p) are generalized coordinate and momenta of
the pendulum, u is a control function, m, 1 are mass and
length of the pendulum, g is the gravity acceleration,
T is the time constant of actuator. The problem is to
define the regulator and to describe the set of initial
conditions such that along any solution of the closed
loop system the goal relation

(3.11)

ii@, x) + a@, x)u,

of energy
actuator

In this section the stabilization problem of a given energy level for a pendulum with actuator is considered.
The controlled plant model is

where P is an arbitrary positive definite m x m
matrix, the goal relation (2.4) is valid.
Moreover,
limt,+,
Iv(t) - (r(x(t))12 = 0.

i = (f(x)+dzb(z))+gw =
j(x)+!dX)~>

Remark 3.6 All statements of this paper can be extended in natural way to the case when the state space
of the system is n-dimensional smooth manifold and
the function V(x) is proper and nonnegative on this
manifold. For example such a situation takes place for
the problem of local (global) energy-level stabilization
of Hamiltonian control systems with some periodic coordinates.

where

(4.4)

qli, x) = [+, x) + 2 (f(x) + I(“b)] 7

is valid. Here H, is an arbitrary nonnegative number,
is Hamiltonian function of the
H* 1 0, and H&P)
unforced (i. e. with v = 0) pendulum

b(G, x) = b(v, x).
Put
u = S(S, x)-l

HO(Q>P)
= yp2
2;l

[ii - ti(6, x)] .

It is convenient to choose the cylindrical phase space
(q,p) with the circle of the radius 1 in a base, x < q 2 r,
as a state space of the pendulum motions. On this state
space the function V is proper and nonnegative. Since
Ho(q,p) is the first integral of the unforced pendulum,
then the system (4.1), (4.2) is passive with the storage
function V and the auxiliary output

Then the system (3.11), (3.12), (3.13) is transformed to
the following one:
ii
6
y

=
=
=

I(x) + dx)C,
ii,
h(x).

+ mgl . (1 - co9 q).

(3.14)
(3.15)
(3.16)

The analysis of this system was made in Theorem 3.1,
so to complete the proof it is sufficient to point out
that by assumption all conditions of theorem 3.1 for
the system (3.14), (3.15), (3.16) are obviously valid. w

1
Y=~‘P.[Ho(P,P)-H*l.

(4*5)

However the theorem 3.1 cannot be applied directly. Indeed, the unforced subsystem (4.1), (4.2), (4.5) has two
1299

Take an arbitrary point (~o,$o, 60) E Sz and consider
the solution (i(t),@(t), C(t)) of the closed loop system
with an initial conditions in this point. The relation
(4.8) implies C(t) z 0. Then

points of equilibrium (q,p) = (O,O), (q,p) = (n, 0) and,
therefore, for any energy level H, 2 0 the system (4.1),
(4.2), (4.5) is not V-detectable. So the presented results
do not globally solve the problem of any energy level
stabilization of pendulum. One can hope that its local version takes place. The following statement shows
that this is the case.

7+1
=--.6-y=-&
T

o&g

Due to the relations (4.9) and (4.6)
Proposition
4.1 Consider the system (4.1), (4.S’),
(4.3), (4.5). Let H, 1 0 be given desired energy level
of the unforced pendulum, and let the positive number
C be defined as follows

- 2md12,
Hz),

C = ;min{[H,

v(ma(t))

a~} =

(4.6)

min{ai, a2}, if al > 0, a2 > 0
al, if 02 = 0
,
a2, ifal=

and 6 be any positive number,
arbitrary initial point (qe,po)
V(q,p) < (C - 6)) with Iv01 <
(q(t), p(t), W)
= (n(t, q&p@,
loop system (4.1), (4.2)), (4.$,ll
tor
u=--~.v-T.y,

6 < C. Then for an
E R(c-6) = {(q,p) :
m
along the solution
PO), 4t, VO)) of closed
(4.5) with the regula(4.7)

(q,p,v)

=

(q,p,v)

= (n,O,O)

set

: Ho(q,p) = H,, v = 0).

Essentially Proposition 4.1 states, that Vo is asymptotically stable, and describes the area of attraction of
the set Vo. But it is easy to show that the regulator
(4.7) will never stabilize the set Vo in any global or
semi-global sense. Indeed, one can prove by taking the
linear approximation that the point (q,p, w) = (O,O, 0)
is asymptotically stable for any regulator (4.7), while
62, PI v) = (a, 0,O) is always hyperbolic.

(4.8)

In particular, the function W(q, p, v) does not increase
along the considered trajectory and V t 1 0
W(q(th p(t), v(t))

= (O,O,O),

Vo = {(q,p,v)

has the form
2

(C-6)+6=C.

and the compact invariant

W(q, P, v) = V(q, P) + fv2

7+l

<

Remark 4.2 It follows from the proof of Proposition
4.1 that for the closed loop system (4.1)-(4.3), (4.5),
(4.7) any solution is bounded. Moreover, it has only
three attractors: the equilibriums

Proof.
Choose any point of the initial
condition (qo,m,~~)
such that (mm)
E Qc,
Iv01
-c
6, and consider the solution
(q(t),p(t), v(t))
=
(q(t, qo),p(t,pe), v(t, ve)) of the closed loop system
(4.1)-(4.3),
(4.5), (4.7).
Along this trajectory the
derivative of the function

.

P(f)) I vqo, PO) + $4

Indeed, along the trajectory (@(t),@(t)) the output function y(t) is equal identically to zero, y(t) - 0. Suppose
that lirm,+,
V(q(t),p(t))
= a # 0. Prom (4.5) one
concludes that along this trajectory g(t) = 0 for all
t 2 0. The unforced system (4.1), (4.2) has only two
trajectories with this property, namely: (q(t),p(t))
=
(O,O), (q(t),p(t))
= (n, 0). By choice of constant
C these equilibrium points do not belong to the set
-i(q>p) : Q(n,p) < Cl, w h ere the trajectory (@(t),$(t))
evolves. Thus a = 0 and Proposition 4.1 is proved. H

where y > -1, the goal relation (4.4) is valid, i. e. the
pendulum motion approaches the desired energy level
H,.

dW
dV.
dV.
dt=a9q+app+vv’-~.v.

w(t)>

To complete the proof let us show that for the trajectory (i(t), ?j(t)) of th e unforced system (4.1), (4.2), (4.5)
with the initial condition (qo,po) E {(q,p) : V(q,p) <
C} for which y(t) = 0, Vt 1 0, the goal relation (2.4) is
valid.

where
min{ai,

5

V(q(t), p(t)) + +)a
5 Conclusions

5

V(qo,po) + fa.

(4.9)
In this paper the problem of global asymptotic stabilization of invariant compact set for passive nonlinear cascaded system was considered. This problem is
widely investigated for the special case of equilibrium
point stabilization [2, lo] and others. In this paper the

The function V(q,p) is proper on the cylindrical state
space. Hence W(q, p, v) is also proper on the product of
cylindrical state space and R1. Therefore the trajectory
Wh p(t), W
h as a non-empty w-limit set R.
1300

stabilization of invariant set, which may differ from the
equilibrium, is suggested. To emphasize the novelty of
our solution let us recall that following the idea of the
control-Lyapunov function to stabilize the given invariant set I’ it is assumed that this desired attractor I?
is known and there exists nonnegative function V such
that for all vectors x, being away from F, there exists
control vector w with (aV(x)/ax)f(x,
v) < 0.
In contrast to these standard assumptions we only assume that there exists the nonnegative smooth proper
function V such that F c {x : V(x) = 0); there exists feedback regulator which provides the nonstrict inequality (W(x)/ax)
f (x, p(x)) 5 0 V c.
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