WAVELET APPROACH TO HAMILTONIAN, CHAOTIC AND QUANTUM CALCULATIONS IN ACCELERATOR PHYSICS

A. Fedorova and M. Zeitlin, Institute of Problems of Mechanical Engineering, Russian Academy of Sciences, Russia, 199178, St. Petersburg, V.O., Bolshoj pr., 61, e-mail: zeitlin@math.ipme.ru Z. Parsa, Dept. of Physics, Bldg. 901A, Brookhaven National Laboratory, Upton, NY 11973-5000, USA, e-mail: parsa@bnl.gov

Abstract

This is the second part of two our papers in which we present applications of wavelet analysis to polynomial approximations for a number of accelerator physics problems. We consider applications of very useful fast wavelet transform technique to calculations in symplectic scale of spaces and to quasiclassical evolution dynamics.

1 INTRODUCTION

This is the second part of two our presentations in which we consider applications of methods from wavelet analysis to nonlinear accelerator physics problems. This is a continuation of our results from [1], [2], which is based on approach of two of us from [3], [4] to investigation of nonlinear problems Ű general, with additional structures (Hamiltonian, symplectic or quasicomplex), chaotic, quasiclassical, quantum, which are considered in the framework of local(nonlinear) Fourier analysis, or wavelet analysis. Wavelet analysis is a relatively novel set of mathematical methods, which gives us a possibility to work with welllocalized bases in functional spaces and with the general type of operators (differential, integral, pseudodifferential) in such bases. Now we consider applications of very useful and powerful method of fast wavelet transform to the problems which appear in nonlinear orbital dynamics in storage rings [5]. The ^rst problem is the explicit calculation of quasiclassical evolution which we consider in section 2 and the second problem, which we consider in section 3, is calculations in (perturbed) Hamiltonian systems in cases when we need to consider multiresolution expansion not in one functional space but in in^nite scale of spaces with underlying symplectic structure. In section 4 we consider the key point of this approach which gives useful maximally sparse representation of differential operator that allows us to take into account contribution from each level of resolution.

2 QUASICLASSICAL EVOLUTION

Let we consider classical and quantum dynamics in phase space Ω = R^{2m} with coordinates (x, ξ) and generated by Hamiltonian H(x, ξ) ∈ C^∞(Ω; R). If Φ^H_t : Ω −→ Ω is (classical) ~ow then time evolution of any bounded classical observable or symbol b(x, ξ) ∈ C^∞(Ω, R) is given by b_t(x, ξ) = b(Φ^H_t (x, ξ)). Let H = Op^W (H) and B = Op^W (b) are the self-adjoint operators or quantum observables in L^2(R^n), representing the Weyl quantization of the symbols H, b [5] (Bu)(x) = 1 (2πh̄)^n ∫ R2n b ( x + y 2 , ξ ) · e^{i<(x−y),ξ>/h̄}u(y)dydξ, where u ∈ S(R^n) and B_t = e^{iHt/h̄}Be^{−iHt/h̄} be the Heisenberg observable or quantum evolution of the observable B under unitary group generated by H. B_t solves the Heisenberg equation of motion

Ḃ_t = i h̄ [H, B_t]. Let b_t(x, ξ; h̄) is a symbol of B_t then we have the following equation for it ḃ_t = {H, b_t}_M , (1)

with initial condition b_0(x, ξ, h̄) = b(x, ξ). Here {f, g}_M (x, ξ) is the Moyal brackets of the observables f, g ∈ C^∞(R^{2n}), {f, g}_M (x, ξ) = f♯g − g♯f, where f♯g is the symbol of the operator product and is presented by the composition of the symbols f, g (f♯g)(x, ξ) = 1 (2πh̄)^{n/2} ∫ R4n e^{−i<r,ρ>/h̄+i<ω,τ>/h̄} ·f(x + ω, ρ + ξ)g(x + r, τ + ξ)dρdτ drdω. For our problems it is useful that {f, g}_M admits the formal expansion in powers of h̄: {f, g}_M (x, ξ) ∼ {f, g} + 2^{−j} ∑ |α+β|=j≥1(−1) |β|. (∂^α_ξ fD^β_x g) · (∂^β_ξ gD^α_x f), where α = (α_1, . . . , α_n) is a multi-index, |α| = α_1 + . . . + α_n, D_x = −ih̄∂_x. So, evolution (1) for symbol b_t(x, ξ; h̄) is

ḃ_t = {H, b_t} + 1 2^j ∑ |α|+β|=j≥1 (−1)^{|β|} (2)

·h̄^j (∂^α_ξ HD^β_x b_t) · (∂^β_ξ b_tD^α_x H).

At h̄ = 0 this equation transforms to classical Liouville equation ḃ_t = {H, b_t}. (3) Equation (2) plays a key role in many quantum (semiclassical) problem. We note only the problem of relation between quantum and classical evolutions or how long the evolution of the quantum observables is determined by the corresponding classical one. Our approach to solution of systems (2), (3) is based on our technique from [1]-[4] and very useful linear parametrization for differential operators which we present in section 4.

3 SYMPLECTIC HILBERT SCALES VIA WAVELETS

We can solve many important dynamical problems such that KAM perturbations, spread of energy to higher modes, week turbulence, growths of solutions of Hamiltonian equations only if we consider scales of spaces instead of one functional space. For Hamiltonian system and their perturbations for which we need take into account underlying symplectic structure we need to consider symplectic scales of spaces. So, if u̇(t) = J∇K(u(t)) is Hamiltonian equation we need wavelet description of symplectic or quasicomplex structure on the level of functional spaces. It is very important that according to [8] Hilbert basis is in the same time a Darboux basis to corresponding symplectic structure. We need to provide Hilbert scale {Z_s} with symplectic structure [7], [9]. All what we need is the following. J is a linear operator, J : Z_∞ → Z_∞, J(Z_∞) = Z_∞, where Z_∞ = ∩Z_s. J determines an isomorphism of scale {Z_s} of order d_J ≥ 0. The operator J with domain of de^nition Z_∞ is antisymmetric in Z: < Jz_1, z_2 >_Z = − < z_1, Jz_2 >_Z , z_1, z_2 ∈ Z_∞. Then the triple {Z, {Z_s|s ∈ R}, α =< J̄dz, dz >} is symplectic Hilbert scale. So, we may consider any dynamical Hamiltonian problem on functional level. As an example, for KdV equation we have Z_s = {u(x) ∈ H^s(T^1)| ∫_{2π} 0 u(x)dx = 0}, s ∈ R, J = ∂/∂x, J is isomorphism of the scale of order one, J̄ = −(J)^{−1} is isomorphism of order −1. According to [10] general functional spaces and scales of spaces such as HolderŰ Zygmund, TriebelŰLizorkin and Sobolev can be characterized through wavelet coef^cients or wavelet transforms. As a rule, the faster the wavelet coef^cients decay, the more the analyzed function is regular [10]. Most important for us example is the scale of Sobolev spaces. Let H_k(R^n) is the Hilbert space of all distributions with ^nite norm ‖s‖^2_Hk_{(R}n_) = ∫ dξ(1 + |ξ|^2)^{k/2}|ŝ(ξ)|^2. Let us consider wavelet transform W_gf(b, a) = ∫ Rn dx 1 a^n ḡ ( x − b a ) f(x), b ∈ R^n, a > 0, w.r.t. analyzing wavelet g, which is strictly admissible, i.e. C_{g,g} = ∫_∞ 0 da a |^̄g(ak)|^2 < ∞. Then there is a c ≥ 1 such that

c^{−1}‖s‖^2_Hk_{(R}n_) ≤ ∫ Hn dbda a (1 + a^{−2γ} )|W_gs(b, a)|^2

≤ c‖s‖^2_Hk_{(R}n_)

This shows that localization of the wavelet coef^cients at small scale is linked to local regularity.

4 FAST WAVELET TRANSFORM FOR DIFFERENTIAL OPERATORS

Let us consider multiresolution representation . . . ⊂ V_2 ⊂ V_1 ⊂ V_0 ⊂ V_{−1} ⊂ V_{−2} . . . (see our other paper from this proceedings for details of wavelet machinery). Let T be an operator T : L^2(R) → L^2(R), with the kernel K(x, y) and P_j : L^2(R) → V_j (j ∈ Z) is projection operators on the subspace V_j corresponding to j level of resolution: (P_jf)(x) = ∑ k < f, φ_{j,k} > φ_{j,k}(x). Let Q_j = P_{j−1} − P_j is the projection operator on the subspace W_j then we have the following "microscopic or telescopic" representation of operator T which takes into account contributions from each level of resolution from different scales starting with coarsest and ending to ^nest scales: T = ∑ j∈Z (Q_j T Q_j + Q_jT P_j + P_jT Q_j)

We remember that this is a result of presence of af^ne group inside this construction. The non-standard form of operator representation [11] is a representation of an operator T as a chain of triples T = {A_j, B_j , Γ_j}_{j∈Z}, acting on the subspaces V_j and W_j :

A_j : W_j → W_j, B_j : V_j → W_j, Γ_j : W_j → V_j ,

where operators {A_j, B_j , Γ_j}_{j∈Z} are de^ned as A_j = Q_jT Q_j, B_j = Q_jT P_j , Γ_j = P_jT Q_j. The operator T ad-

mits a recursive de^nition via T_j = ( A_{j+1} B_{j+1} Γ_{j+1} T_{j+1} ) , where T_j = P_jT P_j and T_j works on V_j : V_j → V_j . It should be noted that operator A_j describes interaction on the scale j independently from other scales, operators B_j , Γ_j describe interaction between the scale j and all coarser scales, the operator T_j is an "averaged" version of T_{j−1}. The operators A_j , B_j, Γ_j, T_j are represented by matrices α^j, β^j, γ^j , s^j α^j_{k,k0} = ∫ ∫ K(x, y)ψ_{j,k}(x)ψ_{j,k}0 (y)dxdy β^j_{k,k}0 = ∫ ∫ K(x, y)ψ_{j,k}(x)φ_{j,k}0 (y)dxdy (4) γ^j_{k,k}0 = ∫ ∫ K(x, y)φ_{j,k}(x)ψ_{j,k}0 (y)dxdy s^j_{k,k}0 = ∫ ∫ K(x, y)φ_{j,k}(x)φ_{j,k}0 (y)dxdy We may compute the non-standard representations of operator d/dx in the wavelet bases by solving a small system of linear algebraical equations. So, we have for objects (4) α^j_{i,ℓ} = 2^{−j} ∫ ψ(2^{−j} x − i)ψ^′(2^{−j} − ℓ)2^{−j} dx

= 2^{−j}α_{i−ℓ} β^j_{i,ℓ} = 2^{−j} ∫ ψ(2^{−j} x − i)φ^′(2^{−j} x − ℓ)2^{−j} dx = 2^{−j}β_{i−ℓ} γ^j_{i,ℓ} = 2^{−j} ∫ φ(2^{−j}x − i)ψ^′(2^{−j} x − ℓ)2^{−j} dx = 2^{−j}γ_{i−ℓ}, where

α_ℓ = ∫ ψ(x − ℓ) d dx ψ(x)dx β_ℓ = ∫ ψ(x − ℓ) d dx φ(x)dx γ_ℓ = ∫ φ(x − ℓ) d dx ψ(x)dx then by using re^nement equations φ(x) = √ 2 L−1∑ k=0 h_kφ(2x − k),

ψ(x) = √ 2 L−1∑ k=0 g_kφ(2x − k), g_k = (−1)^kh_{L−k−1}, k = 0, . . ., L − 1 we have in terms of ^lters (h_k, g_k):

α_j = 2 L−1∑ k=0 L−1∑ k^0=0 g_kg_k0 r_{2i+k−k}0,

β_j = 2 L−1∑ k=0 L−1∑ k^0=0 g_kh_k0 r_{2i+k−k}0,

γ_i = 2 L−1∑ k=0 L−1∑ k^0=0 h_kg_k0 r_{2i+k−k}0, where r_ℓ = ∫ φ(x − ℓ)^d_{dx} φ(x)dx, ℓ ∈ Z. Therefore, the representation of d/dx is completely determined by the coef^cients r_ℓ or by representation of d/dx only on the subspace V_0. The coef^cients r_ℓ, ℓ ∈ Z satisfy the following system of linear algebraical equations

r_ℓ = 2 r_{2l} + 1 2 L/2∑ k=1 a_{2k−1}(r_{2ℓ−2k+1} + r_{2ℓ+2k−1})

and ∑ ℓ ℓr_ℓ = −1, where a_{2k−1} = 2 ∑_{L−2k} i=0 h_ih_{i+2k−1}, k = 1, . . . , L/2 are the autocorrelation coef^cients of the ^lter H. If a number of vanishing moments M ≥ 2 then this linear system of equations has a unique solution with ^nite number of non-zero r_ℓ, r_ℓ ≠ 0 for −L + 2 ≤ ℓ ≤ L − 2, r_ℓ = −r_{−ℓ}. For the representation of operator d^n/dx^n we have the similar reduced linear system of equations. Then ^nally we have for action of operator T_j (T_j : V_j → V_j) on suf^ciently smooth function f:

(T_j f)(x) = ∑ k∈Z (2^{−j} ∑ ℓ r_ℓf_{j,k−ℓ})φ_{j,k}(x), where φ_{j,k}(x) = 2^{−j/2}φ(2^{−j}x − k) is wavelet basis and f_{j,k−1} = 2^{−j/2} ∫ f(x)φ(2^{−j} x − k + ℓ)dx are wavelet coef^cients. So, we have simple linear parametrization of matrix representation of our differential operator in wavelet basis and of the action of this operator on arbitrary vector in our functional space.

5 REFERENCES

[1] A.N. Fedorova, M.G. Zeitlin, ’Nonlinear Dynamics of Accelerator via Wavelet Approach’, AIP Conf. Proc., vol. 405, ed. Z. Parsa, pp. 87-102, 1997, Los Alamos preprint, physics/9710035.

[2] A.N. Fedorova, M.G. Zeitlin, Z. Parsa ’Wavelet Approach to Accelerator Problems’, parts 1-3, Proc. PAC97 and BNL Reports, BNL-64501, BNL-64502, BNL-64503.

[3] A.N. Fedorova, M.G. Zeitlin, ’Wavelets in Optimization and Approximations’, Math. and Comp. in Simulation, in press, 1998.

[4] A.N. Fedorova, M.G. Zeitlin, ’Wavelet Approach to Nonlinear Problems’, parts 1-4, Zeitschrift fur Angewandte Mathematik und Mechanik, in press 1998.

[5] A.J. Dragt, Lectures on Nonlinear Dynamics, CTP, 1996, K. Heinemnn, G. Ripken, F. Schmidt, DESY 95-189, 1995.

[6] G.B. Folland, ’Harmonic Analysis in Phase Space’, Princeton, 1989.

[7] S. Kuksin, Nearly integrable Hamiltonian systems, Springer, 1993.

[8] S. Kuksin, In�nite - dimensional symplectic capacities, Comm. Math. Phys., 167, pp. 531-552, 1995.

[9] J. Bourgain, On the growth in time of Sobolev norms, IM- RN, 6, pp. 277-304, 1996.

[10] M. Holschneider, Wavelet analysis of PDO, CPT-96/P3344, Marseille.

[11] G. Beylkin, R.R. Coifman, V. Rokhlin, ’Fast Wavelet Transforms and Numerical Algorithms I. Comm. Pure and Appl. Math, 44: 141-183, 1991.