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DESCRIPTION OF CRYSTAL PACKING OF PARTICLES
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Pairwise interaction potentials, for example, Lennard—Jones, Mie, or Morse potentials, are widely
utilized for modeling molecular systems. These potential have a clear physical meaning and, although rather
simple, enable one to describe the properties of a great number of substances on the qualitative level. It
is well known, however, that these potentials have essential drawbacks that restrict their application area.
One of the major drawbacks is that the pairwise potentials can provide stability only for crystal lattices with
dense packing. This is a triangular lattice in the 2D case and a face-centered cubic lattice (or one similar
to that) in the 3D case. 3D and 2D lattices with lower packing densities (e.g., a simple cubic lattice) are
unstable for most of the pairwise potentials. This is for that reason that the distance between the second
neighbors (along the diagonals of the cube) lies on the unstable segment of the force—distance diagram, i.e.,
an increase in this distance leads to a destabilizing, rather than restoring, force. This leads, for example, to the
fact that the deformation of a square lattice into a rhombic one turns out to be energetically profitable. The
structures characteristic of covalent crystals—hexagonal lattice on plane (graphite structure) and diamond
structure in space—are also unstable. The traditional solution of this problem implies the utilization of many-
body interaction potentials [1, 2]. These potentials depend on the angles between the bonds, which enables
structures with low packing density to be stabilized. On the other hand, the expressions for these potentials
are rather complex and constants occurring in these expressions do not have a clear physical meaning. These
conslants are adjusted so as to provide the best agreement of the calculated characteristics of substances to be
modeled with those known from experiments. However, when proceeding from a erystal structure to another
structure (for, example, from graphite to diamond), one has to completely change the interaction potential.

An alternative approach involves taking into account the torque component of the interatomic interaction.
Covalent bonds are known to be directional, which enables these to transmit torque interactions. The necessity
to take into account the torque interaction has been confirmed for polymers. An adequate description of the
structural properties of polymer molecules is impossible without taking into account the lorque interaction
(corresponding to rotation about the bond direction). In the present paper, we will show that by taking into
account pairwise torque interaction (in addition to the pairwise force interaction) one can provide the stability
of crystal structures with low packing density. The torgue interaction has a clear physical meaning and, for
this reason, should be preferred to the many-body interaction.

However, the torque interaction is also rather complex in the general case. Therefore, a mechanical
model of the torque interaction is needed which should, on the one hand, be fairly simple to admit a clear
analytical formulation and, on the other hand, provide stability for crystal lattices under consideration. Such a
model can be represented by groups of particles rigidly connected to one another and possessing a symmetry
characteristic of the crystal structure. Each particle is a point mass interacting with particles of another group
by means of pairwise force interaction. However, the total interaction between the groups will contain both
the force and torque components. The resulting law of interaction can be applied to describe the interatomic
interaction in a crystal with low packing density. This approach needs rather few parameters to be involved
in the model. These are the parameters of the pairwise interaction and the geometrical parameters that
characterize the groups of rigidly connected particles.

We anticipate that such an approach will enable one to construct models for most of the existing crystal
structures and, moreover, will make it possible to describe the transition between the structures without
changing the interaction law.

Equations of continuous theory of elasticity of media with rotational degrees of freedom are well known;
see, €.g., [3]. In the present paper, we develop a model of a crystal packing of particles which yields the linear
theory of couple stress elasticity in the long-wave approximation [4]. To that end, we apply the approach
of [5, 6] that has been suggested for the couple-free case. The most difficult point in the description of the
torque interaction between particles at the nodes of the crystal lattice is the definition of a strain measure and
the derivation of constitutive relations. For the force interaction, the force acting between a pair of particles
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is central, with the magnitude depending on the distance between the particles. The allowance for the torque
interaction substantially complicates the situation. In this case, the force and torque vectors may have arbitrary
directions, both of these vectors depending on the mutual position and mutual orientation of the particles. In
what follows, to define the strain vector and to derive the constitutive relations for two interacting particles
we utilize an approach similar to the technique employed in continuum mechanics to construct couple stress
theories [7-10]. By means of this approach we show that the dynamics of the crystal lattice in the long-
wave approximation is governed by the equations of macroscopic couple stress elasticity, irrespective of the
structure of the particles. We obtain the expressions for the stiffness tensors of rank 4, which characterize the
elastic properties of the crystal lattice, in terms of stiffness tensors of rank 2, which characterize the stiffness of
the interatomic bonds. and vectors specifying the geometry of the lattice. To illustrate the proposed technique
we investigate the stability of a square crystal lattice, with the torque interaction being taken into account.
The torque interaction provides the stabilization of the crystal.

Consider two particles modeling atoms of a crystal lattice (Fig. 1). We will assume that the interaction between
these particles is determined not only by their mutual position but also by their mutual orientation. This interaction is
characterized by the force vector and the torque vector. To determine the force and torque as functions of the relative
position and orientation of the particles, we will proceed exactly as is the case in the theory of shells and rods [7,9].
In the actual configuration, the positions of the particles are defined by the position vectors, r; and ra, while the
orientations are identified by the rotation vectors, ¢, and 5. At the equilibrium we have r; —r; = ry, ¢, = 0, and
2 = 0. Let Fy and M, be the force and the torque, respectively, applied to particle 1 by particle 2, F, and M, the
force and the torque applied to particle 2 by particle 1, F§ and Mj the external force and torque acting on particle 1,
and F5 and M3 the external force and torque acting on particle 2. The torques M, and M are defined with respect to
particle 1, while the torques M, and M§ with respect to particle 2. Following the theory of couple stress elasticity [11],
we assume that the motion of individual particles 1 and 2 and the system of two particles is governed by the equations

ﬂ?.]i'|=F;+Fc. (9|‘W|)'=M|+Mf, maVy = Fy + F5, (63'W2)l=M3 + M5,

: (1)
(mivi+mava) =F{ +F5,  (rixmiv; +8, - w, +T2XmaVa+0; - wy) =1 XF§ + M + 1) X F§ + M,

where rn; and m; are the masses of particles 1 and 2, 8, and 0, are the tensors of inertia of these particles, v, and v,
are the linear velocities, and w; and w; the angular velocities of the particles. Equations (1) imply Newton's third laws
for forces and the analogue of this law for torques,

Fi+F:=0, rxF +M +rnxF;+M;=0. (2)

The balance of energy for the system of two particles is expressed by the relation
[Fmvi-Vi+wi - 01w +mavy Vit w0y w) + U] =F5 v+ M5 -w +FS i + M -wa, (3)
where U is the internal energy of the system (the interaction energy of particles 1 and 2). Assuming displacements
from the equilibrium position to be small and taking into account Egs. (1) and (2), one can reduce the equation of

energy balance to the form

U=F-é+M+x, F=F =-F;, e=r-ro+4r X(p) +¢2), (4)

M =M, +-;]‘j(l‘1—!'z)><F| =-M; + %(rz—rl)ng. X=(r~@|, F=T3—T].
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Here M is the total torque exerted on particle 1 by particle 2 with respect to the midpoint of the segment connecting
these particles. We will refer to the vectors € and %, on which the force and torque vectors perform work, as strain
vectors. (See the relations of (4).) In what follows, we will consider elastic deformation of the system. We will assume
that the internal energy, force, and torque depend only on the strain vectors but are independent on the strain rates. In
this case we have

au au
F=T M= )

Since strains are assumed (o be small, one can approximate the internal energy by the expression
U:F‘”-5+M0-x+%s-A-s+£»B‘x+-._',—x-C-x. (6)

The coefficients A, B, and C are called the stiffness tensors; F® and M? are called the initial force and initial torque,
respectively. In the linear theory, the stiffness tensors are constant, A and C being symmetric tensors, while C being
arbitrary. In accordance with the relations of (5) and (6), the force and torque vectors have the form

F=F'+A.-¢+B-%x, M=M"+¢-B+C . (7

On the basis of the theory of symmetry of tensors [7], one can show that if the internal structure of the particles is such
that the system in the reference configuration is symmetric with respect to two mutually perpendicular planes, then the
tensor B vanishes. In this case, the expressions for the force and torques are simplified and have the form

F=F'+A.e, M=M’+C-x (8)

This kind of symmetry is observed for most of simple crystal lattices. In what follows. when describing the crystal
packing of particles within the framework of linear elasticity, we assume that B = 0 and that the interaction between
the particles is characterized by the relations of (8).

An alternative form for the relations of elasticity. Previously, when derivin £ the relations of elasticity, we utilized
the interaction torque M calculated with respect to the midpoint of the segment connecting the interacting particles,
In this case, the stiffness tensors B and C also should be interpreted as tensors about the midpoint of the segment
connecting the particles. Such an approach is convenient for application of the theory of symmetry to identify the
structure of the stiffness tensors. However, when deriving the equations of motion of a discrete medium it is more
convenient to utilize the interaction torques calculated with respect to the particles. For this reason, in what follows,
we will obtain the relations of elasticity in which the torque M, applied by particle 2 to particle 1 is calculated with
respect to particle 1. To that end, we rewrite Eq. (4) in the form

U=F & +M; %, € =r-ro+roxe,, X =Pr—p, F=ri—r. ©9)

The vectors £ and %, on which the force vector, F;, and the torque vector, M, perform work will be referred to as the
strain vectors, as was the case for the vectors € and x of (4). In accordance to (9), the elasticity relations take the form

U ou
F = Do M, = T (10)

We assume the deformation to be small and express the internal energy as follows:

U:AF"D-EI+1W’-x|+%~e;-x—s;+e|—ﬁ-x|+-é-x|-E‘-x.. (11)
Then, in accordance with (10) and (11), the force and torque vectors have the form
F|=f‘a+x'£[+ﬁ-x:, M1=ﬁ°+£|-ﬁ+&-x|. (12)

The stiffness tensors A, B, and C and the initial values of the force and torque vectors F® and M differ from the
stiffness tensors A, B, and C and the initial values of the force and torque vectors F® and M. One can show that these
quantities are related by

F'=F, M'=M’+1roxF’, K=A, B=B-lAxr, C=C-1B"xr'- LrgxAxr.  (13)
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When defining the concepts of the strain vectors for a system of two interacting particles we utilized an approach
similar to that of continuum mechanics. We defined the strain vectors as vectors on which the force and torque vectors
perform work. However, it is impossible to apply the relations of continuum mechanics straightforwardly to a discrete
system. To clarify this statement, we will compare the continuum and discrete models. Since the system of two
particles is a one-dimensional model, it should be compared with a rod. In the theory of rods, to define the force, F,
and the torque, M, acting in a cross-section s, one mentally cuts the rod at this cross-section and removes one of the
parts. The vectors F and M model the action of the removed part of the rod on the cross-section s, the torque M being
calculated with respect to this cross-section. In the discrete model, the interacting particles do not lie infinitely close
to one another but are separated by the distance ro. For that reason, it is impossible to introduce unambiguously the
section s, with respect to which the torque M should be calculated. Any point between 0 and ry can play the role of
this section. The value of the torque M depends on the point with respect to which this torque is calculated, and hence,
the value of the strain vector € also depends on this point. (See the relations of (4) and (9).) The energy equation in
the linear theory of rods can be reduced to the form

pU=F-£+M-x, e=u'+7x¢p, xn=¢, (14)

where pU is the density of the internal energy, u is the displacement vector of the section s, ¢ is the rotation vector
of the section s, T is the unit vector tangent to the axis of the undeformed rod at the point s, € is the tensile strain
vector, and % is the bending/torsion strain vector. Note that the strain vectors of the linear theory of rods (see (14))
characterize relative deformations, while the strain vectors of (4) and (9) introduced for the discrete system characterize
absolute deformations. One can remove this mismatch by dividing the expressions for & and x in the relations of (4)
and (9) by ro. As a result, the strain vectors in the discrete model of (4) and (9) and the strain vectors in the theory of
rods (14) will have identical structures. However, an attempt to define the strain vectors € and x for the discrete model
by analogy with the relations of (14) leads to difficulties. When proceeding from the continuum model to the discrete
model, one should replace the vector u’ by the difference r; - ro, the vector ¢’ by the difference @, — |, and the
tangent unit vector T by ry. However, it is impossible to define unambiguously an analogue of the vector of rotation of
the rod’s section, i, for the discrete system. The value of the vector ¢ in the discrete system depends on the point with
respect to which the torque of interaction between the particles is calculated. If the torque is calculated with respect to
the middle point of the segment connecting the particles, then the analogue of the vector ¢ in the discrete model is the
half-sum of the rotation vectors of the particles. (See the relations of (4).) If the torque is calculated with respect to
particle 1, then the analogue of the vector g in the discrete model is the rotation vector of particle 2. (See the relations
of (9).) It should be noted that all these difficulties arise only in the couple stress theory. For purely force interaction,
an analogy between the quantities characterizing the continuous and discrete models is obvious.

Consider a perfect simple crystal lattice. The lattice is formed by generic particles which interact with one another
by forces and torques. (See the relations of (8).) We assume that each particle interacts with a bounded number
of neighbors. Select a particle which, for convenience, will be referred to as the primary particle. We will number
all particles which interact with the primary one. We will label the primary particle with the number o = 0 and
the other particles with the numbers & = £1,42,...,+N. The particles are numbered so that the particles arranged
symmetrically with respect to the primary particle have indices different in sign. Let a, be the position vector of the
particle number « relative to the primary particle in the reference configuration. It is apparent that a_, = -a,. The
position and orientation of the particle number o are identified by the position vector, R, and the rotation vector, @,.
In the reference configuration we have R, = rq and ¢, = 0. Let u, denote the displacement of the particle number a,
i.e., Uy = Ry —r,. We will omit the index 0 in the notation of the position, displacement, and rotation vectors for the
primary particle. We assume that the displacements and rotations are small and represent Euler’s dynamic equations
for the primary particle in the form

mﬁ=ZFn+f.. 0-$= M,+m, (15)
o i 3

where m and 6 are the mass and the tensor of inertia of the primary particle, F, and M., are the force and the torque
exerted on the primary particle by the particle number «, and f, and m. are the external force and torque. (The
torques M, and m, are calculated with respect to the primary particle.)

Consider two interacting particles—the primary particle with the position vector r and the particle number —
with the position vector r_ = r—a,. The particle number —a acts on the primary particle with the force F_,(r) and
the torque ML, (r), the torque being calculated with respect to the primary particle. The primary particle is the particle
number o with respect to the particle number ~a. Hence, the primary particle acts on the particle number - with the
force F_o(r —a,) and the torque M_,(r - a,), the torque being calculated with respect to the particle number —c.



80 E. A. Ivanova, A. M. Krivisov, N. E Morozov, and A. D. Firsova

In accordance with Newton’s third law for forces and the analogue of this law for torques (see the relations of (2)),
we have
Fo(r)+Fa(r—a,)=0, M.o(r)+ ta, XF.o(r)+My(r—a,)— $a, X Fa(r-a,) = 0. (16)

Let F, and M, be defined not only for discrete r + a, but also for continuous r, where r is the position
vector of an arbitrary point of the space. The specific definition of the functions F,(r) and M, (r) is unimportant.
It is important, however, that these functions are differentiable and change little on the distances characteristic for
interatomic interactions. Assuming the long-wave approximation [4] to be valid, we have

Fo(r—-a,)=F,(r)—a, +VFq, Ma(r"aa)zMn(rJ'"aa - VM, (17)

The relations of (16) and (17) imply

F—a(r)‘-“_Fu(r}'*‘v‘aaFuv M—a(r)z*Ma(r]"'aa XFa(r)+V'aa(Mu_aQXFﬂ)- (IS)

Using the relations of (18), we obtain
S Fu=Y Fo=g Y (FatFu)=V 2 Y adF.,
;Ma = ;Mo == %ZQ:(MQ +M,) = (%gaan)x"'v'%;aﬂ(Mn —-a, XFg).

Note that M, — a, x F,, is the torque exerted on the primary particle by the particle number a about the particle
number a. Denote

(19)

1 1
T= m Zachm n= A Z(Ma —-a, xFy), (20)

where V, is the volume of the elementary cell, The tensors 7 and p will be referred to as the stress tensor and the
couple stress tensor, respectively. Denote

m |
pﬂ—V*-Bg f——f.. m-v—,‘m.. [21)

P= ?.t
where p is the mass density of the medium, ¥ is the tensor of inertia of the medium per unit mass (mass density of the
tensor of inertia), f is the volume density of the external forces, and m is the volume density of the external torques.
With reference to the relations of (19)—(21), we rewrite the equations of (15), which govern the motion of the particle

under consideration, as follows:
Vor+f=pli, V. p+r+m=pd-p. (22)

The structure of equations (22) coincides with that of the dynamic equations of macroscopic couple stress elasticity.
In accordance with (20), the couple stress tensor can be expressed in terms of the torques M, calculated with
respect to the primary particle. For this reason, in what follows, we utilize the elasticity relations in the form of (12),
Fa'-:ﬁg'l‘xc'é'a'!'ﬁq‘ﬂo, Mﬂ=m+5q’ﬁu+en'xa| (23)
where the strain vectors €, %, are defined by the relations of (9) and have the form
Ea TUg~U+23 XPa, Ko =Pa—P. (24)
Utilizing the long-wave approximation [4], we write
Up =u(r+a,) =u(r) +a, - Vi, @, =@(r+as) = p(r)+a, - Ve. (25)

Then the expressions of (24) for the strain vectors become

o =8q - Vu+a, X(p+a, V), %x,=2a, V. (26)
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In what follows, we assume B, =0; then ﬁa =——;—Aﬂ Xa,. Substitute the expressions of (26) into the elasticity relations
of (23) and make use of the relationships of (13) between the stiffness tensors to obtain (after simple transformations)

Fo =F +Asa, ~ (Vu+Ex )+ LA, xaza, - @, -
2 @

M, =M+ La, xF) + La, xAsa, + (Vu+Ex @)+ ($aa XAy X2, +Ca)a, - Vi,

where E is the identity tensor. Denote
e=Vu+Exp, x=Vp. (28)

We will refer to the tensors € and % as strain tensors. Note that the tensors of (28) coincide with the strain tensors of
the macroscopic couple stress elasticity. By substituting the expressions of (27) and (28) into the expressions of (20)
for the stress tensor and couple stress tensor we obtain

r=mo+'A-e+'Bi-x, p=po+*Bre+'Cox, &3

where the initial stress tensors, o and fzo, and the stiffness tensors, *A, ‘B, *B,, and *C, are defined by

1 1 1 1
e Y aE = g Saa (M- FaxB ). A= e P aaen
* X * o e o

1 1 1 -
4 — 4 = 4 _
B, = nia ;&:Aa X 8,8y, By=- A ;aaaa XAydy, ‘Cr= A ;aacaaa_

’]’b =
(30)

Equations (22), (28), and (30) form a complete system of equations governing the motion of the atoms of a simple
crystal lattice. The stiffness tensors and the initial stress tensors occurring in these equations can be expressed in
terms of quantities characterizing the stiffness of the interatomic interactions and the structure of the crystal lattice in
accordance with (30).

Consider the energy equation for two interacting particles—the primary particle and the particle number a—
represented in the form of (9),

Wy =Fq € +M, - %,. (31)

By summing the equations of (31) with respect to & we obtain the energy equation for the entire system,
W= Wa=) (Fa-éa+Ms- k) (32)
[ 4 o
Using the expressions of (26) and (28) for strain vectors and tensors, one can readily show that Eq, (32) can be reduced

to the form
W= (Zn.aa) e [ZcMa -2 xFa)aa | - %. @
& o

Introduce the mass density of the internal energy

1

=W (34)

pU

Then, with reference to the expressions of (20) for the stress tensor T and the couple stress tensor p, one can represent
Eq. (33) in the form
(pUY =77 e+ pu" - %. (35)

Thus we have proved that the quantities € and % are just the strain tensors on which the stress tensor, 7, and the couple
stress tensor, p, perform work. Note that the strain tensors of (28) completely coincide with the strain tensors of
macroscopic couple stress elasticity. Then, in accordance with the energy equation of (35), the stress tensor T and
the couple stress tensor p¢ must completely coincide with the corresponding quantities of macroscopic couple stress
elasticity. Since we consider elastic deformation of the system, the energy equation of (35) implies the elasticity

relations in the form
R0 N 1)

ge ox (36)
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Represent the density of the internal energy in the form
pU =15 --e+,u;]r-» x+ %E YA cete- Byt %x"“C. -, (37)

where “A., “B,, and *C, are coefficients having the sense of stiffness tensors, and then substitute the resulting
expressions into the elasticity relations of (36) to obtain

T = TOT +A, e +B, - x, nl= ,u.g +e-'B.+C, - x. (38)

By comparing the expressions of (38) with those of (29) one can readily establish the relationship between the stiffness

tensors *A., “B., *C. and *A, B, “B,, “C. Make use of the theorem on the spectral expansion of a symmetric tensor
to represent the tensors A, and C, of rank 2 by series in terms of the eigenvectors,

3 3
Aa=)_ Aanentn, Ca=) Conene,. (39)
n=1 n=|

Then the stiffness tensors (30) of the crystal lattice, occurring as coefficients in the expressions of (29) for 7 and g,
take the form

3 ¥
1 1
4A = 2V, Z Z Aanaene,a,, 4BI = Tf. Z ZAQHancncn XApfq,

51 11=: o n=| . (40}
1 : 1 — >
‘B; = v, Zﬂ: RZ_I: Asn@ge, xa,e,a,, ‘C= A ; ; Canfdaeneny:

The stiffness tensors *A., *B.. and *C., occurring as coefficients in the expressions of (38) for 77 and ", take the
form

3 3
4A* - % Z ZAQ’“eﬂaneﬂaul 4C. = 2:;- Z Z émienaaenach
a =l a n=] (41)

3
1
‘B, = T ZZAMenaﬂenxanaa.

a n=l

Itis apparent that the tensors of (41) can be obtained from the tensors of (40) by permuting the indices in the quadruples.

Consider as an example a particle formed by an arbitrary set of point masses rigidly connected to one another.
The interaction of point masses belonging to different particles is characterized by the potential TI(r). Consider the
interaction of two identical particles. Let r; and r5 be the position vectors of the centers of mass of these particles
and £ the absolute position vectors of point masses belonging to these particles. Let the index & change from | to N
for the first particle and from N + 1 to 2N for the second particle. Then the force applied by particle 2 to particle 1
can be represented in the form

N 2N d
F=3 3 )  £n = &—£n 1OE -1, €=l @2)

k=1 n=N+l d&

The torque exerted on particle 1 by particle 2, calculated with respect to the center of the segment connecting these
particles, is defined by

N 2N
M=) Y G-roxt@).  r < 2alemd, @3)
k=1 n=N+|

where r{ and rJ are the values of r; and r; in the equilibrium position. The force of interaction between the point
masses forming the particles can be expressed by

(€)= )% —%n’(e). (44)
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Fig. 2

With reference to (44), the relations of (42) and (43) become

F=) @& )kn M= (6 -r)x B, )esn. (45)

k.n kn

Here and in what follows we omit the limits of the summation and assume that k changes from 1 to N and n from
N+1w2N,
Consider small motions of the system of two particles in the neighborhood of the equilibrium. In the linear
approximation, the interaction force and torque of (45) can be represented as
] d 2 2
F=) W&, En-€). T 72O =22/€)Ee + 2,
kn (46)
M= 060 -r) X W(€0,) - (€hn — €3,) ~ €0, x (£D. ) - (£, - )],

k.n

where EE and Egu are the values of & and £, in the equilibrium. The difference between the current values and the
equilibrium values of the vectors &x and £, has the form

€x—&) =r —l'?'HPl X Pk, Egn—E€p, = “T+Ty+@) X pp— @2 Xpy, (47)

where r=r,-r is the vector from the center of mass of particle 1 to the center of mass of particle 2, ry is the equilibrium
value of r, ¢ and ¢, are the vectors of small rotations of the particles, and py = £ —r{ and p,, = €0 - rg are the
relative position vectors of point masses of particles 1 and 2, respectively, in the equilibrium. By substituting (47)

into (46) and taking into account the equilibrium conditions

D fER) =0, S (@€ -roxfel,) =0, (48)
k.n k.

one can represent the expressions for the force and the torque in the form of [7] that was obtained previously for a
general interaction,

F=A-e+B-x, M=c-B+C-x, 49)
€=l‘—r0+"%-l'o><((p|+(p2), x = -, (50)
1
A= -Z T{{gnj' = ?Z Q(Egn) X(pk +p|’1)s
kn kmn
(51

l 1
C= 5 Z[Erg X W(EL,) X X0+ pi X U(ED )X pp + py X q:(g}:n)xka.
kn

Consider as an example a square crystal lattice whose atoms are modeled by point masses (Fig. 2a). If the atoms at
the lattice points are assumed to interact only with the nearest atoms lying at the distance [a,| = a, then the equilibrium
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is neutral. However, the equilibrium configuration becomes unstable if the influence of the atoms located at the lattice

points at the distance V2 a is taken into account. We will analyze the origin of this mismatch. For the equilibrium

configuration of the lattice to be stable, the expression of (37) for the internal energy must be positive definite. The

linear terms occurring in this expression are unimportant, since the expression of (37) can represented as the quadratic
form

U=+e-*As- 4B, x+ tu-tCo- 2

plU = s¢€ « " E+E MRS SR A (52)

where € and x differ from the respective quantities of (37) by certain constants. Therefore, the stability of the lattice
is determined by the stiffness tensors “A., *B,, and *C,. Regarding the atoms as point masses, we obtain
. a .
Ay = Aesea, Ba=0, Ca=0, en=-—", (53)
(o
where the coefficient A is determined by the potential of the interatomic interaction and depends on the distance
between the atoms. The calculation of the stiffness tensors of (41) for the crystal lattice under consideration leads to

2
Ly - %-[(A, + Ay)(ere; +exey) + Ap(eres + e +eses)], ‘B.=0, ‘C.=0, (54)

*

e, =ii, e =jj, ex=ij+ii

where A, and A; are the values of the coefficient A of (53) that characterize the stiffness of the interaction with point
masses located at the distances a and V2 a, respectively. The unit vectors i and j are directed along the edges of the

square lattice.
With reference to (54), one can express the internal energy density of (52) in the form

1

pU =€~ A, = (Al + A2)(E2 +€p) +2As62ey + An(eay +Eya)]- (55)

i
Vi
The equilibrium condition of a crystal lattice consisting of point masses has the form 7 = 0. Due to the symmetry, this

tensor equation can be reduced to a single scalar equation tr 7 = 0, which, in accordance with (20), can be written as
follows:

4
> a5 Fo=0. (56)
a=-4

If the interaction between the point masses is characterized by the potential TI(r), then the equilibrium equation of (56)
can be reduced to the form

Il'(a) + V21T'(V2a) = 0. (57)

Consider as an example, the Mie potential

L L)
D [m(?”_n) —n(ﬂl) } n>mz22, (58)
n—m r r

where 7g is the distance between the point masses in the equilibrium and D is the depth of the potential well. From
Eq. (57) one can calculate the equilibrium distance between the atoms of the crystal lattice,

0 n-m 1+/27
2T ) 14V 59
*=a 1+v2m 5

Using the relations of (58) and (59), one can calculate the elastic stiffness coefficients, A; =11"(a) and A; = 1 (\/ia) ,

I(r) =

Ty T2
Ay fpnm o (I“&_)M [(n+ 1)V27 - (m + V2™ + (n—-m)V2m*n ],
rg(n-m) (1+v27)

(60)

. Dnm(n+ )(m+1) .. (1-1-\/2_"‘)'"“2 (l+\/2_m_ ]+\/27)
T R-m) (1+v27)™7 \ m+l n+l )
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Simple analysis of the expressions of (60) shows that 4, > 0 for all m > 0, while 43 < 0 form 2 2. For negative A,,
the quadratic form of (55) is not positive definite and, hence, the configuration of the lattice is unstable. To neglect
the influence of the second neighbors, one can set 45 = 0. In this case, the equilibrium of the lattice becomes neutral,
since the energy can be equal to zero for any strains Epy and g,

In what follows, we will show that by taking a generic particle to be the model of an atom one can provide the
stability for the square crystal lattice. This is for that reason that when the torque interaction is taken into account, the
transverse (shear) stiffness of interatomic interactions appears in addition to the lon gitudinal stiffness. The longitudinal
stiffness characterizes the response to a chan ge in the interatomic distance, whereas the transverse stiffness is due to
the response of the system to the motion of the atoms in the direction perpendicular to the line connecting these atoms.
As a result, when the particles reach a certain size, the transverse stiffness of the interaction with the nearest atoms
can compensate for the negative transverse stiffness of the interaction with farther atoms and make the energy density
positive definite.

Consider a square crystal lattice whose atoms are modeled by generic particles. Proceeding from the theory of
symmetry of tensor quantities [7], one can show that if the symmetry type of the particles is identical to that of the
square lattice, then the stiffness tensors that characterize the interaction between these particles have the form

a,
laal’

A= Aese, + ACu8,, B, =0, C,=Ckk, e,= & =kxe,, (61)

where k is the unit vector normal to the lattice plane. The stiffness tensors of the crystal lattice, “A., *B.. and 2
and the stiffness tensors of the interatomic interactions of (61) are related by (39) and (41). Using these relations, we
obtain

2

‘A, = f (A + Az + Ay) Giii + jjji) + (A, + 4, + Ao) G+ i) + (A — o) G + jjii + ijji + jiij)],
’ (62)
2
‘B, =0, “C.=——(C+20,)Kiki + kjki).

Vi

Here coefficients 4, A, and C (defined in (61)) labeled with the indices a = +1, 42 characterize the stiffness of
interaction with the atoms of the first coordination sphere, distanced by a, and ones labeled with the indices a = +3, +4
characterize the stiffness of interaction with the atoms of the second coordination sphere, distanced by v2a. The
coefficients A, A, and C' correspond to the longitudinal stiffness (characterizing the response to a change in the distance
between the atoms), the transverse (shear) stiffness, and the torsional stiffness (characterizing the response to a relative
rotation of the particles). Substitute the expressions of (62) into the expression of (37) for the internal energy density
(with the linear terms being omitted) to obtain

al

2V,
+ (A] + Az +‘;1.2){€iy +E§,I) +2(A3 -—A'z)t':ye:'yz + (5| + 252)(1%2 +x§z}]. (63)

(A1 + A2 + A) (€2 +€2) +2(As - Ay)e,e,

pU:-zl—s A, --.'-:+2ix.-'4C. K=

For the quadratic form of (63) to be positive definite, it is sufficient that
A+ Ay + ;21'3 > IAZ —.;iz,, .E] + A + .Z-_; > IAQ - .Zz[, 51 + 252 > 0. (64)

Specific values of the stiffness coefficients of the atoms of the lattice (A, i,. and 5.,) depend on the potential of the
interaction. For a potential which fairly rapidly decays and has a structure similar to that of the Mie potential, one can
readily show that (i) the longitudinal and torsional stiffnesses of interaction with the atoms of the first coordination
sphere are positive, while the transverse stiffness can be either positive or negative, (ii) all stiffnesses characterizing
the interaction with the atoms of the second coordination sphere are negative, i.e.,

A>0. 4,20, Ci>0, 4;,<0, A4<0, G <0, (65)
(iii) the transverse stiffnesses are substantial ly less than the corresponding longitudinal stiffnesses,

4| < A | A <42, (66)
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and (iv) the stiffnesses of interaction with the farther atoms are substantially less than the corresponding stiffnesses of
interaction with the nearest atoms,

Aol < il 4| < |4y, |G| < |Gl. 67)

If the relations of (65)-(67) hold, then the first and third inequalities of (64) hold automatically, and the second

inequality becomes N
Ay >2|Ay). (68)

The condition of (68) has a simple physical meaning — the transverse stiffness of interaction with the atoms of
the first coordination sphere must exceed the doubled absolute value of the stiffness of interaction with the atoms of
the second coordination sphere.

As a simple model of particles that enables one to take into account the symmetry of the lattice, consider particles
that consist of four point masses rigidly connected to each other and located at the vertices of asquare (Fig. 2b). Let the
length of the side of the square be h. Select a primary particle, label it with & = 0, and consider the interaction of this
particle with the neighboring particles labeled with & = 11,£2,43, 44 (Fig. 2a). The particles with o = +1 and @ = 42
are turned to each other and to the primary particle with sides and are distanced by a. The particles with & = +3 and
@ = 24 are turned to each other and to the primary particle with vertices and are distanced by v/2a. The equilibrium
conditions for the crystal lattice are 7 = 0 and 2 = 0. These conditions are equivalent to one scalar equation tr T = 0,
since the other equations hold identically due to the symmetry of the lattice. In accordance with (20), the equation
tr 7 = 0 can be represented in the form of (56). We will assume that the interaction between the point masses belonging
to different particles is defined by the potential TI(r). Then the equilibrium equation of (56) becomes

2 3 6
o | | -1
§ :(‘/5).r I[E :Vhﬂ’(?'f-r)ﬂfdvﬂ'(?'i-f}%l + 2 vinIT'(riy) —— (?&—3.1« + 3—2—6‘7)] =0, (69
i=] 2. =5

p— §in

S =V Gy=VAU+0, &, =F(1-0), Sy =vAVI1+(

e (RO S CORC A
1 _ 2

r?"‘r e aEf'}fs Ul‘r = 21 VZ"}' = v3'r’ = ?v Viﬁr = :}’_‘ VS‘} = Uﬁ"r = ‘Y!

where v = 1 for the particles turned to one another with their sides and 7 = 2 for the particles turned to one another
with their vertices. Using the relations of (51), one can readily show that the stiffness tensors A,, B,, and C,,
characterizing the interaction between the particles, have the form of (61), where the elastic coefficients A.,, A, and

C,, are expressed in terms of the potential II(r) as follows:

6 6
7 i Viy €
Ay =22y,-.rc,-.,—A7, Ay =24224fl.

i=] i=4 Oy
7\ < 2-Ner | -1 = cinéis
2.2 - - ~1ySi=3,
C, = a¥ [c|.,+(l--27)Zci.,+ e ‘f], (70)
i=2 4y i=5 vy
- 24 ' (r;
Ci=, w12 2 ciy ="(ry,) - —~M Tiy = Ay

4 Tiy

In what follows, we will assume that the interaction between the mass points is described by the Mie potential.
In this case, Eq. (69) has an exact closed-form solution which expresses the equilibrium distance a in terms of the
dimensionless parameter ¢ = h/a,

: o iy : 3 i 1 -1
Z(ﬁ)'r I[Z E-Tmu * 2;,“&;12-; +Z —L:n.in (?Ef-irr + 32—&‘1)]

T~ =
a o =1 i=] 1y i=5 iy .
(TD ) g ‘/— -1 3 Vi Mg,},Eh § Vi~ 1 f— 1 - (?1}
Z( 2) z —{rm+1) + E—(m+2) + Z m+l) -,}_,'ff‘3-’* + 2 &’V
=1 i=1 Siy 4y i=5 Siy
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The elastic coefficients ¢; , that characterize the interaction of the mass points belonging to different particles (see the
relations of (70)) can be expressed in terms of the parameters of the Mie potential as follows:

_ Dnm ro V[ n+2 a )n_m m+2 -
= (e) (57 (%) &) ™
By substituting the expressions of (69), (71), and (72) into the relations of (70) for the elastic coefficients A, .f:'l}.
and 5'.,. one can verify that the stability conditions of (64) depend on three parameters, m, n, and {. The first two
parameters determine the rate of decay of the Mie potential. The parameter { = h/a is the ratio of the size of the
particle to the interatomic distance.

The resuits of the numerical analysis of the stability conditions of (64) for the crystal lattice are presented in
Fig. 3. This figure shows the stability region (shaded) on the plane of the parameters ¢ and m. The parameters of
the Mie potential were assumed to satisfy the relation by n = 2m. It is apparent that for small m, when the rate of
decay of the interaction potential is not high enough and the destabilizing role of the farther neighbors is significant,
the lattice is unstable for any sizes of the particles. An increase in m leads to the appearance of the stability region.
As has been mentioned previously, for the stability to be provided, the transverse stiffness of interaction with the
neighboring atoms, A;, must exceed the doubled absolute value of the longitudinal stiffness of interaction with the
farther atoms, A;. (See (68).) If ¢ is regarded as a small quantity, the longitudinal stiffness has an order of unity and
the transverse stiffness has an asymptotic order of (%; see (70). Therefore, the lower boundary of the stability region
can be accounted for by the fact that for the stability to be ensured the size of the particles must exceed a certain
value C, (n, m). Since |A,| decreases as m and n increase, the value of (. (n, m) also decreases with the increase of these
parameters. The upper boundary of the stability region is due to the fact that the transverse stiffness of the interaction
with the nearest atoms, A}, becomes a decreasing function, starting with some ¢, and is negative for sufficiently large ¢.

We will summarize the most important results obtained in this paper.

1. We have introduced the concept of strain vectors for a system of two interacting particles. We have shown
that the strain vectors defined as the vectors on which the interaction force and torque perform work cannot be
unambiguously introduced for a discrete system. This is for that reason that the torque of the interaction between the
particles depends on the point with respect to which this torque is calculated and the choice of this point in a discrete
system is ambiguous. We have compared this situation with a similar situation in continuous systems.

2. We have shown that the dynamics of a crystal packing of particles with rotational degrees of freedom in the
long-wave approximation is described by the equations of macroscopic couple stress elasticity. Specific ex pressions
have been obtained for the stiffness tensors of a crystal lattice. These tensors depend on the geometrical parameters of
the lattice and the stiffness tensors of rank 2 which characterize the stiffness of the interatomic interaction.

3. Asan example of a generic particle we have considered the particles consisting of point masses rigidly attached
to one another. The interaction between the point masses belonging to different particles is characterized by a pairwise
potential. The expressions for the stiffness tensors of rank 2 that characterize the stiffness of interaction between two
identical particles have been obtained.

4. We have shown that one can stabilize a square crystal lattice by using generic particles as a model of the atoms
forming the particle. A simple model of the particle has been proposed to take into account the symmetry of the square
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lattice. This model involves four point masses that lie at the vertices of a square and are rigidly connected to one
another. For this model, stability regions of the lattice have been identified. These stability regions depend on the ratio
of the size of the particle to the equilibrium interatomic distance and the parameters of the interaction potential.

The models of the particles located at the nodal points of the square lattice can be rather diverse. The only
requirement to be met is that the symmetry type of the particle should be matched with that of the lattice. A criterion
for selection of a model can be, on the one hand, the simplicity of this model and, on the other hand, the degree to
which this model reflects the structure of the atom. In this paper, we preferred the simplicity criterion. To take into
account the structure of the atom, one could modify the primary model as follows: One could place a point mass at the
center of the square to model the nucleus and regard the point masses at the vertices of the square as electrons. In such
an interpretation, it is reasonable to assume the potentials of nucleus-nucleus, nucleus-electron, and electron-electron
interactions to be different. This will result in a model with a large number of parameters. This model does not possess
an advantage of simplicity and, for this reason, it is difficult to assess the adequacy of this model, since by varying a
large number of parameters one can always achieve good agreement with experimental data. An alternative approach
consists in modeling atoms by generic particles without specifying its structure as a set of point masses. An advantage
of this approach is that it does not imply an attempt to take into account the structure of the atom. The parameters
characterizing the interaction between the generic particles are completely determined by the structure of the lattices
that can be formed by these particles. An implementation of this approach requires the creation of the interaction
potentials that depend not only on the relative position of the particles but also on their relative orientation. In the
linear formulation, the interaction potential for generic particles has the form of (6). The nonlinear formulation of the
problem needs a separate study and leads beyond the scope of this paper.
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