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Abstract
A theoretical model is suggested which describes the yield stress dependence on grain size in ﬁne-grained materials,
based upon competition between conventional dislocation slip, grain boundary diﬀusional creep (Coble creep) and
triple junction diﬀusional creep. In the framework of the model, the contribution of diﬀusional creep mechanisms to
plastic deformation increases with reduction of grain size, causing the abnormal Hall–Petch dependence in the range of
small grains. A grain size distribution is incorporated into the consideration to account for a distribution of grain sizes
occurring in real specimens. The results of the model are compared with experimental data from Cu and shown to be in
good agreement. Ó 2002 Acta Materialia Inc. Published by Elsevier Science Ltd. All rights reserved.
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1. Introduction
Nanostructured materials exhibiting unique
physical, mechanical and chemical properties represent the subject of intensive fundamental and
applied research, e.g. [1–6]. Of the special interest
for numerous applications are the outstanding
mechanical properties (high strength, good fatigue
resistance, ductility) of nanocrystalline materials,
which are essentially diﬀerent from those of conventional coarse-grained polycrystals (for a review,
see [4–6]). One of the speciﬁc features of deformation processes in nanocrystalline materials manifests itself in deviations from the known grain size
*
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scaling relations. A conventional Hall–Petch relationship for the strengthening of materials by grain
reﬁnement describes the relationship between the
yield stress r and the mean grain size d as follows
[7,8]:
r ¼ r0 þ kd 1=2 ;

ð1Þ

where r0 denotes the friction stress needed to
move individual dislocations, and k is a material
dependent constant. This relationship is characterized by the constant Hall–Petch gradient dr=
dðd 1=2 Þ in the case of coarse-grained polycrystals
with the grain size d being typically from 1 lm
and larger. The three types of behavior have been
experimentally documented for nanocrystalline
materials: a constant positive Hall–Petch gradient
as with coarse-grained polycrystals, a decreasing
positive gradient at some critical grain size and a
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negative gradient below some critical grain size
[4–6].
At present, the nature of the deviations from
the conventional Hall–Petch grain size scaling
relation in nanocrystalline materials is the subject
of controversy; see e.g., [6,9–21]. The generic idea
of the most models of the abnormal Hall–Petch
relationship is that the grain boundary phase provides the eﬀective action of deformation mechanism(s) in nanocrystalline materials, which is (are)
diﬀerent from the conventional lattice dislocation
slip realized in coarse-grained polycrystals. Such
plastic deformation mechanisms competing with
the lattice dislocation slip in nanocrystalline materials are grain boundary sliding and diﬀusional
mass transfer occurring predominantly via grain
boundary diﬀusion. In particular, recently, Masumura et al. [16] have elaborated a theoretical
model eﬀectively describing the yield stress dependence on grain size d in ﬁne-grained materials,
based upon competition between conventional
lattice dislocation slip, bulk diﬀusional creep and
grain boundary diﬀusional creep (Coble creep). In
doing so, they were the ﬁrst who take into account
a grain size distribution occurring in real specimens and strongly inﬂuencing the yield stress dependence on grain size.
However, as with grain boundary diﬀusion,
triple junction diﬀusion is capable of playing the
very important role in plastically deformed nanocrystalline materials where the volume fraction of
triple junctions of grain boundaries is extremely
high. Actually, in recent years, it has been deﬁnitely recognized that triple junctions of grain
boundaries have the structure and properties being
diﬀerent from those of the grain boundaries that
they adjoin [22]. From experimental data and
theoretical models [23–29] it follows that triple
junctions of grain boundaries play the role as enhanced diﬀusivity tubes, nuclei of the second phase
segregation, strengthening elements and sources of
lattice dislocations during plastic deformation, and
drag centers of grain boundary migration during
re-crystallization processes. In particular, the outstanding diﬀusional properties exhibited by nanocrystalline materials [30–33] are viewed to be
related to the eﬀect of the highly enhanced diﬀusion along triple junction tubes [34]. The main aim

of this paper is to suggest a theoretical model of
the abnormal Hall–Petch eﬀect in nanocrystalline
materials, based upon the idea on competition
between conventional lattice dislocation slip, grain
boundary diﬀusional creep and triple junction
diﬀusional creep. In our model we will take into
account a grain size distribution inherent to real
ﬁne-grained materials.

2. Model
The key basic statements of the suggested
model of plastic deformation processes in ﬁnegrained materials are as follows:
(1) Materials with a relatively large grain size
obey the classical Hall–Petch relationship (1).
(2) Plastic deformation in materials with a small
grain size occurs via diﬀusional creep mechanisms provided by enhanced diﬀusion along grain
boundaries and their triple junctions. In this situation, the plastic strain rate e_ has the two basic
constituents:
e_ ¼ e_c þ e_tj :

ð2Þ

Here e_c is the plastic strain rate associated with
grain boundary diﬀusional creep (Coble creep) and
e_tj is the plastic strain rate associated with triple
junction diﬀusional creep considered in detail by
Rabukhin [35]. The Coble creep strain rate is given
as follows (e.g. [11]):
e_c ¼ 14p

Xrw Dgb
;
kB T d 3

ð3Þ

where kB denotes the Boltzmann constant, T the
absolute temperature, X the atomic volume, w the
grain boundary thickness, r the applied stress, and
Dgb the coeﬃcient of grain boundary self-diﬀusion.
The creep associated with enhanced triple junction
diﬀusion is characterized by the plastic strain rate
[35]
e_tj ¼ 20

Xrld Dtj
;
kB T d 4

ð4Þ

where Dtj is the coeﬃcient of triple junction selfdiﬀusion, d is the triple junction tube diameter, and
l is the characteristic length of distorted regions of
grain boundaries in vicinity of their triple junc-
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tions. (Grain boundary dislocations commonly are
stopped by triple junctions in plastically deformed
poly- and nanocrystalline solids, in which case the
length l characterizes the grain boundary regions
with stopped boundary dislocations in vicinity of
triple junctions. Following [35], these dislocationrich regions of grain boundaries aﬀect the triple
junction diﬀusional creep, in which case the length
scale l appears in (4) for the corresponding strain
rate.) With (3) and (4) substituted into (2), we have
the following formula for the yield stress that
characterizes the diﬀusional deformation mechanisms in materials with a small grain size:
4

rdiff ¼

e_d kB T

:
2X 10dlDtj þ 7pwdDgb

ð5Þ

(3) The statistical nature of the grain size, as in
paper [16], is taken into account in a ﬁne-grained
material. Following [16], the volume v of the grains
is assumed to be log-normally distributed
!
1
ð ln v  mlnv Þ2
f ðvÞ ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃ exp 
;
ð6Þ
2s2
v 2ps2
where mlnv and s are the mean value and standard
deviations of ln v, respectively, and where mv is the
mean volume of all the grains


Z 1
s2
vf ðvÞ dv ¼ exp mlnv þ
mv ¼
:
ð7Þ
2
0
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where
Fhp

Fdiff

1
¼
mv

Z

1
¼
mv

1

rhp vf ðvÞ dv;

ð10Þ

rdiff vf ðvÞ dv;

ð11Þ

v

Z

v

0

and v ¼ ðd  Þ3 .

3. Results
For characteristic values of parameters of copper [11,13,16,35,39] Dgb 2:6 1020 m2 s1 , X ¼
1:18 1029 m3 , kB ¼ 1:38 1023 J K1 , T ¼ 290
K, r0 ¼ 200 MPa, k ¼ 1750 MPa nm1=2 , s ¼ 1,
w ¼ 2b, l ¼ 5b, d ¼ 3b, and b ¼ 0:3 nm (where b is
the crystal lattice parameter), from formulae (9)–
(11) we have numerically calculated the dependence rðd 1=2 Þ shown in Fig. 1. In doing so,
d  given by the condition rhp ðd  Þ ¼ rdiff ðd  Þ is
18 nm. This estimate is close to that (d  ¼ 14
nm) of Masumura et al. [16]. The dependences
rðd 1=2 Þ taking into account respectively the only
grain boundary diﬀusional creep (dashed curve)
and both the grain boundary and triple junction

The yield stress r is thus determined not from the
average grain size, but from the whole distribution.
(4) Finally, it is assumed that a grain size d 
exists at which value the classical Hall–Petch
mechanism switches to the diﬀusional mechanisms,
rhp ¼ rdiff at d ¼ d  . Using formulae (1) and (5)
with d ¼ d  , we have
4

r0 þ kðd  Þ1=2 ¼

e_ðd  Þ kB T

:
2X 10dlDtj þ 7pwd  Dgb

ð8Þ

With a distribution (6) in grain size, we ﬁnd the
yield stress to be given as
hrtot i ¼ Fhp þ Fdiff ;

ð9Þ

Fig. 1. Yield stress r as a function of the inverse square root of
average grain size d in copper. Experimental data [15,36–39]
along with calculated values are shown. Solid and dashed
curves correspond to model calculations with the contribution
of triple junction diﬀusional creep respectively taken and not
taken into account. The classical Hall–Petch dependence is
shown as dotted line.
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diﬀusional creep mechanisms (solid curve) are
shown in Fig. 1. For d P 20 nm, both dashed and
solid curves are close. At the same time, the triple
junction diﬀusional creep causes the essential
contribution to high deviations of the rðd 1=2 Þ
dependence from the classical Hall–Petch relationship (1) (dotted line in Fig. 1) at small values
of grain size d. Similar deviations are inherent to
dependence observed experimentally [4–6,15,36–
39]) for mechanical characteristics (yield stress,
microhardness) of real ﬁne-grained copper materials (see Fig. 1).
(It should be noted that, in a detailed comparison of experimental data with theoretical predictions, it is worth to take into account the diﬀerence
between conditions at which the reported dependences rðd 1=2 Þ have been experimentally measured. So, experimental points from references
[38,39] (see Fig. 1) were taken in tension which,
with lack of strain hardening, often is accompanied by plastic instability. At the same time, experimental points from Ref. [15] (see Fig. 1) were
obtained by repeated annealing, known to strength
nanocrystalline metals, so the samples compared
in work [15] were not in the same state. The discussed diﬀerence between details of experiments is
beyond a description of our ﬁrst approximation
model addressed the general aspects of plastic ﬂow
in ﬁne-grained materials. However, the model
suggested can serve as a basis for further, more
detailed theoretical description of the deformation
behavior exhibited by nanocrystalline materials at
diﬀerent conditions of loading.)

4. Concluding remarks
Thus, in this paper we have suggested a theoretical model describing plastic deformation in
ﬁne-grained materials as that occurring via such
competing deformation mechanisms as conventional dislocation slip, grain boundary diﬀusional
creep (Coble creep) and triple junction diﬀusional
creep. For large grain size, a material obeys the
classical Hall–Petch relationship (1) due to the
dominant role of the conventional dislocation slip
in grain interiors. The contribution of the grain
boundary and triple junction diﬀusional creep

mechanisms to plastic ﬂow increases with reducing grain size d. This, in the framework of
our model, causes experimentally observed (for a
review, see [4–6]) deviations from the classical
Hall–Petch relationship materials with grain size
d 6 20 nm.
It should be noted that the various-sized grains
deforming by dislocation slip, Coble creep and
triple junction diﬀusional creep form a coupled
solid, in which case internal strains and stresses
can buildup as a result of the action of diﬀerent
deformation mechanisms. The strain and stress
inhomogeneities are not taken into account in our
theoretical analysis dealing with the averaged
model picture of plastic ﬂow in ﬁne-grained materials. In reality, if internal strains and stresses
buildup in a grain (and its neighbouring grains),
they eﬀectively relax via the simultaneous cooperative action of the diﬀerent deformation mechanisms in the grain (and its vicinity). The eﬀect
discussed can be involved into our theoretical description, using term of ‘‘interaction’’ of diﬀerent
channels (mechanisms) of plastic ﬂow. This modiﬁcation of the model suggested here is the subject
of our further investigations.
In this paper we have described the only diﬀusional creep mechanisms as those associated with
the active role of grain boundaries in plastically
deformed ﬁne-grained materials. In general, grain
boundary sliding is capable of essentially contributing to plastic ﬂow or even being the dominant
deformation mechanism in nanocrystalline materials (with d 6 20 nm) where the volume fraction of
the grain boundary phase is extremely high. In
doing so, triple junctions play the role as obstacles
for grain boundary sliding [14] in contrast to their
softening role in the situation where diﬀusional
creep mechanisms dominate (see Fig. 1). In this
context, the role of triple junctions in plastic deformation processes is crucial in identifying the
dominant deformation mechanism (lattice dislocation slip, grain boundary sliding or diﬀusional
creep) realized in mechanically loaded nanostructures. It is important for understanding the fundamentals of plastic deformation processes in
nanocrystalline materials as well development of
technologies based on plastic forming of nanostructures.
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