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A theoretical model is suggested which describes the effect of special rotational
deformation on crack growth in deformed nanocrystalline ceramics and metals. Within
the model, the special rotational deformation (driven by the external stress
concentrated near the tip of a mode I crack) occurs in a nanograin through formation
of immobile disclinations whose strengths gradually increase during the formation
process conducted by grain boundary sliding and diffusion. The special rotational
deformation releases, in part, local stresses near the crack tip, thus serving as a
toughening mechanism in nanocrystalline materials. The effects of the special rotational
deformation on the growth of pre-existent, comparatively large cracks in nanocrystalline metals and ceramics are estimated.
& 2010 Elsevier Ltd. All rights reserved.
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1. Introduction
Nanocrystalline metallic and ceramic materials show outstanding mechanical properties (superstrength, superhardness, good wear resistance) and represent the subject of intensive research efforts (see e.g., Kuntz et al., 2004; Wei and
Anand, 2004; Ovid’ko, 2005; Pande and Masumura, 2005; Wolf et al., 2005; Capolungo et al., 2007; Dao et al., 2005; Koch
et al., 2007; Mukhopadhyay and Basu, 2007; Tomar and Zhou, 2007; Barai and Weng, 2008a, 2008b; Choi et al., 2008;
Gurtin and Anand, 2008; Wei and Hao, 2008; Wei et al., 2008; Aifantis, 2009; Morozov et al., 2009; Pande and Cooper,
2009; Weng, 2009; Yang and Yang, 2009). However, in most cases, nanocrystalline materials exhibit both low tensile
ductility and low fracture toughness, which considerably limit their practical utility; see e.g., reviews (Kuntz et al., 2004;
Ovid’ko, 2005; Wolf et al., 2005; Dao et al., 2005; Mukhopadhyay and Basu, 2007) and book (Koch et al., 2007). These
mechanical properties of nanocrystalline materials are caused by their structural features, ﬁrst of all, by nanoscale grain
sizes and large amounts of grain boundaries. In particular, grain boundaries signiﬁcantly or even completely suppress the
lattice dislocation slip in nanocrystalline materials and cause the effective action of alternative deformation modes
conducted by grain boundaries (see e.g., Ovid’ko, 2005; Wolf et al., 2005; Dao et al., 2005; Koch et al., 2007). This is
contrasted to conventional coarse-grained polycrystals, where grain boundaries inﬂuence the lattice dislocation slip (see
e.g., Aifantis et al., 2005, 2006; Aifantis and Ngan, 2007), but their effect is not so dramatic, and the lattice slip commonly
plays the role of the dominant deformation mode.
Despite the fact that most nanocrystalline materials have low tensile ductility and low fracture toughness, there
are intriguing examples of nanocrystalline materials showing good tensile ductility and/or enhanced toughness
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characteristics. For instance, several research groups reported on toughness enhancement of single-phase and composite
nanocrystalline materials, compared to that of their coarse-grained polycrystalline or single-crystalline counterparts, in
which case the reduction in the grain size plays the dominant role in toughness enhancement (Bhaduri and Bhaduri, 1997;
Mirshams et al., 2001; Zhao et al., 2004; Kaminskii et al., 2005; Pei et al., 2005; Koch et al., 2007). (Also, there are situations
where nanocrystalline composites show enhanced toughness characteristics, due to other factors associated with the
presence of second-phase nanoparticles or carbon nanotubes (Siegel et al., 2001; Zhan et al., 2003; Kuntz et al., 2004; Liu
et al., 2008).) With these examples and the speciﬁc structural features of nanocrystalline materials, one expects that there
are toughening mechanisms that intensively operate in these materials, but are not effective in conventional
polycrystalline materials. In this context, from both fundamental and applied viewpoints, there is a large interest in
understanding the toughening mechanisms that are speciﬁc for nanocrystalline materials. Recently, creep deformation
conducted by grain boundary processes [Ashby–Verall creep carried by intergrain sliding accommodated by grain
boundary diffusion and grain rotations (Ashby and Verall, 1973; Yang and Wang, 2004)] has been suggested as a
toughening micromechanism inherent to nanocrystalline metals (Yang and Yang, 2008, 2009). Besides, nanoscale
deformation twinning (Gutkin et al., 2008) and stress-driven migration of grain boundaries (Ovid’ko et al., 2008) have been
theoretically described as speciﬁc toughening mechanisms for nanocrystalline metals and ceramics. Following
experimental data (Chen et al., 2003; Jin et al., 2004; Soer et al., 2004; De Hosson et al., 2006; Zhang et al., 2004, 2005;
Liao et al., 2004; Wang et al., 2005), both nanoscale deformation twinning and stress-driven migration of grain boundaries
can also serve as speciﬁc deformation modes operating in nanocrystalline materials. That is, speciﬁc toughening
mechanisms can be attributed to speciﬁc deformation modes in nanocrystalline materials. In this context, in the light of
the experimentally documented fact (Milligan et al., 1993; Ke et al., 1995; Hackney et al., 1996; Mukherjee, 2002;
Murayama et al., 2002; Shan et al., 2004; Zizak et al., 2008) that rotational deformation (plastic deformation accompanied
by crystal lattice rotations) often occurs in nanocrystalline materials, one naturally expects rotational deformation to
contribute to toughening of such materials.
Rotational deformation by deﬁnition represents plastic deformation accompanied by crystal lattice rotations in
deformed grains of conventional coarse-grained polycrystals (Romanov and Vladimirov, 1992) and nanocrystalline
materials (Ovid’ko, 2002; Gutkin and Ovid’ko, 2004). The ﬁrst group which seems to have documented the critical role of
grain boundary dislocation processes in nanocrystalline materials, leading to grain rotation/sliding, is that of Aifantis and
co-workers (Milligan et al., 1993; Ke et al., 1995; Hackney et al., 1996; see also the reviews by Aifantis (2000, 2009)). Their
work on in-situ TEM observations of plastically deforming gold and silver nanograin ﬁlms (grain diameter less than
8–10 nm) revealed the absence of bulk dislocation activity; instead, nanopore nucleation and growth at triple
grain boundary junctions were observed, followed by void coalescence and nanodamage development. In addition, large
grain rotations (5–71, up to 151) were observed and the strain tensor was measured inside the microscope by an in-situ
strain nanorosette giving an estimate for the effective plastic strain up to 30–35%. Some initial mechanics models were also
suggested to interpret these observations. In recent years, the representations on rotational deformation in nanocrystalline
materials have been intensively developed. In particular, experiments (Mukherjee, 2002; Murayama et al., 2002; Shan
et al., 2004), computer simulations (Latapie and Farkas, 2004; Shimokawa et al., 2005; Szlufarska et al., 2005) and
theoretical models (Gutkin et al., 2003; Gutkin and Ovid’ko, 2004; Joshi and Ramesh, 2008; Ovid’ko and Sheinerman, 2008;
Bobylev et al., 2009a) have provided convincing evidence for the important role of rotational deformation in plastic ﬂow
processes in various nanocrystalline materials.
In general, one can distinguish standard and special rotational deformation modes carried by mobile and immobile
disclinations, respectively. Following Romanov and Vladimirov (1992), an elemental act of standard rotational deformation
is the movement of a dipole of wedge disclinations with constant strengths 7 o (Fig. 1a–e). Within this standard view, the
movement of disclination dipoles in nanocrystalline materials is associated with such structural transformations as
absorption of lattice dislocations from grain interior regions (Romanov and Vladimirov, 1992) (Fig. 1b–e), lattice
dislocation emission from grain boundaries (Gutkin et al., 2002a) or grain boundary migration (Gutkin and Ovid’ko, 2005;
Ovid’ko et al., 2008). The special rotational deformation occurs in a nanograin through the formation of immobile
disclinations located at nanograin boundary junctions, and this deformation mode is speciﬁed by a gradual increase of
strengths of the immobile disclinations during their formation process conducted by grain boundary sliding and diffusion
(Ovid’ko and Sheinerman, 2008) (Fig. 1a, f–i). Standard rotational deformation through movement of disclination dipoles
was previously considered as that occurring near crack tips and hampering crack growth (Romanov and Vladimirov, 1992;
Ovid’ko et al., 2008). In this paper, we consider the hampering effect of the special rotational deformation (Fig. 1f–i) [which
can effectively operate in nanocrystalline materials, but is commonly suppressed in coarse-grained polycrystals (Ovid’ko
and Sheinerman, 2008)] on crack growth in nanocrystalline materials.

2. Effects of disclination quadrupole produced by special rotational deformation on fracture toughness of
nanocrystalline solids: theoretical model and estimates
Let us consider a deformed nanocrystalline specimen under a tensile load (external stress) s0. The specimen is assumed
to be an elastically isotropic solid having the shear modulus G and Poisson’s ratio n. Let a long ﬂat crack develop under the
action of the applied load in the solid (Fig. 2). The crack is assumed to propagate perpendicularly to the direction of the
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Fig. 1. Rotational deformation modes in model square grains of a nanocrystalline specimen (schematically). (a) Tensile deformation of a nanocrystalline
specimen. General view. (b)–(e) Standard rotational deformation is carried by mobile disclinations (triangles). A quadrupole of disclinations at points E, E0 ,
G and G0 is formed. The disclinations at points E and G are immobile, while the disclinations at points E0 and G0 move along grain boundaries EF and GH
through absorption of lattice dislocations from grain interior. These moving disclinations carry rotational deformation. (f)–(i) Special rotational
deformation occurs in a nanograin through formation of immobile disclinations (triangles), whose strengths gradually increase during the formation
process conducted by grain boundary sliding and diffusion-controlled climb of grain boundary dislocations. Grain boundary sliding occurs through local
shear events (grey ellipses) in grain boundaries AB and CD. Grain boundary sliding results in formation of grain boundary dislocations at junctions A, B, C
and D. Diffusion-controlled climb of the dislocations along grain boundaries AC and BD provides special rotational deformation accompanied by
formation and evolution of a quadrupole of wedge disclinations at junctions A, B, C and D.
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Fig. 2. Special rotational deformation in a deformed nanocrystalline specimen containing a mode I crack: (a) general view and (b) the magniﬁed inset
highlights a disclination quadrupole near the crack tip.

applied load (Fig. 2). That is, the crack is a mode I crack. Also, for simplicity, we restrict our consideration to a twodimensional grain structure (that serves as a good model for columnar nanoscale structures of ﬁlms and a ﬁrstapproximation model for bulk nanocrystalline materials). This is related to the following three reasons: ﬁrst, the analysis of
real three-dimensional defect conﬁgurations in real nanoscale grains requires the knowledge of too many factors and
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parameters, which can hardly be taken into an analytical consideration. Second, plastic deformation mechanisms
are directly identiﬁed by (‘‘in situ’’) transmission electron microscopy experiments, which commonly deal with
nanocrystalline ﬁlms having 2D-like columnar structures. In particular, rotational deformation – plastic deformation
accompanied by crystal lattice rotations in nanoscale grains – was experimentally observed precisely in nanocrystalline
ﬁlms (see e.g., Milligan et al., 1993; Ke et al., 1995; Hackney et al., 1996; Shan et al., 2004). Third, numerous experiments
showed high similarity between the deformation behaviors of nanocrystalline bulk materials and ﬁlms; see e.g., the book
by Koch et al. (2007) and references therein.
High stresses operating in deformed nanocrystalline solids and stress concentration near the crack tips can initiate the
special rotational deformation of grains (Fig. 2). In the framework of the two-dimensional model, let us consider the special
rotational deformation of a rectangular grain and the crack whose tip reaches a junction of boundaries of this grain, as
shown in Fig. 2. In terms of the theory of defects, the special rotational deformation in such a grain can be described as the
formation of a quadrupole of immobile wedge disclinations, whose strengths gradually grow during the formation process
(Ovid’ko and Sheinerman, 2008) (Fig. 2). The special rotational deformation is conducted by grain boundary sliding along
grain boundaries AB and CD and diffusion-controlled climb of grain boundary dislocations along grain boundaries AC and
BD (Fig. 1f–i). Following the concept on local shear events – shear transformations of local atomic clusters – as carriers of
plastic ﬂow in grain boundaries in metals (Conrad and Narayan, 2000; Padmanabhan and Gleiter, 2004) and covalent solids
(Demkowicz et al., 2007), we suppose that local shear events carry sliding along grain boundaries AB and CD. The sliding
results in the formation of grain boundary dislocations at junctions A, B, C and D (see e.g., Bobylev et al., 2006, 2009b), as
schematically shown in Fig. 1(f–i). Diffusion-controlled climb of the dislocations along grain boundaries AC and BD
provides special rotational deformation accompanied by formation of quadrupole of wedge disclinations at grain boundary
junctions A, B, C and D (Fig. 1f–i); for details, see Ovid’ko and Sheinerman (2008). The disclination quadrupole creates
stresses that inﬂuence crack growth.
Let us consider the effect of disclination quadrupole produced due to special rotational deformation on fracture toughness of
a nanocrystalline solid. To do so, we will use the standard crack growth criterion (Irwin, 1957) based on the balance between
the driving force related to a decrease in the elastic energy and the hampering force related to occurrence of a new free surface
during crack growth. In the examined case of the plane strain state, this criterion is given as (Irwin, 1957)
1n 2
ðKI þ KII 2 Þ ¼ 2ge ,
2G

ð1Þ

where KI and KII are the intensity factors for normal (to crack line) and shear stresses, respectively; and ge is the effective
speciﬁc surface energy. Here, we put ge = g (where g is the speciﬁc surface energy) for the crack propagating inside a grain, and
ge = g  gb/2 (where gb is the speciﬁc grain boundary energy) for the crack that advances along a grain boundary. In the
considered situation, where the crack growth direction is perpendicular to the direction of the external load, the coefﬁcients KI
and KII are given as
KI ¼ KIs þ kqI ,

KII ¼ kqII :

ð2Þ
kqI

kqII

Here, KIs is the stress intensity factor induced by the applied load s0, while
and
are the intensity factors for the
stresses created by the disclination quadrupole located near the crack tip (Fig. 2).
Within the macroscopic mechanical description, the effect of the local plastic ﬂow – the special rotational deformation
resulting in the formation of a disclination quadrupole – on crack growth can be accounted for through the introduction of
the critical stress intensity factor KIC. In this case, the crack is considered as propagating under the action of the tensile load
perpendicular to the crack growth direction, while the presence of the disclination quadrupole simply changes the value of
KIC compared to the case of brittle crack propagation. In these circumstances, the critical condition for the crack growth can
be represented as (see e.g., Panasyuk, 1988): KIs ¼ KIC .
With expression (2) substituted to formula (1) and the critical condition KIs ¼ KIC taken into account, one ﬁnds the
following expression for KIC:
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s Þ2 ðkq Þ2 kq :
KIC ¼ ðKIC
ð3Þ
IIC
IC
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s ¼
In formula (3), KIC
4Gge =ð1nÞ is the fracture toughness in the disclination-free case (i.e., the case of brittle fracture
with the special rotational deformation being completely suppressed), kqIIC ¼ kqII 9K s ¼ KIC and kqIC ¼ kqI 9K s ¼ KIC . It should be
I
I
noted that the quantities kqIIC and kqIC depend on KIC, and so formula (3) represents an equation for the determination of KIC.
In order to characterize the effect of the disclination quadrupole produced by the special rotational deformation (Fig. 1) on
s.
crack growth, one should compare the critical stress intensity factor KIC with the quantity KIC
Let us calculate the critical stress intensity factor KIC in the situation, where the disclination quadrupole forms near the crack,
as shown in Fig. 2. We denote the disclination strengths as 7 o, the quadrupole arms as s and d, and the angle between the
crack plane and one of the quadrupole arms as a (see Fig. 2). We also introduce a Cartesian coordinate system (x, y) and a polar
coordinate system (r, y) with the origin at the crack tip (see Fig. 2). The quadrupole arms are assumed to be small compared to
the crack length l (s, d5l). This assumption allows us to model the crack as a semi-inﬁnite one in the calculation of the stress
intensity factors kqI and kqII . (In the limit of a semi-inﬁnite crack, the disclination o at the crack tip becomes located at an
external free surface and disappears, in which case the disclination quadrupole transforms into three disclinations.) The stress
intensity factors for the disclination quadrupole shown in Fig. 2 are calculated using the known expressions (Lin and Thompson,

Author's personal copy
ARTICLE IN PRESS
N.F. Morozov et al. / J. Mech. Phys. Solids 58 (2010) 1088–1099

1093

1986; Zhang and Li, 1991) for the stress intensity factors of an edge dislocation near the tip of a semi-inﬁnite crack. This is done
through the standard representation (Romanov and
pﬃﬃﬃ Vladimirov,
pﬃﬃﬃ dipolespas
ﬃﬃﬃﬃﬃﬃcontinuous distributions of
pﬃﬃﬃﬃﬃﬃ1992) of disclination
edge dislocations. As a result, we obtain kqI ¼ Go df1 ða,tÞ=½2 2pð1nÞ, kqII ¼ Go df2 ða,tÞ=½2 2pð1nÞ, where t=s/d,
3
X

f1 ða,tÞ ¼

ð1Þk

pﬃﬃﬃﬃﬃ
r~ k ½3 cosðyk =2Þ þ cosð3yk =2Þ,

ð1Þk

pﬃﬃﬃﬃﬃ
r~ k ½sinðyk =2Þ þsinð3yk =2Þ,

k¼1
3
X

f2 ða,tÞ ¼

ð4Þ

k¼1

and  p o yk r p. For the disclination
where r~ k ¼ rk =d, and rk and yk are the coordinates of the kth disclination (k=1, 2,p3)
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
quadrupole shown in Fig. 2 and a in the range  p o a r p, we have r~ 1 ¼ 1, r~ 2 ¼ t 2 þ1, r~ 3 ¼ t; y1 = a + p/2 2p X(a  p/2),
y2 ¼ a þ arccott2pXða þ arccottpÞ, y3 = a, where X(x) is the Heaviside function equal to unity for x40 and zero otherwise.
In our model, the disclination strength o, appearing in formulae (4), is arbitrary. In equilibrium, however, the
disclination strength o corresponds to the minimum of the energy change DW associated with the formation of the
disclination quadrupole (Fig. 1). In the examined situation, the energy change DW can be presented as

DW ¼ W q þ W qs :

ð5Þ

Here, Wq is the proper energy of the disclination quadrupole, and Wq  s is the energy of its interaction with the stress
ﬁeld induced in the solid with a crack by the applied load s0.
The energy Wq of a disclination quadrupole near the tip of a long crack is calculated in the appendix as Wq =Do2d2 h(a, t)/2,
where D=G/[2p(1 n)], and h(a, t) is determined by formulae (A3)–(A6), (A8) and (A9).
The energy Wq  s can be written as (Romanov and Vladimirov, 1992)
Z
W qs ¼ o sxy dS,
ð6Þ
S

where S is the area bounded by disclination quadrupole (i.e., the area of the plastically deformed grain), S0 is the integration
parameter and sxy is the component of the stress ﬁeld created by the applied load s0 in a solid with a crack in the
coordinate system (x, y) (see Fig. 2).
The stress sxy is obtained from the expressions (e.g., Panasyuk, 1988) for the stresses created by an applied tensile load
in the vicinity of a crack tip as follows:


KIs
3y
sin y cos
2a , p o y r p:
sxy ¼ pﬃﬃﬃﬃﬃﬃﬃﬃ
ð7Þ
2
2 2pr
ﬃﬃﬃﬃﬃﬃ
p
Substitution of Eq. (7) to Eq. (6) yields: W qs ¼ KIs o d3=2 f ða,tÞ=ð3 2pÞ, where
8
p=2
arccot t
3=2
>
>
> g1 ðy, aÞ9y ¼ arccot t þt g2 ðy, aÞ9y ¼ 0 , p o a r p=2,
<
p a
p=2
arccot t
f ða,tÞ ¼ g1 ðy, aÞ9y ¼ arccot t g1 ðy, aÞ9y ¼ pa þ t 3=2 g2 ðy, aÞ9y ¼ 0 , p=2 o a r parccot t, :
ð8Þ
>
>
>
pa
arccot t
3=2
: g1 ðy, aÞ9p=2
ðg2 ðy, aÞ9y ¼ 0 g2 ðy, aÞ9y ¼ pa Þ, parccot t o a r p,
y ¼ arccot t þt
g1 ðy, aÞ ¼

4 cos2 ½ðy þ aÞ=2sin½ðyaÞ=2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
,
sin y

g2 ðy, aÞ ¼ 

4cos2 ½ðy þ aÞ=2cos½ðyaÞ=2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
:
cos y

ð9Þ

ð10Þ

Now, the equilibrium disclination strength o0 that corresponds to the minimum of the energy change DW can be found
from the relation qDW/qo9o = o0 =0, formula (5), and the above expressions for Wq and Wq  s as
pﬃﬃﬃﬃﬃﬃ
2pð1nÞf ða,tÞKIs
pﬃﬃﬃ
:
ð11Þ
o0 ¼
3G dhða,tÞ
Now, let us calculate the stress intensity factors kqI and kqII in the case of an equilibrium disclination quadrupole
(characterized by o = o0). Substitution of both the latter relation and formula (11) to the expressions for kqI and kqII yields
kqII ¼ B KIs , where
kqI ¼ A KIs ,
A¼

f ða,tÞf1 ða,tÞ
,
6hða,tÞ

B¼

f ða,tÞf2 ða,tÞ
:
6hða,tÞ

ð12Þ

After insertion of the latter relations for kqI and kqII to formula (3), we ﬁnd the following solution of the resulting equation
for KIC:
s
KIC
:
KIC ¼ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1þ AÞ2 þ B2

ð13Þ

Author's personal copy
ARTICLE IN PRESS
1094

N.F. Morozov et al. / J. Mech. Phys. Solids 58 (2010) 1088–1099

t=0.5
t=1
t=2

σ

KIC /KIC

1.3
1.2
1.1
1
0.9

-150 -100 -50

0

α, deg

50

100 150

s on the angle a, characterizing the orientation of the deformed grain near the crack tip,
Fig. 3. Dependences of the normalized fracture toughness KIC =KIC
for various values of the ratio t of the sizes of grain facets.

Now, let us estimate the maximum value of o0 in the case of nanocrystalline Ni, Al and 3C-SiC. The maximum value of
o0 corresponds to the crack with a critical length characterized by KIs ¼ KIC and can be calculated using the latter relation
and formulae (11)–(13). For nanocrystalline Ni, we use the following parameter values (Smithells and Brand, 1976; Hirth
and Lothe, 1982): G=73 GPa, n = 0.31, g = 1.725 J/m2 and gb = 0.69 J/m2. Then, in the situation with s =d = 15 nm and a = 601,
we obtain: o0 E41 o0  43 , for a crack propagating inside a grain, and o0 E3.61, for a crack that advances along a grain
boundary. For nanocrystalline Al with G=27 GPa, n =0.34, g =0.56 and gb = g/2, for s =d = 15 nm and a =601, we obtain
o0 E3.91, for a crack propagating inside a grain, and o0 E3.31, for a crack that advances along a grain boundary.
In the case of nanocrystalline ceramic 3C-SiC materials characterized by G= 217 GPa, n = 0.23, g =1.84 (Ding et al., 2004)
and gb = g/2, for s= d =15 nm and a = 601, we have o0 E2.71, for a crack propagating inside a grain, and o0 E2.31, for a crack
that advances along a grain boundary.
s ) if
Formula (13) shows
that the special rotational deformation increases the critical stress intensity factor (i.e., KIC 4KIC
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 2oAo0 and 9B9 o A ðA þ2Þ. Also, from formula (11) it follows that the quantities A and B depend only on the angle a
(characterizing the quadrupole orientation) and the ratio t = s/d of the sizes of grain facets. As a consequence, the
s (given by formula (13)) also depends only on a and t. The dependences of
normalized critical stress intensity factor KIC =KIC
s on the angle a are presented in Fig. 3, for various values of t. Fig. 3 shows that the special rotational deformation can
KIC =KIC
either increase or decrease KIC, depending on the value of the angle a, but, on average, increases it.
In the following, we assume that fracture in the examined nanocrystalline solid occurs through multiple crack
propagation, which is affected by the formation of numerous disclination quadrupoles near crack tips. Taking into account
the short-range character of the stress ﬁeld of disclination quadrupoles, we also suppose that crack propagation is affected
only by the rotational deformation of grains adjacent to crack tips. In this case, as a ﬁrst approximation, the fracture
toughness of the nanocrystalline solid can be deﬁned as the average value of KIC over various grain aspect ratios t and
orientations a. Assuming that the angle a is random, we introduce a distribution in a described by the distribution function
ra(a)= 1/(2p),  p o a r p. Also, we suppose that the grain aspect ratio t obeys the log-normal distribution rt(t) with the
zero average value (ln t ¼ 0) and a dispersion s20
h
i
1
rt ðtÞ ¼ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ exp ln2 t=ð2s20 Þ :
ð14Þ
t 2ps20
In this case, the fracture toughness KIC is given by
KIC ¼

Zp

ra ðaÞda

Z

p

1
0

Z 1
Zp
2
exp½ln t=ð2s20 Þ
1
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dt:
KIC ða,tÞrt ðtÞdt ¼
da
KIC ða,tÞ
t
0
2p 2ps20 p

ð15Þ

s  1:13, 1.12 and 1.10, for s = 0, 0.5 and 1, respectively.
From formula (15) and the expressions for KIC, we obtain KIC =KIC
0
Thus, the increase in fracture toughness due to special rotational deformation is around 10–15%.

3. Concluding remarks
Thus, we have theoretically described the effects of the special rotational deformation on growth of comparatively large
cracks in deformed nanocrystalline ceramics and metals. The special rotational deformation is shown to relieve local
stresses near the tips of comparatively large cracks in brittle nanocrystalline metals with ﬁnest grains and nanoceramics
with widely ranged grains. It has been found that the special rotational deformation in these materials can increase the
critical crack length (deﬁned as the minimum length at which athermal propagation of a crack is energetically beneﬁcial).
In this context, the special rotational deformation can serve as a special toughening mechanism in nanocrystalline
ceramics with widely ranged grain sizes and nanocrystalline metals with ﬁnest grains. Its effective action in
nanocrystalline materials is due to the two following factors: (i) nanocrystalline materials are characterized by
large volume fractions occupied by grain boundaries, and (ii) plastic deformation occurs at very high stresses in these
materials. At the same time, the special rotational deformation hardly contributes to toughening of coarse-grained
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polycrystalline metals, where the toughening mechanisms associated with plastic ﬂow are realized through conventional
dislocation emission from crack tips (see e.g., Rice and Thompson, 1974; Rice, 1992; Beltz et al., 1999). Besides, the rate of
the special rotational deformation is controlled by diffusion providing grain boundary dislocation climb that
accommodates grain boundary sliding (Ovid’ko and Sheinerman, 2008) (Fig. 1f–i). In a similar situation with grain
rotations controlled by diffusion and driven by the sensitivity of the energy of a grain boundary to its misorientation
parameters (Moldovan et al., 2001), the rate of grain rotations in nanocrystalline materials is by several orders larger than
that in coarse-grained polycrystals. This is related to the fact that diffusion is highly accelerated with decreasing the grain
size in a material due to corresponding increase in the volume fraction occupied by grain boundaries having enhanced
diffusivity. Therefore, as with grain rotations (Moldovan et al., 2001), diffusion-controlled processes of special rotational
deformation in nanocrystalline materials are highly enhanced and thereby much more typical, compared to those in
coarse-grained polycrystals. In the context discussed, the special rotational deformation is expected to signiﬁcantly
contribute to stress relaxation near crack tips precisely in nanocrystalline materials, and is hardly effective in coarsegrained polycrystals.
With our theoretical results, the special rotational deformation can signiﬁcantly contribute to the experimentally
detected (Bhaduri and Bhaduri, 1997; Mirshams et al., 2001; Zhao et al., 2004; Kaminskii et al., 2005; Pei et al., 2005)
enhancement of fracture toughness in nanocrystalline ceramics and metals. At the same time, in many other cases,
fracture toughness of nanocrystalline materials is lower than that of their coarse-grained counterparts (see e.g., Kuntz
et al., 2004; Koch et al., 2007). The discussed difference in fracture behavior between nanocrystalline materials is well
illustrated by experimental data (Mirshams et al., 2001) concerning crack growth in nanocrystalline Ni specimens
(with grain size around 20 nm) processed at different conditions. More precisely, Mirshams et al. (2001) reported
that the crack growth resistance of nanocrystalline nickel thin sheets, in the cases of as-fabricated specimens and
specimens after annealing at 373 K, exceeds the resistance of coarse-grained polycrystalline nickel. In contrast,
after annealing at 473 K, nanocrystalline Ni shows low crack growth resistance, compared to that of coarse-grained Ni.
These interesting experimental data are naturally explained in terms of the sensitivity of the special rotational
deformation to the structure of grain boundaries. Such boundaries in the as-fabricated nanocrystalline metallic
specimens are commonly non-equilibrium (Valiev, 2004; Ovid’ko, 2005; Koch et al., 2007). They contain many excess
point and line defects, in which case intergrain sliding and climb of grain boundary dislocations along non-equilibrium
grain boundaries in the as-fabricated nanocrystalline Ni specimens are enhanced. Annealing at comparatively low
temperature, 373 K, does not dramatically change the non-equilibrium grain boundary structures. Therefore, the
special rotational deformation conducted by both intergrain sliding and climb of grain boundary dislocations (Fig. 2) is
enhanced and effectively hampers crack growth in the as-fabricated nanocrystalline Ni specimens and specimens after
annealing at 373 K. In contrast, after annealing at 473 K, non-equilibrium grain boundaries transform into equilibrium
ones. This is because 473 K is close to the characteristic temperature TGBD at which intensive grain boundary diffusion
processes occur and cause annihilation of extra defects at grain boundaries. (For metals, TGBD is around 0.3Tm, where Tm is
the melting temperature (Vladimirov, 1975). For Ni, Tm = 1728 K and TGBD is around 520 K.) In these circumstances, the
special rotational deformation is suppressed and hardly hampers crack growth in nanocrystalline Ni specimens after
annealing at 473 K.
Finally, following numerous experiments, computer simulations and theoretical models [see e.g., reviews by
Ovid’ko (2005), Wolf et al. (2005), Dao et al. (2005), Mukhopadhyay and Basu (2007)], several deformation mechanisms
– lattice dislocation slip, grain boundary sliding, grain boundary diffusional creep, rotational deformation modes and
others – can contribute to plastic ﬂow processes in nanocrystalline materials. The role of each mechanism in plastic
ﬂow and its effect on fracture toughness of a nanocrystalline specimen crucially depends on structural and
material parameters of the specimen as well as on the conditions of its mechanical loading. In general, different
deformation/toughening mechanisms dominate in different nanocrystalline specimens. In the context discussed, our
theoretical model of the special rotational deformation as a toughening mechanism can be viewed as part of the general
theory of deformation mechanisms operating near crack tips and their contributions to toughening in nanocrystalline
materials.
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Appendix
In this appendix, we calculate the stress ﬁeld and energy of a disclination quadrupole near a crack tip (see Fig. 2).
To do so, ﬁrst, we calculate the stresses and energy of an individual wedge disclination of strength o in a solid with a
semi-inﬁnite crack (Fig. A1). Let us introduce a Cartesian coordinate system (x, y) and a polar coordinate system (r, y)
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Fig. A1. Wedge disclination in a medium with a semi-inﬁnite crack.

with the origins at the crack tip (Fig. A1). In this coordinate system, the disclination has the coordinates (x0, y0) and
(r0, y0), respectively. The stress ﬁeld of the disclination can be presented in terms of complex functions F and O as
(Stevenson, 1945)

sxx þ syy ¼ 4Re FðzÞ,

ðA1Þ

syy isxy ¼ FðzÞ þ OðzÞ þ ðzzÞF0 ðzÞ,

ðA2Þ
pﬃﬃﬃﬃﬃﬃﬃ
iy
where i ¼ 1, z= x+ iy= re is the complex coordinate, and the overbar denotes the complex conjugate. The complex
functions F and O associated with a wedge disclination in a solid with a ﬂat semi-inﬁnite crack are obtained from the
known complex functions for an edge dislocation in a similar solid (Lin and Thomson, 1986; Ovid’ko and Sheinerman,
2009) through the representation of a wedge disclination as a continuous distribution of edge dislocation occupying the
line between the crack tip and the position of the disclination. As a result, we have calculated the complex functions F and
O for a disclination in a solid in a ﬂat semi-inﬁnite crack to be as follows:
9
8
ﬃ pﬃﬃﬃﬃﬃ
=
pﬃﬃﬃ pﬃﬃﬃﬃﬃ pﬃﬃﬃﬃ
Do < pﬃﬃﬃ pﬃﬃﬃﬃﬃ
z0 z0
z0 þ z0
pﬃﬃﬃ
þ pﬃﬃﬃpﬃﬃﬃ pﬃﬃﬃﬃﬃ ,
ðA3Þ
ln z z0 ln z þ z0 þ
FðzÞ ¼
:
2
z
2 z z þ z0 ;
Do
OðzÞ ¼
2

(

)
ﬃ pﬃﬃﬃﬃﬃ
pﬃﬃﬃ pﬃﬃﬃﬃﬃ pﬃﬃﬃﬃ
pﬃﬃﬃ pﬃﬃﬃﬃﬃ
z0 z0
z0 þ z0
pﬃﬃﬃ
þ pﬃﬃﬃpﬃﬃﬃ pﬃﬃﬃﬃﬃ ,
ln z z0 ln z þ z0 þ
z
2 z z z0

ðA4Þ

where z0 =x0 +iy0 = r0eiy, D=G/[2p(1  n)], G is the shear modulus, and n is Poisson’s ratio.
Now, the stresses sxx, syy and sxy follow from formula (A3) and the relations sxx ¼ Re½4Fg, syy ¼ Re g, sxy ¼ Img,
0
where g ¼ F þ O þ ðzzÞ F . We have veriﬁed that these stresses satisfy the equations of equilibrium and free-traction
conditions at the crack surface and tend to zero as the distance from the disclination tends to inﬁnity.
The self-energy of the disclination shown in Fig. A1 is given (Romanov and Vladimirov, 1992) by
Z
o r0
syy ðr,r0 , y, y0 Þ9y ¼ y0 ðr0 rÞdr,
ðA5Þ
W W ðr0 , y0 Þ ¼
2 0
where syy is the component of the disclination stress ﬁeld in the cylindrical coordinate system,

syy ðr,r0 , y, y0 Þ ¼ sxx sin2 y þ syy cos2 ysxy sin 2y ¼ 4 Re F sin2 y þ Re g cos 2y þIm g sin 2y

ðA6Þ

Substitution of (A3), (A4) and (A6) to (A5) and numerical integration yields
WW ¼

Do2 r02
Fðy0 Þ,
2

ðA7Þ

W of a disclination located at a speciﬁed
where the function F(y0) is depicted in Fig. A2. The maximum self-energy Wm
W ¼ Do2 r 2 . At y -0, when the disclination approaches
distance r0 from the crack tip is reached at y0 = 0 and follows as Wm
0
0
the surface of the solid, its energy tends to zero.
By setting r0 ¼ H=sin y, assuming H to be independent of y and coming to the limit of y0-p, one can come to the known
W of a
case of a disclination in a semi-inﬁnite solid, located at a distance H from its ﬂat surface. In this case, the energy Whs
W ¼ Do2 H2 lim Fðy Þ=ð2 sin2 y Þ. Numerical evaluation shows that
disclination in a half-space is calculated as Whs
0
0

y0 -p
W
2 2
lim Fðy0 Þ=ð2 sin y0 Þ ¼ 1=2, and so Whs ¼ Do H =2, which coincides with the known result (Romanov and Vladimirov,
y0 -p
2

1992).
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Fig. A2. Function F(y0) characterizing the dependence of the energy of a wedge disclination in a solid with a semi-inﬁnite crack (in units of Do2 r02 =2) on
the angular disclination coordinate y0.
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Fig. A3. Ratio W q =W1
of the energy Wq of a disclination quadrupole near a crack tip to the energy W1
of a similar quadrupole in an inﬁnite uncracked
solid, as a function of the angle a, for various values of the quadrupole aspect ratio t.

The expressions for the stresses and energy of a disclination in a solid with a crack allow one to calculate the energy Wq
of the disclination quadrupole shown in Fig. 2 (which transforms to three disclinations in the examined case of a semiinﬁnite crack). The energy of the disclination quadrupole is presented as
W q ¼ W W ðr1 , y1 Þ þW W ðr2 , y2 Þ þ W W ðr3 , y3 ÞWint ðr1 ,r2 , y1 , y2 Þ þ Wint ðr1 ,r3 , y1 , y3 ÞWint ðr2 ,r3 , y2 , y3 Þ:

ðA8Þ

In formula (A8), (rk, yk) (k= 1, 2, 3) are the coordinates of the three disclinations given above in the main text, and
Wint ðrj ,rk , yj , yk Þ (j,k= 1, 2, 3) denotes the energy of the interaction between two disclinations of strength, o, with the
coordinates (rj, yj) and (rk, yk). The energy Wint ðrj ,rk , yj , yk Þ follows as (Romanov and Vladimirov, 1992)
Wint ðrj ,rk , yj , yk Þ ¼ o

Z

rk
0

syy ðr,rj , y, yj Þ9y ¼ yk ðrk rÞdr:

ðA9Þ

Insertion of formulae (A3)–(A6) and (A9) to Eq. (A8) yields Wq =(Do2d2/2) h(a, t), where t = s/d and the function h(a, t) is
evaluated numerically.
q
of a similar
Let us compare the energy Wq of the disclination quadrupole near a crack tip with the energy W1
q
is given by (Romanov and Vladimirov, 1992; Gutkin et al.,
quadrupole in an inﬁnite solid without cracks. The energy W1
2002b)
q
¼
W1

Do2 d2
ð1þ t 2 Þlnð1 þ t 2 Þt 2 lnðt 2 Þ :
2

ðA10Þ

q
The ratio W q =W1
as a function of the angle a is plotted in Fig. A3, for various values of the quadrupole aspect ratio t.
As is seen in Fig. A3, for t in the range from 0.2 to 5, the presence of the crack reduces the disclination quadrupole energy
by 2–42%.
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