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Abstract. Conditions on the equilibrium phase boundary in a nonlinear elastic material
are modeled by a system of equations that determine a one—parameter family of normals to
the boundary and strains on one side of the boundary as a function of strains on the other
side. Strains for which this system of equations is resolvable form the phase transition
zone (PTZ) in strain space. The PTZ boundary acts as a phase diagram. The procedure
for PTZ construction is developed for nonlinear elastic materials in a small strain ap-
proach. Some boundary problems for elastic bodies undergoing phase transformations are
ezamined. The correlation between strain fields in two-phase bodies and PTZ in strain
space as well as energy changes due to phase transformations, stability and stress—strain
diagrams for solids on the path of the transformation are studied.
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1 INTRODUCTION

Conditions on the equilibrium phase boundary (the surface of discontinuity in deformation
gradient at continuous displacement) in a nonlinear elastic material include an additional
thermodynamic condition!~* and can be considered as the system of equations that de-
termine the normal to the boundary as well as the strains in one phase as a function of
strains in the other. This system of equations has nontrivial solution not for any hypere-
lastic materials and not at any deformations. The first circumstance leads to restrictions
on constitutive equations, the second one leads to the concept of phase transition zone
(PTZ)% formed by all strains which can coexist on the equilibrium interface in a hyper-
elastic material.

The importance of PTZ construction is motivated by the following reasons:

* Deformations outside PTZ cannot coexist on the interface, whatever the loading condi-
tions. The PTZ boundary acts as a phase diagram or yield surface in strain-space.

* The problem on equilibrium two phase configuration of elastic bodies is a problem with
unknown boundary and, as a rule, has no a unique solution. As is shown below, a
comparison between deformation fields in different two—phase configurations of an elastic
body at the same boundary conditions and PTZ allows to choose thermodynamically
preferential configuration. We mean an opportunity of the following situations:

— strains in an equilibrium two—phase body are outside the PTZ except the phase bound-
ary which corresponds to the outer PTZ boundary;

— strains in a two—phase body correspond to the PTZ interior.

The general procedure for PTZ construction was earlier developed and examined for var-
ious isotropic hyperelastic materials (finite strains)®®. The purpose of the present paper
is to consider phase transformations of elastic bodies in a small strain approach. First,
after some remarks on constitutive equations, we show that the problem is reduced to the
solution of the linear elasticity equations for heterogeneous medium with an additional
(thermodynamic) condition which limits the shape of the interface. The system of condi-
tions on the equilibrium phase boundary is split. The thermodynamic condition takes the
form of an equation that determines the unit normal to the phase boundary in relation
to deformation on one side of the boundary. Solvability requirements for this equation
determine the PTZ boundary in strain space.

Then we study admissible directions of normal and jumps of strains on the phase bound-
ary. While on one side of the phase boundary, any deformation from PTZ interior ad-
mits one-parametric family of normals and corresponding one-parametric family of strain
Jumps. This one-parametric feature disappears at the PTZ boundary. In this case strains
possessed by different parts of PTZ boundary allow different kinds of phase boundary
-orientations and jumps of strains. So, this examination of the PTZ shows different orien-
tations of the interface and different jumps of strains on it (i.e. different form of strain
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localization due to phase transitions) depending on deformation state.

All the above concerns the conditions of local equilibrium between two phases of an
elastic body and means an investigation of piecewise constant two phase strain fields with
plane phase boundaries. Further we investigate some features of phase transformations
of elastic bodies at different stress states. By way of illustration we examine simplest
boundary problems for an elastic sphere under pressure”® and a tube under rotation
of its lateral surface while the inner surface is held fixed. The non—uniqueness of the
solution is demonstrated. Notice that such boundary problems have also been the subject
of other investigations®!®. The goal of our paper is to study the correspondence between
deformation fields in different two phase configurations of solids, energy changes due to
phase transformations and the PTZ. :

Another sort of problem is multiple appearance of anisotropic phase layers under the
process of deformation. Dependencies of structure parameters (new phase concentration,
orientation of layers, directions of anisotropy) on loading, temperature and material pa-
rameters and, as a consequence, the relationship between average stress and strain tensors
are determined by the same approach.

2 EQUILIBRIUM PHASE BOUNDARY IN SMALL STRAIN APPROACH

In a case of small strains a problem on equilibrium two-phase configurations of elastic
body can be reduced to the determination of the phase boundary I' and corresponding
displacement field u(x), which is smooth enough at material points x ¢ I, continuous on
r

[u=0, xeTl (1)

and satisfies boundary conditions, thermal condition 6 = const and equilibrium condi-
tions

x¢T': v:-0=0, (2)
xel': [o]-n=0, [fl—o:le]=0 (3)

where n is a normal to the boundary, ¢ and ¢ = (\Yu+<7u?)/2 are stress and linear strain
tensors, @ is temperature, f (¢,0) is free energy volume density, o = df /8¢, body forces
are equal to zero. We use small bold letters for vectors and second order tensors, bold
capitals for forth order tensors, square brackets denote the jump on the phase boundary:
[...] = (.)T=(...)7, signs “+” correspond to phases “+”, “-” and “:” mean products!?,
if a, b are vectors and p, q, K are tensors, then a-b = a;b;, (p-a); = pija;, P : q = pi;gji,
(p : K)z’j = pmnKnmij» p:K:q= Knmijpanji-

Thermodynamic condition (3), follows from the conditions on the equilibrium phase
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boundary in a nonlinear hyperelastic material’™*. From (1) it follows
] ;
[e]=§(n®a+a®n) (4)
where a is an unknown amplitude vector.

In traditional small strain approach f (¢, ) is a quadratic function of ¢ and representation
f (g,-) as a polynomial of degree more than 2 is incorrect!!. In this case discontinuous
solutions which satisfy (3),, (4) cannot exist if elasticity tensor is definite. Let us suppose
that f (e,-) is represented at least by two quadratic dependencies

F*(e.6) = £0) +5(e—R): Cai(e—eh) )

where parameters Cz, fif, €} are elasticity tensors, free energy densities and strain
tensors in unstressed phases “+”. We mean the correspondence between upper and lower
indexes “+”. If ef = 0, then [¢?] = ¢P is a phase transition self-strain tensor. For
simplicity we do not consider thermoelastic effects.

The rule for the choice of signs “+” depending on ¢ follows from the consideration of
the functions f* (¢, -) on the path € () = (1-n)e_+ney (n € [0,1])°. If CL are positive
definite, the both conditions (3) can be satisfied at a # 0 only if

f(m)=min{f~ (), f* ()}, fn)=F(em),-), n€0.1] (6)
Extended over the whole strain space or a part of strain space, (6) gives
7 (e,6) = min{f~ (,0), 1" (=.6)} ™

Notice that in fact, f (¢,-) is build up using a set of quadratic and linear dependencies.
In particularly, a set of these functions have to correspond to the symmetry group of the
material if material is anisotropic. In this paper, for the sake of simplicity, we consider
only two branch free energy function (5), (7).

Constitutive equations take the form
o(e)=Cs:(e—¢€k), e€és (8)
where domains of definition of phases “F”
E-={e: p(e)>0}, E&x={e: v(e) <0}, p()=FT(s)=f"(er) (9)

Local conditions (3) can be considered as a system of four equations for five unknowns,
‘which determine the unit normal n and amplitude a depending on strain on one side of
the phase boundary, if (4), (5), (8) are accounted for.
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It follows from (3),, (4), (8), that
€] = Kz(n):q:, Q+=-Cp:ex+][C:¢P (10)
Ki (n) = {n®Gi®n}s, Gi = (n-Ci -n)'l, Cl = C+ -C_
(s means the symmetrization: Kj;jx = % (niGjkmi + njGueny + n;G e + n;Gany))

Substituting of (5), (8) and (10) into (3), brings the thermodynamic condition to the
form:

2y +[eP:C:ePl+e4:Criex—2e::[C:ePl2qe:Kz(n):qe =0 (11)

where v = [fo ()] acts as temperature in absence of thermal stresses. The system of equa-
tions is split. Equation (11) determines one-parametric family of unit normals depending
on 7 and strains on one side (“+” or “~") of the boundary. Strains on the other side are
then computed from formulas (10).

If tensor C) is nonsingular, (11) can be rewritten in ¢g— space:

1
2.+ @ (CT K= (m)ae =0, w=y+35: B[] (12)

(B; = B, — B_, B = C™1). Notice, that q is a linear transformation of ¢.

3 PHASE TRANSITION ZONE

Strains for which the equation (11) or (12) can be solved for normal n form the phase
transition zone in strain or g — space. The PTZ is divided into sub—zones “t” with strains
related by (10). Actually we have to construct only one of sub—zones.

Equation (12) can be written in a form

K+(qs,n) = Fp (qz) (13)
K:(g,n)=q:Kz(n):q, ¢(@)=2%n+q:Ci':q

Tensors q from sub—zones Q. satisfy inequalities

Kiin(a) < Fe (@) < KIi(a) (14)
’C;ax(q) = mf'x ’C:F(qa n)? ’Cz;mn(q) = m&n ’C?:(q’ n)

External and internal boundaries of (). are determined by the equations
27.+q:C7l:q+xKE,. (@) =0, 2. +q:Cit:q£KZ, (q) =0 (15)
The normals to the phase boundary

n (q) = argmaxKx(q,n), nj (q) = argminK=(q.n)
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correspond to the external and internal PTZ boundaries. One-parametric feature of the
solution disappears on PTZ-boundaries. Domains (9) of definition of phases are divided
by the surface ¢, = {q: ¢ (q) = 0} in g—space. This surface passes between internal PTZ
boundaries (15),.

13 n

If phase is isotropic, then

C_=)EQE+2l K. (n=¢( (n®EQ®n)’-(n®n®n®n (16)
K_(q,n) = F (N1, Na) /u_, F(Ny,Ny) & Ny —aN?, Ny=n-g*n (k=1,2)
where E and I are second and fourth order unit tensors, A and p are Lame constants,

€=p"Y, ¢ =2u(l—v)™?, vis Poisson’s ratio, a = (2(1 —v_))"".

Orientation invariants N, determine the normal n if q is known. Using representations

q= Z gie;®e;, n= Z ni€;

one can arrive the system of three equations

doni=1, > nigf=N (k=12 (17)

that is linear with respect to n? (i =1,2,3).

For any q € @, equation (13) takes the form of a relationship between orientation invari-
ants

F (N1, Np) = ~p_p(q) (18)

and has a simple geometric interpretation on the Nj, N plane. Since the solution of
the system (17) has to be non—negative, the admissible value domain D for orientation
invariants is a triangle with vertexes (g;,q?) (¢ =1,2,3). The vertexes correspond to
n = e;, points of the i — 7 — side of the triangle correspond to n lying in the : — j —
principal plane of q. If ¢; (i = 1,2,3) change, then vertexes of D move along the skeleton
curve Ny = N2 . On the other hand, (18) determines the parabola N, = aN{ — u_¢ (q)
(a > 1), which moves along N,—axis if g changes. The line of intersection of this parabola
and D gives one parameter family of solutions. The sub-zone @ is formed by all such q
that this intersection exists:

Q+=1{q: yin F(Ny,N2) < —p_p(q) < max_F (N, N2)}

N1,N2€D

In Fig. 1, we show a typical cross-section of the PTZ by a plane tr q =const (a deviator
section) for a case of isotropic phases. Because of isotropy we consider only one sector
OAB (q1 < ¢ < q3). Segments ab and AB correspond to external PTZ boundaries, de
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Figure 1: Deviator section of the phase transition zone in g—space

9] s 1
a’ b p

Figure 2: Phase transformation of a twisting tube (ps < p-), a—shear stress—strain diagrams, b—shear
strains distribution in a cross—section of a tube
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and st are parts of the internal boundaries, the line of the intersection with the surface
p, (not shown) passes between the lines of the internal boundaries.

If strains on the phase boundary belong to the external PTZ boundaries, then the normal
n lies in the 1 — 3 — principal plane of tensor q and depends on ¢,gs (segment ac)
or coincides with eigenvector €4 max corresponding to max{|q|, g/, |gs|} (segment cb),
depending on a relation between eigenvalues of q. If the phase boundary corresponds to
the internal PTZ boundaries, then n = €jgmin. Jumps of strains can be computed from
formulas (10), (16).

4 TWO PHASE STRAIN FIELDS

To study the correspondence between deformation fields in various two phase configura-
tions of elastic bodies and the PTZ we consider phase transformations of a sphere under
pressure”®, a tube under rotation of its lateral surface while the inner surface is held fixed
and unbounded medium in homogeneous average strain field.

In a case of a sphere and a tube the material is supposed to be isotropic. Two phase
states with a single phase boundary (with a spherical boundary in a case of a sphere and
cylindrical one in a case of a tube) are examined. The radius of the phase boundary is
determined by the thermodynamic condition (12) (or (11)). The non-uniqueness of the
solution is demonstrated even at this class of two phase configurations. The equilibrium
conditions can be satisfied if a new phase area propagates from the interior as well as
from the outer boundaries of the bodies.

The relationship between external pressure p and average volume strain Jp on the path
of the transformation of the sphere takes the form

_p = k* (190 - 19*) +p*

where k, = —3 ,ue < 0 is an “effective” bulk modulus of a sphere, . is a shear modulus
of the matenal of the external phase, ¥, and p, depend on material parameters. From
the macroscopic point of view the sphere demonstrates a behavior of a trilinear material
with a strain softening effect.

Energy estimates show that the competition between above mention solutions is deter-
mined by the shear modulus u_ and p. of the phases. More rigid phase is located in
an internal part of the sphere. For the both solutions strains on the phase boundaries
correspond to the PTZ boundary, but the other strains are outside the PTZ in a case of
thermodynamically preferential configuration, otherwise strains are inside the PTZ.

On the path of the transformation of a tube the relationship between shear stress 7 and
tangent displacement Q on the external surface takes the form

D

- Q=) Go= ——
T=1+G ( o) G ue—a2,u,-
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where «a is a ration of internal and external radiuses of a tube, 7o, Qo and D depend on
material parameters and «, y. and p; are shear modules of external and internal phases.
Shear stress 7 increases on the path of the transformation if p; < pe, otherwise “effective
shear modulus” G, < 0 (Fig. 2a) or two phase deformation is unstable. The first way of
the phase transformation is thermodynamically more preferential and shear strains 7 in
the tube are outside the PTZ except the phase boundary (v = +v*) which corresponds to
the outer PTZ boundary (Fig. 2b). Shear strains in the two phase tube are inside the
PTZ if u; > pe-

Our next example is a phase transformation of unbounded medium due to multiple appear-
ance of new phase layers. Equilibrium volume concentration of a new phase, orientation
of layers, directions of the anisotropy inside the layers are determined in the dependence
on average strains. Energy changes and stability analysis shows that thermodynami-
cally preferential piecewise constant strain fields correspond to the PTZ boundary. It is
proved that the effective elasticity tensor can be not positive definite on the path of phase
transformation.

5 CONCLUSIONS

On the whole presented considerations of heterogeneous deformation of solids due to phase
transformations demonstrate the following:

— a phase transition zone can be constructed in strain space; the PTZ boundary acts as
a phase diagram in strain space

- equilibrium new phase areas appearance is thermodynamically preferential in compari-
son with keeping one-phase state under the same boundary condition in displacements; a
comparison between deformation fields in different two—phase configurations of an elastic
body and PTZ gives additional reasons for the choice of the thermodynamically prefer-
ential configuration

— strains and stresses on the interface remain constant during the process of quasi—static
phase transformation of an elastic body and equal to those ones in one-phase configura-
tions at the beginning and at the end of transformation

— stress—strain diagrams for elastic solids undergoing phase transformations has the form
of diagrams for an elastic—plastic materials; a body can demonstrate the strain softening
effect on the path of phase transformation.

The developed models can be used in studies of martensite transformations and shape
" memory effects in smart materials, strain localization in the form of crazes and shear
bands in glassy polymers.
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