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About Using Moment of Momentum and Angular Velocity Vectors
for Description of Rotational Motions of a Rigid Body

Two sets of vector variables for the analysis of rotational motions of a rigid body are presented. The first set consists of
the vector projections of the angular velocity on the eigenvectors of the inertia tensor, the second one is based on the
angular velocity and moment of momentum vectors. Vector analogues of the dynamic Euler equations are obtained for
the considered variables. The presented equations allow to determine the orientation of the rigid body in space, whereas
analysis of the classic Euler equations gives only scalar projections of the angular velocity on the body-fixed basis. How-
ever, the similarity of the proposed vector equations to the classic scalar ones allows application of the similar mathema-
tical methods for the problem analysis. Example problems were solved using the proposed methods.
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1. Introduction

Let us consider a rigid body with a fixed point under the action of an external moment. The motion of the body can
by described by the classic system of Euler-Poisson equations

q1 _ww1 þ ðq3 � q2Þ w2w3 ¼ M1 ;

q2 _ww2 þ ðq1 � q3Þ w3w1 ¼ M2 ;

q3 _ww3 þ ðq2 � q1Þ w1w2 ¼ M3 ;

_gg1 ¼ w3g2 � w2g3 ;

_gg2 ¼ w1g3 � w3g1 ;

_gg3 ¼ w2g1 � w1g2 ;

ð1Þ; ð2Þ

where qk are the principal moments of inertia, wk; Mk; gk are projections of the angular velocity, the external moment,
and the vertical unit vector on principal directions of the inertia tensor (k ¼ 1; 2; 3).

The above system of equations is divided into two subsystems: dynamic Euler equations (1) and kinematic
Poisson equations (2). Let us consider the case, when the external moment depends only on the angular velocities:
Mk ¼ Mkðw1; w2; w3Þ (a dissipative moment for example). Then subsystem (1) is separated and it forms a closed
system for the angular velocity projections wk. If subsystem (1) is solved then the obtained functions wkðtÞ can be
substituted in subsystem (2), which forms a linear system with variable coefficients for the projections gk. If this linear
system is solved then the space orientation of the rigid body can be determined finally by integration of a known
function of time.

Thus, the problem is decomposed into two subproblems, namely the calculations of wk and gk. The first subprob-
lem, although it requires the solution of nonlinear equations, generally is less complicated than the second one. In fact,
a system (1) is autonomous, the coefficients are constant, and the equations are symmetric and relatively simple. Such
system is appropriate for analytical and semianalytical methods. The second subproblem is linear, but with variable
coefficients, which should be obtained from the solution of the first subproblem. Such coefficients can have a very
complicated form, therefore generally subsystem (2) cannot be solved analytically. That is why investigations usually
stop after finding a solution of subsystem (1), which gives only projections wk of the angular velocity on a mobile
basis. However, the quantities wk give very little description of the rigid body motion. Since these quantities are projec-
tions on a mobile basis, they do not allow to determine even the direction of the angular velocity vector in a fixed
frame of reference, not mentioning the orientation of the rigid body in space. Thus, the solution of the first subproblem
does not give even a half of the whole problem solution.

In the presented paper equations analogous to the dynamic Euler equations, but written in the terms of vector
projections of the angular velocity, will be obtained. The advantage of the proposed equations is that their integration
solves the problem completely, without a necessity to solve any additional equations. Alternative equations for the
moment of momentum and the angular velocity vectors will be also obtained. Below the direct tensor calculus is used
[1, 2]. A brief description of the main designations and identities common for the direct tensor calculus is given in
Appendix A. Application of this technique to the analysis of rotational motions of rigid bodies is considered in [3, 4].

2. Vector analogue of dynamic Euler equations

Let e1; e2; e3 be unit eigenvectors of the inertia tensor of a rigid body. Then the inertia tensor q can be expressed as

q ¼ q1e1e1 þ q2e2e2 þ q3e3e3 ; ð3Þ
where e1e1; e2e2, and e3e3 are tensor products of the corresponding eigenvectors. The eigenvectors ek form a mobile
Cartesian basis. The scalar projections wk of the angular velocity vector w on the mobile basis satisfy the identities
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wk ¼ ek �w (k ¼ 1; 2; 3). Let us introduce vector projections of the angular velocity vector as

w1 ¼def w1e1 ; w2 ¼def w2e2 ; w3 ¼def w3e3 : ð4Þ

The derivative of the vector projection w1 with respect to time is

_ww1 ¼ ðw1e1Þ_ ¼ _ww1e1 þ w1 _ee1 : ð5Þ

To obtain the vector analogue of the dynamic Euler equations let us express the derivative _ww1 from the Euler equa-
tions (1) and the derivative _ee1 from the Poisson equations (2), which in vector form can be rewritten as _eek ¼ w� ek.
Then formula (5) takes the form

q1 _ww1 ¼ ðq2 � q3Þ w2w3e1 þM1e1 þ q1w1w� e1 :

Using the vector projections (4) instead of the scalar ones the above formula can be rewritten as

q1 _ww1 ¼ ðq2 � q3Þ w2 �w3 þ q1ðw2 þw3Þ �w1 þM1 ; ð6Þ

where M1 ¼def M1e1 is the vector projection of the external moment. The derivatives of w2 and w3 can be calculated
analogously, which gives the desired system of differential equations for the vector projections wk:

q1 _ww1 þ ðq3 � q2Þ w2 �w3 þ q1w1 � ðw2 þw3Þ ¼ M1 ;

q2 _ww2 þ ðq1 � q3Þ w3 �w1 þ q2w2 � ðw3 þw1Þ ¼ M2 ;

q3 _ww3 þ ðq2 � q1Þ w1 �w2 þ q3w3 � ðw1 þw2Þ ¼ M3 :

ð7Þ

The obtained equations have a similar form as the dynamic Euler equations

q1 _ww1 þ ðq3 � q2Þ w2w3 ¼ M1 ;

q2 _ww2 þ ðq1 � q3Þ w3w1 ¼ M2 ;

q3 _ww3 þ ðq2 � q1Þ w1w2 ¼ M3 :

ð8Þ

Hereafter we shall call name the equations (7) and (8) vector and scalar Euler equations, respectively. The solution of
the vector equations gives the solution of the total problem as opposed to the scalar equations. In fact, if the vectors
wk are obtained as solution of system (7) then dividing them by their absolute values one can obtain the eigenvectors,
ek of the inertia tensor, and therefore the body orientation in the fixed frame of reference is known1). Due to the
similarity of the vector and scalar Euler equations, most of the methods known for the scalar equations can be used to
solve the vector ones. Note that the vectors wk contain information about the space orientation of the body, hence the
right sides of eqs. (7) always can be expressed by the vectors wk, even in the case when the external moment depends
not only on the angular velocities, but on the body orientation as well.

A rigid body with a fixed point has 3 degrees of freedom, so a set of equations of the 6-th order is required.
However, the vector equations (7) are of the 9-th order. This is due to the excessiveness of the variables wk. In fact,
the vectors wk are orthogonal, so they satisfy the three additional scalar identities

w1 �w2 ¼ 0 ; w2 �w3 ¼ 0 ; w3 �w1 ¼ 0 : ð9Þ

Replacement of one of the vector differential equations in system (7) by the identities (9) leads to a system of 6-th
order. But in most cases the excessive system (7) is more convenient for an analytical analysis.

3. The dynamic variables

One of the advantages of Euler equations (7) and (8) is their symmetric form. However, for an analytical solution it
can be more suitable to use another form of the equations, which allows to take into account the physical characteris-
tics of the problem. Let us introduce vector dynamic variables uk and scalar dynamic variables Hk:

uk ¼def qk �w ; Hk ¼def w � qk �w : ð10Þ

Here k is an integer, qk is the power k-th of the inertia tensor, dot stands for the scalar product. The quantities
w1; w2; w3 and w1; w2; w3 further will be called as kinematic variables. Substitution of the inertia tensor (3) in the
above definitions transforms them to the following non-tensor form:

uk ¼ qk
1w1 þ qk

2w2 þ qk
3w3 ; Hk ¼ qk

1w2
1 þ qk

2w2
2 þ qk

3w2
3 ; ð11Þ
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which also can be considered as a bound between the dynamic and the kinematic variables. Besides, according to
definition (10), the following constraint between the variables uk and Hk holds:

uk � un ¼ Hkþn ; ð12Þ

which allows to express the scalar dynamic variables in terms of vector dynamic variables.
Let us use the Hamilton-Cayley identity [2] for the inertia tensor

q3 � I1q
2 þ I2q� I3E ¼ 0 ; ð13Þ

where E is unit tensor and I1; I2; I3 are the principal invariants of the inertia tensor:

I1 ¼ q1 þ q2 þ q3 ; I2 ¼ q1q2 þ q2q3 þ q3q1 ; I3 ¼ q1q2q3 :

Identity (13) allows to express any power of the tensor q in terms of E; q; q2. Analogously the variables uk and Hk for
any integer index k can be expressed, respectively, in terms of the variables u0; u1; u2 and H0; H1; H2, which we shall
name principal dynamic variables. In particular, direct substitution of (13) into (10) gives

u3 ¼ I1u2 � I2u1 þ I3u0 ; H3 ¼ I1H2 � I2H1 þ I3H0 :

The principal dynamic variables have the following physical meaning:

H0 ¼ w2 Square of angular velocity
H1 ¼ 2T Double kinetic energy
H2 ¼ L2 Square of moment of momentum

u0 ¼ w Angular velocity vector
u1 ¼ L Moment of momentum vector
u2 ¼ q � L ––

The constraint (11) between the dynamic and the kinematic variables for the principal dynamic variables can be
represented in the following matrix form:

u ¼def
u0

u1

u2

2
64

3
75 ¼ A

w1

w2

w3

2
64

3
75 ; H ¼def

H0

H1

H2

2
64

3
75 ¼ A

w2
1

w2
2

w2
3

2
64

3
75 ; A ¼def

1 1 1

q1 q2 q3

q2
1 q2

2 q2
3

2
64

3
75 : ð14Þ

Determinant of the matrix A is the Vandermonde determinant

det A ¼ ðq1 � q2Þ ðq2 � q3Þ ðq3 � q1Þ ¼def DðAÞ : ð15Þ

If all principal moments of inertia are different then det A 6¼ 0 and relations (14) can be inverted and written in the
following form:

wk ¼ PkðuÞ=Pk ; w2
k ¼ PkðHÞ=Pk ðk ¼ 1; 2; 3Þ ; ð16Þ

where u and H are the column matrices determined by (14), Pk are functions of an arbitrary column matrix

x ¼ ½x0; x1; x2�T ) PkðxÞ ¼ x2 � ðI1 � qkÞ x1 þ ðI3=qkÞ x0 ðk ¼ 1; 2; 3Þ ; ð17Þ

and Pk are the following inertia constants:

P1 ¼ ðq1 � q2Þ ðq1 � q3Þ ; P2 ¼ ðq2 � q3Þ ðq2 � q1Þ ; P3 ¼ ðq3 � q1Þ ðq3 � q2Þ : ð18Þ

Thus, the principal dynamic variables are bijectively connected with the kinematic variables by identities (14) and
(16).

4. Differential equations for the vector dynamic variables

Applying relations (16) in the vector Euler equations (7) gives (after some transformations) the differential equations
for the vector dynamic variables

_uu0 þ
1

I3
u1 � u2 ¼ q�1 �M ;

_uu1 ¼M ;

_uu2 þ I1u0 � u1 þ 2u2 � u0 ¼ q �M :

ð19Þ
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The above equations are less symmetric than the vector Euler equations (7), but they have less nonlinear terms in
their left parts. The right parts of eqs. (19) can be decomposed in the terms of the vectors uk (see example from
Section 9). The above equations can be obtained directly from the equation of the moment of momentum balance,
without use of the vector Euler equations –– see Appendix B.

5. Rigid body orientation in terms of dynamic variables

If the vectors u0; u1; u2 are known as solution of system (19) then formulae (16) for a nonsymmetric rigid body give
vectors w1; w2; w3, which uniquely determine the orientation of the rigid body in fixed space. Let us show that expli-
citly. According to (4) and (16) the eigenvectors of the inertia tensor can be expressed as

ek ¼
1

wk
wk ¼  PkðuÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

PkPkðHÞ
p : ð20Þ

Plus-minus in the above expression is due to the eigenvectors ambiguity. Applying of (20) in eq. (3) gives the inertia
tensor in terms of vector dynamic variables

q ¼
P3
k¼1

qkekek ¼
P3
k¼1

qk

PkPkðHÞ PkðuÞ PkðuÞ : ð21Þ

The orientation of a rigid body can be effectively represented by means of the turn tensor [3], which is determined as

P ¼ e1e
0
1 þ e2e

0
2 þ e3e

0
3 ; ð22Þ

where e0
k are the eigenvectors in the reference position of the rigid body. If the turn tensor is known as a function of

time then any vector, a, attached to the rigid body can be found at any moment of time as aðtÞ ¼ PðtÞ � a0, where a0

is the value of the vector a in the reference position. This allows to describe the motion of every point of the rigid body
by means of the single tensor function of time PðtÞ. Returning to the dynamic variables the tensor of turn can be
expressed as

P ¼
P3
k¼1

eke
0
k ¼

P3
k¼1

1

Pk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PkðH0Þ PkðHÞ

p PkðuÞ Pkðu0Þ ; ð23Þ

where the upper index “0” denotes the quantities in the reference position.
Let us consider the singular case of the axially symmetric rigid body. Assume that e3 coincides with the symme-

try axis, then q1 ¼ q2 ¼def q12 and from (18) it follows that P1 ¼ P2 ¼ 0, P3 ¼ ðq3 � q12Þ2 6¼ 0. Hence in this case for-

mula (20) allows to find only the unit vector e3 of the symmetry axis. But in the case of axial symmetry the inertia
tensor can be expressed in terms of e3 only (see Appendix A), which gives

q ¼ q12Eþ ðq3 � q12Þ e3e3 ¼ q12Eþ q3

ðq3 � q12Þ P3ðHÞ P3ðuÞ P3ðuÞ :

The turn tensor in this case can be determined accurately to turn around the symmetry axis only, but usually this
is sufficient. For a spherically symmetric rigid body q1 ¼ q2 ¼ q3 ¼def q, and hence the inertia tensor is known always:
q ¼ qðe1e1 þ e2e2 þ e3e3Þ ¼ qE, but the turn tensor cannot be determined in terms of dynamic variables in this
case.

Thus, the vector dynamic variables uniquely determine the inertia tensor of a rigid body; the turn tensor can be
determined accurately to the symmetry group of the inertia tensor.

6. Description of the motion based on the moment of momentum and angular velocity vectors

Above a description of a rigid body motion based on the vector dynamic variables u0; u1; u2 was introduced. Remind
that u0 is the vector of angular velocity, u1 is the vector of moment of momentum, the vector u2 does not have
analogous physical interpretation. However it appears that two vectors u0 and u1 are sufficient for the motion descrip-
tion. Let us show that. For a nonsymmetric rigid body the vectors u0; u1; u2 are linearly independent (see eqs.
(14)––(15) or Appendix C). Nevertheless vector u2 can be expressed in terms of u0 and u1 in nonlinear way:

u2 ¼ ½ðH0H3 �H1H2Þ u1 � ðH1H3 �H2
2Þ u0 

ffiffiffiffiffiffiffiffiffiffiffiffi
DðHÞ

p
u0 � u1�=ðH0H2 �H2

1 Þ : ð24Þ

The above formula is proved in Appendix D. The formula allows to eliminate the variable u2 from the differential
equations (19) for the vector dynamic variables. Then the first two equations from (19) can be represented as

_ww� 1

I3

hH3 � L4

w2L2 � h2
L�w 1

I3

ffiffiffiffiffiffiffiffiffiffiffiffi
DðHÞ

p
w2L2 � h2

L� ðL�wÞ ¼ q�1 �M ; _LL ¼ M ; ð25Þ
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where w ¼ u0 is the angular velocity, L ¼ u1 is the moment of momentum, and the sign “” should be chosen from
the conditions of continuity –– see Appendix C. Thus, the above system represents the desired equations of motion of a
rigid body in terms of the moment of momentum and angular velocity vectors. Eqs. (25) are of 6-th order, as it should
be for the rotational motions of a rigid body. The quantities h; H3, and DðHÞ in eqs. (25) can be expressed in terms of
L and w by the formulae

h ¼ L �w ; H3 ¼ I1L
2 � I2hþ I3w2 ;

DðHÞ ¼ �ðL2 � ðq2 þ q3Þ hþ q2q3w2Þ ðL2 � ðq3 þ q1Þ hþ q3q1w2Þ ðL2 � ðq1 þ q2Þ hþ q1q2w2Þ :

Assume that the vectors L and w are known as the solution of system (25). Then, the vector u2 can be found from
formula (24), and then formula (21) gives the inertia tensor of the rigid body. Thus, the following important conclusion
can be deduced: the space orientation of the inertia tensor of a rigid body is determined uniquely by the instantaneous
values of the angular velocity vector and the moment of momentum vector. Let us remark that for a translational
motion the vectors of velocity and momentum never allow to determine the position of a body without integration. In
Section 5 it was deduced that the vector dynamic variables determine the orientation of a rigid body accurately to the
symmetry group of its inertia tensor. The same result holds for the vectors w and L. Thus, algebraic determination of
the orientation of a rigid body using the vectors of the angular velocity and moment of momentum is only possible due
to the anisotropy of the inertia properties with respect to rotation.

7. Differential equations for the scalar dynamic variables

The scalar dynamic variables represent the most important scalar dynamic characteristics of a rigid body motion,
namely the kinetic energy and the absolute values of the angular velocity and moment of momentum vectors. Let us
obtain equations of motion in terms of these variables.

Using identity (12) the principal scalar variables can be expressed in terms of vectors u0 and u1:

H0 ¼ u0 � u0 ; H1 ¼ u0 � u1 ; H2 ¼ u1 � u1 : ð26Þ

Let us find derivatives of the scalar variables (26) using differential equations (19) for uk:

_HH0 ¼ 2u0 � _uu0 ¼ � 2

I3
u0 � ðu1 � u2Þ þ 2u0 � q�1 �M ¼ � 2

I3

ffiffiffiffiffiffiffiffiffiffiffiffi
DðHÞ

p
þ 2u�1 �M ;

_HH1 ¼ _uu0 � u1 þ u0 � _uu1 ¼ u1 � q�1 �Mþ u0 �M ¼ 2u0 �M ;

_HH2 ¼ 2u1 � _uu1 ¼ 2u1 �M ;

where

DðHÞ ¼def � P1ðHÞ P2ðHÞ P3ðHÞ ð27Þ

and formula (46) from Appendix C is used to calculate the mixed product of uk vectors. Summarizing the above one
can obtain the following differential equations for the scalar dynamic variables:

_HH0 
2

I3

ffiffiffiffiffiffiffiffiffiffiffiffi
DðHÞ

p
¼ 2u�1 �M ;

_HH1 ¼ 2u0 �M ;

_HH2 ¼ 2u1 �M :

8>>><
>>>:

ð28Þ

It can be shown that if the moments Mk in the Euler equations (1) are functions of the angular velocities wk, then the
right parts of the above equations are functions of the dynamic variables Hk. System (28) does not have the symmetry
of the Euler equations (1), but it deals with the variables which are much more useful from the physical point of view.
In the next section this will be shown on the example of the Euler problem. System (28) is only of third order and
similarly to the Euler system (1) it cannot solve the problem completely (three additonal scalar equations are re-
quired), but it allows to find important scalar characteristics of the process, such as the kinetic energy and the absolute
value of the moment of momentum, and therefore this system can be helpful for an analytical solution.

8. The Euler problem

Let us consider the Euler problem about free rotations of a rigid body: M � 0. In this case eqs. (28) for the scalar
dynamic variables take the form

_HH0 
2

I3

ffiffiffiffiffiffiffiffiffiffiffiffi
DðHÞ

p
¼ 0 ; _HH1 ¼ 0 ; _HH2 ¼ 0 ; ð29Þ
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where H0 is the square of the angular velocity, H1 the double kinetic energy, and H2 the square of the moment of
momentum, respectively. Hence, the 2-nd and the 3-rd equations from (29) give the integral of energy and the integral
of moment of momentum, respectively. Consider the 1-st equation. The quantity under the square root has the form

DðHÞ ¼ �P1ðHÞ P2ðHÞ P3ðHÞ ; PkðHÞ ¼ H2 � ðI1 � qkÞ H1 þ ðI3=qkÞ H0 :

Since the quantities H1 and H2 are constant, the functions PkðHÞ are linear functions of H0 with constant coefficients.
These functions can be represented in the form

PkðHÞ ¼ ðI3=qkÞ ðH0 �H0kÞ ; H0k ¼def ðI1 � qkÞ H1 �H2

I3=qk
:

Then DðHÞ ¼ �I2
3 ðH0 �H01Þ ðH0 �H02Þ ðH0 �H03Þ and substituting that in the first equation (29) gives the elliptic

integral for H0ð
dH0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�ðH0 �H01Þ ðH0 �H02Þ ðH0 �H03Þ
p ¼ � 2

ð
dt : ð30Þ

Since H0 is the square of the angular velocity, the above equation is a classical solution of the Euler problem. It was
obtained almost automatically from eqs. (29), however it is necessary to perform unwieldy transformations to obtain it
from the Euler equations (1).

To visualize the motion let us use system (19) for the vector dynamic variables

_uu0 þ
1

I3
u1 � u2 ¼ 0 ; _uu1 ¼ 0 ; _uu2 þ I1u0 � u1 þ 2u2 � u0 ¼ 0 : ð31Þ

From the second equation it immediately follows that u1 is constant, that is the moment of momentum does not
depend on time. Scalar multiplication of the first equation (31) by vector u1 gives ðu1 � u0Þ_¼ 0. Hence, the projection
of the angular velocity on the direction of the moment of momentum is constant. This practically means, that the
vertex of the angular velocity vector is moving in a constant plane, which is orthogonal to u1, as depicted in Fig. 1.

Let yw be the angle of the precession of the angular velocity around the moment of momentum vector. Then,
using (31) a time derivative of this angle can be calculated as

_www ¼ ju1j
u1 � ðu0 � _uu0Þ
ðu1 � u0Þ2

¼ � 1

I3
ju1j

ðu1 � u0Þ � ðu1 � u2Þ
ðu1 � u0Þ2

¼ 1

I3

ffiffiffiffiffiffi
H2

p H1H3 �H2
2

H0H2 �H2
1

: ð32Þ

To determine ywðtÞ one more integral should be calculated, which can be taken in terms of elliptic functions.
Thus, the vector u1 is known and constant, the vector u0 performs precession around u1, the modulus of u0 and

the angle of precession are determined by (30) and (32). Since the vector u0 is found, the vector u2 can be obtained
from (24). Then, the inertia tensor and turn tensor of the rigid body can be calculated algebraically from (21) and (23).

9. Motion of a rigid body in a medium with linear resistance

Let us consider the motion of a nonsymmetric rigid body under the action of a dissipative moment, which is linearly
proportional to the angular velocity:

M ¼ �B �w ; B ¼
P3
k¼1

Bkekek ; Bk � 0 ; ð33Þ

where B is the dissipation tensor which for simplicity is chosen to be coaxial with the inertia tensor of the rigid body,
Bk are the coefficients of dissipation. In non tensor form the above formula can be represented as

M ¼ �ðB1w1 þB2w2 þB3w3Þ :
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The vector Euler equations (7) for this problem take the form

q1 _ww1 þB1w1 þ ðq3 � q2Þ w2 �w3 þ q1w1 � ðw2 þw3Þ ¼ 0 ;

q2 _ww2 þB2w2 þ ðq1 � q3Þ w3 �w1 þ q2w2 � ðw3 þw1Þ ¼ 0 ;

q3 _ww3 þB3w3 þ ðq2 � q1Þ w1 �w2 þ q3w3 � ðw1 þw2Þ ¼ 0 :

ð34Þ

Since the tensors B and q are coaxial, the tensor B can be expressed as

B ¼ b2Eþ b1qþ b0q
2 ) M ¼ �B �w ¼ �ðb2u0 þ b1u1 þ b0u2Þ ;

where bk are constants, which can be expressed in terms of Bk and qk. Then the eqs. (19) for the vector dynamic
variables can be written in the form

_uu0 þ b2u�1 þ b1u0 þ b0u1 þ
1

I3
u1 � u2 ¼ 0 ;

_uu1 þ b2u0 þ b1u1 þ b0u2 ¼ 0 ;

_uu2 þ b2u1 þ b1u2 þ b0u3 þ I1u0 � u1 þ 2u2 � u0 ¼ 0 :

ð35Þ

The eqs. (28) for the scalar dynamic variables for this problem are

1

2
_HH0 þ b2H�1 þ b1H0 þ b0H1 

1

I3

ffiffiffiffiffiffiffiffiffiffiffiffi
DðHÞ

p
¼ 0 ;

1

2
_HH1 þ b2H0 þ b1H1 þ b0H2 ¼ 0 ;

1

2
_HH2 þ b2H1 þ b1H2 þ b0H3 ¼ 0 :

ð36Þ

The quantities u�1, u3; H�1, H3 in the above systems are to be expressed by the Hamilton-Cayley identity (13) as

I3u�1 ¼ I2u0 � I1u1 þ u2 ; u3 ¼ I1u2 � I2u1 þ I3u0 ;

I3H�1 ¼ I2H0 � I1H1 þH2 ; H3 ¼ I1H2 � I2H1 þ I3H0 :

There are two types of the nondifferential terms in systems (34)––(36): the linear dissipative terms and the nonlinear
inertia terms. For the big b values the dissipative terms dominate and the motion becomes close to an exponentially
damped motion. For the small b values the inertia terms dominate and the motion can be described as a slowly chang-
ing solution of the Euler problem.

In [5, 6] a method of analytical analysis of the considered problem, based on an expansion of the Euler-Poisson
equations (1)––(2) into an exponential series, is offered. This method can be used for the analysis of the vector equa-
tions (34)––(35) as well. The difference is that the use of the vector equations (34)––(35) allows to obtain the solution
directly from the equations of motion, using single expansion into series. The approach, based on the Euler-Poisson
equations needs sequential solution of two systems of equations, so it is necessary to substitute series into series that
leads to far more complicated equations.

Let us consider the solution of the problem in the simplest case: b0 ¼ 0; b2 ¼ 0; b1 ¼def b 6¼ 0, which practically
means that the dissipative moment is proportional to the moment of momentum. Then system (35) takes the form

_uu0 þ bu0 þ
1

I3
u1 � u2 ¼ 0 ;

_uu1 þ bu1 ¼ 0 ;

_uu2 þ bu2 þ I1u0 � u1 þ 2u2 � u0 ¼ 0 :

The above system can be rewritten as

e�btðebt u0Þ_þ
1

I3
u1 � u2 ¼ 0 ;

e�btðebt u0Þ_¼ 0 ;

e�btðebt u0Þ_þ I1u0 � u1 þ 2u2 � u0 ¼ 0 :

ð37Þ

Introduce the time-like variable t, such as

d

dt
¼ e�bt d

dt
: ð38Þ
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Then system (37) takes the form

ðebt u0Þ0 þ
1

I3
ðebt u1Þ � ðebt u2Þ ¼ 0 ;

ðebt u0Þ0 ¼ 0 ;

ðebt u0Þ0 þ I1ðebt u0Þ � ðebt u1Þ þ 2ðebt u2Þ � ðebt u0Þ ¼ 0 :

Here prime denotes derivation with respect to t. Change of variables UkðtÞ ¼ ebt ukðtÞ transforms the above equations
to the eqs. (31) of the Euler problem. Integration of formula (38) with the initial condition tjt¼0 ¼ 0 gives t ¼
ð1=bÞ ð1� e�btÞ. Then the general solution of the problem can be represented in the form

ukðtÞ ¼ e�bt Uk
1

b
ð1� e�btÞ

� �
;

where UkðtÞ is the general solution of the Euler problem.

10. Concluding remarks

The general problem of rotations of a rigid body under the action of an external moment is considered in the paper.
Equations analogous to the scalar dynamic Euler equations, but expressed in terms of vector variables, are introduced.
This makes it possible to obtain a closed form solution of the problem, whereas the solution of the classic Euler equa-
tions gives only scalar projections of the angular velocity, not to mention the orientation of the rigid body in space.
However, a similarity of the proposed vector equations to the classic scalar ones allows application of the similar
mathematical methods for the problem analysis.

Two sets of the vector variables are considered. The first set (kinematic variables) includes three vector projec-
tions of the angular velocity onto the eigenvectors of the inertia tensor. This gives vector equations with similar sym-
metry properties as the scalar Euler equations. The second set (dynamic variables) includes products of the angular
velocity and three different powers of the inertia tensor. The equations of motion in terms of dynamic variables do not
have symmetry of the Euler equations, but they are shorter and more convenient for applications, because the dynamic
variables express such essential physical characteristics as the angular velocity and moment of momentum of the rigid
body.

In addition, it is shown that the dynamics of a rigid body can be described in terms of the angular velocity and
moment of momentum vectors only. Two vector equations of the first order in terms of these variables form a closed
set of equations for the rigid body dynamics. It is shown that the instantaneous values of the angular velocity vector
and the moment of momentum vector uniquely determine the space orientation for the inertia tensor of a rigid body.
In other words, these vectors determine the inertia tensor in a purely algebraic way, without any integration. Let us
remark that for a translational motion the vectors of velocity and momentum never allow to determine the position of
a body without integration. This confirms once more a huge difference between rotational and translational motions. It
is proved in the paper that the vectors of the angular velocity and moment of momentum determine the orientation of
a rigid body accurately to the symmetry group of its inertia tensor. Thus, algebraic determination of the orientation of
a rigid body using the vectors of the angular velocity and moment of momentum is only possible due to the anisotropy
of the inertia properties with respect to rotation. In the case of spherical symmetry the orientation cannot be deter-
mined in an algebraic way, so in this case there is a complete analogy with translational motion.

To illustrate the suggested methods two problems from the rigid body dynamics are considered. It is shown that
the known solution of the Euler problem can be obtained directly from the presented equations. The equations of
motion in the form admitting an analytical solution are obtained for the rotation of a rigid body in a linear viscous
medium. For a particular case the exact solution is presented.

Appendixes

A Vectors and tensors

The language of direct tensor calculus is used in this paper. In this appendix a brief description of the main designations and identi-
ties is presented. In detail tensor calculus is considered in [1, 2]. An application of the direct tensor calculus to the analysis of rota-
tional motions of rigid bodies is presented in [3, 4]. For better visibility the following analogy between the tensor and matrix algebra
can be remarked. In a Cartesian basis a vector can be represented by a column matrix 1� 3 and a tensor can be represented by a
square matrix 3� 3. Then the scalar products of vectors and tensors can be represented by matrix products. But of course this
analogy is very limited, since matrix representation is only an image of a vector or tensor object, and this representation strongly
depends on the choose of the basis. In direct tensor calculus the vectors and tensors are considered independently of a basis and as
indivisible objects, not as a set of coordinates.

Vectors and tensors in the presented paper are marked by bold font: a; b; C; D. A scalar, vector, and tensor product of the
vectors a and b is a scalar, vector, and tensor, which is denoted by a � b; a� b, and ab, respectively. A scalar product of the tensor
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C and the vector b is a vector denoted by C � b. A scalar product of the tensors C and D is a tensor C �D. An integer power n of
the tensor C is a tensor Cn, which is defined by the sequential scalar product of n tensors C. A unit tensor is denoted by E and for
any vector a the following identity holds: a �E ¼ E � a ¼ a. If e1, e2, and e3 are unit vectors of a Cartesian basis then the unit tensor
can be represented as E ¼ e1e1 þ e2e2 þ e3e3. An inverse of the tensor C is a tensor denoted by C�1, which satisfies the identity
C �C�1 ¼ C�1 �C ¼ E. A tensor C is symmetric if for any vector b the following condition holds: b �C ¼ C � b. The inertia tensor q
of a rigid body is an example of a symmetric tensor. An eigenvalue l and an eigenvector e of a tensor C satisfy the identity
e �C ¼ lC. Eigenvalues of a symmetric tensor are positive and unit eigenvectors form a Cartesian basis. Any symmetric tensor C can
be represented by the spectral decomposition

C ¼ l1e1e1 þ l2e2e2 þ l3e3e3 ; ð39Þ

where lk and ek are respectively the eigenvalues and the unit eigenvectors of the tensor C (there can be three different eigenvalues for

a symmetric tensor at maximum). If two eigenvalues of a symmetric tensor are equal, say l1 ¼ l2 ¼def l12, then the tensor is said to
have a space symmetry with respect to the e3 axis. In this case identity (39) can be rewritten as

C ¼ l12ðE� e3e3Þ þ l3e3e3 : ð40Þ

If all eigenvalues are equal, l1 ¼ l2 ¼ l3 ¼def l, then the tensor is spherical and is proportional to the unit tensor:

C ¼ lE : ð41Þ

A power n of a symmetric tensor (39) can be represented as

Cn ¼ ln1e1e1 þ ln2e2e2 þ ln3e3e3 : ð42Þ

B Derivation of the differential equations for the vector dynamic variables

Let us show how to obtain eqs. (19) for the vector dynamic variables u0; u1, and u2 directly from the equation of the moment of
momentum balance

_LL ¼ M ; ð43Þ

where L is the moment of momentum of the rigid body, M is the external moment. Since L ¼ u1, then the above equation immedi-
ately gives the second equation for system (19). To obtain the equation for u0 let us represent the moment of momentum as
L ¼ q �w ¼ q � u0, where q is the inertia tensor, and w is the angular velocity of the rigid body. Then eq. (43) can be transformed as
following:

ðq � u0Þ_¼ M) q � _uu0 þ u0 � ðq � u0Þ ¼M ) _uu0 þ q�1 � ðu0 � u1Þ ¼ q�1 �M : ð44Þ

The term q�1 � ðu0 � u1Þ in the above equation can be reduced as

q�1 � ðu0 � u1Þ ¼
1

det q
ðq � u0Þ � ðq � u1Þ ¼

1

I3
u1 � u2 ; ð45Þ

where the identity A � ða� bÞ ¼ ðdet AÞ ðA�1 � aÞ � ðA�1 � bÞ, which is valid for any symmetric tensor A and any vectors a; b, is
used [3]. Substitution of (45) in eq. (44) gives the first equation for system (19). Finally, let us represent the moment of momentum as
L ¼ q�1 � u2. Transformations analogous to (44)––(45) give the third equation for system (19).

C Formula for the mixed product of the vector dynamic variables

The mixed product of the vector dynamic variables u0; u1, and u2 can be expressed in terms of the scalar dynamic variables H0; H1,
and H2 by the following identity:

u0 � ðu1 � u2Þ ¼ 
ffiffiffiffiffiffiffiffiffiffiffiffi
DðHÞ

p
; DðHÞ ¼def � P1ðHÞ P2ðHÞ P3ðHÞ ; ð46Þ

where cofactors PkðHÞ are defined by formulae (14), (17).

P r o o f : Vector dynamic variables uk can be decomposed in the eigenbasis of the inertia tensor as following: uk ¼ qk
1w1e1

þ qk
2w2e2 þ qk

3w3e3. Then the mixed product can be calculated as

u0 � ðu1 � u2Þ ¼
w1 w2 w3

q1w1 q2w2 q3w3

q2
1w1 q2

2w2 q2
3w3

�������

�������
¼

1 1 1

q1 q2 q3

q2
1 q2

2 q2
3

�������

�������
w1w2w3 ¼ DðAÞ w1w2w3 : ð47Þ

Express now w1w2w3 in terms of Hk, using formulae (16):

w2
k ¼

1

Pk
PkðHÞ ) w2

1w2
2w2

3 ¼
1

P1P2P3
P1ðHÞ P2ðHÞ P3ðHÞ : ð48Þ

According to definition (18), P1P2P3 ¼ �D2ðAÞ. Substitution of (48) in (47) gives the desired formula.

D Vector u2 in terms of u0 and u1

Consider eq. (47). Since DðAÞ ¼ ðq1 � q2Þ ðq2 � q3Þ ðq3 � q1Þ, for a nonsymmetric rigid body the mixed product u0 � ðu1 � u2Þ is non
zero and the dynamic vector variables u0; u1; u2 are linearly independent (apart from some singular values of the angular velocity).
However, vector u2 can be expressed in terms of u0 and u1 in nonlinear way. Let us show that. The scalar dynamic variables Hk can
be expressed in terms of the vectors u0 and u1 by formulae (26). The scalar products

u2 � u0 ¼ H2 ; u2 � u1 ¼ H3 ; u2 � u2 ¼ H4 ð49Þ

&
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result in scalar variables Hk and therefore they can be expressed in terms of the vectors u0; u1 as well. But this means that the vector
u2 can be expressed in terms of u0, u1 (except, maybe, of some singular cases). In fact: if the vectors u0, u1 are known, then from
(49) the modulus of u2 is known and the angles between u2 and u0 and between u2 and u1 are known. But this is sufficient for the
determination of u2. This is shown strictly as follows:

P r o o f : For any three vectors a1; a2; a3 the following identity holds:

a1 � ða2 � a3Þ E ¼ a2 � a3a1 þ a3 � a1a2 þ a1 � a2a3 : ð50Þ

This identity represents a decomposition of the unit tensor E in terms of the nonorthogonal basis a1; a2; a3 [2]. It can be shown that
in case a1 � ða2 � a3Þ ¼ 0 this identity is also correct. For the vectors u0; u1; u2 the above identity takes the form


ffiffiffiffiffiffiffiffiffiffiffiffi
DðHÞ

p
E ¼ u1 � u2u0 þ u2 � u0u1 þ u0 � u1u2 ;

where identity (46) is used to represent the mixed product of uk. Multiply scalarly this relation by the vector ðu0 � u1Þ. After reduc-
ing the double vector products we obtain


ffiffiffiffiffiffiffiffiffiffiffiffi
DðHÞ

p
u0 � u1 ¼ ðH1H3 �H2

2 Þ u0 � ðH0H3 �H1H2Þ u1 þ ðH0H2 �H2
1 Þ u2 : ð51Þ

The above relation gives the desired constraint between the principal vectors. The coefficient of u2 can be represented in the form
H0H2 �H2

1 ¼ ðq1 � q2Þ2 w2
1w2

2 þ ðq2 � q3Þ2 w2
2w2

3 þ ðq3 � q1Þ2 w2
3w2

1, hence it can be zero only for spherical inertia tensor or zero angu-
lar velocity. For any other case vector u2 can be expressed from (51) in terms u0 and u1 as following:

u2 ¼ ½ðH0H3 �H1H2Þ u1 � ðH1H3 �H2
2 Þ u0 

ffiffiffiffiffiffiffiffiffiffiffiffi
DðHÞ

p
u0 � u1�=ðH0H2 �H2

1 Þ : ð52Þ

The sign “” in the above formula should be equal to the sign of the mixed product u0 � ðu1 � u2Þ in the initial conditions. The sign
can change only if this mixed product vanishes.
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