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Abstract
Nonlinear oscillations of a single particle in the potential well and for one-dimensional chain of interacting particles
are considered. The law of interaction is of Lennard-Jones type, mimicking interaction in atomic systems. Similarities in
average behaviour of the systems with one and many degrees of freedom are shown. Time averaging for the random
oscillations is used to obtain thermodynamic characteristics such as pressure, speciﬁc volume, and thermal energy.
Second order equation of state is obtained, which is valid in the conditions of strong extension, where fails the widely
used Mie–Gr€
uneisen equation of state.
Ó 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction
Experimental [1] and computational [2,3] investigations show that random component of the velocities in a shock
wave have a great inﬂuence on the impact strength of materials. At the mesoscopic scale level this component can be
considered as the dispersion of mesoparticle velocities [1], and at the microscopic scale level it is tightly connected with
the thermal energy and temperature. Unfortunately the fundamental lows leave too much freedom for the thermodynamic equation of state that is essential to close the system of the equations of motion in continuous media. This
problem can be resolved by examining simple discrete systems, which allow to derive the equation of state directly,
without phenomenological assumptions. Two such models are considered in the presented paper. The ﬁrst model is a
particle between two Lennard-Jones walls. Nevertheless this model has only one degree of freedom, it can be described
by an equation of state in terms of pressure, volume and thermal energy. The advantage of this model is that derivation
of the equation of state can be done rigorously. The second model is a periodic chain containing Lennard-Jones
particles. This model has many degrees of freedom, but in the paper there will be shown that most of the equations,
which are valid for the ﬁrst model, can be also derived for the second one.
One of the widely used equations of state is the Mie–Gr€
uneisen equation [4,5]
p ¼ pðV ; ET Þ ¼ p0 ðV Þ þ pT ðV ; ET Þ;

pT ðV ; ET Þ ¼ CðV Þ

ET
;
V

ð1Þ

where the total pressure p is decomposed in two components. First one is the ‘‘cold’’ pressure p0 , which is a function of
the speciﬁc volume V (quantity reverse to the density). The second one is the thermal pressure pT , which is a function of
the speciﬁc volume V and the speciﬁc thermal energy ET . The dimensionless coeﬃcient CðV Þ is the Gr€
uneisen parameter, which depends on the speciﬁc volume only. Note, that only the statement that the Gr€
uneisen coeﬃcient does
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not depend on the thermal energy ET , turns equation (1) from a simple identity to an equation of state. The concrete
dependence of the Gr€
uneisen coeﬃcient on the speciﬁc volume is still a subject of debates, since the experimental data is
usually not suﬃciently complete. As a consequence, simple approximations, which are widely used in numeric computations, can lead to various instabilities and bring physically incorrect results [5]. The models being considered in the
presented paper allow to obtain analytically the equation of state, which in the ﬁrst approximation coincides with
the Mie–Gr€
uneisen equation of state, giving the explicit formula for the dependence of the Gr€
uneisen coeﬃcient on the
speciﬁc volume.
In the presented paper the equation of state is obtained in the second approximation: two non-zero terms are left in
the expansion of the thermal energy. This second approximation is usually considered as a small addition to the ﬁrst one
[4]. On contrary, the equation of state, which will be obtained further, is valid even when the ﬁrst term in the expansion
vanishes, so that the second term appears to be the main one in the expansion. This allows to obtain the equation of
state, which is valid for the high tensile strains up to the tensile breakage. It will be shown that for such high strains the
equation of state should be essentially diﬀerent from the Mie–Gr€
uneisen equation (1).
To obtain the equations of state the time averaging is used. This is close to the approach, which is used in the
vibrational mechanics [6] and diﬀers from the traditional approach in statistical physics, where the thermodynamic
quantities are obtained via phase space averaging [4,7]. The time averaging in the considered case seems to be simpler
from both mathematical and logical point of views, and also this kind of averaging can be easily computed by molecular
dynamics method [2,3]. The use of the time averaging allows to limit our consideration in three thermodynamic
quantities, namely pressure, volume, and thermal energy. These quantities are usually suﬃcient for describing fast
impact processes, where the thermal conductivity can be neglected.

2. Particle in the potential well
2.1. Designations
Let us consider a particle in one dimension, constrained by two rigid walls. Equation of motion for the particle can
be expressed in the form
m€x ¼ UðxÞ;

def

UðxÞ¼ f ða þ xÞ  f ða  xÞ;

ð2Þ

where f is the force of interaction between the particle and the wall, a is the half-distance between the walls, m is the
mass of the particle, x is the coordinate of the particle. The origin for the x coordinate is the center position between the
walls.
Let us denote potential of interaction between the particle and the wall as PðrÞ, then P0 ðrÞ ¼ f ðrÞ. Denote the
potential energy of the particle as U ðxÞ:
def

U ðxÞ¼ Pða þ xÞ þ Pða  xÞ;

U 0 ðxÞ ¼ UðxÞ:

The potential of interaction can be described by the Lennard-Jones law
 
 r 6 
r0 12
0
PðrÞ ¼ D
2
;
r
r

ð3Þ

ð4Þ

where r0 is the equilibrium distance and D is the energy of interaction. The potential should not necessary be deﬁned by
formula (4), but it should possess the main futures of this potential: repulsion at a short range (positive values), attraction at a long range (negative values), a single position of equilibrium, and so on. Morse potential, for example, is
also acceptable.
2.2. Averaging
Let us introduce the averaging operator
Z T
def 1
hFi¼
FðtÞ dt;
T 0

ð5Þ

where T is the period of the particleÕs oscillations. The following averaged characteristics will be used further
def

j2 ¼ hx2 i;

def

r2 ¼ h_x2 i:

ð6Þ
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Let us deﬁne the pressure as an average force between the particle and one of the walls
def

p ¼ hf ða þ xÞi

ð7Þ

Then the cold and thermal pressure are
def

p0 ¼ f ðaÞ;

def

pT ¼ hf ða þ xÞ  f ðaÞi ¼ p  p0 :

From the symmetry reasons h€xi
hf ða þ xÞi

ð8Þ

0, then from (2) it follows that

hf ða  xÞi

and deﬁnitions (7), (8) can be rewritten as
p ¼ 12hf ða þ xÞ þ f ða  xÞi;

pT ¼ p  f ðaÞ:

ð9Þ

Let us introduce thermal kinetic, potential, and total energies as following
D
E
def
KT ¼ 12m_x2 ¼ 12mr2 ;
def

UT ¼ hU ðxÞ  U ð0Þi ¼ hPða þ xÞ þ Pða  xÞi  2PðaÞ;

ð10Þ

def

ET ¼ KT þ UT :
The kinetic energy KT can be expressed in terms of the interaction force using the following virial method
m
m
m T 1
x_x  hxUðxÞi:
KT ¼ h_x2 i ¼ hðx_xÞ_  x€xi ¼
2
2
2T
2
0

ð11Þ

Here deﬁnition (5) for the averaging operator and equation of motion (2) are used. Since T is the period of oscillations
then the ﬁrst term of the above equation is equal to zero, and ﬁnally we have the following analogue of the virial
theorem
KT ¼ 12hxUðxÞi ¼ 12hxf ða  xÞ  xf ða þ xÞi:

ð12Þ

Summarizing (10) and (12) the following formula for the total thermal energy can be obtained
ET ¼ 12hxf ða  xÞ  xf ða þ xÞi þ hPða  xÞ þ Pða þ xÞi  2PðaÞ:

ð13Þ

If x ¼ xðtÞ is known as a solution of the equation of motion (2), then Eqs. (9) and (13) give an implicit representation of
the desired equation of state p ¼ pðET ; V Þ, where the speciﬁc volume V is proportional to the distance a.
2.3. Expansion into power series
Let us expand the force f ða þ xÞ into power series for small x:
f ða þ xÞ ¼

1
X
ð1Þk fk ðaÞxk ;

def

fk ðaÞ¼ ð1Þk f ðkÞ ðaÞ=k!;

ð14Þ

k¼0

where f ðkÞ is the derivative of the order k. It can be shown that for the Lennard-Jones interaction each function fk ðaÞ has
only one root rk , the functions fk ðaÞ are positive for a < rk , and the roots rk form monotonically increasing sequence:
r0 < r1 < r2 <
Note that r0 is the equilibrium distance for the interaction (4), r1 is the break distance (the distance at
which the greatest value of the interaction force is realized). In particularly, for the tensile deformations less then the
break one: a < r1 all coeﬃcients fk ðaÞ except f0 ðaÞ are positive, and only the sign of f0 ðaÞ can vary. Using (14) the
interaction potential can be expanded as
Pða þ xÞ ¼ PðaÞ þ

1
X
ð1Þkþ1
fk ðaÞxkþ1 :
kþ1
k¼0

ð15Þ

Then using (9) and (13) the pressure and the total energy can be represented in the following form
p¼

1
X
k¼0

f2k ðaÞhx2k i;

ET ¼

1
X
kþ2
f2kþ1 ðaÞhx2kþ2 i;
kþ1
k¼0

ð16Þ

82

A.M. Krivtsov / Chaos, Solitons and Fractals 17 (2003) 79–87

which is another implicit representation of the equation of state p ¼ pðET ; V Þ. The expansions for the kinetic and
potential energies are
1
1
X
X
1
f2kþ1 ðaÞhx2kþ2 i:
KT ¼
f2kþ1 ðaÞhx2kþ2 i; UT ¼
ð17Þ
k
þ
1
k¼0
k¼0
2.4. First approximation
Let us neglect the terms of the order higher than x2 . Then from (16) and (17) we obtain
pT ¼ f2 ðaÞj2 ;

ET ¼ 2f1 ðaÞj2 ;

KT ¼ UT ¼ ET =2;

ð18Þ

where j2 ¼ hx2 i. Excluding j2 from (18) the desired equation of state can be obtained
pT ¼

1 f2 ðaÞ
ET :
2 f1 ðaÞ

ð19Þ

The above equation can be represented in the Mie–Gr€
uneisen form
pT ¼ CðaÞ

ET
;
2a

def

CðaÞ¼ a

f2 ðaÞ
:
f1 ðaÞ

ð20Þ

Here CðaÞ is the dimensionless Gr€
uneisen coeﬃcient, 2a stands for the speciﬁc volume. 1 Unfortunately Eq. (19) is
losing sense when a tends to r1 , which is the break distance for the interaction force. Indeed, f1 ðaÞ in this case tends to
zero, and hence the Gr€
uneisen coeﬃcient tends to inﬁnity. The second approximation is required to correct this
problem.
2.5. Second approximation
Now let us leave the terms up to x4 . Then from (16) we obtain the second approximation for the pressure and the
total energy
pT ¼ f2 hx2 i þ f4 hx4 i;
Here and below fk

ET ¼ 2f1 hx2 i þ 32f3 hx4 i:

ð21Þ

fk ðaÞ. The kinetic and potential energies are

2

KT ¼ f1 hx i þ f3 hx4 i;

UT ¼ f1 hx2 i þ 12f3 hx4 i:

ð22Þ

In the ﬁrst approximation the kinetic and potential energies are equal––see (18). From (22) it follows that on contrary,
in the second approximation, the kinetic energy is always greater than the potential one. Far from the break distance,
for small amplitudes ðx
1Þ, the ratio KT =UT is indeed close to 1. However, while a tends to r1 , the ratio increases even
for the small amplitudes, reaching the value of 2 at the break distance a ¼ r1 .
The equation of state can not be obtained directly from (21), since this system contains two quantities to be excluded––hx2 i and hx4 i. Of course, after solving the diﬀerential equation of motion (2) we can express both of these
unknowns in terms of a single quantity, say amplitude of oscillations, which can then be excluded from system (21),
giving ﬁnally the desired equation of state. But analytical solving of the equation of motion is a pretty complicated task,
so it is desirable to ﬁnd out method of solving (21) directly. This can be done using the following approximation
hx4 i ¼ khx2 i2

kj4 ;

ð23Þ

where k P 1 is a dimensionless coeﬃcient, which is weakly dependent on a, at least for small amplitudes and a 6 r1 . The
evidence of the approximate independence of k on a can be obtained as following. If a is less then r1 and not close to r1 ,
then for small amplitudes the linear approximation for UðxÞ in the equation of motion (2) is valid, which gives harmonic
solution for xðtÞ, and then k can be easily calculated
R 2p
1
sin4 ðtÞ dt
3
k ¼  2p R 0
ð24Þ
2 ¼ ¼ 1:5:
2p
2
2
1
sin
ðtÞ
dt
0
2p

1

def

Formula V ¼ 2a is obtained from the macroscopic relation p0 ¼ oU0 =oV , where U0 ¼ U jx¼0 .
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In the vicinity of a ¼ r1 for small amplitudes the cubic approximation for UðxÞ is required, since in this case U0 ðxÞ 0.
Solution in this case can be obtained in terms of elliptic functions, but much easier it can be calculated numerically,
which gives k  1:59642  1:6. Thus for a 6 r1 the diﬀerence between k and 3/2 is not more then 7%. This proves that
coeﬃcient k in (23) can be approximately considered as a constant. Now system (21) can be rewritten in the form
pT ¼ f2 j2 þ kf4 j4 ;

ET ¼ 2f1 j2 þ 32kf3 j4 :

ð25Þ

Excluding j from the above system one can obtain the desired equation of state. If we will limit our consideration to the
case when f2 is not small, which is obviously fulﬁlled for a 6 r1 , then the second term for pT in the above formula can be
neglected, which will give ﬁnally the following equation of state
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f12 ðaÞ þ 32 kf3 ðaÞET  f1 ðaÞ
pT ¼ f2 ðaÞ
:
ð26Þ
3
kf3 ðaÞ
2
Let us note that this equation of state is absolutely diﬀerent from the Mie–Gr€
uneisen one. Even more visible it is in
the case when a is close to r1 , then f1 in the above formula can be neglected, which gives
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ET
:
ð27Þ
pT ¼ f2 ðaÞ
3kf3 ðaÞ
This is the equation of state in the vicinity of the bond breakage. The thermal pressure in this equation is proportional
to the square root of the thermal energy. Remind that according to the Mie–Gr€
uneisen equation of state the thermal
pressure should be proportional to the ﬁrst degree of the thermal energy.

3. One-dimensional chain
3.1. Designations
Consider longitudinal oscillations in one-dimensional chain containing equal particles interacting via an interparticle
force of the Lennard-Jones type. Let us limit our consideration to the case when each particle interacts only with two
nearest neighbors. The equation of motion for the particles can be expressed in the form
m€un ¼ Un ;

def

Un ¼ Fn  Fnþ1 ;

Fn ¼ f ða þ Dn Þ;

def

Dn ¼ un  un1 ;

ð28Þ

where un is the particleÕs displacement; Fn is the force, acting on the particle n from the particle n  1; the function f is
the interaction force; a is the equilibrium distance between the particles in the chain. Note that in general the equilibrium force between the particles is not zero and the equilibrium distance is not r0 . We will apply periodical conditions
unþN un , where N is number of independent particles in the chain.
3.2. Averaging
Let us introduce the averaging operator
Z
1 s
def
FðtÞ dt:
hFi¼ lim
s!1 s 0

ð29Þ

We will consider only the states of the chain when any averaged characteristic does not depend on the particle number
n. The averaged quantities analogous to (6), (7) are
def

j2 ¼ hD2n i;

def

r2 ¼ hu_ 2n i;

def

p¼ hFn i;

ð30Þ

where p will be called as the pressure in the chain. Let us introduce the speciﬁc thermal energies corresponding to a
single particle as following
D
E
def
def
def
ð31Þ
KT ¼ 12mu_ 2n ¼ 12mr2 ; UT ¼ hPða þ Dn Þ  PðaÞi; ET ¼ KT þ UT ;
where KT , UT ; and ET are the kinetic, potential, and total energy, respectively.
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If we accept that the displacements and velocities of the particles are bounded, then the virial theorem can be applied
(similarly to (11)), that gives the following representation for the kinetic energy
KT ¼ 12hUn un i:

ð32Þ

The right-hand side of the above formula can be modiﬁed as following
hUn un i ¼ hFn un i  hFnþ1 un i ¼ hFn un i  hFn un1 i ¼ hFn Dn i;

ð33Þ

where identity hFnþ1 un i hFn un1 i is used, which is consequence from the statement that any averaged characteristic
does not depend on n. Substitution (33) to (32) gives ﬁnally
KT ¼ 12hFn Dn i:

ð34Þ

3.3. Expansion into power series
Using expansion (14) for the interaction force the pressure (30) can be represented in the following form
p ¼ hf ða þ Dn Þi ¼

1
1
X
X
ð1Þk fk ðaÞhDkn i ¼
f2k ðaÞhD2k
n i:
k¼0

ð35Þ

k¼0

From the symmetry reasons the average of the odd powers in the above equations were accepted to be zero. The cold
and thermal pressure can be calculated as following
def

p0 ¼ f ðaÞ;

def

pT ¼ hf ða þ Dn Þ  f ðaÞi ¼ p  p0 :

ð36Þ

By the same way, as it was done for the pressure, one can obtain from (34)
KT ¼

1
1
1X
1X
ð1Þkþ1 fk ðaÞhDkþ1
f2kþ1 ðaÞhD2kþ2
i:
n i ¼
n
2 k¼0
2 k¼0

ð37Þ

Potential energy UT deﬁned by (31) can be calculated with the use of expansion (15)
UT ¼

1
1
X
ð1Þkþ1
1X
1
f2kþ1 ðaÞhD2kþ2
fk ðaÞhDkþ1
i:
n i ¼
n
2
k
þ
1
k
þ
1
k¼0
k¼0

ð38Þ

Thus the pressure and the total energy take the form
p¼

1
X

f2k ðaÞhD2k
n i;

ET ¼

k¼0

1
1X
kþ2
f2kþ1 ðaÞhD2kþ2
i;
n
2 k¼0 k þ 1

ð39Þ

which can be interpreted as an implicit representation of the equation of state, similar to the one we had for the single
particle, formulae (16). The slight diﬀerence is the coeﬃcient 1/2 in the formula (39) for ET . This coeﬃcient appears
because the amount of particles and interparticle forces is equal in the case of the periodic chain, but in the case of the
single particle there are two interaction forces (with two walls) for one particle. Let us also summarize the expansions
for the kinetic and potential energies
KT ¼

1
1X
f2kþ1 ðaÞhD2kþ2
i;
n
2 k¼0

UT ¼

1
1X
1
i:
f2kþ1 ðaÞhD2kþ2
n
2 k¼0 k þ 1

ð40Þ

3.4. First approximation
Neglecting the terms of the order higher than D2n , one can obtain
pT ¼ f2 ðaÞj2 ;

ET ¼ f1 ðaÞj2 ;

KT ¼ UT ¼ ET =2;

ð41Þ

where j2 ¼ hD2n i. The corresponding equation of state is
pT ¼

f2 ðaÞ
ET
ET ¼ CðaÞ ;
a
f1 ðaÞ

def

CðaÞ¼ a

f2 ðaÞ
:
f1 ðaÞ

ð42Þ
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Here CðaÞ is the dimensionless Gr€
uneisen coeﬃcient, a stands for the speciﬁc volume. The above formula for the
Gr€
uneisen coeﬃcient coincides with the formula, obtained by another way in [7], where the similar periodic chain is
considered. As it was for the single particle (19), the above equation becomes incorrect when a tends to the break
distance r1 , and hence the second approximation is required in the vicinity of the break area.
3.5. Second approximation
The second approximation for the pressure and the total energy is
pT ¼ f2 hD2n i þ f4 hD4n i;

ET ¼ f1 hD2n i þ 34f3 hD4n i:

ð43Þ

The kinetic and potential energies are
KT ¼ 12f1 hD2n i þ 12f3 hD4n i;

UT ¼ 12f1 hD2n i þ 14f3 hD4n i:

ð44Þ

All conclusions about the relations between the kinetic and potential energies obtained for the case of the single particle
can be applied for the chain. Namely, for a 6 r1 it holds that UT < KT 6 2UT . If a is not close to r1 , then for small
amplitudes KT  UT . In the vicinity of r1 even for the small amplitudes KT  2UT .
To obtain equation of state from (43) let us use the assumption similar to (23):
hD4n i ¼ khD2n i2

kj4 ;

ð45Þ

where k P 1 is a dimensionless coeﬃcient, which is weakly dependent on a, at least for small amplitudes and a 6 r1 .
Proof of this statement for the case of the chain is much more complicated then for the case of the single particle, since
value of k can depend on the distribution of displacements and velocities in the chain. The other important feature that
diﬀers the chain from the single particle is that the even terms in the expansions of the equations of motion are not
identically zeros. Hence the second term in the force expansion can aﬀect the value of k. Computations show that for the
following two types of uniform initial distributions umax < un < umax , vn 0 and un 0, vmax < vn < vmax in a linear
chain the value of k is equal to 3 with a good accuracy––error is not more then 1%. If the square terms are left in the
force expansion then the result is diﬀerent for these two distributions, but the value of k can still be taken as 3 approximately, were the error is not more then 13%. Account of the cubic terms can even increase this error, but still
assumption (45) can be used as a more or less accurate approximation. Then, using (43), (45) and analogy with (26), one
can get the following equation of state
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f12 ðaÞ þ 3kf3 ðaÞET  f1 ðaÞ
pT ¼ 2f2 ðaÞ
:
ð46Þ
3kf3 ðaÞ
Let us remind that for the simplicity reasons in the derivation of the above equation the second term was neglected in
the formula for pT (43). This does not give big error, since for a 6 r1 in the expansion of pT the second term is always
small with respect to the ﬁrst one (on contrary, in the expansion of ET both terms can be valuable). In the vicinity of the
break distance equation (46) reduces to
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ET
pT ¼ 2f2 ðaÞ
:
ð47Þ
3kf3 ðaÞ
Exactly as it was for the case of the single particle, the above equation of state disagrees with the Mie–Gr€
uneisen
equation of state.
Generally, equation (46) is valid for a 6 r1 . For the greater values of a it might fail for a number of reasons. The main
of them is that the symmetry assumptions can fail for a > r1 due to instability of the symmetric equilibrium. But for
some certain conditions this equation can be extended up to the vicinity of r2 , where the second term in the expansion of
pT (43) should be accounted for.
3.6. Dispersion
Dispersion of the particleÕs velocities, r2 , plays an important role in impact fracture processes [1,2]. Generally it is
deﬁned as following
def

r2 ¼ ðvn  vn 2 Þ2 ¼ v2n  vn 2 ;

ð48Þ
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where the lines over the quantities mean averaging among all particles in some space region:
def

Fn ¼

N
1 X
Fn :
N n¼1

ð49Þ

Let us apply averaging (49) for the case of the periodic chain, considering N as the number of the independent
particles in the chain. Let us show that then deﬁnitions (30) and (48) deﬁne the same quantity r2 . From one hand side,
as it was stated above, result of the time averaging (29) should not depend on n. From other hand side, if n is suﬃciently
big then for thermodynamically equilibrium states (in which we shall limit our consideration) the result of space averaging (49) should not depend on time. Then one can obtain
hFn ðtÞi does not depend on n ) hFn ðtÞi
Fn ðtÞ does not depend on t ) Fn ðtÞ

hFn ðtÞi;

hFn ðtÞi:

ð50Þ

But since space averaging operator (49) is a simple sum, then the order of the time and space averaging does not aﬀect
the result:
hFn ðtÞi

hFn ðtÞi

ð51Þ

and then from (50) it immediately follows, that results of the time and space averaging are equal. Then, keeping in mind
that in our case hvn i 0, we can clearly see that deﬁnitions (30) and (48) deﬁne the same quantity r2 , further called as
dispersion.
Accordingly to its deﬁnition, the dispersion is always proportional to the thermal kinetic energy: mr2 2KT . Accordingly to (41), in the ﬁrst approximation the dispersion is proportional to the total thermal energy and can replace it
in equation of state (42)
ET ¼ mr2 ;

pT ¼

f2 ðaÞ 2 m
mr ¼ CðaÞr2 :
f1 ðaÞ
a

ð52Þ

On contrary, in the second approximation the dispersion is not proportional to the thermal energy. Their relation can
be obtained from (43), (44) with the use of (45)
ET ¼ f1 j2 þ 34kf3 j4 ;

mr2 ¼ f1 j2 þ kf3 j4 :

ð53Þ

From the above equations it follows that for a 6 r1
3
mr2
4

6 ET < mr2 ;

ð54Þ

where the lower bound can be reached at the break distance a ¼ r1 . The explicit representation of the total thermal
energy in terms of the dispersion is

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
f1
ET ¼ mr2 þ
ð55Þ
f12 þ 4kf3 mr2  f1 :
8kf3
4
The equation of state, corresponding to (46), in terms of the dispersion is
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f12 þ 4kf3 mr2  f1
:
pT ¼ f 2
2kf3

ð56Þ

4. Conclusions
Two simple systems were considered, namely a particle in the potential well and the periodic chain. Equations of
state for both of them were obtained. During the derivation the thermal pressure and energy were expanded into power
series in terms of the small vibrational parameter, and only the main terms were left in the equations of state. The
obtained equations are valid up to the break tensile deformations. The equations of state for both systems are nearly
equal, the diﬀerence is only in the multiplier with the thermal energy. If tensile deformations are not very strong, then
the obtained equations are close to the Mie–Gr€
uneisen equation of state. But when the system approaches the break
deformation, then it appears that the Mie–Gr€
uneisen equation is not valid, since the Gr€
uneisen coeﬃcient tends to
inﬁnity. In this case the second term in the power expansions of the thermal energy should be left. Use of this second
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approximation gives the equation of state, which diﬀers from the Mie–Gr€
uneisen equation. This diﬀerence is small if the
chain is free or compressed. But if the chain is stretched, then the diﬀerence became greater, obtaining its maximum
value in the vicinity of the break extension.
The Mie–Gr€
uneisen equation of state is widely used in numeric computations, especially for investigations of bodies
impacting at high velocities. It is the main working equation of state in the hydrodynamic wave codes for various
computer packages, such as MESA [8], DYNA [9] and others. The presented investigations show that the Mie–
Gr€
uneisen equation of state can fail for the processes where high tensile deformations appear. As the great tensile
deformations are the initiator of the spallation processes, from the presented investigations it follows that the Mie–
Gr€
uneisen equation of state can have problems in describing spallation, especially in the zone of the spall fracture. In
general, any impact processes where fracture is involved, could be problematic for the Mie–Gr€
uneisen equation of state.
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