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Abstract. Both the square and triangular Ising antiferromagnetic systems with next-nearest
neighbour interactions are studied by a new efficient entropic scheme. Using the energy distribu-
tion and order parameter’s fourth order cumulant it is illustrated that the two models behave quite
differently. For the square model we establish strong numerical evidence showing a continuous
transition scaling, whereas for the triangular model a first-order transition is verified. Our results
are compared with the existing predictions and controversies in the literature.

1. INTRODUCTION
Spin models with competing interactions are of
great theoretical and experimental interest and
have been for a long time the subject of many in-
vestigations. Such interactions give rise to compli-
cated spatial orderings and produce complex and
rich critical behavior [1,2]. The transitions between
ordered and disordered phases may be continu-
ous- or of first-order with a tricritical point between
them, but no general classification exists, connect-
ing the symmetry of spin structures and the range
of interactions with the expected critical behavior.
As is well known the Ising square lattice with near-
est-neighbour (nn) coupling is an exactly solved
model and almost all of its properties are known
[3]. With the addition of next-nearest-neighbour
(nnn) interactions the problem is no longer exactly
soluble and several approximate methods have
been applied to attack this more general problem

and to understand the effect of adding the nnn-
coupling on the critical behavior of the system [4-
11]. Of particular interest is the range of interac-
tions, where the ground state is an arrangement
with super-antiferromagnetic (SAF) order in which
ferromagnetic rows (columns) alternate with op-
posite oriented spins. The system, in zero-field, is
governed by the Hamiltonian:

H J S S J S Snn i j
i j

nnn i j
i j

= +
< >

∑ ∑
, ( , )

,  (1)

where here both nearest-neighbour (Jnn) and next
nearest-neighbour (Jnnn) interactions are assumed
to be positive (antiferromagnetic) and the system,
as is well known [4-9,11], develops at low tempera-
tures super-antiferromagnetic order for R=Jnnn/
Jnn>0.5. Note that there is no loss of generality in
considering only Jnn > 0 since the critical behavior
associated with the SAF ordering is the same if
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Jnn→-Jnn. From now on we shall refer to this model,
as the square SAF model.

Several previous studies have suggested that
the above system may possess anomalous expo-
nents, and a non-universal critical behavior with
exponents depending on the coupling ratio R has
been the commonly accepted scenario for many
years [4-9,11]. However, recently the interest on
the subject has been renewed and some attempts
to re-examine the behavior of this model have taken
place. In several papers Lopez et al. [12-14] have
used the cluster variation method (CVM) to study
this model and have concluded that the system
undergoes a first-order transition for a particular
range of the coupling ratio: R = 0.5-1.2. It appears
that this scenario has been further supported by
the study of Buzano and Pretti [15]. These authors
studied the same model with an additional 4-body
coupling, using again the CVM, and concluded that
according to this method a first-order behavior is
expected for a very large part of the parameter
space reproducing also the results of Refs. [12-
14]. However, they also considered the limiting case
Jnn=0, where the exact solution of Baxter model
[16] applies, observing again a large part of the
parameter space in which the CVM predicts first-
order behavior. Thus, the CVM fails to predict the
true second-order critical behavior for the Baxter
model and, this is of course, an obvious reason for
suspecting the CVM. It is quite possible that the
CVM, in any finite order approximation, could pro-
duce misleading mean-field behavior not unlikely
with other variational methods [17]. Notwithstand-
ing that, a recent Monte Carlo simulation [18] of
the analogous triangular model has suggested a
first-order transition from the ordered to the para-
magnetic phase. This last model includes also nn-
and nnn-antiferromagnetic couplings but now the
model is defined on the triangular lattice. Having
to deal with the same Hamiltonian and a similar
ground state arrangement (SAF arrangement) one
should naively expect the same critical behavior
for the two models, assuming a simple universality
in which the underlying lattice is immaterial in 2D.

In the light of the above situation, it is of interest
to follow again the traditional finite-size scaling
analysis to re-examine the above predictions and
controversies for both square SAF model and tri-
angular SAF case. In the next Section we outline
the entropic sampling technique implemented to
generate numerical estimates for all thermal and
magnetic properties in the critical region for the
case R = 1. In Section 3 we explain why our nu-
merical data are not supporting a first-order transi-

tion for the square SAF model. On the other hand,
we present concrete evidence of a first-order tran-
sition for the triangular SAF model. Section 3 ends
with a summary of finite-size scaling and the con-
cept of weak universality for the square SAF model.
Section 4 summarizes our conclusions.

2. THE CRMES WANG-LANDAU
ENTROPIC SAMPLING SCHEME

Traditional Monte Carlo sampling methods have
been used for many years in the study of critical
phenomena [19-23] and the first Monte Carlo ap-
proaches to the present model were indeed car-
ried out by the Metropolis algorithm [5-7]. On the
other hand, general flat histogram methods [23-
28] are alternatives to importance sampling and
are expected to be much more efficient for study-
ing a complex system. A simple and efficient en-
tropic implementation of the Wang-Landau (WL)
method has been presented recently by the present
authors. This method is based on a systematic re-
striction of the energy space with increasing the
lattice size. The random walk of this entropic simu-
lation takes place only in the appropriately restricted
energy space and this restriction produces an im-
mense speed up of all popular algorithms calculat-
ing the density of energy states (DOS) of a statisti-
cal system [29,30]. For the temperature range of
interest, which is the range around a critical point,
this scheme determines all finite-size anomalies
using an one-run entropic strategy employing what
we have called the critical minimum energy sub-
space (CrMES) WL entropic sampling method. In
this approach all (thermal and magnetic) proper-
ties are obtained from the high-levels of the WL
random walk process by constructing appropriate
microcanonical estimators. The method is effi-
ciently combined with the N-fold way [31] in order
to improve statistical reliability, but also to produce
broad histogram (BH) estimators for an additional
calculation of the DOS.

The approximation of canonical averages, in a
temperature range of interest, is as follows:
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The restricted energy subspace (E1,E2) is carefully
chosen to cover the temperature range of interest
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without introducing observable errors. The
microcanonical averages <Q>E are determined
from the (E;Q)-histograms (denoted by HWL(E,Q)),
which are obtained during the high-levels of the
WL process
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and the summations run over all values generated
in the restricted energy subspace (E1,E2). Finally,
the approximate DOS used in Eq. (2) is obtained
from the DOS generated via the WL iteration
( ~( ) ( ))G E G EWL=  or from the BH approximation
( ~( ) ( ))G E G EBH= . As mentioned above, the updat-
ing of the appropriate histograms is carried out only
in the high-levels of the WL process. In these
stages, the incomplete detailed-balance condition
has no significant effects on the microcanonical
estimators constructed from the cumulative histo-
grams, as shown in Ref. [30]. Thus we have used
only the WL iterations: j = 12-24 for lattices up to L
= 100 and the WL iterations: j = 16-26 for larger
lattices. The initial modification factor of the WL
process is taken to be f1 = e = 2.718… and, as
usual, we follow the rule fj+1 = √fj  and a 5% flatness
criterion [29,30]. The performance limitations of
entropic methods, such as the WL random walk
and the reduction of their statistical fluctuations
have recently attracted considerable interest [32-
34]. For the CrMES entropic scheme applied here
an extensive comparative study using various
implementations was presented in Ref. [30].

In the present study, the accuracy of our data,
for the square SAF model, was tested as follows:
for a particular temperature, T = 2.082, close to
the critical temperature, we have calculated, using
long runs of the Metropolis algorithm, several ther-
modynamic properties of the system for R = 1. Let
us briefly describe the method we obtained the
Metropolis estimates (for instance the susceptibil-
ity values). First an initial equilibration period of
100xL2 usual Monte Carlo steps (lattice sweeps)
was applied without updating the histograms. Af-
ter thermalization, the updating of the histograms
was applied in every Monte Carlo step, while the
susceptibility values were determined and observed
in time steps of 20 xL2 Monte Carlo sweeps. A to-
tal of 300 such time steps (for all lattice sizes) were
used, in the averaging, in order to obtain the equi-
librium estimate for the susceptibility.

We have found good agreement with the cor-
responding estimates obtained via the entropic
scheme described in the previous section. Fig. 1
illustrates this agreement by comparing, at this
particular temperature, the magnetic susceptibility
estimates (see below Eq. (9)) calculated by the
Metropolis algorithm (χMetr) to those obtained from
the entropic scheme (χentr). For the triangular SAF
model, and for each lattice size (L = 40-240), we
applied the above scheme to obtain accurate esti-
mates for the DOS. Additionally, using these DOS
estimates we performed a Lee-entropic scheme
[34] to obtain our final estimates for all thermal and
magnetic properties of the system.

In the present implementation of the CrMES
method, we restrict the total energy range (Emin,
Emax) to the minimum energy-subspace producing
an accurate estimation for all finite-size anomalies.
This restriction may be defined by requesting a
specified accuracy on a diverging specific heat (or
on a diverging susceptibility) as shown in [30]. Al-
ternatively, the energy density function may be used
in a simpler way to restrict the energy space. For a
diverging specific heat (susceptibility) the
pseudocritical temperature T*L is the temperature
corresponding to the maximum of the specific heat
(susceptibility). For the cumulant finite-size anomaly
the pseudocritical temperature corresponds to the
minimum of the cumulant. Thus, if ~E  is the value
maximizing the probability density, at some
pseudocritical temperature (TL

* ), the end-points
( ~E ±) of the energy critical subspaces (CrMES) may
be located by the condition

~ :
( )

( )
,

~
*

~
*

E
P T

P T
rE L

E L

±
± ≤  (4)

where r is chosen to be a small number, indepen-
dent of the lattice size. Several values of r (r = 10-3,
r = 10-4, r = 10-5, and r = 10-6) have been used in the
present study to estimate the relevant extensions
of critical subspaces discussed bellow. The result-
ing finite-size extensions of critical energy sub-
spaces, denoted by (∆ ~E ) , obey the specific heat’s
scaling law [29]

Ψ
∆

≡ ≈
( ~)

.
E

L
L

d

2 α

ν  (5)

Since the extensions of these energy subspaces
satisfy very well the above scaling law, Eq. (5) is a
new route for estimating the critical exponent α/ν
[29,30]. Furthermore, following a similar procedure
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we may also estimate the critical exponent γ/ν, as
already shown in [30]. Again, let ~M be the value
maximizing the order-parameter density at some
pseudocritical temperature, for instance at the sus-
ceptibility pseudocritical temperature (TL

* = TL
*(χ)).

The end-points ( ~M ±) of the magnetic critical sub-
spaces (CrMMS) are located by the condition

~ :
( )

( )
,

~
*

~
*

M
P T

P T
rM L

M L

±
± ≤  (6)

and the corresponding finite-size extensions of criti-
cal magnetic subspaces obey close to a critical
point, the susceptibility scaling law [30]:

Ξ
∆

≡ ≈
~

.
M

L
L

d

! "2 γ

ν  (7)

Eqs. (5) and (7) provide additional routes for esti-
mating the involved critical exponents.

Fig. 1. Magnetic susceptibility estimates at T = 2.082 for both the Metropolis algorithm (χMetr) and the
entropic WL scheme (χentr), for several lattices (L = 10-90). The solid line is a guide to the eye passing
through the Metropolis estimates (shown with error bars), while triangles represent the estimates of the
entropic scheme. The WL evolution of the estimates χentr for three random walks is illustrated in the inset
for L = 80. Symbols in the inset show the entropic estimates converging to χMetr, illustrated for two Me-
tropolis runs by the solid parallel lines. The range of the Metropolis fluctuations is indicated by the dotted
parallel lines.

3. CONTINUOUS- VERSUS FIRST-
ORDER PHASE TRANSITIONS.
CRITICAL EXPONENTS - WEAK
UNIVERSALITY OF THE SQUARE
MODEL

Let us consider two different definitions for the or-
der-parameter. First, with the help of four sublattices
of the SAF ordering one may define a two-compo-
nent order-parameter and finally use its root-mean-
square (rms) as done in Ref. [6].
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An alternative and numerically more convenient
definition will also be considered from the sum of
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the absolute values of the four sublattice magneti-
zations

M
M

SAF
i

i

=
=

∑ | |
.

41

4

 (9)

The resulting behavior is very similar and in par-
ticular the finite-size extensions of the resulting
CrMMS completely coincide supporting the equiva-
lence of the two representations for the square SAF
model. Therefore, for large lattices only the sec-
ond order-parameter was used in order to mini-
mize computer memory requirements.

Let us now consider the behavior of some prop-
erties of the system that may elucidate the nature
of the phase transition from the low temperature
ordered SAF phase to the high temperature para-
magnetic phase. There are various kinds of crite-
ria in the literature that attempt to characterize the
order of a phase transition. Some of these are us-
ing theoretical arguments, such as the Landau-
Lifshitz symmetry rules [18,35], but most attempts
are based on the analysis of numerical data ob-
tained from Monte Carlo studies of finite systems.
A strong indication may be obtained by studying
the form of finite-size scaling of the specific heat
and susceptibility peaks and the scaling of the

Fig. 2. Energy distributions for the square SAF model. The distribution for each lattice size has been
computed at its respective specific heat’s pseudocritical temperature. The inset shows the probability
densities for the lattice L = 160 at the specific heat’s pseudocritical temperature (TL

* = 2.0864), as well as
at two nearby temperatures (TL

* ±0.003).

pseudocritical (pseudo-transition) temperatures of
the finite systems. From the theory of first-order
transitions, developed by Binder and Landau [36]
and Challa et al. [37], δ-like peaks scaling as Ld

are expected for the specific heat and susceptibil-
ity peaks and the temperatures shifts are expected
to vanish as L-d (TL ≅  Tc +bL-d). A finite-size analy-
sis for the square SAF model with R = 1 will be
presented in detail at the end of this section and as
we shall see, a behavior characteristic of a sec-
ond-order critical point, and not a first-order transi-
tion, will be observed. A supplementary character-
ization attempt, utilizing finite-size simulation data,
is the illustration of the behavior of fourth order
cumulants of energy and order-parameter distri-
butions. Their behavior has been often used to
emphasize the differences between the two types
of transitions [36-42]. Finally, the existence of a
pronounced double peak of the energy distribution
at a pseudo-transition temperature has been con-
sidered as a strong signature of the coexistence of
a low temperature phase with some energy E- with
a high temperature phase with some energy E+ [18].

Fig. 2 presents the behavior of the energy dis-
tribution at the pseudocritical temperatures of the
square SAF model for several lattice sizes. The
inset illustrates the energy densities of a particular
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Fig. 3. Energy distributions for the triangular SAF model. The distribution for each lattice size has been
computed at the temperature where the peaks are of equal height. The inset shows the variation of ∆ε=
(E+-E-)/N as a function of 1/L.

case (L = 160) at temperatures in the neigh-
bourhood of its pseudocritical temperature corre-
sponding to the specific heat peak. Fig. 3 illustrates
now the behavior of the energy distribution (at spe-
cific temperatures, see bellow) for the triangular
model considered by Rastelli et al. [18]. The data
used for the triangular model corresponds again
to the interaction ratio R = 1 and were obtained by
the same entropic scheme, described in previous
Section, for several lattice sizes. The presence of
the energy’s double peak reported by Rastelli et al.
[18] is very clear now. The temperatures, corre-
sponding to each lattice shown in Fig. 3, were care-
fully chosen to yield two peaks of equal heights.
These temperatures are very close, almost identi-
cal, to the pseudocritical temperature correspond-
ing to the maximum of the specific heat of the fi-
nite systems.

Comparing the behavior of the energy distribu-
tion of the two models we may emphasize the
strong difference in their behavior. Although in the
case of the triangular lattice the existence of the
double peaks may be thought as a finite-size sig-
nature of a first-order transition, as supposed by
the authors of Ref. [18], the behavior for the square
SAF model does not show similar signs, but rather

is characteristic of a second-order critical point.
There are some points that should be noted about
the above figures before moving to the illustration
of the fourth order cumulants of the two models. In
the case of the square SAF model there are some
finite-size effects appearing in the structure of the
energy density. These can be observed, close to
the pseudocritical temperatures for large lattices,
in the neighbourhood of the density peak as shown
in Fig. 2 for the case L = 160. These are weak
effects, observable for large enough lattices, and
seem to persist for even larger lattices, as we have
verified by simulating systems of sizes up to L =
240. However, a double peak structure is not
emerging even at these sizes. On the other hand,
the clear double peak structure for the triangular
SAF model yields the inset of Fig. 3, describing the
variation (with 1/L) of the difference in energy of
the two peaks defined by: ∆ε= (E+-E-)/N. A fit of our
data to a power law with three freeparameters
(∆ ε= ε0+bL-w) yields the dashed line shown in the
inset corresponding to a latent heat ε0 = 0.14(4),
and this is to be compared with the value ε0 =
0.176(6) given in Ref. [18]. Nevertheless, the above
fit has the same χ2 per degree of freedom with a
two-parameter power law of the form ∆ε= bL-w, il-
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lustrated in the inset by the solid line. This last fit
gives a value for the exponent w which is consis-
tent with the scaling of the specific heat peaks,
which however, does not conclusively support a
scaling of the form Ld, as expected for a first-order
transition. This may be a crucial discrepancy and
was also observed in Ref. [18]. One can not com-
pletely exclude, at least at these lattice sizes, the
possibility that the observed double peak is a strong
finite-size effect that may cease to exist at the ther-
modynamic limit. However, our simulations for even
larger lattice sizes, up to L = 480, support the pro-
posal of Rastelli et al. [18] for a first-order transi-
tion.

We now turn to the finite-size behavior of the
fourth order cumulants of the energy and the or-
der-parameter, discussing again the differences
between the square SAF model considered by
Lopez et al. [12-14] and the triangular SAF model
considered by Rastelli et al. [18]. Consider first the
reduced energy cumulant, known also as Binder’s
reduced fourth order cumulant, defined by:

U
E

EL E, .= −
< >

< >
1

3

4

2 2  (10)

Fig. 4 presents, in the same illustration, the behav-
ior of both models. As one can see from this figure

Fig. 4. Energy’s reduced fourth order cumulants for the triangular and the square SAF model.

the behavior of the square model is again charac-
teristic of a second-order critical point. The very
deep minimum for the triangular model, found also
in Ref. [18], is a reflection of the very sharp spe-
cific heat peak and according to [18] is indicating a
first-order transition. The differences in the behav-
ior between the two models appear even stronger
if we consider the connected form of the energy
cumulant [38] (not shown) where a deep oscilla-
tion occurs close to the minimum for the triangular
model.

Finally, consider the reduced fourth order
cumulant of the order parameter defined, with the
help of Eq. (9), as follows:

V
M

ML M, .= −
< >

< >
1

3

4

2 2  (11)

As previously, Fig. 5 presents the behavior of both
models. The very deep minimum appearing for the
triangular model is now contrasted with the behav-
ior of the square SAF model, which again reminds
the characteristic behavior of a second-order criti-
cal point. The differences in behavior are similar if
we use the rms order-parameter definition given in
Eq. (8) instead of Eq. (9). They are even stronger
if we use the connected form of cumulants [38],
where oscillatory structures occur. Thus, our find-
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Fig. 5. Order-parameter’s reduced fourth order cumulants for the triangular and the square SAF model.

ings for the triangular model are in good agree-
ment with the properties reported in Ref. [18], while
for the square SAF model a behavior characteris-
tic of a second-order critical point seems to govern
the finite systems for all properties studied. It ap-
pears that the first-order prediction of the CVM is
incorrect, at least for the case R = 1.

Finally, let us present in more detail the finite-
size behavior of the square SAF model. By using
the crossing method [39] for the order-parameter
cumulant we have previously [43] estimated the
critical temperature for the case R = 1 (square SAF
model) to be Tc = 2.0823(17), and the shift expo-
nent was estimated from various pseudocritical

temperatures to be of the order of λ= 1.20(4)). Fur-
thermore, we have shown in Ref. [43] that the criti-
cal exponents for the square SAF model obey very
well the hypothesis of weak universality, according
to which the reduced critical exponents, i.e. γ= γ/ν;
β= γ/ν; φ= (2-α)/ν, are constant independent of the
value of R and therefore have the 2D Ising values
(R→∞), i.e. γ/ν= 1.75, β/ν= 0.125, and (2-α)/ν = 2
[6,44]. Additionally, let us present in Table 1 esti-
mates for the exponents γ/ν and α/ν for several
values of the accuracy factor r, obtained via the
CrMES method (see Eqs. (4) and (6) and Refs.
[29, 30]). All the values estimated also in our previ-
ous paper [43] are consistent with the weak uni-

Table 1. Estimates for the exponents γ/ν and α/ν for different values of r (accuracy of CrMES). For more
details and definitions see Ref. [43].

Ξ(T*L (χ)) Ξ(TC) (Ψ(TL
*)+Ψ(TC))/2 (Ψ(TL

* )+Ψ(TC))/2
r γ/ν γ/ν α/ν(L = 10-160) α/ν(L = 50-160)

10-3 1.7680(11) 1.7433(82) 0.407(3) 0.424(6)
10-4 1.7604(49) 1.7595(23) 0.412(2) 0.412(4)
10-5 1.7604(57) 1.7590(38) 0.421(1) 0.424(4)
10-6 1.7536(45) 1.7545(27) 0.426(3) 0.416(2)

^

^ ^
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versality conjecture, and in particular the exponents
α and ν are estimated with great accuracy to be α/
ν= 0.412±0.005 and ν= 0.8292 ±0.0024.

4. CONCLUSIONS
The above numerical evidence give a very strong
verification that the transition of the square SAF
model is continuous, contrary to the prediction of
the cluster variation method [12-14]. On the other
hand, for the triangular SAF model we have fur-
ther verified the existence of the first-order transi-
tion as first reported by Rastelli et al. [18], by show-
ing that the finite-size behavior of the system is in
close agreement in its main points with the behav-
ior predicted by the first-order theory developed by
Lee and Kosterlitz [45]. Details of this extensive
verification will be published in a separate paper.

In conclusion, in this paper we have shown that
the prediction of the cluster variation method of a
first-order transition for the square SAF model is
incorrect and the original scenario [4-9,11] of a non-
universal critical behavior with exponents depend-
ing on the coupling ratio has been strongly rein-
forced and weak universality [6,44] is well obeyed.
Finally, for the triangular SAF model we have pre-
sented decisive evidence that its phase transition
is of first-order, in agreement with Ref. [18].
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