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Abstract.  A theoretical model is suggested which describes distribution of grain boundary (GB)
dislocations at GBs located in subsurface areas of polycrystalline graphene and ultrafine-grained
]etals. Within the suggested ]odel, spatial distribution of GB dislocations – basic structural
units of GBs – are theoretically revealed as those depending on the presence of triple junction
disclinations in polycrystalline graphene and ultrafine-grained metals.

1. INTRODUCTION

Polycrystalline graphene sheets and ultrafine-
grained metals contain grain boundaries (GBs) as
inevitable structural defects strongly influencing the
unique mechanical and functional properties of these
advanced materials; see, e.g., reviews [1-11]. For
instance, superior tensile strength of graphene
sheets dramatically degrades due to the effects of
GBs [5,6,12–19], and their geo]etry/curvature can
be effectively controlled by GB structures [5,20].
Ultrafine-grained metals are specified by large
amounts of GBs which crucially affect strength and
ductility as well as the functional properties of these
]etals [7–11,21–24]. In both polycrystalline
graphene and ultrafine-grained metals in their as-
fabricated states, GBs typically have rather irregu-
lar structures that typically contain special rotational
defects called partial disclinations; for details, see
a discussion in paper [25] and references therein.
Also, in the subsurface areas of these advanced

materials, the free surface effects operate which
influence GB structures and thereby properties of
both polycrystalline graphene and ultrafine-grained
metals. In this context, it is very interesting to un-
derstand the combined effects of the free surface
and the presence of disclinations on GB structures
in polycrystalline graphene and ultrafine-grained
metals. The main aim of this paper is to theoreti-
cally describe “equilibriu]” structures of initially
disclinated GBs in the subsurface areas of poly-
crystalline graphene and ultrafine-grained metals.

2. DISLOCATION STRUCTURES OF
DISCLINATED GRAIN
BOUNDARIES IN SUBSURFACE
AREAS OF POLYCRYSTALLINE
GRAPHENE SHEETS

Let us consider a polycrystalline graphene sheet
containing grains divided by GBs (Fig. 1a). Let us
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examine in more detail a symmetric low-angle GB
that extends between a triple junction of GBs and
the lateral free surface of graphene (Fig. 1b . We
assume that the examined GB has the length d, is
normal to the lateral graphene surface and contains
a regular wall of perfect edge dislocations with the
Burgers vectors b. Also, a wedge disclination of
strength  is located at a triple junction that bounds
the examined GB.

In the Cartesian coordinate system (x,y) shown
in Fig. 1b, the GB lies at the line y = 0, while the
dislocations Burgers vectors b are directed along
the y-axis. Every dislocation at the GB is under the
action of the force exerted by other dislocations and
the disclination. Let us assume that under the ac-
tion of this force, dislocations in the GB climb along
it until they either have reached their equilibrium
positions or approached the free surface (Fig. 1c .

Let us calculate the equilibrium positions of dis-
locations after their climb along the GB. To do so,

Fig. 1. (Color online) Grain boundaries in subsurface area of graphene. (a) Subsurface area of graphene.
General view. (b) Magnified inset highlights a subsurface grain boundary containing a regular wall of perfect
edge dislocations and a wedge disclination of strength  at the triple junction A. (c) Magnified inset high-
lights a subsurface grain boundary containing perfect edge dislocations at their equilibrium positions and a
wedge disclination of strength  at the triple junction A.

we come from the discrete distribution of perfect
dislocations with the Burgers vectors b to their con-
tinuous distribution characterized by the linear dis-
location density (x). We define the dislocation den-
sity (x) as (x) = db

y
/dx. In turn, for convenience of

our calculations, we come from the continuous dis-
location distribution to the discrete distribution of
virtual dislocations with fixed positions but varying
magnitudes of the Burgers vectors. Within our
model, the virtual dislocations are located at the
points x = x

k 
= (k - 1/2)d/N (where k is the number of

a specified dislocation, and N is the total number of
dislocations; k = 1,…N) with the fixed separation
d/N, while their Burgers vectors b

k
 are directed along

the y-axis and characterized by the projections
b

ky 
= (x

k
)d/N. In the initial state with the GB con-

taining a regular dislocation wall, the value of b
ky

 is
constant for any k and equal to B/N, where B is the
total magnitude of the dislocations Burgers vectors.
At the same time, the climb of the real perfect dis-
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locations along the GB is modeled as changes of the projections b
ky
 of the Burgers vectors of the “fixed”

virtual dislocations, that correspond to the variations of the dislocation density (x).
In order to calculate the equilibrium distribution of subsurface dislocations, we calculate the total energy

of the examined defects (dislocations and the disclination). The energy W is given by the sum of the proper
energies of the defects and the energies of their elastic interaction. The expression for the energy W is cast
using the expressions [26,27] for the stress fields of dislocations and a disclination located near a flat free
surface as follows:
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In formula (1), D = E/(4 ), E is the Young modulus of graphene, b is the interatomic spacing in monolayer
graphene sheets, and W  is the proper energy of the disclination.

Let us suppose that dislocations in the examined GB can enter the lateral graphene surface but cannot
nucleate at this surface. This assumption reflects the fact that there is a large energy barrier for dislocation
generation at the free surface, whereas disappearance of a dislocation at the free surface is a low-barrier
process. The assumption means that the direction of the dislocation Burgers vectors cannot reverse, and
the relation b

ky 
 0 is valid for any dislocation number k. Also, first, we consider the case where dislocations

do not enter the lateral graphene surface and, as a result, the total magnitude B of the dislocations Burgers
vectors does not change, that is,

N

ky

k

b B
1

.


  (2)

In this case, the equilibrium values of b
ky

 correspond to the conditional minimum of the energy W, with
relation (2) taken into account. In order to calculate the equilibrium values of b

ky
 that correspond to the

conditional minimum of the energy W, we introduce the Lagrange function

N

ky

k

L W b B
1

( ).


  (3)

The conditional minimum of the energy W (with relation (2) taken into account) corresponds to the absolute
minimum of the function L. This means that the quantities b

ky
 are determined from both Eq. (2) and the

relations W/ b
ky

 = 0 (k = 1,…N).
Substitution of the latter relations to formula (3), in combination with formula (2), yields the following

system of the linear equations for b
ky

:
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It should be noted that system of Eqs. (4) has a single solution, and, as a consequence, the energy W
has a single minimum. The analysis demonstrates that this minimum is sometimes reached at negative
values of the projections b

ky
 of some dislocation Burgers vectors. In other words, the condition b

ky 
 0 may

not be fulfilled for some (closest to the surface) dislocations. Therefore, in the calculation of the equilibrium
density of dislocations, we employ the following iteration procedure. If the value of b

1y
, obtained from the

solution of the system of (N+1) equations given by formulae (4), becomes negative, we put b
1y 

= 0 and solve



86 Y:.V. .Gn:CGN, ,.A. 2NB=’CG :n= A.G. SAeBneJE:n

the system of N equations, obtained by substitu-
tion of the relation b

1y 
= 0 to system (4) and elimina-

tion of the equation for k = 1, corresponding to the
condition L/ b

1y
 = 0, from this system. If the value

of b
2y

, obtained from the solution of the new system
of equations, becomes negative, we put b

2y 
= 0 and

solve the system of (N-1) equations, obtained by
substitution of the relations b

1y 
= 0 and b

2y 
= 0 to

system (4) and elimination of the equations for k =
1 and k = 2, corresponding to the conditions L/
b

1y
 = 0 and L/ b

2y
 = 0, from this system. The

above iteration procedure is repeated until the rela-
tion b

ky 
 0 has been met for any k. After that, using

the equilibrium values of b
ky

, we calculate the dislo-
cation density (x). For definiteness, we also set

> 0.
It is worth noting that the above iterative proce-

dure postulates the possibility for the formation of a
dislocation-free region near the lateral graphene
surface, where the projections b

ky
 of the dislocation

Burgers vectors b
k
 are set equal to zero. To confirm

the above iterative procedure, we carried out addi-
tional calculations by an alternative method where
all the Burgers vectors projections b

ky
 are set equal

to B/N and the energy W is minimized with respect
to the dislocation coordinates x

k
. The calculations

using this alternative method provided nearly the
same dependences (x) as the above iteration pro-
cedure and confirmed the possibility for the forma-
tion of a dislocation-free region near the lateral
graphene surface.

The analysis of the obtained dependences (x)
has demonstrated that one can distinguish the fol-
lowing three different cases: 

0
/ > 1, 

0
/ = 1, and

0
/ < 1, where 

0 
= B/d is the initial dislocation

density. According to the theory of defects in solids
[27], in the case of 

0
/ = 1, the dislocation wall is

equivalent to the wedge disclination of strength ,
located at the triple junction that bounds the exam-
ined GB. This implies that such a dislocation wall
creates stresses which completely compensate for
the stresses created by the wedge disclination of
strength w. In this situation, the initial distribution of
dislocations with the constant density (x) =  cor-
responds to the energy minimum, and dislocations
do not climb along the GB.

The dependences of the dislocation density 
on the coordinate x in the cases 

0
/ > 1 and

0
/ < 1 are plotted in Figs. 2a and 2b, respectively,

for various values of the parameters B/d and . As it
follows from Fig. 2a, in the case of 

0
/ > 1, the

dislocation density  that corresponds to the mini-
mum of the energy W , for a constant specified mag-
nitude B of the total dislocation Burgers vector, in-

creases near the lateral graphene surface. Our
analysis demonstrates that, for such a dislocation
distribution, the dislocations located near the lat-
eral free surface are attracted to this surface and
enter it. As a corollary, the magnitude  of the total
dislocation Burgers vector decreases. The process
of dislocation motion to the lateral free surface oc-
curs until the average dislocation density has be-
come equal to the disclination strength, that is, until
the relation B/d =  has become valid. When the
latter relation is met, the dislocations left in the GB
climb to their equilibrium positions that correspond
to the constant dislocation density (x) = .

Fig. 2b illustrates the equilibrium dislocation dis-
tribution at the GB in the case of 

0
/ < 1. As it is

seen in Fig. 2b, in this case, a dislocation-free re-
gion forms near the lateral graphene surface. With
an increase of the distance from the lateral free sur-
face, the dislocation density  increases. At the
same time, near the triple junction containing the
disclination, the dislocation density again de-
creases. The analysis has demonstrated that the
dislocation distribution shown in Fig. 2b is equilib-
rium, and the dislocations do not enter the lateral
surface. Thus, in the case of 

0
/ < 1, dislocation

climb along the subsurface GB without entering the
lateral graphene surface.

3. DISLOCATION STRUCTURES OF
DISCLINATED GRAIN
BOUNDARIES IN SUBSURFACE
AREAS OF ULTRAFINE-GRAINED
METALS

The previously considered model of dislocation struc-
tures at initially disclinated low-angle GBs in sub-
surface areas of graphene sheets can also be ex-
tended to the case of subsurface areas of ultrafine-
grained metals. In this case, GB dislocations and
disclinations represent linear defects at the 2D GB,
and the ultrafine-grained metal is modeled as a semi-
infinite solid in the plane strain state. In the dis-
cussed case of a semi-infinite three-dimensional
solid, all the above formulae remain valid if one re-
places the Young modulus E by E/(1 - 2), where 
is Poisson’s ratio. However, since the equilibriu]
dislocation density  (determined solely by system
of Eqs. (4) that do not incorporate elastic constants
as parameters) does not depend on the elastic
moduli E and , it does not change in the case of
ultrafine-grained metals. Besides, since  does not
depend on E and , the dependences (x) are the
same for any ultrafine-grained metal.
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(a)

(b)

Fig. 2. (Color online) Dependences of the equilibrium density (x) of dislocations at a subsurface grain
boundary with the length d = 80 nm in graphene on the coordinate x, for N = 40. (a) 

0
/ > 1. (b) 

0
/ < 1.

Fig. 3. (Color online) Dependences of the equilibrium density (x) of dislocations at a subsurface grain
boundary with the length d = 80 nm in an ultrafine-grained metal on the coordinate x, for N = 40, 

0
/ < 1.
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Fig. 3 illustrates the dependences (x) specify-
ing GB dislocation structures in ultrafine-grained
metals in the case of 

0
/ < 1, for various values of

the parameters and 
0
. From Figs. 2 and 3 one

can see the qualitative similarity of the character of
dislocation distributions in subsurface GBs in
graphene and ultrafine-grained metals.

4. CONCLUDING REMARKS

In this paper, a theoretical model was suggested
describing structural transformations of GBs located
in the subsurface areas of polycrystalline graphene
and ultrafine-grained metals. We considered GBs
which are perpendicular to free surfaces and have
wedge disclinations at their triple junctions with
neighboring GBs (Fig. 1). Within the suggested
model, the transformations occur through GB dislo-
cation climb processes driven by decrease in the
elastic energy of GB defect ensemble. It has been
theoretically revealed that the structural transforma-
tions of GBs in polycrystalline graphene and
ultrafine-grained metals can result in either spatially
inhomogeneous or homogeneous distributions of GB
dislocations, depending on the geometric param-
eters of GB dislocation configurations and triple junc-
tion disclinations. In doing so, one distinguishes
three cases: 

0
/ > 1, 

0
/ = 1, and 

0
/ < 1, where

0 
= B/d is the initial dislocation density, and  is

the disclination strength. In the case of 
0
/ = 1,

the initial distribution of dislocations with the con-
stant density (x) =  corresponds to the energy
minimum, and dislocations do not climb along the
GB.  In the case of 

0
/ = 1, the process of disloca-

tion motion to the lateral free surface occurs until
the average dislocation density has become equal
to the disclination strength, and the dislocations left
in the GB climb to their equilibrium positions that
correspond to the constant dislocation density
(x) = . In the case of 

0
/ < 1, equilibrium GB

dislocation distributions are spatially inhomoge-
neous (see Figs. 2b and 3). Such spatially inhomo-
geneous distributions of GB dislocations at GBs
are rather unusual and serve as specific structural
features of GBs located near free surfaces in poly-
crystalline graphene and ultrafine-grained metals.
These specific structural features of GBs are ex-
pected to significantly influence the properties of
the subsurface areas of polycrystalline graphene and
ultrafine-grained metals.
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