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Abstract. Phonons are the main carriers of heat in materials and they play a major role in the
thermal behavior of the material in the nanoscale regime. In this study, we have investigated how
vibrational energy of phonons is changed during the heat flow through carbon nanotubes. The
variation of phonon energy of an armchair (7,7), zigzag (10,0), and chiral (6,3) single-walled
carbon nanotubes (SWCNTs) for radial breathing (symmetric stretching) and torsional modes is
investigated  keeping their length fixed. We varied the annealing temperature from 100K to 800K
gradually and studied the conformational change of the CNTs by molecular dynamics simula-
tion. We have also estimated the thermal conductivity of the CNTs by Fourier law using non-
equilibrium heat transfer approach. For the radial breathing mode, the energy peaks are ob-
served in a wide range of frequency spectrum but for the torsional mode the peaks are shifted by
small amount. In our calculation, maximum thermal conductivity is observed for the armchair
CNT. Estimation of thermal conductivity of the SWCNTs at different twisting angles is performed
to have an idea of the role of chirality on the thermal conductivity.

1. INTRODUCTION

Carbon nanotubes (CNTs) are considered as main
building blocks in modern miniaturization technol-
ogy due to their excellent electronic, thermal and
mechanical properties. The heat dissipation issue
is the most important factor while fabricating nano-
scale electronic devices. So, study of the detailed
thermal properties of the building materials is nec-
essary for effective design of field-emitting electronic
devices [1,2,3], sensors [4], thin-film transistors [5]
etc. In the past few years investigations [6-9] re-
garding the thermal conductivities of CNTs have
been performed, the outcome of which points to-
wards high thermal conductivity of these materials.

The values found by MD simulation ]ange f]om 40 –
6600 W/mK. Some recent theoretical studies have
explored some unknown facts like chirality effects
on phonon spectra [10], thermal properties of de-
fective graphene [11], polaron effects on thermal
conductivity of zigzag CNTs [12] and thermal prop-
erties of CNT composites [13], etc. All the investi-
gators found a dependence of thermal conductivity
of the CNTs on their lengths. Both equilibrium and
non-equilibrium heat transport approaches are re-
ported [14] in various literature. In spite of so many
research approaches, experimental values of ther-
mal conductivity are largely different from that of the
theoretical values. Also theoretical as well as ex-
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perimental values show a wide range [15-17] varia-
tion.

Motivated by the need of a comprehensive in-
vestigation of the dependence of thermal conductiv-
ity on tube length and chirality and a huge differ-
ence of values of thermal conductivity still obtained,
the present study is taken up. Here, firstly we have
calculated the variation of phonon energy with re-
spect to the vibrational frequency at different tem-
peratures for different chiralities of the CNTs for ra-
dial breathing and torsional mode of vibration. Sec-
ondly, the thermal conductivities of different types
of CNTs have been calculated keeping their length
fixed. Dependence of thermal conductivity on the
temperature and length is investigated. Thirdly, the
thermal conductivity of the SWCNTs is found with
varying twisting angles.

2. MODELING METHODOLOGY

We have performed molecular dynamics simulation
to find phonon energy with frequency using Tersoff
potential [18] and in the second part calculated ther-
mal conductivity of three different types of CNTs using
modified Morse (MM) potential [19]. Here thermal
conductivity of individual CNT is evaluated following
non-equilibrium MD. First, constant temperature
simulation (NVT) is run for minimum of 100000 steps
and then temperature difference is applied between
the two ends of the tubes. For calculation of ther-
mal conductivity, the average of the temperatures of
hot and cold reservoirs is taken. For the remaining
portion constant energy simulation (NVE) is per-
formed. The heat flux is constant through out the
sample tubes. In all these investigations, relaxation
time is fixed as 0.1 fs and time for each step of
simulation is 0.3 fs. As MM inter-atomic potential
function can well described the behavior of atomic
interactions in CNTs and also describe the creation
and destruction of bonds on the application of ex-
ternal forces, we have used this potential in this
part of our work. Thermal conductivity k is calcu-
lated using the one-dimensional form of Fourier law,
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Here dT/dx is the established temperature gradient
and A is the cross-sectional area of the tube. Tem-
perature is calculated by the formula
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where T is the average temperature, N is the num-
ber of carbon atoms, k

B
 is the Boltzman’s constant

and m
i
 and p

i
 are the atomic mass and momentum

of the i-th atom respectively. By finding dT/dx, ther-
mal conductivity can be calculated. Periodic bound-
ary conditions are applied to avoid finite length ef-
fect. Tersoff potential has been incorporated to get
the time evolution of phonon energies among the
vibrational modes of the CNTs. The energy dissipa-
tion process within nano-scale structures is ob-
served by plotting vibrational energy through the
modes of the systems as a non-equilibrium popula-
tion of phonons dissipating towards thermal equilib-
rium. Only single vibrational mode at a time is taken.
Phonon energy is calculated for 30000 MD steps
with time step of 0.5 fs.

3. POTENTIAL FUNCTIONS USED

Two potential energy functions are used in this work
of which MM potential is employed in the conduc-
tivity measurement. The potential contains two parts;
bond-stretching component E

s
 and angle-bending

component E
b
.
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where r is the interatomic distance,  is the angle of
the adjacent bond, D

e
is the dissociation energy

and  is a constant related to the width of the po-
tential.

The form of the Tersoff potential is
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Here E is the total energy and  is decomposed into
a site energy E

i
which is a function of bond energy
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) is a cut-off function that reduces

to ze]o inte]action beyond 2.0 Å. VR (r
ij
) is a pair-

wise term that models the core-core and electron-
electron repulsive interactions and VA (r

ij
) is a pair-

wise term that models core-electron attractive in-
teractions, where r

ij
 is the distance between near-

est neighbor atoms i and j, and b
ij
 is a many-body,

bond-order term that depends on the number and
types of neighbors and the bond angles.
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4. RESULTS AND DISCUSSION

4.1. Phonon energy spectrum

Carbon nanotubes, due to their excellent thermal,
mechanical and electronic properties are potential
candidates for many thermo-electric applications.
Phonon-phonon and electron-phonon scattering play
important role in carrier transport of CNTs [20,21].
In different energy regimes the phonon energies are
different at a constant temperature. High phonon
energy indicates less thermally populated phonons
which in turn indicate high mobility in CNTs at a
particular temperature. We have found the phonon
energy of (7,7), (10,0), and (6,3) CNTs with respect
to frequency. The variation of phonon energy with
frequency for radial breathing (stretching) mode at
300K and torsional mode at 800K is shown in Figs.

Fig .1. Frequency vs. phonon energy curve at 300K
for different types of CNTs in radial breathing mode
(stretching).

Fig. 2. Frequency vs. phonon energy curve at 800K
for different types of CNTs in torsional mode.

Fig. 3. Temperature vs. phonon energy for stretch-
ing mode of vibration.

Fig. 4. Temperature vs. phonon energy for torsional
mode of vibration.

1 and 2, respectively. The room temperature behav-
ior (Fig. 1) shows high mobility of carriers for arm-
chair CNT in radial breathing mode where for zigzag
tube low energy peak for higher frequency is ob-
served, showing somewhat different energy dissi-
pation process. At the same temperature torsional
mode shows more or less similar energy spectra
for the three different tubes. With the increase of
temperature, phonon energy increases linearly for
both the two modes. To compare the energy spec-
t]a the length of the CNTs a]e taken same as 25 Å
in calculating the phonon energy at different tem-
peratures. Figs. 3 and 4 show the variation of phonon
energy with temperature for the three different tubes
in two modes of phonon vibration.

4.2. Thermal conductivity of untwisted
SWCNTs

Using MM potential thermal conductivities of the three
CNTs are calculated. The time variation of thermal
conductivity of (7, 7), (10,0), and (6,3) CNTs at tem-
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perature 300K is shown in Fig. 5. Fig. 6 depicts the
radial distribution function (RDF) for the three CNTs
at 300K. In studying thermal properties of the CNTs,
the phonon-phonon interaction is an important fac-
tor which is the reason of thermal resistance. The
well known Umklapp process (U-process) [22,23]
is the governing process of thermal resistance in-
side the CNTs. In our study the diameters of (6,3),
(10 0)  (7 7) tube a]e 6.214 Å  7.774 Å  and 9.492
Å  ]espectively. The (7 7) tube being of highest di-
ameter its radial and azumuthal components of the
wave factor are less dominant like the narrowest
(6,3) tube. So, three phonon U-process is dominant
in (6,3) tube than that of (7,7) tube. Also, the arm-
chair symmetry is such that the excess strain pro-
duced due to heat flow along the circumference of
the a]mchai] nanotube can’t limit the mean f]ee path
due to the scattering like a chiral nanotube. The
thermal conductivity of the materials where the
phonon interaction is dominant is given by Eq. (1).
So the chiral nanotube has lowest thermal conduc-

Fig. 5. Conductivity variation with time step for three
different types of SWCNTs.

Fig. 6. RDF vs. distance for a (10,0) SWCNT.

Fig. 7. Temperature vs. thermal conductivity for dif-
ferent types of SWCNTs.

Fig. 8. Length vs. thermal conductivity for different
types of SWCNTs.

tivity while the armchair tube shows the highest
value.

We have also plotted the variation of thermal
conductivities with respect to temperature which is
shown in Fig. 7. All the tubes are of same length as
25 Å. The variation is most prominent for the arm-
chair tube and only a little variation is observed for
the zigzag tube. The change of thermal conductiv-
ity with length of the SWCNTs is plotted in Fig. 8.
Unlike the zigzag and chiral SWCNTs, the armchair
SWCNT comparatively vary a little with length, though
it has largest diameter among the three tubes.
Maximum variation is observed for chiral tube. The
variation of conductivity with length of the CNT is
given by Eq. (9). Eqs. (10) and (11) show the nature
of variation of thermal conductivity of the (10,0) and
(6,3) SWCNTs.

A A A 2

1 1 2 3
- ,l l (9)

B B B 2

1 1 2 3
,l l (10)

C C C 2

1 1 2 3
- ,l l (11)

where l is the thermal conductivity and l is the length
of the tube.
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In the above three equations, the third term is
very small and of the order of 10-3. So, neglecting
the third term, the chiral and zigzag tubes show the
same kind of variation of thermal conductivity with
length. The chiral tube shows maximum variation of
thermal conductivity with length and maximum value
of that physical quantity at all lengths compared to
the other tubes.

4.3. Thermal conductivity of twisted
SWCNTs

Twisted CNTs exhibit surprisingly high thermal con-
ductivity and their conductivity increases with the
twisting angle. The conductivity of the twisted zig-
zag tube is least among all. The variation of thermal
conductivity with twisting angle shows two different
patterns; one set of values for twisting angle of 0-
0.3°/Å and othe] set is fo] 0.4-0.6°/Å [Figs. 9 and
10] for zigzag and chiral SWCNTs. For armchair
SWCNT the same variation of thermal conductivity
is observed for all twisting angles [Fig. 11]. The val-
ues of thermal conductivity of the SWCNTs for length
of 50 Å a]e tabulated in Table 1. Fo] the twisted

Fig. 9. Thermal conductivity of a twisted zigzag
SWCNT at two different twisting angles.

Fig. 10. Thermal conductivity of the (6,3) SWCNT
at two different twisting angles.

Fig. 11. Thermal conductivity of an armchair SWCNT
at twisting angle 0.6°/Å.

Thermal conductivity (Wm-1 K-1)

Zigzag Chiral Armchair
SWCNT SWCNT SWCNT

Untwisted 132.3 345.2 349.5
SWCNT
Twisted 161.1 487.9 728.9
SWCNT

Table 1. Thermal conductivity of the untwisted and
twisted SWCNTs of length 50 Å.

tubes, the highest values of the thermal conductiv-
ity are tabulated. Comparing with the thermal con-
ductivity of the untwisted chiral SWCNTs, here it is
observed that with the increase of twisting angle,
conductivity increases for all three types of
SWCNTs. It can be inferred that either the chiral
tubes or the tubes which have changed chiral indi-
ces due to twisting have greater thermal conductiv-
ity. As the armchair symmetry is changed due to
torsional strain, they also exhibit higher thermal
conductivity like the untwisted chiral tube.

5. CONCLUSIONS

By homogeneous non-equilibrium method using
modified Morse potential thermal conductivity of
single walled carbon nanotubes is calculated which
shows maximum conductivity for the largest diam-
eter armchair tube and lowest conductivity for small-
est diameter chiral tube. Large variation of thermal
conductivity on temperature is observed for armchair
tube, while the same tube shows only a little varia-
tion of conductivity with length. Among the three
tubes, the conductivity varies a lot with length.
Phonon energy variation for different chirality tubes
gives the phonon-phonon interaction at different tem-
peratures. High carrier mobility in CNTs is also
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proved. Twisted SWCNTs show higher thermal con-
ductivity than that of the untwisted tubes.
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