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Abstract. A new mechanism of fracture toughness enhancement in nanostructured materials
containing inclusions of the second phase is suggested. The mechanism represents the
cooperative grain boundary (GB) sliding and stress-driven GB migration process near the tips of
growing cracks. It is shown that this mechanism can increase the critical stress intensity factor
for crack growth in nanostructured materials with inclusions by a factor of two or more and thus
considerably enhances the fracture toughness of such materials.

1. INTRODUCTION

Nanostructured materials exhibit outstanding me-
chanical properties (first of all, superior strength),
which are highly important for a range of structural
and functional applications; see, e.g., [1-10]. These
properties are crucially influenced by plastic defor-
mation mechanisms/modes operating in such ma-
terials and having specific features due to large
amounts of grain boundaries in such materials. In
particular, stress-driven migration of grain bounda-
ries (GBs) represents one of grain boundary defor-
mation modes effectively operating in
nanostructured materials [11-35].

Up to now, some rather impressive progress has
been achieved in experimental identification, com-
puter simulations and theoretical description of de-
formation processes occurring through the stress-
driven migration of grain boundaries nanocrystalline
materials with a homogeneous chemical structure.
At the same time, research of the stress-driven mi-

gration of grain boundaries in such chemically inho-
mogeneous materials as nanostructured metals
containing inclusions of the second phase is lim-
ited. Recently, we proposed several theoretical
models [13,14,18,28,29] describing stress-driven
migration in metal-based composites (specifically
metal-graphene composites). In fact the same mod-
els is applicable not only to metal-graphene com-
posites, but also to any metals containing inclu-
sions of the second phase. For example, Al-matrix
and Al-alloy-matrix nanocomposites with ceramic
Al

2
O

3
 inclusions [36,37], or metallic alloys with

metallic nanoinclusions [38-41] like Al-3Mg-0.2Sc
alloy, containing Al

3
Sc precipitates used as model

system in the theoretical model [28].
In the above mentioned theoretical models

[13,14,18,28,29] we considered exclusively stress-
driven GB migration. But it is known from earlier
works [11,12,30], that GB migration is often accom-
panied by GB sliding and both mechanisms can
effectively accommodate each other effectively en-
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hancing ductility of material. As was shown in Ref.
[30], this cooperative action of GB sliding and mi-
gration can effectively increase critical stress inten-
sity factor for crack growth in nanocrystalline met-
als and ceramics by a factor of 3 or more. The main
of this paper is to extend the approach developed in
Ref. [30] on the nanostructured materials contain-
ing inclusions of second phase to describe opera-
tion of the cooperative GB sliding and migration proc-
ess near crack tips and to theoretically analyze its
effect (associated with the local stress relaxation
near crack tips) on the fracture toughness.

Fig. 1. Grain boundary deformation processes in nanocrystalline specimen with inclusions near a crack tip.
(a) General view. (b) Initial configuration I of grain boundaries. (c) Configuration II results from pure grain
boundary sliding. Dipole of disclinations AC is generated due to grain boundary sliding. (d) Configuration III
results from cooperative grain boundary sliding and migration process. System of 8 disclinations are gener-
ated due to this cooperative process.

2. COOPERATIVE GRAIN BOUNDARY
SLIDING AND MIGRATION NEAR A
CRACK TIP: MODEL

Let us consider the geometric features of coopera-
tive GB sliding and migration in a deformed
nanostructured specimen with a crack (Fig. 1). The
specimen also contains inclusions dispersed
throughout its volume (red rectangles in Fig. 1). For
definiteness, we focus our analysis on the situation
where the crack is flat, and the specimen is under a
tensile load 

0
 normal to the crack plane; that is, a
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mode I cracking (Fig. 1a). The applied load and high
stress concentration near the crack tip can induce
both GB migration and sliding near this tip (Fig. 1).
These processes release, in part, the high elastic
stresses near the crack tip and thereby can slow
down crack growth. Assuming that the intensity of
GB migration and sliding and their effect on crack
growth strongly increase with a decrease of the dis-
tance between the crack tip and GBs involved in
these processes, it is reasonable to believe that
the dominant effect of GB migration and sliding proc-
esses on crack propagation may be determined by
these processes near the tip.

The geometry of this deformation mechanism is
schematically presented in Fig. 1. Fig. 1a depicts a
two-dimensional section of a deformed
nanocrystalline specimen. Within the framework of
the model [30], GB sliding occurs under the applied
shear stress and transforms the initial configuration
I of GBs (Fig. 1b) into configuration II (Fig. 1c). GB
sliding is assumed to be accommodated, in part,
by emission of lattice dislocations from triple junc-
tions (Fig. 1c). Besides, following Refs. [42,43], GB
sliding results in the formation of a dipole of wedge
disclinations AC in configuration II (Fig. 1c) charac-
terized by strengths ± with magnitude  being
equal to the tilt misorientation of the GB AB, which
is assumed to be a symmetric tilt boundary. The
disclination dipole AC has an arm (the distance
between the disclinations) equal to the magnitude x
of the relative displacement of grains (Fig. 1c).

We further assume [30] that, in parallel with GB
sliding, stress-driven GB migration occurs as well,
so that the stress fields of defects created by GB
sliding are, in part, accommodated by the defects
created by GB migration. Unlike the situation in [30],
in this case GB migration is partially hindered by
the presence of immobile inclusions in the mate-
rial. For simplicity, we consider here the case where
inclusion is located right at the migrating GB. Fol-
lowing the model of GB migration in material with
inclusions proposed in Ref. [14], the segment BC
of the GB AD stays immobile (due to the presence
of the immobile inclusion), whereas the GB seg-
ments AD and EB migrate to their new positions
A’D’ and E’F, respectively. Similar to the model [14]
we assume here that both segments migrate si-
multaneously the same distance y. Stress-driven
migration of the GB AB gives rise to the formation of
new GB fragments DD’ and EE’ (Fig. 1d). Besides,
for geometric reasons, stress-driven GB migration
is accompanied by formation of wedge disclinations
at GB junctions [44] (Fig. 1d). Stress-driven migra-
tion of the GB AB (Figs. 1d) violates balance of GB

misorientation angles at pre-existent and new GB
junctions A, B, D, E, A’, B’, D’ and E’ so that these
junctions contain wedge disclinations (shown as
triangles in Fig. 1c) serving as powerful stress
sources. All disclinations resulting from both GB
sliding and GB migration in Fig. 1 have strengths
either + or - (shown as white and black triangles,
respectively), where the strength magnitude  is
equal to tilt misorientation of the GB AB. The
disclination with the strength + appearing at the
point A due to GB sliding and the disclination with
the strength - appearing at the same point due to
GB migration annihilate, so there is no disclination
at point A as shown in Fig. 1d.

As a result, the cooperative GB sliding and mi-
gration process transforms the initial configuration I
(Fig. 1b) into the final configuration III (Fig. 1d). Dur-
ing this processes, in parallel with GB sliding that
causes the relative displacement of grains over the
distance x, stress-driven migration of the vertical GB
hindered by inclusion occurs (partially) over the dis-
tance y (Fig. 1d). The cooperative GB sliding and
migration process leads to the formation of 8 wedge
disclinations whose positions are specified by pa-
rameters x and y.

3. ENERGY CHARACTERISTICS OF
COOPERATIVE GRAIN BOUNDARY
MIGRATION AND SLIDING
PROCESS NEAR CRACK TIP

Let us now consider the effect of the applied tensile
load and a long flat mode I crack on the cooperative
GB sliding and migration process in a
nanocrystalline specimen with inclusions (Fig. 1).
The specimen is supposed to be an elastically iso-
tropic solid characterized by the shear modulus G
and Poisson’s ratio . The vertical GB AB is as-
sumed to be normal to the crack growth direction
and make an angle  with the grain boundaries AA1
and BB2 (Fig. 1b). Let the triple junction A lie di-
rectly below at a distance p from the crack tip and
the length of all GBs in the initial state (Fig. 1b) be
denoted as d. Position and size of the inclusion is
specified by the following parameters: 2a – the length
of inclusion (and the GB fragment DE), h – the dis-
tance between point B and middle point of the in-
clusion. Within the framework of proposed model
only the length of the inclusion in the direction par-
allel to the GB plane is important (length in the per-
pendicular direction is irrelevant). To calculate the
parameters of the cooperative GB sliding and mi-
gration process, let us first calculate the energy
change W associated with the formation of the
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disclination configuration shown in Fig. 1d. We use here the results of the work [30], where the scheme for
such calculation is developed. The energy change W can be written as:

8 7 8 8

1 1 1 1

( , ) ( , , , ) ( , ) ,
j j j k int j k j k j j j gb sl

j j k j j

W W r s s W r r s W r W A 

    

               (1)

where (r
j
,

j
) are the coordinates of the jth disclination in the polar coordinate system with the origin at the

crack tip (j = 1–8; see Fig. 1), and the rest of the symbols are defined as follows: W(r
j
,

j
) is the energy of

the jth disclination in the solid with a crack, W
int

(r
j
, r

k
,

j
, 

k
) is the energy of the interaction between the jth

and kth disclinations assuming that both disclinations have the strength +; W-(r
j
,

j
) is the energy of the

interaction between the disclination with the strength +, lying in the point (r
j
,

j
), and the stress field 

il

induced by the applied load near the crack tip; W
gb

is the change in the GB energy due to the formation of
the new GB segments DD’ and EE’,  and A

sl
 is the work of the stress  

il
 done on GB sliding, which does

not account the formation of disclinations. The parameters s
j
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In Eq. (1), we neglected the resistance to GB sliding associated with both the “friction” of the grain boundary
AA

1
 and the increase of its length in the course of GB sliding. All terms in (1) except W

gb
 are found in Ref.

[30]:
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where h(r/d) and g(r
j
/d, r

k
/d, 

j
, 

k
) are known functions [45], 

I
K  is the stress intensity factor associated with

the applied load 
0
. The remaining term W

gb
 is given by:

2 ,
gb gb

W y    (4)

where 
gb

is the specific GB energy .
Thus, we have obtained appropriate expressions (2)–(4) for all the energy terms appearing in (1) for the

total energy W. The typical dependence W(x/d, y/d) are shown in Fig. 2, for the exemplary case of Al-

based alloy Al-3Mg-0.2Sc, containing Al
3
Sc inclusions, and 

I
K  = br

IC
K , where 4 / (1 )br

IC e
K G     is the

critical value of the stress intensity factor in the absence of disclinations (that is, in the case of brittle
fracture). In general, br

IC
K  depends on 

e
, where 

e
= (with  being free surface energy) in the case of an

intragrain crack, and 
e
 =-

gb
/2 in the case of a intergrain (GB) crack. Fig. 2 presents the plot W(x/d,y/d)

for intergrain crack. In plotting Fig. 2, we used the following values of parameters (for simplicity, we used
here values for pure nanocrystalline Al): G = 26.5 GPa,  = 0.34 [46],  = 0.54 J/m2 [47], 

gb
 = 0.4 J/m2

[48], = 2/3, d = 50 nm, p = d, = 17°, h = 0.5d, a = 0.1d. The curve with arrow in Fig. 2 shows the line
of the largest (in magnitude) energy gradient leading to a point M specifying minimum of the energy change
W at some equilibrium values x=x

0
 and y=y

0
of the distances of GB sliding and GB migration, respectively.

Our analysis shows that general aspects of sliding and migration distances dependences on the various
parameters of the system in question is very similar to those discovered in Ref. [30], so we will not discuss



9Effect of cooperative grain boundary sliding and migration on fracture toughness of...

Fig. 2. Contour map of the energy change W as-
sociated with the cooperative grain boundary mi-
gration and sliding process (near the tip of a large
mode I crack in Al-based alloy) in the coordinate
space (x/d, y/d), for the case =17°, h=0.5, a=0.1d.
The energy W is given in units of 10–8 J m–1.

them here. In this article we are mainly interested
in the aspects of fracture toughness behavior, which
are considered in the next section.

4. CRITICAL STRESS INTENSITY
FACTOR FOR CRACK GROWTH IN
NANOSTRUCTURED SOLID WITH
INCLUSIONS

Now let us consider the effect of disclination con-
figuration, resulting from the cooperative GB migra-
tion and sliding, on the fracture toughness of a
nanocrystalline solid. To do so, we will use the
standard crack growth criterion [49] based on the
balance between the driving force related to a de-
crease in the elastic energy and the hampering force
related to occurrence of a new free surface during
crack growth. In the examined case of the plane
strain state, this criterion is given [49] by

 2 21
2 ,

2
I II e

K K
G

 
    (5)

where K
I
 (mode I) and K

II
 (mode II) are the stress

intensity factors for normal (to crack plane) and shear
loading, respectively. In the considered situation
where the crack growth direction is perpendicular
to the direction of the external load, the coefficients
K

I
 and K

II
 are given by the expressions

, ,q q

I I I II II
K K k K k    (6)

where 
I

k  and 
II

k  are the stress intensity factors
associated with the internal stresses created by the
disclinations located near the crack tip (Fig. 1).

Within the above macroscopic mechanical de-
scription, the effect of the local plastic flow – the
cooperative GB migration and sliding mechanism
resulting in the formation of wedge disclinations –
on crack growth can be accounted for through the
introduction of the critical stress intensity factor K

IC
.

In this case, the crack is considered as that propa-
gating under the action of the tensile load perpen-
dicular to the crack growth direction, while the pres-
ence of the disclinations simply changes the value
of K

IC
 corresponding to the case of brittle crack

propagation. In these circumstances, the critical
condition for the crack growth can be represented
as (e.g., Ref. [50]): 

I
K = K

IC
.

Substituting Eq. (6) into Eq. (5) and using the
critical condition 

I
K = K

IC
, we find the following ex-

pression for K
IC

 [45]:
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, and, thus, Eq. (7) provides
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IC
.
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I
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Using the above expressions, one can numerically
solve Eq. (7) for K

IC
 in the following way. For a pre-

set value of 
I

K , one calculates the energy change
W and the equilibrium GB migration distances x

0

and y
0
 that correspond to a minimum of W. Sub-

stituting the obtained values of x
0
 and y

0
 into Eq.

(8), we deduce the values of 
I

k  and 
II

k . Then we
compute the quantities 

IC
k   and 

IIC
k   with the assump-

tion that 
I

K = K
IC

. On the next step, we calculate



10 S.V. Bobylev, A.S. Kochnev and N.V. Skiba

K
IC

 using Eq. (7) and estimate the difference be-
tween the so obtained value of K

IC
 and the value of

I
K . Then we vary the preset value of 

I
K  and repeat

the above procedure until the value of K
IC

 (given by
Eq. (7)) becomes sufficiently close (within speci-
fied error margin) to the value of 

I
K .

In order to estimate the effect of the disclinations
produced by the cooperative GB migration and slid-
ing process (Fig. 1) on crack growth, one should
compare the critical stress intensity factor K

IC
 with

the quantity br

IC
K . To do so, we have calculated the

ratio K
IC
/ br

IC
K . in the cases of nanocrystalline Al-based

alloy and nanocomposite Ni-graphene with p=d=50
nm, various values of  and of the other parameters
(for Al-based alloy we used value specific for pure
Al; see above); for Ni-graphene composite we used
values for pure Ni: G=73 GPa, =0.31 [51], =1.725
J/m2, and 

gb
=0.69 J/m2 [46]. In the case of an

intragrain crack in Al-based alloy and values of pa-
rameters h=0.5d, a=0.1d specifying inclusion size
and position, the calculations give the following re-
sults. For =45°, we obtain K

IC
/ br

IC
K  1.31; for =30°,

we obtain K
IC

/ br

IC
K  1.59; for =15°, we obtain K

IC
/

br

IC
K  3.11. It should be noted that at low enough
values of  (like =15°) Eq. (7) cannot be solved
with the algorithm described above. It is because at
those values of  the system goes into unstable
mode, where both sliding and migration distances
grow uncontrollably (as W(x,y) becomes monoto-
nously decreasing function with no minimum). To
obtain ratio K

IC
/ br

IC
K  in those cases we use the same

rough estimation as in Ref. [30]: we assume that
the length of GB sliding cannot exceed GB length
d, manually set equilibrium sliding distance x

0
=d

and calculate K
IC

/ Kbr
IC

 using that distance.
In the case of a GB crack in nanocrystalline Al-

based alloy, our calculations give the following re-
sults. For =45°, we obtain K

IC
/ br

IC
K  1.29; for =30°,

we obtain K
IC

/ br

IC
K  1.40; for =15°, we obtain

K
IC

/ br

IC
K  3.14. As is seen, for the same values of ,

the values of the ratio K
IC

/ br

IC
K  characterizing a GB

crack are very close to those characterizing an
intragrain crack.

Similarly, in the case of an intragrain crack in
Ni-graphene nanocomposite, one derives the follow-
ing results. For =45°, we obtain K

IC
/ br

IC
K  1.36; for

=30°, we obtain K
IC

/ br

IC
K  1.52; for =15°, we ob-

tain K
IC

/ br

IC
K  2.62. For a GB crack in Ni-graphene

nanocomposite, we have K
IC

/ br

IC
K  1.34, 1.48, 2.78,

for =45°, 30° and 15°, respectively.
Thus, the values of K

IC
/ br

IC
K  in the cases of GB

and intragrain cracks are practically the same (at
least, for the cases of =30° and 45°). With these
theoretical estimates, one can conclude that (a)

conditions for occurrence of the cooperative GB slid-
ing and migration process near intergrain and
intragrain cracks are very similar; (b) the effects of
the cooperative GB sliding and migration process
on the local stress relaxation near tips of intergrain
and intragrain cracks are very similar; and, as a
corollary, (c) the effects of the cooperative GB slid-
ing and migration process on crack growth in the
cases of intergranular and intragrain fracture proc-
esses are very similar.

Comparison with the results of the earlier model
[30] in the case of unhindered by inclusions GB
migration shows that presence of inclusions in the
materials lowers the value of K

IC
/ br

IC
K  by about 25%,

Fig. 3. Dependences of normalized critical stress
intensity factor K

IC
/ br

IC
K in the case of a grain bound-

ary crack in Al-based alloy and Ni-graphene com-
posite on (a) grain size d; (b) inclusion half-length
a; (c) parameter h, specifying position of the inclu-
sion relative to grain boundary plane.
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which is expected as the plasticity associated with
GB migration is obviously suppressed by inclusions.

Now let us consider the effect of grain size and
parameters characterizing size and positions of in-
clusions on the critical stress intensity factor K

IC
.

To do so, we calculated the dependence of K
IC

/ br

IC
K

on grain size d in the case of a GB crack in
nanocrystalline Al-based alloy and Ni-graphene
nanocomposite. The dependences are presented in
Fig. 3a, for =30°, p=d, h=0.5d, a=0.1d and other
parameter values specified above. Fig. 3a demon-
strates that, as the grain size increases from 10 to
100 nm, the ratio K

IC
/ br

IC
K  decreases. This tendency

allows us to conclude that the suggested coopera-
tive GB sliding and migration mechanism is most
effective in fracture toughness enhancement in
nanocrystalline materials at finest grain sizes. It is
contrasted to the situation with lattice dislocation
emission from crack tips – the conventional toughen-
ing mechanism in metallic materials [52,53] – whose
enhancing effect on the fracture toughness of
nanocrystalline metals rapidly decreases with a
decrease in grain size [54].

Fig. 3b presents dependences of K
IC

/ br

IC
K  on the

inclusion half-length a calculated for =30°, d=50
nm, p=d, h=0.5d. Fig. 3b demonstrates that ratio
K

IC
/ br

IC
K  monotonously decreases with increasing

length of the inclusion, which is consistent with the
results obtained in Ref. [14] showing that GB mi-
gration (expressed in the form of equilibrium migra-
tion distance) is suppressed for longer inclusion.
Fig. 3c shows dependences of K

IC
/ br

IC
K  on the pa-

rameter h specifying position of the inclusion rela-
tive to GB plane (see Fig. 1). This figure demon-
strates that critical stress intensity factor weakly
depends on the inclusion position relative to GB
plane with slight tendency to decreasing with in-
creasing parameter h. So main conclusion we can
make here is that the primary factor affecting frac-
ture toughness is the inclusion size: the smaller
the inclusion size the bigger is the ratio K

IC
/ br

IC
K .

Comparison with the results of work [30] shows that
the presence of inclusions lowers the ratio K

IC
/ br

IC
K

by a factor of about 25% compared to a materials
without inclusions.

Thus, the results of our calculations show that
cooperative GB migration and sliding along a single
GB can make the critical stress intensity factor K

IC

several times larger. Apparently, cooperative GB
migration and sliding along various GBs can increase
the value of K

IC
 much further and, as a result, may

lead to a significant increase of fracture toughness,
as compared to the case of pure brittle fracture.

5. CONCLUDING REMARKS

We have theoretically described the cooperative GB
sliding and migration process near crack tips and
its effect on the growth of sufficiently large cracks
in deformed nanostructured metals with inclusions
of the second phase. The cooperative GB sliding
and migration deformation mechanism is shown to
increase the critical stress intensity factors by sev-
eral times and, as a result, it may lead to a signifi-
cant enhancement of fracture toughness of these
materials. This mechanism is equally effective for
growth suppression of both intra- and intergranular
cracks.

The presence of inclusions lowers the ratio K
IC

by a factor of about 25% compared to a materials
without inclusions due to obvious suppression of
plasticity by inclusions serving as obstacles to GB
migration. Most important parameter affecting frac-
ture toughness is the inclusion size, while position
of the inclusion relative to GB plane is not very im-
portant.

In general, several deformation mechanisms –
lattice dislocation slip, GB sliding, stress-driven GB
migration as well as rotational deformation modes
and other – can contribute to plastic deformation in
nanocrystalline materials and may thus result in frac-
ture toughness enhancement of such materials. The
effect of each mechanism on the fracture toughness
of a nanocrystalline specimen depends on the struc-
ture of the specimen and its loading conditions. It is
the effective combined action of various deforma-
tion mechanisms at certain conditions that can pro-
vide the experimentally observed high fracture tough-
ness of nanocrystalline metals and ceramics.
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