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Abstract. A model is proposed describing the effect of crack bridging on the fracture toughness
of ceramic/graphene composites. The dependences of the fracture toughness on the graphene
content and the sizes of the graphene platelets are calculated in the exemplary case of yttria
stabilized zirconia (YSZ)/graphene composites. The calculations predict that if crack bridging
prevails over crack deflection during crack growth, the maximum toughening can be achieved in
the case of long graphene platelets provided that the latter do not rupture and adhere well to the
matrix. The model shows good correlation with the experimental data at low graphene
concentrations.

1. INTRODUCTION
Due to its superior mechanical, optical and thermal
properties, high electrical conductivity and a large
specific surface area, graphene is an excellent
nanofiller in polymer-, metal-, and ceramic-matrix
ÖâàãâæÜçØæ ¢æØØ¥ Ø§Ú§¥ åØéÜØêæ Òª–ª«Ó£§ Àá ãÔåçÜÖè¦
lar, in the last few years, various research groups
have begun synthesizing ceramic nanocomposites
containing nanoinclusions (with a thickness of several nanometers) of graphene or reduced graphene
oxide [3-5,10-36]. The studies of these composites
have shown that graphene inclusions (also called
graphene platelets or graphene nanoplates (GNPs)),
which are usually located along the grain boundaries of the ceramic matrix, can lead to a significant
increase in the fracture toughness, bending strength
Ôá× ØßØÖçåÜÖÔß Öâá×èÖçÜéÜçì âÙ ÖØåÔàÜÖæ Ò¬–®¥ª©–¬¯Ó§
In particular, small volume fractions of nanoplates
of graphene or reduced graphene oxide can lead to
a significant increase in the fracture toughness of
ceramics. For example, the authors of [15] found

an increase in the fracture toughness of silicon nitride by 135 percent by adding 1.5 volume percent
of GNPs. Such a dramatic increase in fracture toughness was explained [15] primarily by the formation
of dense ensembles of graphene sheets that surround individual grains and cause a change in the
direction of growing cracks. Lee et al. [25] observed
a 2.5-fold increase of the fracture toughness of
alumina after the addition of 2 vol.% of reduced
graphene oxide. Another example of a significant
increase in fracture toughness is tantalum carbide
[22], in which GNPs increased the fracture toughness by 99 percent. At the same time, other similar
æçè×ÜØæ âÙ ÖØåÔàÜÖæ çâèÚÛØáØ× Õì ¾ÅÇæ Ò®¥ª¯–
19,21,23,27,29] have not demonstrated such strong
toughening.
Structural studies have shown that an increase
in the fracture toughness of such nanocomposites
is associated primarily with crack bridging by
graphene inclusions, the pull-out of graphene inclusions from the matrix, as well as with crack deflec-
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Fig. 1. Crack in a ceramic/graphene composite with aligned graphene platelets. The traction in the crackbridging zone are discretized into a series of concentrated forces f0(xi).
çÜâá Ôá× ÕåÔáÖÛÜáÚ Òª®–ª²¥««¥«¬Ó¥ ÔßçÛâèÚÛ çÛØ ãåØæ¦
ence of graphene wrinkles and out-of-plane compression of graphene platelets can also contribute
to the toughening of ceramic/graphene composites
[10]. At the same time, the experimental data on
fracture toughness of ceramic/graphene composÜçØæ Ò¬–®¥ª©–¬¯Ó ×â áâç Ôßßâê âáØ çâ åØéØÔß çÛØ ØÙ¦
fects of the geometry of graphene nanoplatelets and
structure of ceramics on the fracture toughness of
ceramic/graphene composites.
ÊØéØåÔß ÔèçÛâåæ Ò¬°–¬²Ó ãåØéÜâèæßì çÛØâåØçÜÖÔßßì
examined the toughening effects of graphene platelets in ceramic- and polymer-matrix composites. In
particular, Zhang et al. [37] estimated the contribution of graphene platelet pull-out to the fracture
toughness of a polymer reinforced by graphene
platelets. To do so, they calculated the work needed
to pull graphene platelets out of the matrix near the
crack tip. However, their model seems to be simplified because they assumed that each graphene
platelet is completely pulled out immediately after
the crack front passes by the platelet, which can
be the case only for very short platelets. Besides,
they neglected the contribution of platelet bridges
in the wake of the crack. Ramirez and Osendi [38]
applied the solution [40] describing the toughening
of fiber-reinforced ceramics for ceramics reinforced
by graphene platelets, which, however, did not account for the real planar shape of platelets. Both
studies [37,38] obtained the linear dependence between the critical energy release rate and the volume fraction of graphene.
ºÛâè Ôá× ¾åØØá ÒªÓ Ôá× ÆéÜ×’Þâ Ôá×
Sheinerman [39] calculated the effect of crack deflection in ceramics reinforced by SiC and graphene
platelets, respectively. They demonstrated that even
at a small volume fraction of platelets (up to 2-4%),

crack deflection can increase fracture toughness
by several tens percent. At the same time, electron
microscopy observations (see, e.g., reviews
[4,5,10,11]) of cracks and fracture surfaces of ceramic/graphene composites highlight a very important role of crack bridging combined with platelet
pull-out in the toughening of ceramic/graphene composites. The important role of crack bridging is further supported by the character of crack resistance
curves [5] (which demonstrate a significant increase
of the fracture toughness with the crack length), the
observations of GNP wrinkling [4,5,10,11] and wrapping around grains [15,42], which can strongly increase the friction force between the GNPs and the
ceramic matrix in the course of GNP pull-out. Therefore, in the following, we will employ the method
developed by Shao et al. [43] for the description of
the bridging-induced toughening of nacre to calculate the effect of crack bridging in ceramic/graphene
composites on their fracture toughness, depending
on the volume fraction and geometric parameters of
graphene platelets.

2. CRACK BRIDGING IN CERAMIC/
GRAPHENE COMPOSITES. MODEL
Let us consider crack propagation in a deformed
composite specimen containing graphene platelets.
To do so, consider a model straight semi-infinite
mode I crack intersecting a system of identical
platelets (with the equal length and width l and thickness h) perpendicular to the crack plane (Fig. 1). In
the region behind the crack tip where the distance
between the crack surfaces is smaller than the
graphene platelet length l, referred to as the crackbridging zone, platelets form bridges between the
crack surfaces. The friction between the platelets
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Fig. 2. Geometry of crack bridging in a ceramic/graphene composite. (a) Schematic view of a composite
sample with a propagating crack. The red color is used for the grain boundaries occupied by graphene
platelets. (b) Enlarged view of the crack bridging zone. (c) Top-down view on the crack plane showing grain
boundary structure with a fraction of grain boundaries containing graphene platelets (shown in red).

and the ceramic matrix produces the bridging forces,
acting at each matrix/platelet interface (Fig. 1).
These forces create a resistance to the crack opening, thereby increasing the fracture toughness of
the ceramic/graphene composite. In the Cartesian
coordinate system (x,y) with the origin at the boundary of the crack-bridging zone (see Fig. 1) these
forces (per unit length in the direction normal to the
plane of Fig. 1) are written [43] as:

f0 ( x i )  ( x i )

 l  v ( x ) .
i
 2


(1)

Here xi are the coordinates of the matrix/platelet
interfaces where the forces act (i takes the integers
from 1 to N, where N is the total number of bridging
forces), v(xi) is the crack face opening displacement
at the position x = xi (which is equal to the pull-out
length of the platelet at the same location), (xi) is
the average shear stress at the interface between
the bridging platelet and the matrix. In the following,
for the examined case of ceramic/graphene composites, we assume that the stress (xi) does not
depend on the crack opening displacement at the
point x = xi and put (xi) =0, where 0 is a material
constant.
One should note that in reality, graphene platelets, which commonly occupy ceramic grain

boundaries, do not lie in parallel planes (see Fig.
2a). At the same time, in graphene/ceramic composites produced using spark plasma sintering with
uniaxial pressure, graphene platelets tend to predominantly lie in the planes normal or nearly normal to the direction of the pressure applied during
sintering (see, e.g., reviews [4,5,10,11]). (For example, in Si3N4/graphene composites produced in
Ref. [44] by spark plasma sintering, more than 80%
âÙ çÛØ ÚåÔãÛØáØ ãßÔçØßØçæ êØåØ âåÜØáçØ× êÜçÛÜá ±ª®°
of the dominant orientation direction.) Therefore, we
focus on the case of ceramic/graphene composites
with aligned graphene platelets, subjected to a
uniaxial tensile load applied along such platelets,
and consider the platelets as lying in the planes
normal to the crack plane. The deviations of their
orientations from these planes will be incorporated
into the parameter 0. Within our model, this parameter also incorporates the wrinkling and bending of
graphene platelets, which increase the friction force
between the platelets and the matrix in the course
of platelet pull-out, as well as the relaxation of the
thermal mismatch stresses during this process. We
also assume that in addition to the case of aligned
platelets, the above model can be used as a first
approximation for the situation of random platelet
orientations. In the latter situation, the parameter 0
should also incorporate the deviations of the plate-
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let orientations from the planes normal to the crack
plane.
We further assume that graphene fully covers a
fraction fgr of grain boundaries (these boundaries are
shown in red in Fig. 2a). To account for the spatial
distribution of platelets in the framework of the model
approach developed by Shao et al. [43], we use the
following procedure. We divide the crack-bridging
zone in the crack plane into a system of N identical
layers whose width dl in the crack growth direction
is small compared to the length br of the crack bridging zone (see Fig. 2b and the top-down view on the
crack plane in Fig. 2c). In this case, the crack face
opening displacements v can be considered as constant within each layer. We approximate an ensemble of the concentrated forces acting within each
layer at the matrix/platelet interfaces by a single
concentrated force F(i) defined as the sum of the
forces created by all the graphene platelets intersecting this layer. We also assume that the forces
F(i) act in the middle section of each layer at the
positions given by the coordinates (in the coordinate system shown in Figs. 2b and 2c)

 i  ( i  1 / 2)d l , i  1,2,..., N.

,

2

(5)

where w is the layer length in the direction of the zaxis (crack width; see Fig. 2c) and 2 is the constant of the order of unity. Then from (4) and (5) we
have

Lgb 

1wd l
 2d

wd l



,

(6)

d

where  =1/2. The parameter  can be easily
calculated in the case of regular grain shapes. For
example, if we take the grain boundary length as
the grain size in the case of model columnar grains
with a square base, we get = 4, and for columnar
grains with the base in the form of regular hexagons, we have = 4/ 3  2.3.
The parameter fgr appearing in formula (3) is related to the volume fraction c of graphene, grain size
d and platelet thickness h via the following expression:
3h

c

(3)

ËÛØá¥ èæÜáÚ ÙâåàèßÔæ ¢¬£–¢°£¥ êØ ÖÔá ãåØæØáç çÛØ
forces F(i) in the following form:

Here the factor 0[l/2v(i)] represents the force (per
unit length) given by formula (1), and it is doubled to
account for the friction on both lateral surfaces of a
platelet, Lgb is the total length (in the crack plane) of
all the grain boundaries intersecting the crack plane
within the ith layer, and the product Lgb fgr represents the total length of grain boundaries covered
with graphene (i.e. the total length of graphene platelets in the crack plane within the ith layer).
The total length of grain boundary lines within
each layer, which is basically the total perimeter of
the planar grain boundary structure, can be written
as
Lgb  1N grains d ,

 2d

(2)

The forces F(i) can be expressed as
F (  i )  2 0 [l / 2  v (  i )]Lgb fgr .

dlw

Ngrains 
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(4)

where Ngrains is the number of grains within the layer,
d is the grain size and 1 is the constant of the
order of unity. Formula (4) reflects the simple geometrical fact that the perimeter of a cross section of
a grain by the crack plane is proportional to the
grain size. The total number of grains Ngrains within
each layer can be estimated as the ratio of the layer
area to the grain area:

d

fgr .

F (i ) 

(7)

2cd l w
3h

0 [l / 2  v (  i )].

(8)

As a result, the forces per unit length of the layers
in the direction of the z-axis (see Fig. 2c) are given
as

f ( i )  F ( i ) / w 

2cd l
3h

0 [l / 2  v (  i )].

(9)

Notice that the stresses f(i) do not depend on the
grain size.
The fracture toughness KIC of the ceramic/
graphene composite can be written [43] as
K IC  K I  K I ,
0

br

(10)

where K I0 is the fracture toughness without the toughening effect of crack-bridging platelets and K Ibr is
the total stress intensity factor created by the bridging
forces, which is negative. The stress intensity factor K Ibr is expressed [43,45] as

KI  
br

2 cd l 0


3h

N

l  2v (  i )

i 1

 br   i



.

(11)
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The absolute value of K Ibr increases with increasing
br, eventually reaching saturation when the crack
enters the steady-state propagation mode [43], in
which the crack propagates but the crack-bridging
zone is kept at a constant length. In the steadystate mode, a new platelet bridge formed at the right
end of the crack-bridging zone is always accompanied by a complete pull-out of a platelet at the left
end.
In order to use formula (11), one should calculate the crack opening displacements v(i). This is
achieved by solving the following system on N linear equations [43]:

 br   i

0

v (i ) 

4K I

2 E

4cd l 0  br   i
3 Eh
2cd l 0
3 Eh
ln



N

l  2v (  n )

n 1

 br   n





N

p.v .  l  2v (  n ) 
n 1

 br   i 

 br   n

 br   i 

 br   n

(12)

.

Here E is the Young modulus and p.v. stands for
discrete Cauchy principal value (the definition and
the instructions on how to calculate p.v. can be found
in the Appendix of Ref. [43]). The length of the bridging
zone appearing in formula (12) is defined as br=
Ndl. For definiteness, we also initially put dl = 3l, in
which case the relation dl << br should be satisfied,
as a rule. (In the latter case KIC should not depend
on dl.) To calculate the number N of the layers, we
solve the system of linear equations (12) for various
N until the relation v(i)  l/2 is satisfied (we find
value of N that gives v(i) as close to l/2 as possible). If for the calculated value of N, the relation
dl << br is not fulfilled, we decrease the value of dl
and repeat the calculations. If the solution of system (12) gives v(i) < 0 in a small region very close
to the crack tip, we put v(i) = 0 in this region. After
solving equations (12), for specified values of K I0
and 0, we can calculate the fracture toughness KIC
of the ceramic/graphene composite using formulae
(10) and (11).

3. RESULTS AND DISCUSSION
In this section we calculate the dependences of the
fracture toughness of ceramic/graphene composites on various parameters in the exemplary case
of yttria stabilized zirconia (YSZ)/graphene compos-

ite using the experimental data from Refs. [29,46].
All the calculations are performed for the steadystate crack propagation mode characterized by
sufficiently large crack lengths (see the previous
section). We calibrated our model using experimental data [29,46] for the case of low graphene contents (when fracture toughness is not expected to
decay due to increasing porosity typical of the ceramic/graphene composites with a high graphene
concentration). For the YSZ/graphene specimens
with characteristic graphene platelet dimensions
l = 0.5 m and h = 21.7 nm, experimental results
[46] are as follows: K I0 ¶ ¬§± ÄÇÔ·à1/2; = KIC/K I0
= 1.083 for the YSZ+0.2 wt.% graphene composite
(which gives c = 0.54 vol.% using the density values from [46]) and  = 1.143 for the YSZ + 0.3 wt.%
graphene composite (which corresponds to c = 0.81
vol.%).
Using the value of the Young modulus E = 577
GPa for unreinforced YSZ [47] and the values of
other parameters specified above, we obtained good
fit to experimental data [29,46] at  = 2.5 (which is
close to the value   2.3 for columnar hexagonal
grains) and 0 = 200 MPa. In this case, our calculations give:   1.1 and 1.15 for YSZ+0.2 wt.%
graphene and YSZ+0.3 wt.% graphene, respectively.
At high graphene concentrations, however, the calculated toughening ratio  = KIC/K I0 considerably
exceeds the experimental values, which can be attributed to an increase in porosity or the activation
of other mechanisms reducing fracture toughness.
For example, for YSZ+1 wt.% graphene (c = 2.7
vol.%) our model gives   1.45 whereas the measured fracture toughness improvement is ~20%.
In Ref. [29] similar YSZ/graphene specimens
were produced but with considerably thinner platelets characterized by the average thickness h = 7
nm. Their average length is not indicated, but SEM
images from Ref. [29] demonstrate that the platelets are several hundreds nanometers in length (most
ãåâÕÔÕßì¥ Üá çÛØ åÔáÚØ ¬©©–®©© áà£§ ËÛØ àØÔæèåØ¦
ments [29] provided the following results: K I0 =7.8
ÄÇÔ·à1/2,   1.038 and 1.09 for c = 0.25 and 0.5
vol.%, respectively. For h = 7 nm, l = 500 nm,  =
2.5, and 0 = 200 MPa, our calculations yield:  
1.03 at c = 0.25 vol.% and   1.07 at c=0.5 vol.%.
In contrast to the results of Ref. [46], for higher
graphene concentrations, the experimental data from
Ref. [29] shows rapid growth of fracture toughness.
For example, at c = 2 vol.%, our model gives  
1.27 whereas the measured increase in toughness
is ~64%.
From the above analysis it follows that the values  = 2.5 and 0 = 200 MPa provide fairly good fit
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Fig. 3. Dependences of the toughening ratio  on
the graphene volume fraction c for YSZ/graphene
composites with (a) the graphene platelet thickness
h = 7 nm and various values of the platelet length l;
(b) the graphene platelet length l = 0.5 m and various values of the platelet thickness h.

of the model results to the experimental data for the
YSZ/graphene system at a low graphene concentration. To further confirm that this value is within
the range of realistic values, we have compared it
with the interfacial shear strength of Al/graphene and
polyethylene/graphene obtained from the atomistic
simulations (we have not found the data on the interfacial shear strength of YSZ/graphene). The value
0 = 200 MPa proves to be close enough to the simulated interfacial shear strength of Al/graphene (up
to 183 MPa) and polyethylene/graphene (up to 232
MPa) obtained in Ref. [48]. It also lies in the range
of the interfacial shear strength values (from 140 to
760 MPa) obtained in Ref. [49] for polyethylene/
graphene. This implies that our estimate of 0 is close
enough to the characteristic values of the interfacial
shear strength of other composites containing
graphene platelets.
Now we can plot the dependences of the toughening ratio  = KIC/K I0 on various parameters (c, l,
h) to obtain theoretical estimates for the crack-bridging induced toughening. Below we put  = 2.5, 0 =
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Fig. 4. Dependences of the toughening ratio  on
the graphene platelet thickness h for YSZ/graphene
composites with (a) the graphene volume fraction
c = 1% and various values of the platelet length l;
(b) the graphene platelet length l = 0.5 m and various values of the graphene volume fraction.

200 MPa, E = 577 GPa [47], and K I0 ¶ °§± ÄÇÔ·
m1/2 [29]. Fig. 3 shows the dependences of the toughening ratio  on the graphene volume fraction c for
various values of the platelet length l (Fig. 3a) and
platelet thickness h (Fig. 3b). The curves in Fig. 3a
and 3b are calculated for h = 7 nm and l = 0.5 m,
respectively. Fig. 3 demonstrates that the toughening ratio  increases with increasing the graphene
content c in the composite, and the normalized increase in fracture toughness due to graphene (KIC 
0
0
K I )/K I =   1 scales with the graphene volume
fraction c approximately as  1 ~ c0.8. This means
that our model predicts faster growth of the fracture
toughness with the graphene volume fraction than
previous models [37,38], which predicted KIC  K I0 ~
c1/2.
It should be noted that Fig. 3 describes the case
of small enough graphene concentration. The experiments on ceramic/graphene composites demonstrate that at sufficiently high graphene concentrations, further increase in c leads to a decrease in
toughness attributed to graphene clustering and
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Fig. 5. Dependences of the toughening ratio  on
the graphene platelet length l for YSZ/graphene
composites with (a) the platelet thickness h = 7 nm
and various values of the graphene volume fraction
c; (b) the graphene volume fraction c = 1% and various values of the platelet thickness h.

porosity increase (e.g., [4,5,10,11]). In this case,
the dependences shown in Fig. 3 are no more valid.
Fig. 4 shows the dependences of the toughening ratio  on the platelet thickness h for various
values of the platelet length l (Fig. 4a) and graphene
volume fraction c (Fig. 4b). The curves in Figs. 4a
and 4b are calculated for c = 1 vol.% and l = 0.5
m, respectively. Fig. 4 shows that the toughening
ratio  decreases with increasing platelet thickness
h. The reason is that the higher the thickness of the
platelets, the fewer platelets are found in the composite (for a fixed graphene volume fraction), meaning fewer crack bridges. This means that for a specified graphene volume fraction c, thinner platelets
produce stronger toughening. However, a simple
variation of platelet thickness without a change of
their number will not affect crack-bridging induced
toughening.
Fig. 5 shows the dependences of the toughening ratio  on the platelet length l for various values
of the graphene volume fraction c (Fig. 5a) and the
platelet thickness h (Fig. 5b). The curves in Fig. 4a
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are calculated for h = 7 nm and c = 1 vol. %. Fig. 5
demonstrates that the toughening ratio  increases
with increasing platelet length. Although for a fixed
graphene volume fraction c, a higher platelet length
means fewer platelets in the composite, the fact
that a longer platelet is much harder to pull out from
the matrix due to a larger area of the interface between the platelet and the matrix easily beats the
former factor. The dependences in Fig. 5 are valid
for platelet lengths below the values at which
graphene platelets can rupture. The critical length
lc for the destruction of graphene platelets can be
estimated from the equation 0lc = mh, where m is
the fracture strength of graphene platelets. The latter relation yields: lc/h = m/0. If we estimate the
fracture strength of graphene platelets as that of
monolayer graphene (from 35 GPa for some specimens of polycrystalline graphene to 130 GPa for
pristine graphene [50-52]), we obtain: lc/h=175-650.
This means that apart from the upper part of the
upper curve in Fig. 5b, the curves in Fig. 5 lie in the
range where graphene platelets surely do not rupture.
½ÜÚæ§ ¬–® ×ØàâáæçåÔçØ çÛÔç ÜÙ ÖåÔÖÞ ÕåÜ×ÚÜáÚ Üæ
the dominant mechanism controlling crack propagation in YSZ/graphene composites, it can increase
fracture toughness by up to ~100%, depending on
the amount of graphene in the composite and platelet dimensions. This toughness improvement is comparable with the typical experimentally observed
çâèÚÛØáÜáÚ éÔßèØæ Ò«°¥«²¥¯Ó ¢èæèÔßßì ÔÕâèç «©–
60%).

4. CONCLUDING REMARKS
Thus, we have suggested a model describing the
effect of crack bridging on the fracture toughness of
ceramic/graphene composites. Within the model,
a mode I crack propagates normally to flat aligned
graphene platelets, whose pullout from the ceramic
matrix in the wake of the crack toughens the composite. For the exemplary case of YSZ/graphene
composites, we have demonstrated that the crackbridging-induced fracture toughness enhancement
KIC  K I0 scales with the graphene volume fraction c
approximately as KIC  K I0 ~ c0.8. The calculations
also revealed that, for a specified graphene volume
fraction, longer platelets produce better crack-bridging-related toughening than smaller ones.
At the same time, for a specified volume fraction
of graphene platelets, large platelets are characterized by higher average spacing, which can result in
a less uniform platelet distribution and thereby reduce the fracture toughness of the composite. In
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addition, if the platelets do not adhere very well to
the matrix, long platelets produce weak interfaces
that can themselves initiate fracture or promote the
propagation of existing cracks. For example, in
alumina/graphene composites, an increase in the
length of graphene platelets can activate sliding over
the alumina/graphene interfaces near crack tips,
which was shown to reduce fracture toughness [53].
Thus, the structural design of tough ceramic/
graphene composites requires a simultaneous account for multiple crack propagation mechanisms.
This will be the subject of the further investigations
of the authors.
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