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Abstract. A uniform compression is applied to opposite sides of a two-dimensional unit square
with remaining sides fixed. Deformation of the square made of an isotropic material is studied
numerically for different values of its Poisson’s ratio, ν. The simulations indicate that in a range
of negative values of the Poisson’s ratio, the displacement vector near the vertices behaves in
anomalous way - it can be even antiparallel to the direction of the loading force.

1. INTRODUCTION
Mechanical properties of materials are crucial for
many practical applications. Modern technologies
often require materials of unusual properties. These
two facts have stimulated interest in various materials of anomalous mechanical properties. Recently,
an increasing interest is observed in materials exhibiting anomalous (negative) Poisson’s ratio [1-5].
Poisson’s ratio (PR), ν, together with Young’s modulus, (E), constitute a set of quantities describing
mechanical properties of isotropic linear elastic
(Hookean) bodies. PR is defined by the formula [6]
u yy = −νu xx .

(1)

It follows from the above definition that if PR is
negative, the body will shrink transversally when
compressed and expand when stretched. Such a
behaviour, although counterintuitive, is admissible
from the point of view of thermodynamic stability
even for isotropic materials, see e.g. equation (6) in
Ref. [7]. Mechanical [8] and thermodynamic [9]
models of materials showing negative PR have been
proposed in eighties. The true interest in the field of
such counterintuitive systems has been started,
however, when Lakes manufactured foams of negative PR [1]. Because of exhibiting uncommon way
of elastic deformation such materials have been
coined ‘anti-rubber’ [10], dilational materials [11] or
auxetics [12]. In the following text we will use the
last of those names.
Despite auxetics are already known for more than
two decades, the mechanisms responsible for their
anomalous properties are still under intensive studies [5]. Investigations of various models are particularly useful in this context [13-23]. Moreover, analysis of simple models can reveal various unusual
phenomena [12,24]. A recent example was de-

where uxx and uyy are, respectively, the longitudinal
and transverse strains accompanying infinitesimal
change of the longitudinal stress σxx. According to
(1), Poisson’s ratio measures the negative ratio of
transverse to longitudinal response due to longitudinal stress acting. The negative sign is used to
make this quantity positive for common materials,
as they usually shrink transversally when stretched.
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scribed by Strêk et al [25] who studied, a thick,
three-dimensional elastic plate, made of isotropic
material of a given Poisson’s ratio. A horizontal loading was applied to two smaller opposite parallel faces
of the cuboid plate. The two lateral smaller faces
were fixed while the remaining (upper and lower)
large faces were free. It has been observed that when
the Poisson’s ratio was close to its minimum value,
which is equal to -1 for isotropic materials [6], the
displacement vector in some regions near the corners showed a component directed opposite to the
applied force. Such a deformation reminds those
which occur in materials of negative stiffness, or
negative rigidity, or negative compliance [26-29]. The
latter materials are of interest and importance because they can be applied as inclusions in composites of extreme properties, like extreme stiffness,
extreme hardness, extreme dumping, etc. [26-30].
In this paper we consider two-dimensional (2D)
analogue of the three-dimensonal (3D) plate studied by Strêk et al. [25] - a square with two fixed
horizontal sides under horizontal loading applied to
vertical sides. The aim of the present study is to
check if the counterintuitive behavior observed by
Strêk et al [25] occurs also in 2D. Taking into account that 2D systems are usually simpler than 3D
ones because the former have less degrees of freedom, it is natural to expect that studies of 2D systems require less computational effort and may give
a better insight into the phenomenon discussed.
Indeed, the numerical investigations described in
this paper not only show that anti-parallel displacement observed earlier in 3D [25] occurs also in 2D
but allow one to conclude that this phenomenon
occurs at much higher values of the Poisson’s ratio
than observed in 3D.
The paper is organized as follows. In section 2
the model under study is defined and some theoretical background concerning elasticity of continuous media is reminded briefly. Numerical solution
of the model is shown in section 3. The last section
4 presents the conclusions.

It is assumed that the considered two-dimensional
unit square (Fig. 1) is made of a linear and isotropic
2D material of Young’s modulus, E, and Poisson’s
ratio, ν.
The equilibrium equation of static linear elasticity theory without any internal forces is [6]

∂x j

= 0,
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Fig. 1. Geometry of the system studied. Arrows
indicate the (uniform compression) force field applied. Oblique lines indicate the fixed sides, i.e. those
with Dirichlet boundary conditions.

where the Einstein summation convention is used,
stress tensor, σij , is related to the linear strain, εij ,
by the formula [6]:
σ ij = 2µε ij + λε ll δ ij ,

(3)

and the latter is expressed through the displacement vector, ui, by the relation

1  ∂u

∂u j 
+

.
2  ∂x j ∂xi 

ε ij =

(4)

In terms of the displacement field the equilibrium,
Eq. (2) can be written as

∂ ui
2

µ

∂x j ∂x j

+ (λ + µ )

∂ uj
2

∂x j ∂x i

= 0.

(5)

The considered boundary conditions (see Fig. 1)
are as follows:

Γ R : σ xx = −1.0 and σ xy = σ yy = 0,

2. THE MODEL AND ITS SOLUTION

∂σ ij

y

(2)

Γ B ∪ ΓT : u x = u y = 0,

(6)

Γ L : σ xx = 1.0 and σ xy = σ yy = 0.
The quantities λ and µ, called Lamé constants,
are in 2D space connected with Young’s modulus
and Poisson’s ratio by the equalities
λ=

Eν

(1 − ν )(1 + ν )

, µ=

E
2 (1 + ν )

.

(7)
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Fig. 2. Uniform mesh of 200 Lagrange triangle elements what corresponds to 11x11 points on the
edges and to N = 10 intervals on each edge. In the
simulations, typical values were N = 250, 500, 1000,
2000.
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3. NUMERICAL RESULTS
The domain was a unit square AxA, divided into
Lagrange (triangle) elements, see Fig. 2, so the mesh
is uniform and no refinement was done.

6.00
5.00
ux

Finite Element Method (FEM) based on Galerkin
approach has been used to solve the system of elliptic differential Eqs. (5) with the boundary conditions (6). The idea of the method is to transform
Eqs. (5) to a discrete variational problem by multiplying that equation by components of a (vector)
test function vi in a discrete test space Vˆh and integrating it over a mesh on the square. For a chosen
mesh and chosen set of test functions solution is
searched for, which minimizes the residuum of the
operator defined by the Eqs. (5) with the boundary
conditions (6) [31].
The numerical simulations were run on own software written using FEniCS [32,33] - the finite element suite. FEniCS is an opensource package,
which provides complete set of FEM routines,
namely
· generating the mesh,
· generating test (and trial) function spaces,
· assembly of the matrices,
· backends to the most advaned algebra packages.
FEniCS consists of several sub-projects. Each
is responsible for a different step of FEM procedure.
The results obtained by FEniCS have been verified
by using ABAQUS [34] and GET-FEM++ [35]. Excellent agreement was observed between all the
three packages.
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Fig. 3. ux, being the x-component of the displacement vector multiplied by 109, as a function of y for
the Poisson’s ratio ν = 0.7; the figures (a), (b), and
(c) show, respectively, the whole dependence and
its details near the bottom-left corner. The numbers
in the legend describe the values of N for the meshes
used.
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Fig. 4. The same as in Fig. 3 but for the Poisson’s
ratio ν = 0.

Fig. 5. The same as in Fig. 3 but for the Poisson’s
ratio ν = -0.7.
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Fig. 6. The inverse N dependence of νc(N). The dotted line goes through the points corresponding to
the two largest values of N = 1400; 2000.

Functions of first order were taken as the test
(so also basis) functions. The accuracy of calculations grows with increasing density of the mesh
reaching exact result for infinitely dense mesh.
Obviously, only finite meshes can be simulated by
present computers. The upper limit of mesh density was 15 680 000 triangle elements of first order
with 7 845 601 points, what is equal to N = 2800
intervals at a single side of the unit square. The
(material) constants defining the sample and the
experiment were chosen to be the same as in Ref.
[25], i.e. E = 2:1x1011 N/m, |P| ≡ |σxx| = 104 N/m, and
A = 1 m; one should note that in 2D the units of E;
P are different than in 3D.
Figs. 3-5 show details of the dependence x-component of the displacement field, ux, on the y-component of the boundary ΓL. It can be seen in those
figures that for positive and zero values of Poisson’s
ratio ν the sign of ux is positive, i.e. the same as the
sign of the acting force. However, when ν = -0.7
parts of the surface of the square behave in anomalous way having negative ux which is opposite to
the force direction!
The critical values of Poisson’s ratio νc(N), below which anomalous behaviour of ux was observed
for chosen N, were determined for some N and are
plotted in Fig. 6. It can be seen there that νc(N) is
an increasing function of N and is convex as a function of 1/N. Thus, -0.25 <νc ≡ limN → ∞νc(N).
To ensure that the counterintuitive results are
reliable some of crucial cases were checked using
another FEM libraries - GETFEM++ [35] and
ABAQUS [34] which showed exactly the same unusual behavior of the sample.

Deformation of a two-dimensional isotropic material
forming a square sample with two sides fixed and
the other two remaining under uniform compression
load was studied for a positive Young’s modulus
and Poisson’s ratios in the range ν ∈ (-1.0, 1.0), i.e.
in the whole range of mechanical stability of the
material. It has been shown that for negative
Poisson’s ratios in the range (-1, nc) certain domains
of the material near the corners of the sample behave in a counterintuitive way - the material in those
domains moves in the direction opposite to the pressure applied. As such a behavior can be thought of
as a locally negative compliance, the following comments are worth to be drawn.
First, the problem of existence of a material of
negative compliance and without internal instability
is very interesting and important. One of the reasons is that combining two materials of the same
absolute value of compliance but of opposite signs,
gives a material of infinite modulus. When the absolute values are not the same but just close to
each other, one may obtain very large modulus, e.g.
very hard material as has been recently demonstrated by Lakes and co-workers [30].
Second, the observed unusual phenomenon has
its source in the constrains (fixed sides) applied to
the auxetic material. This constitutes a further evidence supporting the thesis presented in Ref. [29]
that negative compliance can be obtained without
internal instability when constraints are present in
the system.
Third, the present calculations prove that in 2D
the critical value of Poisson’s ratio, νc, below which
the negative compliance effect occurs is not less
than -0.25. Taking into account that, in the finite
mesh calculations performed, the finer mesh the
lower amplitude of Poisson’s ratio for which the local negative compliance effect was observed, it is
attractive to expect that the true critical value in 2D
is zero, νc = 0.
Extensive simulations are in progress to verify
the latter hypothesis both in 2D and 3D. If it is true,
then any auxetic material will lead to negative compliance!
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