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Abstract
It is well known that the material behavior at the micro- and (even more) at the
nanoscale is size dependent, which is reflected, e.g., in a stiffer elastic response. Therefore, Finite Element (FE) simulations of micro- and nanoelectromechanical systems
should be able to incorporate the size effect. We focus on non-local theories, such as
the couple stress and micro-polar theory for linear elasticity and implement the developed variational formulation in the open-source finite element code, called FEniCS® .
Beam bending simulations with decreasing beam thicknesses were carried out. The
material data and the geometries are in accordance with the experimental setup of
Lam et al. (2003) [9] so that the numerical results are comparable to some experimental data. For a benchmark test of the numerical effectiveness an analytical solution
for the one-dimensional Euler-Bernoulli beam theory was derived from the deformation energy density of couple stress theory. The final purpose of this procedure is to
determine the material length scale parameter by an inverse analysis. The problem of
boundary conditions for the additional derivatives of the displacement gradients and
the strong dependence between the characteristic size of the finite elements and the
intrinsic material length scale parameter are discussed.

1

Introduction

A quantitative understanding of a size effect in microstructures reflected in, for example, a
stiffer elastic material behavior on the micro- and on the nanoscale is of great importance
during modeling of micro- and nanoelectromechanical systems. A different deformation behavior on the micrometer scale has been observed first in metals and polymers deforming
plastically, [15] and [6]. As far as a size effect in elasticity is concerned, Lam et al. (2003)
[9] observed an increase in bending rigidities of micro-beams made of epoxy. The values for
the bending rigidities were about 2.4 times larger than predicted by conventional theory if
beam thicknesses decreased from 120 to 20 µm. McFarland et al. (2005) [12] have observed
similar variations in the bending rigidities of polypropylene micro cantilevers. The corresponding loading was also within the linear elastic regime. Analogously other experiments
have shown an apparent increase in Young’s modulus of elasticity without referring to
non-local theories, [4] and [10]. Lam et al. (2003) [9] have shown that the elastic behavior
of epoxy is independent of the thickness of the sample in the absence of strain gradients (for
example, in uniaxial tensile tests). On the other hand a size effect in simple beam bending
tests of the same samples (and thus in the presence of strain gradients) was observed.
Conventional theories based on the Boltzmann (or a.k.a. Cauchy) continuum are not able
to predict the size effect. The so-called micro polar continuum theory, developed by [16],
[13] and [5] originated from the work of E. and F. Cosserat (1909) [3], who introduced the
idea of “point couples.” Altenbach et al. (2010) [1] give a detailed history of the origin of
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FE-implementation of higher gradient theories and its use for experimental analysis
micro polar theories. In the present study, we interpret each material point of a deformable
body as a particle that is able to undergo a microscopic rotation in addition to the macroscopic translation. Thus the balance of the angular momentum will completely uncouple
from the balance of linear momentum. Rumor has it that this has even been anticipated
in the very early days of mechanics, namely in the middle of the 18th century by Euler,
Bernoulli and Lagrange (cf., [17]). By connecting the intrinsic rotation to the macroscopic
rotation vector, we are dealing with the Cosserat pseudo-continuum, also referred to as the
couple stress model. Consequently, we have only one additional length scale parameter.
Since second order derivatives of the displacements are taken into account, such theories
violate the principles of local action and of simple bodies because the finite neighborhood
will influence the deformation behavior of a certain material point.
In order to describe the size effect modified strain gradient theories have been developed
until today. Moreover, so-called methods of size effect [8] have been defined in terms of
a better experimental accessibility. By performing beam-bending simulations for slender
micro-beams with decreasing thicknesses, we will use one of these methods here. Some
research on the Finite Element Method (FEM) deals with the adjustment of special finite
element formulations for the calculation and the evaluation of the second order displacement gradients in terms of the entire strain gradient theory, [18] and [2]. In contrast, the
present study implements the couple stress theory of linear elasticity and is based consistently on the balance of linear momentum and on the independent balance of angular
momentum. This will provide the possibility of a more or less rational justification of the
size effect just by referring to the intrinsic rotations of the particles of a material. Influences of rotations on the material behavior also take part in the strain gradient and in the
modified strain gradient theory.
The derived variational formulation is then built into the FEniCS® program. The novel
open-source FE-software FEniCS® provides a collection of open-source packages for automated, efficient solutions of various differential equations, [11]. In this context, we take
the impact of singular surfaces into account and include a jump of fields at the interfaces
of the element.

2

Variational formulation

In our numerical study we start from the static balance of linear momentum and spin,
without body-forces or body-couples. Following the summation convention for repeated
indices, the divergence of the stress tensor, the associated constitutive law for the symmetric
part of the force stresses and the balance of spin [9] read:
sym
σji,j = 0 , σij
= λεkk δij + 2Gεij

,

µji,j + εijk σjk = 0 ,

(1)

sym
σji , σij
,

where
µji , εijk , εij , δij , λ and G are the so-called force stress tensor, the symmetric part of the force stress tensor, the couple stress tensor, the alternating tensor, the
linear strain tensor, the Kronecker delta, Lamé’s constant and the shear modulus, respectively. We form the balance for the total angular momentum consisting of x × v and s
(where x , v and s are the vectors of the position, the velocity and the spin of the particle,
respectively), which is a conserved quantity. Next, we assume static conditions, apply
Gauss’ theorem and follow the rules of tensor calculus:
Z
I
Z


d
εijk xj vk+si dm= nl εijk xj σlk+µli dA= (εilk σlk+εijk xj σlk,l+µli,l )dV = 0 . (2)
dt
M

∂V

V

nl denotes the surface normal of the volume surface and, in what follows, of the finite
elements. In the balance of total angular momentum, Eqn. (2), the contribution of the
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divergence of the stress tensor vanishes: The (static) balance of linear momentum implies
that the divergence of the force stress tensor is zero. By multiplying the balance of linear
momentum with arbitrary test functions of translation, δuk , and the balance of angular
momentum with test functions of rotation, δϕk , which so far are independent of each other,
both balances read:

R

σli,l δui dV = 0
 Z
V
R
(σli,l δui + µli,l δϕi +εilk σlk δϕi )dV = 0 .
(3)
(εilk σlk + µli,l )δϕi dV = 0 
| {z } | {z }

V

V

(1)

(2)

Because of the arbitrariness and independence of both sets of test functions, the information
contained in the original two equations is not affected by the summation. We transform
the expression denoted by (1) in Eqn. (3) into a surface integral by means of Gauss’
theorem. Hence, force boundary conditions in terms of the applied loads result. We also
transform the expression (2) in Eqn. (3) with Gauss’ theorem. Hence, we eliminate the
derivative of third order of the displacement field in the couple stress tensor. Note that in
anticipation of the finite element formulation Gauss’ theorem is used in its more general
form including jump terms:
Z
I
I
0 = σli δui,l dV + nl (σli δui )dA − [[σli δui ]]nl dAs +
V

Z

∂V

I

− µli δϕi,l dV +
V

As

[[µli δϕi ]]nl dAs + εilk σlk δϕi dV .

nl (µli δϕi )dA −
∂V

Z

I
As

(4)

V

We now proceed to explain the importance of this formal procedure for FE: The volume
V is decomposed into small subvolumes in which the field of the displacement (and, as
we shall see, by coupling to the displacement also the rotation field) is approximated by
polynomials. Now, since the force stress tensor and the couple stress tensor are related to
the displacements and to the rotations by a constitutive law they will also be approximated
polynomially. However, this way continuity of the displacement fields between the elements
is not guaranteed yet, and needs to be accounted for by jumps of the form shown in Eqn.
(4). We denote a jump by double parenthesis and assume the same material parameters in
all finite elements. The nodes of two neighboring finite elements and their test functions for
displacements, δuk , are denoted with “+” and “-.” The first jump [[σli δui ]]nl = (σli+ δu+
i −
− +
−
σli δui )nl is equal to zero, because the same test functions for displacements and the
−
same displacement gradients u+
i,j = ui,j lead to the same stresses at the interface of the
neighboring elements.
From this point on, we replace the intrinsic rotation vector by the macroscopic rotation
vector of the isotropic elasticity [7]: ϕi = − 12 εijk uk,j and its variation δϕi = − 21 εijk δuk,j .
As a result of the coupling, the non-symmetric part of the force stress tensor, i.e., the
production of rotation in Eqn. (4) will cancel with a part of the first term: We decompose
sym
asym
the stress tensor into its symmetric and its anti-symmetric part (σij = σij
+ σij
). By
asym
1
expanding it can be shown that σij
= − 2 εrij εrkl σkl . Thus, Hooke’s law preserves its
validity for representing force stresses. We insert the macroscopic rotation vector and the
decomposition of the stress tensor into Eqn. (4) and get:

Z
1
1
sym
asym 
0=
σli + σli
δui,l + εimn εikl σkl − µli εimn δum,nl dV +
2
2
V

I
I 
(5)

1
1 + +
+
−
µli δum,n − µ−
δu
n
ε
dA
.
+
nl σli δui − nl µli εimn δum,n dA −
s
m,n
li
l imn
2
2
∂V
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The stress- and couple stress vectors acting on the boundary of the volume are denoted
by ti = nl σli and mi = nl µli , respectively. The couple stress vector corresponding to an
external load will be set equal to zero since in practice it is difficult to apply anyway. As
shown in [9] the couple stress tensor is symmetric. By using the symmetric part of the
rotation gradient χij , which is deviatoric by nature:


1
1
(6)
χkl =
ϕk,l + ϕl,k = − εlij uj,ik + εkij uj,il ,
2
4
the constitutive law for the couple stresses can be expressed as:

1
(7)
µlk = 2Gl2 χlk = − Gl2 εlij uj,ik + εkij uj,il .
2
By exploiting the symmetry and the deviatoric nature of the rotation gradient there will be
only be one additional parameter (namely 2Gl2 , [7]) linking the couple stress to the rotation
measure. If this parameter is set equal to zero the couple stress theory reduces to the
conventional one. We utilize the strain tensor for small displacements εkr = 12 uk,r + ur,k
instead of uk,r , and the rotation gradient tensor χlk instead of − 12 εlmn un,mk . Next, we
write down the final variational form as follows:
Z
I
I

1
sym
0 = σli δεli + µli δχli dV + tk δuk dA −
[[µli δum,n ]]εimn nl dAs .
(8)
2
V

∂V

As

The local form of Eqn. (8) lead to an elliptic partial differential equation of rank two.

3

Boundary conditions and implementation

Following a conventional three-dimensional elasto-static finite element analysis of a unilaterally clamped beam, we suppress the macroscopic motion and rotation of the entire finite
element model by setting the displacements of the finite element nodes on the clamping
surface equal to zero (implemented as Dirichlet boundary conditions). In particular, we
incorporate no boundary condition for the microscopic rotation due to the direct coupling
of the rotations. We apply the Galerkin method for spatial discretization to the expression
shown in Eqn. (8). We have implemented the variational form in the context of the open
source project FEniCS® and programmed a post-processing routine in the programming
language python. For visualization, we used the open-source software Paraview-4® .
The mesh is built up by using equidistantly distributed tetrahedral continuous Lagrange
elements with a polynomial degree of two corresponding to the rank of the resulting elliptic partial differential equation. The evaluation of the numerically calculated second order
derivatives of the displacements is limited to just a few calculation points, and there is
no interpolation in between. The routine of solving the system matrix is the method of
Gaussian elimination (LU, for a lower / upper decomposition) with low effort in time. The
material data is in agreement with the values for epoxy from [9]. These were reported to
be E = 3.8GPa, ν = 0.38 and l = 17.6µm. The material length scale parameter l had
been determined by experiments.
The Poisson ratio ν for the constitutive law of the force stresses (Hooke’s law) is assumed as zero in order to make the results of the three-dimensional FEM comparable to
the Euler-Bernoulli beam theory (see Appendix). In general, the one-dimensional analytical model assumes a plane strain condition. For the material law of the couple stresses,
we recalculate Young’s modulus by E ∗ = E(1 − ν 2 ) with the help of the transformation
rules between plane stress and plane strain conditions. Thus we accommodate all the
simplifications of the one-dimensional analytical solution (see Appendix). In addition, we
utilize the shear modulus G = E ∗ /(2 + 2ν) for the constitutive law of the couple stresses,
47
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as is widely done in literature on couple stress theory. The force F is applied in terms of
a stress vector tk = (0, 0, −F/A) acting on the corresponding cross-sectional area A. The
numerical accuracy of the iterative solution strategy has been set to a value of 1.0E-10 for
the relative and for the absolute error tolerance, respectively.
We have changed the number of tetrahedral elements, however, without altering their aspect ratio (see Figure 1) and compared the maximum displacement uz to the corresponding
analytical result (see Appendix). When setting the material length scale parameter to zero,
the deviation of the displacement uz to the analytical results was about 0.1% for all different meshes. By setting the material length scale parameter non equal to zero the deviations
of uz to the analytical solution were approximately 0.8%. This value was only achieved
for a mesh density, in which the edge length of the tetrahedral elements was two times the
material length scale parameter itself. This implies a strong correlation between the size
of the elements and the material length scale parameter. However, we did not investigate
this correlation in detail. Some authors propose a correction factor that evaluates the ratio
of the volume to the surface area of the different element sizes, [14].

Figure 1: The mesh and an example of the deformation of an unilaterally clamped beam
under the implementation of the Eqn. (8) in FeniCS® .
In the present study, the edge lengths of the elements correspond directly to the beam
thicknesses, which also requires a minimum number of elements. For a proof that the
additional influences of the rotations stem from strain gradients we also performed simulations of uniaxial tension tests. As a result, the ux -values of the tension simulations (where
no strain gradients are present) do not depend on the material length scale parameter.
We have structured the source code for the FE-simulations in terms of two objectives.
First, we have simulated the bending rigidities of the beam while the dimensions of the
beam were decreased. Figure 2 shows the corresponding results of the present FEM study.
Second, for a constant beam geometry, but for different material length scale parameters
we examined the deformation characteristics along the beam as follows: With the help of
post-processing based on the numerical solution of the displacement field ui we calculated
the deflection curve (Figure 3, left), the y-component of the rotation vector (Figure 3,
right):
1
(9)
ϕy = − εyjk uk,j with j, k = x, y, z ,
2
the strain in x-direction (Figure 4, left):
εx = ux,x ,
(10)
the equivalent r
strain (Figure 4, right):
2 0 0
εVGL =
ε ε ,
3 ij ij

(11)

(the prime refers to deviatoric strains) the yx-component of rotation gradient (Figure 5,
left):

1
(12)
χyx = − εyij uj,ix + εxij uj,iy with i, j = x, y, z ,
4
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and the equivalent
r couple stress (Figure 5, right):
3
(13)
µVGL =
µij µij ,
2
at specific evaluation points. These equidistantly distributed evaluation points were situated along a straight line of the axis of the beam. The line and the interspaces of the points
we determined by fitting of the line to a position with minimal “noise” of the results. The
resulting plots give information about some important deformation characteristics of the
couple stress theory (e.g., the rotation and the rotation gradient) and about the deviation
of those from conventional theory (e.g., the strain in x-direction).

4

Results

Figure 2: Normalized bending rigidities at different heights H of the beam. (cf., Appendix,
Eqn. (15))
The results for the increasing bending rigidities are in very good agreement to the results
of the couple stress analysis based on the Euler-Bernoulli hypothesis (see Appendix)
and to the experiments. The boundary condition at the fixed end of the beam causes some
overestimate in the strain and rotation measures. The influence of Poisson’s ratio results
in a complex state of stress around the fixture. As mentioned above, only the constitutive
law for the couple stresses depends on Poisson’s ratio and thus this effect around the
fixture is eminent for the equivalent couple stresses and for increasing material length scale
parameters. As an unexpected result we, first, observe a reduction of the y-component of
the rotation vector along the axial coordinate of the beam when increasing the material
length scale parameter (see Figure 3, right). Second, the strains in x-direction behave
non-linearly along the axial coordinate of the beam, whereas the equivalent strains stay
linear. The reduction in the slopes of the equivalent strain distribution when increasing
the material length scale parameters is in agreement to the predictions of one-dimensional
beam theory (see Appendix, Eqn. (14)2 ).

5

Appendix

Based on the strain energy density of the couple stress theory (cf., [9]) we apply the
Euler-Bernoulli assumptions of pure beam bending. By the principle of virtual work,
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Figure 3: The deflection curve and the rotation vector, calculated at the equidistantly
distributed points along a line in the interior of body. The beam geometry is: length/width/height = 4800/30/30 µm, the force is F=1 µN, and the material data are for
epoxy (see above).

Figure 4: The strain in x-direction and the rotation gradient along the beam axis.

Figure 5: The equivalent strain and the equivalent couple stress along the beam axis.
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the corresponding differential equation EI + 12 GAl2 wIV (x) = q(x), ∀x ∈ (0, L) can be

derived. By using as boundary conditions Zw000 (L) = F , Zw(0) = 0, Zw0 (0) = 
0 and
1
2
00
Zw (L) = 0, where Z is an expression for the bending stiffness, Z = EI + 2 GAl , the
analytical deflection line and the" analytical #strains in x-direction read:
x3 Lx2
Fz
F

 [x − L] .
−
, εx = 
w(x) = − 
(14)
1
6
2
EI + GAl2
EI + 1 GAl2
2

2

Here, we use the isotropic shear modulus, G = E/(2 + 2ν), without transformation of
Young’s modulus between plain strain and plane stress condition. The bending rigidity
from the couple stress theory, D = F/w(L), is the ratio of the external force to the
deflection of the point where the force acts. B and H denote the width and the height
of the beam, respectively. Then, by comparison to the conventional bending rigidity,
D0 = EI, and by expanding the second moment of inertia, I = BH 3 /12, and the area of
the cross-section, A = BH, the normalized
bending rigidity of couple stress theory reads:
 2 !
D
l
3
= 1+
.
(15)
D0
(1 + ν) H
This formula additionally depends on the external beam dimension, H, as well as on the
internal length scale parameter, l. This assures the ability of the present model to simulate
the size effect by including a non-local theory.
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