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Abstract
In this report a novel approach for the modelling of residual stresses in human
arteries is proposed. The starting point in a variety of contributions is the opening
angle of the section of an artery as a consequence of a longitudinal cut. In contrast to
this, we focus directly on the gradients of the fiber stresses in radial direction. As an
underlying optimization criterion we assume that these gradients have to be smoothed
between its inner and outer margins of the individual layers in an appropriate way. In
order to do this we define “small” radial sections for the media and adventitia, where
this condition has to be enforced independently. The efficiency of the proposed model
is demonstrated by means of a patient-specific cross section of a diseased artery in a
two-dimensional simulation.

1

Introduction

The assumption that a cylindrical arterial segment, which is not loaded with any external
force, is stress free was disproved experimentally by Vaishnav & Vossoughi [46]. They
sliced circular rings of bovine and porcine abdominal aortas radially. After the radial
sectioning the rings opened up into a horseshoe leading to the conclusion that the aorta
is residually stressed in circumferential direction when it is intact but free from external
forces. However, Bergel [7] seems to be the first who observed this phenomenon. In Chuong
& Fung [12] it was stated that residual stresses reduce the magnitude of the stresses and
the stress gradient of a pressurized artery significantly, see also Fung [14]. Takamizawa &
Hayashi [45] suggested that the residual stresses cause an almost uniform circumferential
strain distribution under physiological pressure; this is called the uniform-strain hypothesis.
In Nollert et al. [30] it is stated that a reduction of the stress gradient at the inner side of
the arterial wall may reduce the risk of atherogenesis. Further experimental observations
on rat aortas showed that the level of the segmental opening differs depending on the
position of the segment in the aortic tree, see Liu & Fung [27]. Thus, the opening angle θ
gradually varies from the ascending aorta to the lumbar region: it starts by 160◦ , follows
a curve to 60◦ , tends toward zero before becoming slightly negative and increases again
over 60◦ . Liu & Fung [28] banded abdominal rat aortas near the celiac trunk in order to
establish hypertension. Then they discussed the change of the opening angle as a result
of hypertension and hypertrophy and found out that a change in blood pressure changes
the residual strains and therefore the opening angle significantly. They stated that the
residual-strain change is stress-modulated. A study on the circumferential residual stresses
in the left ventricle and the trachea is given in Omens & Fung [33] and Han & Fung [19],
respectively. The zero-stress state of small blood vessels, which consists of 79–57% smooth
muscles, was investigated by Fung & Liu [15]. Additionally, the effect of several drugs on
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the microvessels were presented. Experiments on bovine aortas done by Vossoughi et al. [48]
showed that even the cutted configuration is not fully stress-free. Additional circumferential
cuts caused different opening angles for the individual arterial layers. Thus, the magnitude
of opening of the inner layers increases while those of the outer layers reduces indicating
that stresses still remain after the radial cut. Experiments on human aortas in SchulzeBauer et al. [41] revealed also that residual stresses are not vanishing by a single cut, see
also the study of Matsumoto et al. [29] on porcine thoracic aortas. Greenwald et al. [18]
investigated aortas from rats and provided similar results concerning the different opening
angles of the individual layers after mechanical removal of the other layers. Additionally,
they showed that elastase treated (elimination of elastin) specimens offer smaller opening
angles while collagenase treated (elimination of collagen) and frozen (destruction of smooth
muscle cells) specimens behave like the untreated control specimens. First studies on
human thoracic and abdominal aortas were done by Saini et al. [38]. Here, the influence
of age, sex, the position along the artery, and atherosclerosis on the opening of sliced
arterial rings was discussed. It was stated that the value of the opening angle increases
with increasing distance from the heart (female: 150◦ –200◦ , male: 200◦ –250◦ ). They also
observed larger opening angles in aged and atherosclerotic diseased vessels, and in those
obtained from male samples. Three-dimensional residual deformations of intact human
abdominal aortas were shown in Holzapfel et al. [25]. In this study arterial rings were
cut open and then separated into three layers. Furthermore, residual deformations on
axial strips were investigated. It was stated that, due to the occurrence of the residual
deformations in three dimensions, they cannot be described by a single parameter. A
review of experimental methods for residual-strain measurement was given by Rachev
& Greenwald [36]. Chuong & Fung [12] were probably the first to use a constitutive
model to compute residual stresses. They discussed a procedure for the description of
the geometry of an open artery, whose closed counterpart was regarded as thick-walled
cylindrical tube with constant thickness. This method is known as opening-angle method.
Therewith they computed the two-dimensional residual stresses in the unloaded closed
artery and showed that the residual stresses enforce compression on the inner side of
the vessel wall and tension on the outer side of the vessel wall. Many works are based
on the opening-angle method to achieve an analytical solution for the residual strains of
initially open ideal tubes, which were closed by an initial bending. Rachev [35] derived a
mathematical model for the stress-dependent remodeling of a two-layer arterial tube. The
assumption that the stress and strain values are equal under hypertensive and normotensive
conditions was taken into account by means of remodeling of the zero-stress configuration
by thickening of the layers. They also observed remaining residual stresses in the opened-up
configuration of a hypertensive artery. Using a one-layer model Chaudhry et al. [10] showed
that circumferential stresses and gradients are reduced significantly at the inner wall. The
opening-angle method was also used by Holzapfel for an analytical solution of the initial
deformation tensor for multilayered arterial tubes. In Holzapfel et al. [23] the opening-angle
method was applied to a two-layered tube and different material models were investigated.
Another key objective was to analyze the effect of the residual stresses onto the overall
stress distribution in the physiological regime. The high-pressure response is analyzed in
Holzapfel & Gasser [21]. Peña et al. [34] applied the opening-angle method to more realistic
arterial geometries and conducted corresponding finite-element simulations. To account for
residual stresses, Alastrué et al. [1] used a special form of the multiplicative decomposition
of the deformation gradient, in which one part corresponds to the opening angle experiment.
This approach was also investigated by Alastrué et al. [2], where growth was included,
and implemented in a micro-sphere model in Alastrué et al. [3]. A combination of the
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opening-angle method and a constrained mixture model of vascular growth and remodeling
was suggested in Cardamone et al. [9]. Here, the mixture components are the individual
constituents of the artery, i.e. elastin, collagen and smooth muscle. One aim of the
authors was find the origin of residual stress. For the modeling of growth and remodeling
in the framework of constrained mixture models see also Alford et al. [4] and Valentin [47].
Holzapfel & Ogden [22] accounted for the different behavior of the three main arterial layers
and used different opening angles for the individual layers. Additionally, they extended the
opening-angle method by accounting for bending and stretching in both circumferential
and axial directions in order to reflect the three-dimensional residual stretch and stress
state. A further extension of the model was done by Bustamante & Holzapfel [8], which
accounted for opening angles depending on axial and radial position, i.e. different opening
angles along the tube. Furthermore, a different set of opening angles for intima, media
and adventitia were considered. Ståhlhand et al. [44] used experimental data in order to
derive a residual-strain state. In order to do so, a minimization problem was derived for
an approximate identification of material parameters including the residual strains. The
parameters for the residual strains were presumed in the sense of the opening-angle method.
This parameter identification algorithm is used in Olsson et al. [32] to determine an initial
local deformation tensor, which is able to describe the residual strain, see also Klarbring et
al. [26]. An extension of the model was given by Olsson [31], which introduced the evolution
of growth. In the recent paper of Chen & Eberth [11] a uniform circumferential stress was
obtained by introducing a special class of constitutive functions without considering a
residually stressed state. This idea could be attractive for the design of engineered blood
vessels. In contrast to the above mentioned methods Balzani et al. [5, 6] used a numerical
method in order to establish a residual-strain state. Here, an initially open artery was
numerically closed within a displacement-driven procedure. This model is appropriate,
but nevertheless numerically extensive. In this work a novel model for the incorporation
of residual stresses is proposed. An advantage of this model is that it is suitable for the
incorporation of residual stresses in patient-specific arterial models.

2

Continuum mechanical framework

Let B ⊂ IR3 be the body of interest in the reference placement, parametrized in X, and
let S be the body in the current placement, parametrized in x. The boundary ∂B of B
is decomposed in ∂Bu and ∂Bt with ∂Bu ∪ ∂Bt = ∂B and ∂Bu ∩ ∂Bt = ∅. The nonlinear
deformation map is given by x = ϕ(X). As a basic kinematical quantity we define the
deformation gradient and the right Cauchy-Green tensor
F = Grad ϕ(X) and C = F T F .

(1)

In order to fulfill the principle of material frame indifference a priori we formulate the
free energy function ψ in terms of the right Cauchy-Green tensor, ψ(C) = W (F ). Soft
biological tissues as they occur in arterial walls have an anisotropic material behavior. To
take into account for this aspect we formulate the anisotropic behavior by an isotropic
tensor function of the form
ψ = ψ(I1 , I2 , I3 , J4 , J5 ) ,

(2)

with the principle invariants
I1 = trC ,

I2 = tr[cofC] and I3 = detC ,

(3)
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where cofC = det(C)C −T , and the mixed invariants
(a)

J4

(a)

= tr[CM (a) ] and J5

= tr[C 2 M (a) ] .

(4)

The structural tensors occurring in eq. (4) are defined by M (a) = A(a) ⊗ A(a) for a = 1, 2,
where the unit vectors A(a) describe the orientations of the collagen fiber bundles, which
are mainly responsible for the anisotropic behavior of the arterial wall. For the modelling
of the mechanical behavior of the media and adventitia we choose the energy function
ψ(I1 , I2 , I3 , J4 , J5 ) = ψ iso (I1 , I2 , I3 ) +

2
X

ti
(I1 , I2 , I3 , J4 , J5 )
ψ(a)

(5)

a=1

consisting of an isotropic part ψ iso for the matrix-material and two superimposed transti for the fiber contributions. For the isotropic part of the
versely isotropic energies ψ(a)
energy we choose a compressible Mooney-Rivlin model
p
ψ iso = c1 I1 + c2 I2 + c3 I3 − δ ln I3 ,
(6)
which is also used for the approximation of the plaque behavior. In order to achieve
a stress-free reference configuration associated to the isotropic contribution we set δ =
2c1 + 4c2 + 2c3 . The anisotropic energy introduced in Holzapfel et al. [23] is given by


i
h
k1
(a)
ti
2
ψ(a) =
(7)
exp k2 hJ4 − 1i − 1 ,
2k2
with the material parameters k1 and k2 . In biomechanical applications we often assume
that the material behaves quasi-incompressible. This condition is enforced by an augmented Lagrangian solution strategy, in this context we refer to Glowinski & Le Tallec [16, 17] and Simo & Taylor [42].

3

Computation of residual stresses

Generally, in case of kinematically constrained materials, such as quasi-incompressible soft
biological tissues, the true stresses σ are decomposed into deviatoric and hydrostatic parts.
Furthermore, fiber-reinforced tissues like arterial walls exhibit a distinct behavior in the
direction of the fibers. Therefore, the Cauchy stresses are additively decomposed into
deviatoric ground stresses σ ∗ , which depend on the deformation, and reaction stresses σ r
σ = σ∗ + σr .

(8)

The second part of the stresses, σ r , is a reaction to the constraints and cannot be computed
from constitutive equations. For the definition of suitable invariants we assume (in addition
to the incompressibility of the material) the (fictive) inextensibility of the fibers. Since the
material is assumed to be incompressible and inextensible in the current fiber directions
a(1) and a(2) , the reaction is composed of a hydrostatic pressure p and tensions T(1) and
T(2) in the direction of inextensibility a(1) and a(2) , respectively. Thus, the reaction stress
tensor σ r results from the equilibrium conditions in consideration of the side conditions of
the boundary value problem and arises as
σ r = −p 1 + T(1) m̃(1) + T(2) m̃(2) .

(9)

Here, m̃(a) = ã(a) ⊗ ã(a) are the structural tensors associated to the preferred directions
ã(a) in the current placement. Following eq. (9) the expressions tr σ ∗ , σ ∗ : m̃(1) and
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σ ∗ : m̃(2) are absorbed into the functions p, T(1) and T(2) leading to the side conditions on
the ground stresses
trσ ∗ = 0 ,

σ ∗ : m̃(1) = 0 and σ ∗ : m̃(2) = 0 .

(10)

The general idea of this approach is based on Spencer [43] and Rogers [37], see also
Schröder [39]. It should be noticed, that the assumption of inextensible fibers is intended
for the motivation of suitable invariants only. This assumption is not taken into account in
the constitutive modeling of the arterial behavior. In consideration of eq. (9) and eq. (10)
the projection of the stresses onto the current preferred directions and the evaluation of
the volumetric part of the stresses lead to the hydrostatic pressure p and the fiber stresses
T(1) and T(2) .
The incorporation of residual stresses is based on a decomposition of the domain, which
is carried out in two consecutive steps. First, the arterial cross-section, which consists of
nMAT layers or materials, respectively, is initially decomposed into nSG segments. Then,
each segment is further subdivided into nMAT sectors, depending on the number of materials
the segments consists of. Considering a two-dimensional arterial cross-section, the number
of sectors can be specified as
(11)

nSC = nSG · nMAT .

In Figure 1 the decomposition of a two-dimensional arterial cross-section consisting of two
layers (nMAT = 2) is depicted schematically. In this example the amount of segments is
nSG = 16, thus the cross-section decomposed into nSC = 32 sectors.

Figure 1: Schematical illustration of the decomposition of an arterial cross-section, which
m and adventitia ○,
a i.e. nMAT = 2).
consists of two materials (media ○
When the artery is loaded with a physiological internal pressure, the local volume
average values of the fiber stresses are computed for each sector with the subvolumes Vi ,
i.e.
Z
Z
1
1
i
i
T (1) =
T (x) dv and T (2) =
T (x) dv ,
(12)
Vi Bi (1)
Vi Bi (2)
with i = 1, . . . , nSC and x ∈ Bi . The difference between this mean value and the fiber
stresses yields the stresses
i

∆T(1) = T(1) − T (1)

i

and ∆T(2) = T(2) − T (2)

in Bi .

(13)
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These stresses in turn are used for an estimation of the residual stresses
σ res = −∆p 1 + ∆T(1) m̃(1) + ∆T(2) m̃(2) .

(14)

Since the residual stresses should not cause changes
in volume,

 ∆p can be computed
1
res
from the condition tr σ = 0 and yields ∆p = 3 ∆T(1) + ∆T(2) . The estimation of the
residual stresses is accomplished within an iterative process. Here, the so-called smoothingloops (SL) are applied with a certain amount of the computed residual stresses in eq. (14)
in a stepwise manner. After that the residual stresses are stored and considered in the
following simulations in form of the second Piola-Kirchhoff tensor
S res = JF −1 σ res F −T .

4

(15)

Numerical simulation of a realistic artery

In this section the simulation of a two-dimensional patient-specific arterial cross-section,
see Figure 2, in consideration of residual stresses is discussed. It consists of the two arterial
layers adventitita and media and a large plaque inclusion.

Figure 2: a) Two-dimensional numerical model of an arterial wall and b) discretization of
the cross-section with 6 015 quadratic triangular finite elements.
The material parameters used in this simulation are listed in Table 2.
media
adventitia
plaque

c1 [kPa]
14.638
2.326
60.0

c2 [kPa]
0.149
6.169
15.0

c3 [kPa]
60.810
60.642
800.0

k1 [kPa]
6.851
3.131 ·10−8
–

k2 [-]
754.014
147.174
–

βf [◦ ]
43.468
52.285
–

Table 2: Material parameter for media, adventitia and plaque.
For the incorporation of residual stresses the cross-section is decomposed into nSC =
36 · 2 = 72 sectors, even though there exist three materials (adventitia, media, and plaque)
nMAT = 2. This is due to the reasonable assumption that the plaque exhibits no fibers
(T(1) = T(2) = 0) and thus no residual stresses. At an internal pressure of pi = 16.0 kPa a
number of 13 smoothing-loops are applied with 10% of magnitude. The σ22 stresses before
and after the application of the smoothing-loops arise as depicted in Figure 3.
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Figure 3: σ22 -stress distribution a) without and b) with residual stresses.

Figure 4: Distribution of the von Mises stress σvM [kPa] in an opened artery, where the
opening angle arises as θ ≈ 50◦ . The opening is only due to residual stresses as the internal
pressure is zero.
Throughout the whole procedure the adventitia is almost stress free. However, in the
media the smoothing of the strong gradient as a result of the application of the residual
stresses is clearly visible.
Next, we analyze the behavior of the unloaded artery with residual stresses after a
radial cut. In order to do so, a sliced, but geometrically closed cross-section is taken into
account. The residual-stress distribution, which has been computed in the previous numerical simulation, is applied on the cross-section. In Figure 4 the result of the simulation
is shown. The artery opens due to the residual p
stresses and an opening angle of θ ≈ 50◦
arises. The von Mises stresses, defined by σvM = 3/2 k dev σk with dev σ = σ − 31 tr σ 1,
are close to zero in the opened state. However, the stresses are not exactly equal to zero,
which is in agreement with the experimental findings of Vossoughi et al. [48].

5

Summary

The existence of residual stress reveals, when an arterial ring springs open after a cut in the
radial direction. This happens due to the relieving of the circumferential residual stresses,
which are compressive on the inner part of the ring and tensile on the outer part. In the
present work, a novel approach was presented in order to account for such residual stresses.
For this, we focused directly on the gradients of the fiber stresses in radial direction. As
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an underlying optimization criterion we assumed that these gradients have to be smoothed
between its inner and outer margins of the individual layers in an appropriate way. In order
to do this we defined radial sections for the media and adventitia, where this condition has
to be enforced independently. The efficiency of the proposed model is demonstrated by
means of an academic tube model and a patient-specific cross section of a diseased artery.
In detail, the numerical results of the tube model shows the smoothing of the gradients
and the opening of the tube after radial cut due to the residual stresses. Furthermore, the
numerical simulation shows the applicability of the model onto a real arterial geometry.
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