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Abstract
Hydraulic fracturing cracks formed in the layer are studied. The particle dynamics
method is chosen as methods of investigation. Two methods for calculation of stress
in particle dynamics method are analyzed. The calculation is checked for the case
of Kirsh problem. A model of single static crack is presented. The crack opening is
investigated. Stress field near the crack is studied.
Keywords: hydraulic fracturing, molecular dynamics, calculation of stress tensor, a
single static crack.

1

Introduction

Hydraulic fracturing is one of the methods of stimulation of oil and gas wells, and increasing
intake capacity of injection wells. The method involves with creating highly conducted
crack in special layer for ensuring the inflow of extracted fluid (gas, water, condensate,
oil or their mixture) to the bottom hole. As a result, a great challenge is to study crack
formed in the layer. At present there are a lot of problems concerning stress-strain state
vicinity to the cracks, that are solved in the context of the linear fracture mechanics. It is
of interest to construct the model of cracks in purpose to research and compare them with
theoretical correlations.
One of existing methods of modeling - the particle dynamics method is chosen. The
main advantage of this method compared to well-known continued methods as finite difference method, finite element method, is a possibility of natural description of processes
of strong deformation and destruction of materials. Describing the above-listed processes
by continued approach demands the construction of complicated defining relationships,
whereas in particle dynamics method it’s needed just to set the potential of interatomic
interaction.
In this work two methods of calculation of stresses in PD are investigated is provided;
the accuracy of calculations checked in the case of Kirsch problem; the model of opened
static crack is given; the opening of the crack is exploring, and also exploring the stress
fields close to the crack apex. Besides comparison with the theory of linear mechanics of
destruction is performed [1].

2

Particle Dynamics Method

In the present paper particle dynamics method is used as the main method [2]. The method
is based on representation of the material as a set of interactive particles. The motion
of the system is governed by classical Newtonian equations of motion. The interaction of
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particles is describe by potentials of interaction, whose main characteristic is repulsion while
approaching and attraction while moving away. Prior to modeling some initial distribution
of particles in the area (initial material structure) and initial distribution of particles’ speed
(mechanical and thermal system motion in the initial state) are set. Then the problem is
reduced to Cauchy problem solution for system of conventional differential equations.
In the present paper spline potential [2] is
12D
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where r is a distance between the particles; a is an equilibrium distance; D is a well depth;
k(r) is a smoothing function; acut is a cut-off radius;
the smoothing function k(r) is:
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where b is the critical distance for Lennard−Jones potential.
r
6 13
a,
b=
7
The equation of motion for particle has the following form:
X
..
m rk =
Fkj ,

(2)

(3)

k6=j

where rk is the radius vector of particle k; Fkj is the force acting between particles k and
j; misthe particle mass.
The system (3) is integrated by using the Leap-frog algorithm [3].

3

The Methods for Calculating of Stresses

In this paper two methods for calculating of stresses are used. The first method is based
on the definition of stress [4]. If the force dP acts on the elementary area dS, the vector
of stress is define by this correlation:
pn =

dP
,
dS

(4)

where the index n indicates that outer normal line to the area dS got the direction n. This
method is very useful in the cases of homogenous stress fields.
The second method is proposed in the book [2]. Let’s consider some area that contains
ideal crystalline packing of particles. Cauchy stress tensor mean value in this area can be
calculated by following formula
σ=−
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where Aα is the radius−vector of lattices particle, ploted from the considered atom (α
is node number); Aα is module of Aα ; Fα (Aα ) is force acting on the particle from its
neighbor; V − volume of the area. In the case of small deformation the volume V can be
taken as volume of primitive cell.
Primitive cell volume for close packed lattice in space dimension d is calculated as
follows [2]
√
5−d d
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(6)
2
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Stress calculation for the case of Kirsch problem

Let as compare stress calculated using formulas (4) and (5) with the theoretical values.
Rectangular specimen with triangular lattice is considered. Periodic boundary conditions
are used. Let y axis is perpendicular to one of the boundaries. In the y−axis direction
stretching deformation values εy  1 is set. In this case, the stress field is homogeneous.
Using the Hooke’s law for the two-dimensional material [4], at εx = 0, one obtains
σx =

νE
εy ,
1 − ν2

(8)

E
εy ,
(9)
1 − ν2
where σx and σy are the components of the stress tensor.
The elastic constants, Young’s modulus E and Poisson’s ratio ν for triangular lattice
are defined in work [2]
σy =

√ D
1
E = 48 3 2 , ν = .
3
a0

(10)

Substitution (10) into (8) and (9) one obtains
√ D
σx = 18 3 2 εy ,
a

1.

(11)

√ D
σy = 54 3 2 εy ,
(12)
a
The values of stress, calculated using formulas (4), (5), (9) are presented in the table

One can see that in the case of small deformation, both methods give similar values.
Therefore formula (5) is accurate in the case of homogeneous deformation.
Next, the Kirsh problem is considered. Suppose there is region filled with twodimensional triangular lattice. Periodic boundary conditions are used. The region has
a round hole with radius R. Size of area is much larger than the radius of the hole. In
the y−axis direction is set stretching deformation values εy  1. So that, the distribution
of stress in the cross−section, oriented along the x−axis and passing through the circle
center has following form [4]
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(1)

(2)

(3)

εy

σy , fa0

σy , fa0

σy , fa0

10−2
10−3
10−4

7.234·10−2
7.736·10−3
7.788·10−4

7.305·10−2
7.744·10−3
7.789·10−4

7.794·10−2
7.794·10−3
7.794·10−4

(2)

(1)

σy −σy
(2)
σy

(3)

· 100%

0.97%
0.10%
0.01%

(1)

σy −σy
(3)
σy

· 100%

7.19%
0.74%
0.07%

(1)

Table 14: Stresses in material, calculated using different methods. (σy − formula (4);
(2)
(3)
σy − formula (5); σy − formula (8).) Here f0 = 12D
a .
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where σ∗ is the volume of stress far from the hole; x− coordinate of point on the section,
x ≥ R.
Particularly, if x = R, σy = 3σ∗ .
The following experiment was executed. Area with size 600x600 particles and with
hole 30 particles was considered. Deformation εy = 0.1% was given. Stresses near the
hole were calculated by the formula (5). As the area is not infinite, the boundary stress
nonhomogeneous. The dispersion of it is 6.6%, average value is σy = 0.0075. Value on the
hole boundary if x = R is σy = 0.0223. Thus the difference is 2.97 times, which is 99% of
theoretical value 3. Difference of simulation and theory is due to the finite size of the area.
One can see in figure 1, that simulation results are the same with theory. Difference
reason is the finite size of the area.
Thus stress calculation using method (5) gives very good results. The relation (5) is
being used to calculate the stresses near apex of crack.

5

A single crack in a plate

In the present paper a single static crack in two-dimensional triangular lattice is investigated. Rectangular specimen with periodic boundary conditions is considered, what make
possible to simulate infinite thin plate, in case of sufficient number particles. The crack
is simulated by the following way, in a small area the initial displacement of the particles

Figure 1: Stress σy in the section, oriented along the x−axis and passing through the circle
center.
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Figure 2: Stress field σy in material.

Figure 3: Beginning of crack.
(figure 3) is set, a stretching above critical value for the material is produced. As the
result, in above area a crack forms. To stop the growing crack, a gradual compression of
the material was made. As result an open crack, whose width opening approaches to the
critical value for the material (figure 4).
Methods of linear fracture mechanics it is obtained [1], that the width of the crack
opening H determined by the following formula

4σ0
H=
E

s 
l 2
− x2 ,
2

(14)

where l is half of crack length; σ0 is value of stretching stresses on the boundary; E is
Young’s modulus.
One can see that the crack opening is actually elliptic (figure 5). Plastic zone is absent,
due to the fragility of the material.
Next, stress near crack apex is calculated. For an infinite plate, by methods of linear
fracture mechanics it is obtained [1], that the stress near crack apex calculated by using
the following formula
σy = σ0 r

x
x2 −

(15)

 2 .
l
2

Figure 4: Open crack.
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Figure 5: Crack opening.

Figure 6: Stress near apex of crack.

Figure 7: Stress field σx in material.

Figure 8: Stress field σy in material.
One can see that the stress in the material calculated by particle dynamics method
agrees with theory (figure 6). A little difference is result of finite size of plate and increase
of error in stress calculation, because the deformation is more than 1% (table 1).
The following is stress field σx and σy (figure 7, figure 8).
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6

Conclusion

In this paper two methods (4), (5) for calculation of stress in particle dynamics method [2]
were analyzed. The calculation of stress was checked for the case of Kirsh problem. The
obtained results agree well with the theory [4]. A model of single static crack was obtained
by particle dynamics method. The crack opening was investigated, the obtained results
are in good agreement with methods of linear fracture mechanics [1]. The curve showing
stress in the crack apex was plotted. Stress field were determined.
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