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Abstract
The paper aims to develop approaches serving for adequate simulation of the proppant transport in hydraulic fractures. It is stated that prescribing proper rheology of
the suspension at different proppant concentrations is of key significance. An attempt
to replace expensive and time consuming physical measurements by numerical experiments is carried out. Two distinct computational methods, the particle dynamics (PD)
and the smoothed particle hydrodynamics (SPH), are employed to complement each
other and to verify the numerical results. We discuss theoretical rationale of the methods and the choice of appropriate input parameters for the problem under consideration. The calculations performed gave us the dependence of the suspension rheology
on the proppant concentration. We could see that, when the number of degrees of
freedom is high enough, the both methods provided close results. It is shown that in
the case of the proppant suspended in a Newtonian fluid, the profile of the suspension velocity is parabolic in the range of volumetric proppant concentrations from 0
to 0.3. This implies that the suspension may be considered as a Newtonian fluid with
the effective dynamic viscosity depending on the concentration. It appears that the
dependence of the effective viscosity on the concentration becomes strongly non-linear
when the concentration exceeds 0.15. A simple analytical equation approximating the
dependence in the studied range of the proppant concentration is derived. Conclusions
on further work are drawn.

1

Introduction

Hydraulic fracturing is a widespread technology used since the late 1940’s for stimulation
of oil and natural gas production [1]. A key process accompanying hydraulic fracturing
is transport of proppant (small particles suspended in the fluid). The proppant serves to
prevent the fracture closure after the pressure drop. The flow of the suspension strongly
influences the fracture propagation. Consequently, proper accounting for the effective
properties of the suspension is significant for reliable simulation of hydraulic fractures.
In practice, it is commonly assumed that the proppant-fluid mixture could be replaced
by an equivalent single fluid (see, e.g. [2]). Rheological properties of the equivalent
fluid (suspension) depend on the proppant concentration. In papers [3, 4, 5, 6] on the
basis of experimental data it is proposed to consider three types of suspensions depending
on the particle concentration c: dilute (c < 0.02), semi-dilute (0.02 < c < 0.25), and
concentrated (c > 0.25). The dilute suspensions are Newtonian fluids with the viscosity µs
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depending on proppant concentration according to the Einstein formula [7]:
µs (c) = µs (0) (1 + βc) ,

(1)

where β = 5/2 in 3D, while β = 2 in 2D problems [8]. For a semi-dilute suspension, the
Einstein formula is no longer accurate, as hydrodynamic interactions between particles
become essential. Still the behavior of semi-dilute suspensions can be approximately considered as Newtonian [3, 4, 5, 6]. In concentrated suspensions, non-Newtonian effects are
significant [3, 4, 5, 6, 9].
In this paper, dilute and semi-dilute suspensions are considered. For them, the rheology
may be described by the dependence of the dynamic viscosity on the proppant concentration. A variety of models for this dependence is suggested in literature. According to the
review [10], the majority of the models is derived either analytically or by fitting experimental data. Evidently each of the approaches has its limitations. Analytical models usually
incorporate strong assumptions of limited applicability. The challenges of experimental
techniques are described in the paper [6].
Consequently, computer simulations may play an important role as an additional tool
for the investigation. The solution of Navier-Stockes equations for the suspension using conventional methods of computational fluid dynamics is extremely time-consuming.
Therefore many alternative techniques, such as Stokesian Dynamics [11], Dissipative Particle Dynamics [12], Smoothed Particles Hydrodynamics [13], Molecular Dynamics [14],
Lattice Boltzmann [15, 16], etc., are used in literature for simulation of suspensions. In
the present paper, the particle dynamics [17, 18, 19] and smoothed particles hydrodynamics (SPH) [20, 21] are used. These methods mutually complement each other. Particle
dynamics is simple and contains small number of parameters. However in the framework
of the particle dynamics a viscosity can not be specified explicitly. In smoothed particles
hydrodynamics viscosity is a parameter of the model. At the same time the motion of
smoothed particles is less intuitive and in some cases even artificial [21]. Therefore the
joint use of these methods may serve for better understanding of the suspension behavior
and verifying the results.
In the present paper, the particle dynamics and smoothed particle hydrodynamics are
employed for simulation of the proppant-fluid flow in a narrow channel. Proppant concentrations in the range [0; 0.3] are considered. The theoretical rationale for modeling is
presented in the section 2. Formulas relating characteristics of the flow with rheological properties of the suspension are derived. Simulation techniques are described in the
section 3. The results of simulations using the both methods are given in the section 4.

2

Analytical solution for steady flow of a viscous fluid in a
narrow channel

In accordance with the assumption used for simulation of hydraulic fractures in practice,
we assume the slurry to be a viscous fluid with properties depending on the proppant
concentration. Thus the stress tensor σ is represented as σ = −pE + τ , where p is the
pressure (p ≥ 0), E is the unit tensor, τ is the deviatory part of the stress tensor depending
.
on the strain rate tensor ε. The viscosity law, defining the dependence of τ on the proppant
concentration is to be found from numerical experiments.
Firstly, we employ general considerations, commonly used when deriving the Poiseuille
equation for a flow in a narrow channel. Specifically, we assume that the channel width w is
much less than the characteristic length of the fluid flow in the channel’s plane. This allows
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one to neglect the flow across the width and to consider the pressure constant through the
width. The pressure gradient is assumed constant in the direction x of the fluid flow:
∂p
∂x = −jp . Then in steady-state regime the equations of the motion reduce to the only
equation:
∂τxy
= −jp − ρfx ,
∂y

(2)

where y is the axis normal to the flow plane, ρ is the mass density, fx is the body force in
the direction of the flow. Without loss of generality, we may include the pressure change
per unit length into the body force, writing the equation as
∂τxy
= −fp ,
∂y

(3)

where fp = jp + ρfx . This interpretations will also serve us in numerical experiments to
simulate the pressure gradient by an equivalent body force. Locating the y-axis in the
middle plane of the channel and integrating (3) along this axis, we obtain the following
distribution of the shear stress across the channel:
(4)

τxy (y) = −fp y,

where we have taken into account that τxy (0) = 0 by symmetry.
Under the assumptions accepted, the only nonzero component of the shear strain rate is
.
.
.
x
εxy = γ/2, where γ = ∂v
∂y . Hence for the considered flow, the general form of the viscosity
law is:
.

(5)

τxy = F (γ),
.

where the function F (γ) is to be found from physical or numerical experiments. The inverse
.
x
function γ = F −1 (τxy ) defines the derivative ∂v
∂y as a function of the shear stress τxy . Then
−1 (−f y), and integration with
x
the equation (4) completely defines this derivative: ∂v
p
∂y = F
respect to y under the boundary condition vx (w/2) = 0, gives
Zy
vx (y) =
F −1 (−fp y)dy.
(6)
w
2

From now on, to simplify notations, we omit the subscript x in the velocity vx . From (6), we
Rw
have for the maximal velocity vm = v(0) and for the average velocity vav = w2 02 vx (y)dy:
Z0
vm =

w
2

F −1 (−fp y)dy,

vav

2
=
w

Z w "Z y
2

0

w
2

#
F −1 (−fp y)dy dy.

(7)
.

In practice, it is convenient to approximate the viscosity function F (γ) by the power-type
dependence:
.

.n

F (γ) = M γ ,

(8)

where M and n are called the consistency index and the behavior index, respectively. For
a Newtonian fluid (n = 1), M = µ is the dynamic viscosity; for a perfectly plastic fluid
(n = 0), M = τ0 is the shear strength.
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Under the approximation (8), F −1 (τxy ) = (τxy /M )1/n . Then integration with respect
to y in (6) yields:


  n+1

1
n
n
f
w
2y
w
n
p
,
v(y) = vm 1 −
.
(9)
vm =
w
n + 1 2 2M
The average velocity is
vav

n w
=
2n + 1 2



fp w
2M

1

n

(10)

.

Let us rewrite (10) as
n
fp = Mp vav
,

def

Mp = M

(2 + 1/n)n
,
(w/2)n+1

(11)

where Mp may be called the generalized consistency factor. Comparison of the equation (11) with (8) shows that the solution for the Poiseuille type flow actually translates
the viscosity law (8) in terms of the shear stress and the shear strain rate into the analogous dependence (11) between the pressure gradient and the average velocity. Notably,
the generalized consistency factor Mp is proportional to M . Still Mp depends also on the
behavior index n. Specifically, when measuring the length in the units of the half-width
w/2, we have Mp = M (2 + 1/n)n . Then for a Newtonian fluid, Mp = 3M = 3µ; for a
perfectly plastic fluid, Mp = M = τ0 .
From (9), it is clear that for a Newtonian fluid, the profile is parabolic. Hence, as far
as simulations of a suspension movement lead to the velocity profile, which is parabolic to
an accepted accuracy, the considered suspension may be assumed Newtonian. In this case,
the equation (10) for the average velocity, may serve to find the effective viscosity µs :
µs =

fp w2
.
12vav

(12)

In cases, when the profile cannot be approximated by a parabolic dependence, the behavior and consistency indices are found by matching (11) with experimental data on the
dependence of the average velocity on the pressure gradient. To this end, it is convenient
to re-write (11) in log-log coordinates as
ln vav = C + A ln fp ,

C = − ln(2 + A) + (1 + A) ln

w
− A ln M,
2

A=

1
. (13)
n

Then the slope A of the plot ln vav against ln fp provides the behavior index n = 1/A.
After this, the expression for C defines the consistency index M .
Thus if the dependence of the mean velocity of the suspension on the body force is found
from physical or numerical experiments, then the rheological properties of the suspension
are calculated using either formula (12) or formula (13). This approach is used in section 4
for interpretation of the results of computer simulations.

3

Simulation technique

Let us summarize the general statement of the problem considered in the present paper.
The flow of Newtonian fluid containing proppant particles in a channel of constant width
is considered. The channel is simulated by a square computational domain with periodic
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boundary conditions [18] in the direction of the flow and rigid walls in the orthogonal direction. The flow is driven by the constant body force acting along the flow. As explained
in the previous section, this statement is equivalent to the flow under constant pressure
gradient, while the implementation of the body force is notably simpler. The initial conditions correspond to the Poiseuille flow of a single Newtonian fluid. As the presence of
proppant changes the rheological properties of the suspension (increases the viscosity) the
initial parabolic velocity profile is decaying until the steady-state regime is reached. The
velocity profile in the steady-state regime is used for estimating the rheological properties
of the suspension. The problem is solved using two numerical methods, notably particle
dynamics [17, 18, 19] and smoothed particle hydrodynamics [20, 21]. Detailed description
of the simulation techniques is given below.

3.1

Particle Dynamics: the multisphere approach

In the framework of particle dynamics method [17, 18, 19], the fluid is represented by the
set of interacting particles (material points). Classical Newtonian equations of motion for
the particles are solved numerically. In the present paper leap-frog integration scheme [18]
is used. Inter particle interactions are described by spline potential [19]. The force acting
between particles i and j is calculated using the following formula:

!13
!7 
f k(rij )  a
a
 rij ,
Fij =
−
a
rij
rij


1, r ≤ b







(14)

!2  2


2
2
r
−
b
 , b < r < acut ,
k(r) = 1 −
2 − b2

a

cut








0, r ≥ acut

where acut is a cut-off radius, a is an equilibrium distance between particles, f is a force
1/6
constant, b = 13/7
a.
Proppant particles are simulated as follows. Every proppant particle is represented as
a set of rigidly connected smaller particles as it is shown in figure 1. Thus each proppant
particle is a rigid body with two translational and one rotational degrees of freedom.
The distance between the nearest particles for the outer circle is equal to the equilibrium

Figure 1: Multisphere representation of a proppant particle. Three particles in the middle
are used for visualization of particle orientation.
distance a between fluid particles. The distance between inner and outer circles is also equal
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to a. These particles interacts with fluid particles via the forces defined by formula (14).
Note that the interactions with fluid cause both translation and rotation of proppant
particles. Thus the equations of motion of proppant particle i have the form
X X
X X
mp v̇i =
Fkj + mp g, Θp ϕ̇i =
(rk − ri ) × Fkj ,
(15)
k∈Λi j6=i,j6∈Λi

k∈Λi j6=i,j6∈Λi

where mp is the mass of a proppant particle; ϕi is the angle describing the orientation for ith proppant particle; Λi is the set of indices for the particles representing the proppant
particle i; Θp is the moment of inertia of the proppant particle with respect to the center
of mass; g is the body force driving the flow. The approach for simulation of proppant
particles described above is similar to the so-called multisphere approach [22, 23], widely
used in the framework of Discrete Element Method [24]. Usually the multisphere approach
is applied for description of interactions between non-spherical particles of complex shape.
Though the proppant particles in the present paper are spherical, the multisphere approach is still computationally more efficient than the straightforward approach, when the
proppant particles are represented by large spheres. The better efficiency of multisphere
method is explained as follows. In PD simulations, evaluation of forces employs dividing
the computational domain is divided into cells with the size equal to the cut-off radius [19].
It serves for considering only the particles in neighboring cells instead of taking into account all particles in the computational domain. The multisphere approach uses the cells
with the size equal to cut-off distance for the fluid particles. Thus execution times for systems with and without proppant are almost identical.1 At the same time if the proppant
particles are represented by large spheres, then the computational cell size is equal to the
radius of the sphere plus the cut-off radius for proppant-fluid interactions. In the latter
case the cell size is much larger and hence the cell contains larger number of fluid particles.
Therefore the execution time is greater. The solution of test problems has shown that the
multisphere approach is almost one order faster for R/a = 3, where R is a proppant radius.
Thus the multisphere approach is useful for simulation of particles of significantly different
sizes.
The flow in a narrow channel with constant width is simulated as follows. The square
computational domain is considered. The rigid walls are simulated using two rows of fixed
fluid particles. Periodic boundary conditions [18] are applied in the direction of the flow.
As the work done by shear stresses causes heating of the fluid, the generated heat should
be extracted from the system. The Berendsen thermostat [25] is used for this purpose.
The thermostat is applied to the narrow stripe of the fluid near the left boundary of
the computational domain. The width of the stripe is 5a. In this case the heated fluid
leaving the domain to the right is cooled down by the thermostat after crossing the periodic
boundary. The thermostat algorithm is the following. The velocity profile is calculated.
For this purpose the domain is divided into stripes with the width equal to acut . The
stream velocity for the stripe is equal to the average velocity of the particles inside the
stripe. For the application of Berendsen thermostat the stream velocities are subtracted
from the particle velocities. The remaining “thermal” velocities are multiplied by the
following scaling coefficient:
r
1 X
K0
k=
,
Ka = m
(vi − v(ri ))2 ,
(16)
Ka
2
i

1

The execution time decreases with proppant concentration, because the proppant particles are represented only by the particles on the surface. Thus the total number of particles used in simulation
decreases.
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where K0 is a desired value of the thermal kinetic energy of the fluid; v(ri ) is the stream
velocity at the point, where the i-th particle is located. As a result, the heat generated by
the shear flow is removed from the system and the viscosity of the fluid is constant.

3.2

Smoothed Particles Hydrodynamics

The second method used in the present paper for simulation of proppant transport is
Smoothed Particles Hydrodynamics (SPH) [20, 21]. Similarly to particle dynamics, the
fluid is represented by a set of interacting particles. The motion of the particles is governed
by the following equations
v̇i = −

X

m

j

pj
pi
+ 2 + Sij
2
ρi
ρj

!
ψ 0 (rij )eij + g,

ρi =

X

mψ(rij ),

(17)

j

where pi , ρi are, respectively, the pressure and the density at the point, where the particle i
is located; Sij is a viscous term; ψ is a weighting or kernel function [20]. The weighting
function ψ(r) has a compact support, vanishing for r ≥ acut , where acut is a smoothing
length identical to the cut-off radius used in the particle dynamics method. In the following
calculations, Lucy weighting function is used [20]:
5
ψ(r) =
πa2cut




r 3
r
1−
,
1+3
acut
acut

r ∈ [0; acut ] .

(18)

The following constitutive relations, proposed by Monaghan [20], for the pressure and the
viscous term are used
!
 γ
16µi µj
vij · rij
ρi
1
pi = B
− 1 , Sij = −
µi = αacut vs ρi ,
(19)
2 + a2 ,
ρ0
ρi ρj (µi + µj ) rij
8
where ρ0 is an equilibrium fluid density; B, α, γ,  are parameters of the model; a is a
characteristic size of the particle; vs is the speed of sound. In the paper [20] it is shown
that the equation of state for pressure in form (19) guarantees low compressibility of the
fluid. In contrast to particle dynamics, where viscosity arises naturally as a result of
stochastic motion, in SPH the viscosity is introduced explicitly as the key parameter of
the model. Additionally the following purely repulsive core potential is used for preventing
the formation of artificial structures in the fluid [21]:
f acore
Φcore (r) =
4

1−

r2
a2core

!4
,

(20)

where acore is a cut-off radius for the core potential. Interactions between proppant particles, as well as between proppant and fluid particles are described by using formula (14).
For proppant-proppant interactions the forces are truncated at r = a, hence the interactions are purely repulsive.
In the simulations discussed below, the following boundary conditions are used. A
square computational domain is considered. Its rigid walls are simulated using two rows of
fixed fluid particles. Periodic boundary conditions are applied in the direction of the flow.
The standard implementation of periodic boundary conditions is employed [18].
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3.3

Scaling of the parameters

In the particle dynamics method, as well as in many other numerical methods, the fluid is
represented by a discrete system with a finite number of degrees of freedom. Evidently the
results depend on this number. There are two reasons for the dependence of the results
on the number of particles. The first is that the definitions of continuum properties for
a discrete system containing relatively small number of particles are ambiguous. This
problem is described in more details in the paper [26]. In particular, it is shown that the
mechanical characteristics of the system depend on the number of particles in the system.
In the present paper this dependence is not significant, because the number of particles
used is quite large.
The second reason is the dependence of microscopic parameters (parameters of discrete
system) on the number of particles. Consider two discrete systems with different number
of particles N0 and N1 corresponding to the same square specimen of the fluid. Let us
derive the relation between parameters of these discrete systems. In particular, √
if a0 is
a reference equilibrium distance, then the size of the fluid specimen is equal to N0 a0 .
Since the size of the system does not depend on the number of particles, the equilibrium
distances a0 and a1 for the two discrete systems are related as:
r
N0
a1 =
a0 .
(21)
N1
p
Assuming the fluid density and the sound speed vs = 6f a/m constant, one obtains:
r
N0
N0
m1 =
m0 ,
f1 =
f0 .
(22)
N1
N1
Let us derive analogous relation for the fluid viscosity. According to Chapman-Enskog
theory, the gas viscosity in 2D can be represented as follows [27]
√
kB T m
µ∼
,
(23)
a
where kB is the Boltzman constant, T is the temperature of the system. The characteristic
temperature of a system is proportional to mvd2 /2, where vd is a dissociation velocity. Thus
µ∼

mvd
.
a

(24)

Substituting formulas (21), (22) into formula (24) and taking into account that vd does
not depend on N0 /N1 , one obtains the following dependence of viscosity on the number of
particles
r
N0
µ1 ∼
µ0 .
(25)
N1
Note that an analogous relation can be derived from the simple dimensional analysis:
r
p
f
1
f t∗
N0
τ ∼ , γ̇ ∼
→µ∼
→ µ1 ∼
µ0 ,
t∗ = 2π ma/6f
(26)
a
t∗
a
N1
where t∗ is the period of small oscillations for a single Lennard-Jones oscillator. Thus the
viscosity of the system decreases with increasing resolution (number of particles). The
dependence of the viscosity on the number of particles can not be avoided. However one
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can avoid the analogous dependence for Reynolds number. Consider Reynolds number in
the case of Poiseuille flow under the action of constant body force g:
Re =

ρvmax w
ρ2 gw3
=
,
µ
8µ2

(27)

where the characteristic velocity vmax is defined by formula (9). Since the viscosity decreases with resolution, the Reynolds number increases. Let us choose the body force so
that Reynolds number would remain constant in simulations with different resolution. Using formulas (25), (27) it is straightforward to show that the body force should have the
form
g1 =

N0
g0 .
N1

(28)

Thus the procedure described above allows us to avoid the dependence of the main parameters of the problem (size, density, sound speed, and Reynolds number) on the total
number of particles in the system. In the case of SPH the scaling is more straightforward.
The smoothing length and mass of the particles are scaled in accordance with formulas
analogous to formulas (21), (22). The viscosity is introduced explicitly, hence in contrast
to PD, no scaling is required in order to keep the viscosity independent on the number of
particles.

4

Simulation of the influence of proppant on fluid flow in
cracks induced by hydraulic fracturing

In this section we investigate the influence of proppant on rheological properties of the suspension. The most widespread size of proppant particles is 20/40 mesh or 0.004 − 0.008 m.
The opening of the crack is of order of 0.01 m. Let us estimate the typical Reynolds number for hydraulic fracturing. Assume that water is used as proppant-transporting fluid.
The density and dynamic viscosity of the water at normal conditions are 1000 kg/m3
and 0.0009 Pa · s. The characteristic velocity of the flow is 0.01 m/s. Therefore the typical
Reynolds number is of order of 1. Note that this number should not be fitted exactly in
computer simulations. The only requirement for the simulation is that the flow is laminar.
Therefore one order higher Reynolds numbers are used in the present paper in order to
speed up the simulations. Consider PD and SPH simulations of the proppant-fluid flow in
the channel under the action of body force. A square computational domain under periodic
boundary conditions in the direction of the flow and rigid walls in the orthogonal direction
is considered. The initial conditions are as follows. In both cases the fluid particles initially form a perfect square lattice with nearest neighbor distances equal to a0 . Proppant
particles are set randomly with uniform spatial distribution. The volumetric concentration
of proppant particles is [16]
c=

πR2 Np
,
w2

(29)

where w is the size of the computational domain; Np is the total number of proppant
particles. Proppant concentrations in the range [0;0.3] are considered. The boundary
conditions are described above. In the case of PD simulations, the initial velocities of
the fluid and proppant particles are set in accordance with the velocity profile given by
formula (9) for n = 1. The uniformly distributed random velocities are added to achieve
liquid state of the system. The particles are mixing rapidly and no additional preparations
are required (see figure 2).
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Figure 2: The distribution of fluid and proppant particles after 50 time steps of particle
dynamics simulation. Proppant concentrations are 0.15 (left) and 0.3 (right).

In the case of SPH, the creation of initial configuration is not so straightforward. The
fluid described by equation of state (19) is nearly incompressible. Therefore the computational domain should be completely filled by the particles. Otherwise the system would contain artificial voids, similar to gas bubbles. Complicated meshing strategies could be used
in order to create uniform distribution of particles in the computational domain. However
in the present paper, instead of using meshing algorithms, the following equilibration procedure is used. Proppant particles are randomly distributed in the computational domain.
The remaining space is filled by fluid particles forming perfect square lattice. Evidently in
this case some voids are formed around proppant particles. In order to remove the voids
the system is compressed by multiplying equilibrium density ρ0 by 0.8. After that, the
density is slowly increased until the pressure in the system reaches the value of 0.01 K,
where K is the bulk modulus of the fluid. In the course of this procedure the fluid and
proppant particles move in accordance with the equations of motion described above. The
resulting distribution of particles after equilibration is shown in figure 3. One can see that
the computational domain is completely filled by the particles and no significant artifacts
are present. After the equilibration particle velocities are set in accordance with parabolic
velocity profile corresponding to the Poiseuille flow. The influence of the proppant concentration on the rheology of the suspension is investigated as follows. Computer simulations
of the flow described above are carried out using particle dynamics and smoothed particles
hydrodynamics. The following values of parameters are used in the framework of the both
methods
R
1
= ,
w
20
a = 0.3,

ρf = 1,
f = 0.3,

ρp = 2,

Re ≈ 30,
4

N = 4 · 10 ,

vs = 2.45,

sav = 16666,

m = 0.09

(30)

6

smax = 2 · 10 ,

where ρf , ρp are the fluid and proppant densities, respectively; N is an approximate total
number of particles; sav is the number of time steps used for temporal averaging of the
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Figure 3: The distribution of smoothed (fluid) and proppant particles after equilibration.
Proppant concentrations are 0.15 (left) and 0.3 (right).

results. The specific values of the parameters used in particle dynamics simulations are:
T
acut
∆t
= 1.5,
= 2.1,
= 0.01,
D
a
t∗
v0
mg
= 0.14,
= 2.58 · 10−5 .
vs
f

a0
= 0.98,
a

(31)

where ∆t is the time step; t∗ is defined by formula (26). In SPH simulations, the parameters
are set as follows:
K
1
β
acut
= , γ = 7,
= 0.23,
= 2.5,  = 10−3 ,
2
ρ0 vs
7
acut vs
a
∆t
a0
v0
mg
= 0.02,
= 1,
= 0.01,
= 6 · 10−5 .
t∗
a
vs
f

(32)

In the both cases the velocity of the center of mass of all particles inside the computational domain is calculated during the simulation. Note that in a steady-state regime this
velocity is identical to average profile velocity. A typical behavior of the velocity in PD
and SPH simulations is shown in figure 4. On can see that the velocity decreases until the
steady-state is reached. Note that in the steady-state regime the average velocity is still
fluctuating because of rearrangements of proppant particles. The rearrangements occur,
because the proppant particles closer to the center of the channel have larger velocities
than those closer to the walls. Let us check if the suspension shows non-Newtonian behavior in the range of proppant concentrations considered in the present paper. As shown in
section 2, it can be done via the analysis of the velocity profile in the steady-state regime.
Consider velocity profiles at different proppant concentrations. The profile is calculated as
follows. The computational domain is divided into equal layers parallel to the direction of
the flow. The average velocity of particles in each layer is calculated. The resulting values
are additionally time averaged. The profiles obtained in computer simulations using PD
and SPH methods are shown in figure 5. One can see from figure 5 that the deviation of
the velocity profiles form parabolic shape are relatively small. The deviations are caused
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Figure 4: The evolution of the center of mass velocity for SPH (left) and PD (right) at
proppant concentrations 0.15, 0.3.

Figure 5: Velocity profiles at different proppant concentrations obtained using PD (left)
and SPH (right). Dashed lines are parabolas with the same maximum value as the results
of simulations.

by statistical fluctuations and non-uniform distribution of proppant particles in the computational domain. In particular, the latter reason leads to slightly non-symmetric velocity
profile (see the graph corresponding to PD results with c = 0.3). Therefore for proppant
concentrations in the range [0; 0.3] the suspension can be considered as a Newtonian fluid.
Note that the highest concentration c = 0.3 considered in the present paper is outside the
range [0.02; 0.25], corresponding to semi-dilute suspensions (according to classification presented in paper [6]). However it should be taken into account that in two dimensions, the
3D
2
critical concentration (c2D
∗ ≈ 0.9) is higher than in three dimensions (c∗ ∈ [0.64; 0.74]) .
Therefore the range of concentrations corresponding to semi-dilute suspensions in 2D is
wider than in 3D.
Thus once non-Newtonian effects are negligible, one can calculate the effective viscosity of the suspension by using formula (12). Note that the density of the suspension in
2

The value 0.64 corresponds to so-called Random Close-Packed lattice, while 0.74 corresponds to Face
Centered Cubic. See paper [6] for more details.
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formula (12) should be calculated as follows
ρs =

mNf + mp Np
.
w2

(33)

Note that density of the suspension depends on the proppant concentration. In computer
simulations the body force was renormalized so that ρs g does not depend on the proppant
concentration. In this case the only parameter in formula (12) depending on the proppant
concentration is the average velocity vav . This value is obtained in computer simulations.
Viscosity of the suspension, calculated for different proppant concentrations and the results
of simulations are shown in figure 6. Every point on the plot is the mean of 5 simulations

Figure 6: The dependence of relative viscosity on proppant concentration obtained using
SPH and PD.

with different initial proppant distributions. The bars on the plot show the dispersion of
the results (average value plus/minus standard deviation). The solid line corresponds to
Einstein formula adopted for the 2D case in paper [8], the dashed line corresponds to the
following fitting curve:


µs (c) = µs (0) 1 + 2c + 28.5c3 .

(34)

One can see from figure 6 that the difference between the results of PD and SPH simulations
is of order of dispersion of PD results. For proppant concentrations higher than 0.15, the
obtained values of the suspension viscosity are higher than the value predicted by the
Einstein formula [8]. Therefore at these concentrations the hydrodynamic interactions
between proppant particles, neglected in Einstein’s derivation, are significant.
Finally, we need to check if the results depend on the number of particles used for
discretization. The dependencies of the relative viscosity on the proppant concentration,
obtained using PD and SPH with different number of particles, are shown in figure 7. The
circles correspond to the results of single simulation and the squares are the values averaged
over 5 simulations. One can see from figure 7 that two-fold increase of the particle number
does not change the results significantly. This implies that the convergence with respect
to the particle number is reached.
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Figure 7: The dependence of relative viscosity on the proppant concentration obtained for
different number of particles. Note that circles correspond to the result of single simulation,
while squares represent the means over 5 simulations.

5

Summary

In the present paper the influence of proppant on the flow in a narrow channel was
simulated by using particle dynamics and smoothed particles hydrodynamics methods.
Steady-state Poiseuille-like flow was considered. Velocity profiles were obtained by the both
methods. The simulations show that the profiles are parabolic for proppant concentrations
in the range [0; 0.3]. Thus in this range, the suspension can be considered as semidilute [6], i.e. the viscosity of the suspension nonlinearly depends on the concentration,
while non-Newtonian effects are negligible. It was established that the results of PD and
SPH simulations agree to the accuracy of standard deviation. The dependence of the
effective viscosity of the suspension on proppant concentration was obtained. For c < 0.15,
the dependence is close to the Einstein formula, while for c > 0.15, the dependence is nonlinear and may be approximated by cubic polynomial. In further work, the analytical and
computational techniques, developed in the present paper, will be used for simulation of
suspension rheology at higher proppant concentrations (c > 0.3). Rheological parameters
of the suspension (behavior n and consistency M indexes) will be calculated by modeling
of Poiseuille flow and comparison of the results with the analytical relation (13) between
the flux and the body force.
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