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Abstract
Predicting the mechanical properties of soft replacement tissues seeded with human
chondrocytes is a main requirement in modern medical applications. The implants
that are designed to fill in articular cartilage defects should exhibit the same strength
and damping properties as the native material itself. For this reason, the acellular
basis material of an implant, as well as cellular tissues, are investigated theoretically,
numerically, and experimentally in this study. Knowing all of that, the main aim of this
work is to reach a common methodology of theory and experiments that determines the
mechanical properties of the native material and hence choose a suitable replacement
one. This work is financed by the Federal Ministry of Education and Research in
Germany (BMBF).

1

Introduction

Experiments and simulations are used to compare different models of cellular articular
cartage replacement tissues. This work discusses a visco-elastic diffusion model and a
poro-elastic model. In the visco-elastic diffusion model, three physical effects, elasticity,
diffusion and viscosity, are expressed by the time derivative of the stress tensor as follows

σ̇ = σ̇ e + σ̇ ve + σ̇ d

(1)

Figure 1: A comparison between the Elastic-Diffusion Model and the Poro-Elastic Model
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with indices e, ve, and d denoting elastic, visco-elastic and diffusion parts, respectively[1].
The material parameters of this model are identified by means of a finite element simulation
with the above model equation.
Meanwhile, the poro-elastic model considers dividing the material into a solid part and
a liquid part and therefore expresses the total stress tensor as
σ = σs + χ P I

(2)

where s denotes the effective part, χ is a factor that depends on the saturation, and P
represents the pore pressure[2].

2

Theoretical Background

The grounds and basis for our comparisons and all the simulations that will be discussed
are based on those two models. To start with the visco-elastic diffusion model, viscosity will
be disregarded since the velocity is constant throughout the experiments and simulations.
Therefore the model contains no viscosity term and thus only the elasticity E has to be
identified, as well as the constants from the diffusion model which is as follows:
D(v ) = D0 + D1 V

(3)

where V denotes the volume strain, and D0 and D1 are material constants. Going back
to the poro-elastic model in ABAQUS, the parameters, to be identified, are extracted from
the void ratio dependent permeability model:
e−e

M 1+e0

k(e) = k0 e

0

(4)

e0 represents the void ratio, which is the ratio of void volume to solid volume in this case,
e1 represents the initial void ratio, and k0 and M represent the initial permeability and
material constant, respectively.
Mow et al. [2] defined permeability by
kM =

k
, γ = 9.81x103 N m−3
γ

(5)

In summary, the elastic diffusion model has a total of four parameters, one predefined
parameter which is Poisson’s ratio, and three parameters to be identified, which are Young’s
Modulus and two diffusion material constants. The poro-elastic model has a total of five
parameters, two pre-identified, which are the initial void ratio and also Poisson’s ratio, and
three parameters to be identified which are Young’s modulus of the solid phase, the initial
permeability, and a material constant.
The next step will be to identify all the parameters using an iterative optimization
technique.

3

The Experiments

Unconfined compression tests are performed on an MTS-testing machine. The compressive
specimens have cylindrical forms with 1-3 mm thickness (due to fabrication influences) and
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10 mm diameter. The entire experiment can be divided into three stages: loading, relaxing,
unloading as in Fig. 2. During the loading process the specimen is compressed to one third
of its thickness with a velocity of 0.5 mm/s. In the relaxation phase the indenter holds its
position for 20 seconds. In this process the measured forces decrease due to the gradual
relaxation of the material. Finally, in the last stage the load is removed.

Figure 2: Experimental reaction force with respect to time

4

The Simulations and Optimizations

Both models are implemented using the finite element program ABAQUS. The first model
uses a user defined subroutine material model (Linear Diffusion Model), and the second
uses the default poro-elastic material definition in the software. The models defined in
ABAQUS will interact with the optimization routines written in MATLAB.

5

The Sensitivity Analysis

Parameter identification procedures may be enhanced by preliminary sensitivity analysis
[3]. Sensitivity gives an idea of the influence of each sought parameter on the quantities
that are to be measured. Our interest is to assess the influence of the material model
parameters E, D0 and D1 in the Linear Diffusion Model and E, k0 and M in the poroelastic model on the measured reaction force (RF) obtained from experimental compression
tests. For comprehension, the following discussion will refer to three time periods defined
and depicted in the reaction force curve Fig. 3: an initial zone, a peak zone, and a
relaxation zone. The negative nature of the reaction force variable (RF)indicates that the
force is reactive.
The sensitivity is computed using forward finite differences:
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Figure 3: Defined zones in the reaction to compression force curve

∂RFt (θk )
∂θk

θk =θk

RFt (θk + ∆θk ) − RFt (θk )
∼
=
∆θk

(6)

where RF refers to the measured reaction force, t stands for time, θk refers to the k th
parameter, θk is the reference value of the k th parameter and ∆θk stands for the increment
in value of the k th parameter.

5.1

Linear diffusion model sensitivity

Fig. 4 depicts the sensitivity of the reaction force to changes in the Young’s modulus E
and time. It can be seen, that for any selected time zone, the sensitivity will not change as
E is varied, meaning that the sensitivity of RF with respect to E is constant at any time.
This behavior is typical for a linear relationship between variables, i.e. there is a linear
proportionality relation between RF and E. Fig. 4 also shows that this proportionality
achieves a maximum in the peak zone at the peak of reaction force which takes place at the
maximum compression displacement. It means that at this peak, considerable variations
of RF are expected as E is varied. It is also noticeable, that sensitivity values are negative,
but since the measured variable, RF is negative, the proportionality is direct: for increasing
values of E, the reaction force increases, although negatively, in our frame of reference.
Fig. 5 depicts the sensitivity of the reaction force to variations of the diffusion parameter
D0 and time. The sensitivity is in general positive in this case, indicating an inverse
relation between RF and D0 . Thus for higher values of D0 , RF will decrease in value or
in our frame of reference, will become less negative. RF is insensitive to changes in D0
at the initial zone for it has a constant value. For both the peak zone and the relaxation
zone, it can be seen that the sensibility of RF increases exponentially and inversely with
D0 until a plateau is reached between values of D0 = 4 and D0 = 6 s−1 (linearity). For
higher values of D0 the sensibility peaks at D0 = 7.5 s−1 and then decreases drastically at
D0 = 9.5 to nearly 0 in the relaxation zone. However, in the peak zone, the sensibility is
still considerable for D0 = 9.5.
Fig. 6 shows the sensitivity of the reaction force with respect to the diffusion variable D1
and time. Sensitivity is in general negative, which indicates direct relation between RF
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Figure 4: Reaction force sensitivity to variations of the Young’s modulus

Figure 5: Reaction force sensitivity to variations of the diffusion parameter D0
and D1 : RF is increased whenever D1 is increased. At the initial zone, the sensitivity is
constant and as the peak is reached it starts increasing exponentially with D1 . As time
continues, in the relaxation zone, the sensitivity is nearly 0 and again constant (linearity)
for values less than D1 = 8 s−1 . For values greater than D1 = 8 s−1 , sensitivity increases
drastically in the peak and relaxation zones.
In conclusion:
• The reaction force varies linearly proportional direct manner with respect to the
Young’s modulus at every time zone.
• RF is more sensitive to E at the peak zone, and less sensitive at the end of the
relaxation zone.
• The reaction force predominates with an exponential and inverse variation with respect to the diffusion parameter D0 .
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Figure 6: Reaction force sensitivity to variations of the diffusion parameter D1
• RF is more sensitive to D0 as the peak zone is reached and stays highly sensitive in
the relaxation zone, except for high values of D0 where RF stays insensitive.
• The reaction force is predominantly insensible to the diffusion parameter D1 . However, for high values of D1 , the sensitivity increases drastically. It is also very sensitive
in the peak zone, particularly for high values of D1 .
• High sensitivity zones, like the peak zone in this case, are harder to fit during parameter estimation.

5.2

Poro-elastic model sensitivity

Regarding material model parameter estimation through inverse analysis, it is of great
importance that the minimization of the cost defined as the sum of squared differences
between measured experimental data and numerical or analytical data. Therefore, previous
to the estimation of the parameters through cost minimization, a study of the sensitivity
of the cost with respect to the different parameters is indispensable.
The sensitivity will give an idea of how the cost behaves with respect to changes in
parameter values. Fig. 7a depicts the behavior of the cost with respect to the Young’s
m4
modulus for constant values of k0 = 2e − 8 N
·s and M = 10 describing permeability.
It has clearly an exponential trajectory and a convex nature which suggests that there
exists a minimum cost. Figs. 7b and 7c show the behavior of the cost with respect to the
permeability parameters k0 and M respectively. The “x”marks indicate that the triad of
parameters resulted in a non-convergent numerical simulation.
This non-convergence is still under study, although it is attributed presumably to element excessive distortion and contact formulation problems. For the triads of parameters
that resulted in convergent simulations, the relations are clearly linear between the costs
and the parameters. However, while the variation of the cost with permeability parameter
k0 increases, the variation of the cost with M decreases.
In this section the sensitivity of the reaction forces to the different material parameters
in the linear diffusion model and the poroelastic model were studied. Regarding both
sensitivity studies, one can stress the fact that the poro-elastic model doesn’t allow to make
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(a)

(b)

(c)

Figure 7: Cost sensitivity to variations of (a) the Young’s modulus E [P a] with k0 = 2e − 8
m4
m4
N ·s and M = 10, (b) the permeability parameter k0 [ N ·s ] with E = 0.8 M P a and M = 19
and (c) the adimensional permeability parameter M with E = 0.8 M P a and k0 = 2e − 8
m4
N ·s

a complete range sensitivity analysis because there are triads of parameters that result in
non-convergence of the numerical model. Another perceived fact is that the sensitivity of
the linear diffusion model is less, than the sensitivity of the poro-elastic model. Therefore,
in terms of sensitivity, the linear diffusion model is more robust and thus more sensible to
use.

6

A Biological Interpretation

A successful numerical model should have a physical interpretation. In other words, how
does each parameter in the models affect the properties of the material. In order to do so,
and knowing that only a numerical approach is possible, simulations of the reaction force
have been run by varying one parameter at a time. Figs. 8 and 9 show the variations of
the reaction force for different values of E, D0 , and D1 in the linear diffusion model and
E, k0 and M in the poroelastic model; and the best curve fit is also in the same graph
always to be able to notice how the change is occurring, in which stage of the process, and
what it might reveal.
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Figure 8: Experimental and numerical reaction force for (a) varying Young’s modulus
and constant diffusion parameters D0 = 1.5 s−1 and D1 = 1.5 s−1 , (b) varying diffusion
parameter D0 and constant E = 1.5 M P a and D1 = 1.5 s−1 and (c) varying diffusion
parameter D1 and constant E = 1.5 M P a and D0 = 1.5 s−1
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Figure 9: Experimental and numerical reaction force for (a) varying Young’s modulus E
m4
and constant permeability parameters k0 = 2e − 8 N
·s and M = 10, (b) varying permeability parameter k0 and constant E = 0.8 M P a and M = 19 and (c) for varying permeability
m4
parameter M and constant E = 0.8 M P a and k0 = 2e − 8 N
·s

7

Conclusions

In conclusion, experimental validations were performed by material tests with acellular
material as well as with cellular tissues in bioreactors. The experimental validations in709
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cluded compression and tension tests performed with different displacement velocities and
strain rates. The test results defined the material parameters that needed to be satisfied.
In order to achieve that, two mechanical models were proposed; one accounts for viscoelasticity and deformation dependent diffusion of acellular collagen material, and the other for
the permeability and elasticity. Both models were implemented using the finite element
program ABAQUS, the first model using a user-subroutine, and the second one using the
default poro-elastic material properties in the software.
In theory and numerical analysis, both models have predefined parameters and identified parameters. For the elastic-diffusion model only Poisson’s ratio is predefined, while
Young’s Modulus and two diffusion parameters are identified. Meanwhile, the poro-elastic
model has Poisson’s ratio and the initial void ratio as predefined parameters, and Young’s
modulus, initial permeability ,and the material constant M as identified parameters. Via
ABAQUS, these parameters of each model are calculated in order to obtain numerical
results which are as close as possible to the resulting experimental results. As a result,
the values of the different identified parameters are calculated and improved by optimization until the difference between the experimental and numerical results (cost function)
approach zero.
In summary, the parameter studies verified that both models fit experimental data well.
Further research is still on going; a sensitivity study is performed on the parameters of the
elastic-diffusion model and the poro-elastic model, to see which are more sensitive to slight
or extreme variations; and compare the sensitivity analysis of both models. This opens a
new horizon where we will be able to interpret these comparisons and deduce the physical
meanings behind the parameters and acquire methods to improve them more.
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