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Abstract

Nonlinear theory of crystal media with the complex lattice consisting of two sub-
lattices is developed in last years [1], [2]. The model describes formation of defects,
phase transformations, fragmentation of a lattice and other physical processes which
are realized, in particular, near coast of a crack and which aren’t described by the
classical elasticity theory. Owing to this fact development of numerical and analytical
methods of the solution of the nonlinear theory in relation to problems of fracture
mechanics is perspective.

The equations describing plane deformation of complex crystal lattice are received.
The equations of acoustic mode are solved by introduction of Airy function. In the
nonlinear theory it satisfies to the nonhomogeneous equation. The role of a source is
played by plastic deformations of a lattice. The equations describing the structure of
lattice, have a form of system of two connected double sine-Gordon equations with
variable amplitude. Communication between structure and potential of interaction of
sublattices is studied on the example of one-dimensional deformation.

1 Introduction

In the classical theory of deformation of solid bodies including crystal, the preservation
condition of local topology in the process of structure change is accepted as a postulate
— the nearest neighbors (within a small vicinity of a material particle) remain invariable,
and power communications between particles don’t switch over. Only changes of distances
between small, but macroscopic, volumes are considered. Actually there are changes both
distant and the neighboring translational orders in a crystal. For their account it is neces-
sary to introduce structural factors. Somewhat it was made by M.Born and K.Huang [3]
at creation of the linear dynamic theory of complex crystal lattices.

Nonlinear model of deformations of crystal media with a complex lattice is offered in
Refs. [1], [2]. As in the classical theory [3] the shift of the center of inertia atoms of an
elementary cell is described by a vector U(x, y, z, t) (acoustic fashion), and relative shift
of atoms in a cell — by vector u(x, y, z, t) (optical fashion). Unlike the theory [3] the shift
of sublattices u can be arbitrary large. The principle of translation symmetry is entered
into the theory — rigid shift one sublattice concerning another for one period (or their
integer) again reproduces structure of the complex lattice. It means that its energy has
to be periodic function relative to rigid shift of sublattices, invariant to this translation.
Certainly the classical principle of translation symmetry remains also: energy of a lattices
is invariant to translation of both sublattices on one (or a integer) the periods of a complex
lattice.
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Transition to significantly nonlinear equations [1], [2], [4]–[7] allows to predict deep
structure reorganization: fall of the potential barriers, switching of interatomic communi-
cations, phase transformations [7], lattice fragmentation [6], emergence of singular defects
and other fracture of a lattice [4]. Development of nonlinear models of mechanics of the
continuous media answers to modern problems which arose in connection with deep pen-
etration into area of the small (nano-) scales. One of the main problems is the problem
of receiving, deformation and destruction of materials with nanostructure.. The solution
of this problem demands introduction significantly nonlinear models and direct account of
deep changes of structure of a solid body.

2 General equations

The equations of motion determining U(t, x, y, z), u(t, x, y, z) are received from Lagrange’s
variation principle. They have the form

ρÜi = λikmnemn,k − sik[Φ(uR)],k, (1)

µüi = kikmnεmn,k − (p− sikeik)
∂Φ(uR)

∂ui
. (2)

Here (ρ, µ) are average and reduced density of couples of atoms respectively, tensors
(λikmn, kikmn) are elasticity and microelasticity coefficients, sik is tensor of nonlinear
mechanostriction, (eik, εik) are deformation and microdeformation tensors

eik =
1

2

(
Ui,k + Uk,i

)
, εik =

1

2

(
ui,k + uk,i

)
. (3)

Function Φ(uR) represents triple periodic energy of interactions of sublattices, invariant to
translation of Bravais sublattices lengthways directions of vectors k,m,n for the periods
a1, a2, a3 respectively. Argument is

uR =
√
uiaikuk, aik = a−2

1 kikk + a−2
2 mimk + a−2

3 nink. (4)

Here aik is tensor of the inverse periods of a lattice (a1, a2, a3), (n1/a1,n2/a2,n3/a3) are
vectors of inverse lattice. On physical sense Φ(uR) has to be function even and the periodic.
In general case (for Dirichlet conditions) Φ(uR) can be expanded in Fourier series

Φ(uR) = (1− cosuR) + δ(1− cos 2uR) + . . . (5)

In expansion (5) it is accepted that energy of interaction of sublattices it is equal to zero,
if uR = 0. The factor before function Φ(uR)

P = p− sikeik (6)

represents an effective interatomic barrier—energy of activation of couplings. Here p is
half of energy of activation of rigid shift of sublattices, and sik is tensor of nonlinear
mechanostriction. The coefficient P represents energy of activation of couplings. It is very
sensitive instrument of management of a microstructure and properties of a lattice with
help of macroscopic fields of deformations and tension.

Eq. (1) can be written in a standard form of the equations of mechanics of continuous
medium

ρÜi = σik,k, (7)
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if to enter a stress tensor

σik = λikmnemn − sikΦ(uR). (8)

The stress tensor σik, unlike classical, is the sum two terms

σik = σUik + σpik, (9)

σUik = λikmnemn, σpik = −sikΦ(uR). (10)

Obviously, σUik represents an elastic component of shift stress. The value σpik is an inelastic
component, because it is quadratically on shift u and doesn’t depend on its direction. It
has the sign opposite to a sign of macroshift U. Force σpik in the corresponding plane can
take as friction force. It is small at small microshifts and reaches limit high value 2sik,
when uR = (2n + 1)π, i.e. at shift of atoms from potential holes in maxima on tops of
interatomic potential barriers. Obviously, the value of a material tensor of sik is that limit
for the inelastic tension which describes losses of stability of a lattice. Further plastic
deformations, phase transitions and other bifurcation processes are possible.. They are
defined by a field of microshifts which is the solution of Eq. (2).

If the optical mode doesn’t excite (uR = 0), then Eqs. (2) are satisfied identically, and
(1) pass into the equations of classical mechanics of the continuous medium.

Tensors (λikmn, kikmn) are symmetric to shift of couples of indexes and couple indexes
among themselves. For crystals of cubic symmetry the components of tensor λikmn

λ1111, λ2222, λ3333, λ1122, λ1133, λ2233, λ1212, λ1313, λ2323

aren’t equal to zero They are connected by relationships

λ1111 = λ2222 = λ3333, λ1122 = λ1133 = λ2233, λ1212 = λ1313 = λ2323.

Independent there are three modules of elasticity. If to accept as independent
(λ1111, λ1122, λ1212), then density of elastic energy of macrodeformation will be equal
to

DU =
1

2
λikmneikemn =

λ1111

2

(
e2
xx + e2

yy + e2
zz

)
+

+λ1122

(
exxeyy + exxezz + eyyezz

)
+ 2λ1212

(
e2
xy + e2

yz + e2
yz

)
. (11)

Told about tensor λikmn is fair and for a tensor kikmn. Density of elastic energy of mi-
crodeformation is

Du =
1

2
kikmnεikεmn =

k1111

2

(
ε2
xx + ε2

yy + ε2
zz

)
+

+ k1122

(
εxxεyy + εxxεzz + εyyεzz

)
+ 2k1212

(
ε2
xy + ε2

yz + ε2
yz

)
. (12)

From (11), (12) one can find a tensor of elastic macrotension

σUik =
∂DU

∂eik
=

{
2µeik + λδikeαα (i = k),

2µa1eik (i 6= k)
(13)

and tensor of elastic macrotension

σuik =
∂Du

∂εik
=

{
2k1εik + k2δikεαα (i = k),

2k1a2εik (i 6= k).
(14)
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Here new designations for elasticity modules are entered

λ1111 = 2µ+ λ, λ1122 = λ, λ1212 = µa1,

k1111 = 2k1 + k2, k1122 = k2, k1212 = k1a2.
(15)

The coefficients (a1, a2) characterize anisotropy according to macro- and microshifts

a1 =
2λ1212

λ1111 − λ1122
, a2 =

2k1212

k1111 − k1122
. (16)

If a1 = 1, then the continuum of macroshifts will be isotropic. If a2 = 1, then the continuum
of microshifts will be isotropic.

Components of a tensor eik have to satisfy relationships of compatibility of Saint-Venant

∆eik + eαα,ik − (eiα,kα + ekα,iα) = 0. (17)

3 Plane deformation of crystals of cubic symmetry

By definition, the field of shifts is called plane, parallel to the plane x3 = 0, if

Ux = Ux(t, x, y), Uy = Uy(t, x, y), Uz = 0, (18)

ux = ux(t, x, y), uy = uy(t, x, y), uz = 0. (19)

In the case of deformation of crystal media with a cubic lattice the symmetric tensor of
mechanostriction sik has two components which don’t equal to zero s11 = s22, s12 = s21.
Owing to this fact the symmetric tensor of inelastic tension σpik is equal

σpxx = σpyy = s11Φ(uR), σpxy = σpyx = s12Φ(uR), σpxz = σpyz = σpzz = 0. (20)

Symmetric tensor of elastic macrotension σUik takes the form

σUxx = 2µexx + λ(exx + eyy), σUyy = 2µeyy + λ(exx + eyy),

σUxy = 2µa1exy, σUxz = σUyz = 0, σUzz = λ(exx + eyy). (21)

The symmetric tensor of elastic microtension σuik will have the same form

σuxx = 2k1εxx + k2(εxx + εyy), σuyy = 2k1εyy + k2(εxx + εyy),

σuxy = 2k1a2exy, σuxz = σUyz = 0, σuzz = k2(εxx + εyy). (22)

Taking into account the form of tensors (σpik, σ
U
ik, σ

u
ik), we will receive the equations de-

scribing flat deformation of crystal media of cubic symmetry

ρÜx = σ−xx,x + σ−xy,y, (23)

ρÜy = σ−yx,x + σ−yy,y, (24)

µüx = −P ux
uR

Φ′(uR) + k1∆ux + k2
∂

∂x

(
∂ux
∂x

+
∂uy
∂y

)
+ k̄1

∂2ux
∂x2

, (25)

µüy = −P uy
uR

Φ′(uR) + k1∆uy + k2
∂

∂y

(
∂ux
∂x

+
∂uy
∂y

)
+ k̄1

∂2uy
∂y2

. (26)

Here

σ−ik = σUik − σ
p
ik, k̄1 =

2

a2
(1− a2)k1, uR =

√
u2
x + u2

y, (27)
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The motion equations (23)–(26) are the system of four nonlinear coupled equations. The
last two are nonlinear Klein-Fock-Gordon equations with a variable amplitude. Some ap-
proaches to the solution of such equations are stated in [11], [12]. Finding of analytical
solutions of the system is a complex mathematical problem. Therefore simplifying assump-
tions are justified.

At the beginning we will be limited to static deformation. For problems of a statics
Eqs. (23), (24) will assume the form

σ−xx,x + σ−xy,y = 0, σ−yx,x + σ−yy,y = 0. (28)

Eqs. (28) are satisfied identically, if a tensor σ−ik to write with help Airy function

σ−ik = − ∂2Q

∂xi∂xk
+ δik∆Q. (29)

Through Airy function it is possible to express a tensor of macrodeformations eik

exx =
1 + σ

E

[
∂2Q

∂y2
− σ∆Q+ (1− 2σ)s11Φ(uR)

]
, (30)

eyy =
1 + σ

E

[
∂2Q

∂x2
− σ∆Q+ (1− 2σ)s11Φ(uR)

]
, (31)

exy =
1 + σ

a1E

[
− ∂2Q

∂x∂y
+ s12Φ(uR)

]
. (32)

For plane deformation from six Saint-Venant equations of compatibility (17) only one
remains

∂2exx
∂y2

+
∂2eyy
∂x2

= 2
∂2exy
∂x∂y

. (33)

Having substituted (30)–(32) in (33), we will receive the equation for finding of Airy
function

(1− σ)∆∆Q+
2(1− a1)

a1

∂4Q

∂x2∂y2
= (2σ − 1)s11 ∆Φ(uR) +

2s12

a1

∂2Φ

∂x∂y
. (34)

As we can see from (34), function of Erie, unlike the classical theory of elasticity, satisfies
to the non-homogeneous equation. The role of a source is played by plastic deformations
of a lattice. In general case the solution of the equation (34) can be written in the form of
the sum of two functions

Q = Q0 +Qp, (35)

where Q0 is a solution of homogeneous equation, and Qp is a partial solution of the non-
homogeneous equation. For isotropic media the methods of finding of Q0 are stated in [8],
and for anisotropic media in [9]. The partial solution Qp can be expressed through Green’s
functions.

Relationships (30)–(32) allow to rewrite an effective potential barrier through Q(x, y)
function

P = p− sikeik = p
[
P̄1 + 2P̄2(1− Φ(uR)

]
. (36)
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Here

P̄1 + 2P̄2 = 1− 1 + σ

pE

[
s11(1− 2σ)∆Q− 2s12

a1

∂2Q

∂x∂y

]
, (37)

P̄2 =
1 + σ

pE

[
s2

11(1− 2σ) +
s2

12

a1

]
. (38)

We will note that only coefficient P̄1 is expressed through Q(x, y) function. Therefore,
generally P1 = P1(x, y). Coefficient P2 is constant because it depends only on material
parameters of the medium.

4 Solution of the one-dimensional equations of statics

Eqs. (23)–(26) are a system of the coupled nonlinear equations in partial derivatives. Their
analytical integration is coupled to overcoming of great mathematical difficulties. The sim-
plest case is the one-dimensional deformation. For it it is possible to receive exact solutions
of the equations of statics at arbitrary potential of interaction of sublattices Φ(uR), that
allows to find dependence between the potential of Φ(uR) and features structures of mi-
crodeformations.

For one-dimensional case

Ux = U(x), Uy = 0, Uz = 0, ux = u(x), uy = 0, uz = 0, uR = u. (39)

The equations of a statics will assume a form[
(λ+ 2µ)U,x − sΦ(u)

]
,x

= 0, s = s11, (40)

ku,xx = (p− sU,x)Φ(u), k = k1111. (41)

The coupled system (40), (41) can be divided and the separate equations for microshift
u(x) and macrodeformation ε = U,x can be found. The equation for u(x) will be found if
to integrate (40)

(λ+ 2µ)U,x − sΦ(u) = σ, (42)

and then from (41) with the help (42) to exclude U,x. As a result for u(x) we will receive
the separate nonlinear differential the equation of the second order, which first integral has
a form

u2
,ξ = 2g + 2βΦ(u)− β0Φ2(u), ξ =

x

l0
. (43)

Here (σ, g) are the integration constants, l0 is length of coherence of the lattice, playing
role of material nanoscale, and (β, β0) are parameters of the model,

l20 =
k

p
, β = 1− σ

σt
, β0 =

s

σt
, σt =

p

s
(λ+ 2µ). (44)

From Eq. (43) the field of microdeformation u(x) can be found. If Φ(u) = 1 − cosu,
then it will assume a form

u2
,ξ = 2g + 2β(1− cosu)− β0(1− cosu)2. (45)
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For potential Φ(u) = 1− cosu+ δ(1− cosu)2

u2
,ξ = 2g + a1β(1− cosu)− a2(1− cosu)2 + a3β(1− cosu)3 − a4(1− cosu)4, (46)

a1 = 2β(1 + 4δ), a2 = 4βδ + β0(1 + 4δ)2, a3 = 4β0δ(1 + 4δ), a4 = 4β0δ
2. (47)

From (45), (46) it is visible that in the first case a field of microdeformation of u(x) is
given by the inversion of elliptic integral∫

du√(
1 + a2 sin2 u

2

)(
1− b2 sin2 u

2

) =
√

2g(ξ + C), (48)

a2 − b2 =
2β

g
, a2b2 =

2β0

g
, (49)

and in the second case — by inversion of hyperelliptic integral∫
du√

1 + a1(1− cosu)− a2(1− cosu)2 + a3(1− cosu)3 − a4(1− cosu)4
=
√

2g(ξ+C),

(50)

ai =
ai
2g
, i = 1, . . . , 4. (51)

The separate equation for macrodeformation ε = U,x will be obtained, if to write the
derivative du/dx through dε/dx from Eq. (40)

(λ+ 2µ)
dε

dx
= sΦ′(u)

du

dx
, (52)

and from Eq. (42) to express Φ(u) through ε.
Having substituted du/dx and Φ(u) in (43), we find the separate equation for ε. If

potential is Φ = 1− cosu, then it has a form∫
du√

(ε− α1)(ε− α2)(ε− α3)(ε− α4)
=

√
λ+ 2µ

k
(x+ C). (53)

Here roots (α1, α2, α3, α4) are the values(
σ

λ+ 2µ
,
σ + 2s

λ+ 2µ
,
σ + 2s/b2

λ+ 2µ
,
σ − 2s/a2

λ+ 2µ

)
.

According to algorithm of the inversion of elliptic integral they have be ordered. We will
accept that

α1 > α2 > α3 > α4.

For potential Φ(u) = 1−cosu+δ(1−cosu)2 macrodeformation ε can be found by inversion
of the ultraelliptic integral (under a root in (53) a polynom of the sixth degree is situated).

The problem of inversion of elliptic integral was solved by Abel, Jacobi, Weierstrass and
Riemann. They introduced into the analysis doubly periodic functions (theta-functions,
elliptic functions) of one complex variable. Problem of the inversion of ultraelliptic integral
was solved by Göpel and Rosenhain. They developed the theory of theta-functions of
two complex variables and showed that formulas of the inversion of ultraelliptic integral
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are expressed through the relations of the introduced theta-functions. The inversion of
ultraelliptic integral by the Rosenhain method gives in [10]. The theory of theta-functions
of two complex variables is a very complicated and in modern mathematics practically
isn’t known. That is why, it is expedient to use methods of qualitative research of the
equations (45), (46).

Arrangement of roots αi determines model parameters. Two of them β0, l0 describe
properties of a crystal. We will consider them fixed. Parameter β depends on external
stress σ. It can change over a wide range. Different values can accept and a dimensionless
constant of integration g. In particular, if microshifts (us = 0) are equal to zero on the
border, then maginitude pg is surface energy of microgradients on border

pg =
k

2
(u2
,x)s, us = 0, x = xs. (54)

In this case g ≥ 0. If us 6= 0, then g can be negative. We will note that at certain ratios
between parameters the elliptic integral becomes pseudo-elliptic. The last is expressed
through elementary functions.

Solutions of Eq. (43) are considered in [5]. In the present work we will be limited only
by quality comparison of solutions of equations (43) and (50).

Phase portraits of the equation (43) are represented on Fig. 1—3 for the case, when
β = 0.5, β0 = 0.75. On a vertical axis value of a microgradient of u,ξ, and on hor-

1
2

3
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5

6

-2 -1 1 2

u

Π

-1

1

u, Ξ

Figure 1: Phase portraits at value of parameter δ = 0.

-2 -1 1 2

u

Π

-1

1

u, Ξ

Figure 2: Phase portraits at values of parameter δ = 0.7.

izontal — microshifts is postponed u. Parameter of curves is the integration constant
2g = −0.3, 0, 0.3, 1, 2, 3. The entire set of solutions is divided into three groups by sepa-
ratrixes which are designated by shaped lines. “Small” separatrixes (g = 0) limit domains
in which there are two subdomains of the closed curves with the centers of stable equilib-
rium. The closed curves are satisfied by periodic solutions u(x). These are the modulated
domain nanostructures. They are limited both in size of microshifts, and in size of micro-
gradients. Between “small” and “big” separatrixes the periodic solutions are realized. They
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-2 -1 1 2

u

Π

-1

1

u, Ξ

Figure 3: Phase portraits at values of parameter δ = 0.9.

describe the big microshifts of the near atoms which aren’t going beyond an elementary
cell. Outside “big” separatrix the domain of non-closed curves lies. They are answered by
solutions not limited by the size of microshifts. They describe a plastic current of a lattice.

The phase portrait of the equation (46) qualitatively doesn’t differ from the phase
portrait of Eq. (43) if amplitude of the second harmonica (δ) is small. With increase δ
qualitatively change non-closed trajectories. They in turn (everyone at the critical value
δ) begin to become the closed (Fig. 2). There is a limit critical value δ, above which all
trajectories become closed (Fig. 3). Thus, qualitative analysis of Eqs. (43) and (46) allows
to draw a conclusion that existence of the second harmonica in potential of interactions
of sublattices Φ(u) promotes (in process of growth δ) to transformation of acyclic nuclear
structures into the periodic. At big δ only periodic structures are realized.
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