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Abstract

It is well known that the miniaturizing of modern mechanical systems
toward micrometer or even nanometer length scale requires new equations
for describing the mechanical and material behavior.

The need for became

evident from several experiments [7, 2]. Classical/traditional elasticity theory
of continuum mechanics can not explain material behavior in this length scales
(size eect). This is why generalized continuum theories are used to overcome
these limits [2, 3, 4].

Also, lower computing time can be achieved by using

generalized continuum theories for simulation models.
There are dierent reasons why experiments have to be performed for generalized continua. On the one hand new parameters show up in generalized
continuum material equations.

If one wants to use these equations, for ex-

ample in a simulation study, these parameters have to been measured and
determined in experiments before [7, 2, 3, 8].

On the other hand, simula-

tions using generalized continuum models can be validated by experiments,
provided that all parameters are known [5]. Unfortunately experimental data
in the literature covering the size eect in elasticity is very rare. Some basic
research on an Euler beam made out of epoxy is presented in [7, 8].

Other

fundamental work was performed by [2] using atomic-force-microscopy and
micro-Raman-microscopy on silicon nitride in a loading test.
In the recent past new experimental techniques have been developed to
use generalized continuum theories [3, 5, 6].

Dierent experimental setups,

dierent materials, and dierent structures were used [7, 3, 5, 6, 7, 8]. This
state-of-the-art-report gives an overview on the dierent experimental techniques that have been applied to dierent generalized continuum theories. An
outlook into future investigations will also be given.

1 Introduction
Modern mechanical and electrical systems are rapidly becoming smaller. Micrometer
or nanometer length scaled systems require new mathematical theories and material
equations. Liebold, for example, proved in [2] that Young's Modulus of epoxy is
increasing if the size of the target is in or below the micrometer scale. The reason of
this behavior lies in the substructure of the target. These intrinsic characteristics,
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which lead to this kind of mechanical behavior, are summarized by the term size
eect. Classical/traditional elasticity theory of continuum mechanics can not explain
material behavior in this length scales. That is why generalized continuum theories
are used to overcome these limits.
An convincing example to illustrate the problem is a nite element simulation of
materials showing small scale phenomena: Models of technical structures classically
use equations based on the traditional Cauchy-Boltzmann continuum and require
a very detailed mesh if details in small structures need to be analyzed. This leads to
higher computing time and associated higher costs. Alternatively, by using equations
developed out of generalized continuum theories, a low-detail mesh can be used to
get the same results. The computing costs are much less.
In the literature, some experiments applied to generalized continuum theories can
be found [7, 2, 3, 5, 7, 8, 10, 14, 15]. Examples for generalized continuum theories
are the strain-gradient-theory [17, 18], the micromorphic theory [4, 16, 17], and the
surface-theory [19, 20], just to mention the most popular ones. When studying these
theories more intensively, two main families of generalized continua representing
extensions to the Cauchy continuum can be identied - the micromorphic theory
and the strain gradient theory. In micromorphic theory the intrinsic deformation is
described by so-called directors. These vectors represent the deformation and the
orientation of the material particles. The micromorphic continuum can be simplied
to the micro-stretch continuum when the directors become orthogonal. The microstretch continuum can be simplied further to the popular micropolar continuum
when the directors do not change their value in length (so that just the rotation is
described by the directors). If desired, micropolar theory can be also transferred
to couple-stress-theory. Then the constitutive equations for an isotropic solid read
[13, 16, 4, 6]:

σij = 2Gij + λkk δij + κeijk (rk − φk ) , µij = αφk,k δij + βφi,j + γφj,i .

(1)

σij is the force-stress tensor (here antisymmetric in contrast to classical theory),
µij is the couple stress tensor (in general antisymmetric), G is the shear modulus,
ij = 21 (ui,j + uj,i ) is the small strain tensor, uj is the displacement vector, and φi
and ri are the micro- and the macrorotation vector, respectively. φi refers to the rotation of points themselves, while ri refers to the rotation associated with movement
of nearby points [6]. eijk is the permutation symbol, δij is the Kronecker symbol.
The Einstein summation convention is valid for repeated indices and a comma
denotes dierentiation. α , β , γ and κ are the so-called independent Cosserat constants (in classical theory these constants and the couple stress tensor become zero,
 constants stay). The couple-stress-theory represents the mostly used
just the Lame
extension to the Cauchy continuum in literature. By the use of special restrictions, the strain gradient theory can be simplied to the modied strain gradient
theory and transferred into the couple stress theory as well as the micromorphic
theory mentioned before. Also, surface theories, such as the core-shell-theory, gain
in importance in the eld of generalized continua. Based on the idea that the elastic
behavior of a solid's surface is independent of its volume, these theories are even
able to describe a negative size eect (meaning, a softer elastic response to external
forces or deformations during the reduction of the dimensions of the specimen). This
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behavior is shown in [15] for example.
Finally, two well-known and actively developed generalized continuum theories are
the higher gradient [2, 15] and the micropolar theories [4, 13]. During the derivation of these theories additional constitutive equations are formulated, which include
new and unknown specic parameters (e.g., the couple stress tensor). Two possibilities in order to identify these new parameters are given by performing miniature
experiments as well as macroscopic experiments. By choosing a special adjusted experimental setup applied on the explicit generalized continuum theory it is possible
to localize and to determine the unknown parameters. Experiments on solids are
mostly performed in static or dynamic beam loading tests. However, not just solids
[16, 4] but also liquids or gases [24, 21, 23, 22] can be investigated. Hence there are
a lot of dierent reasons why experiments have to be performed for generalized continua. On the one hand side newly identied parameters have to been measured and
determined in experiments [7, 2, 3, 8], and on the other hand parameters obtained
from theory or numerical analysis have to been validated by experiments [15, 5].

2 State of the Art
This section should give an overview of examples of the most important publications
over the last years in the eld of experiments applied on generalized continuum
theories. Because of limited space not every publication related to this topic will be
discussed.

2.1

Lam

et al.

2003: Miniature beams

To nd experimental data on the size eect in the literature is dicult. Some basic research on a miniaturized Euler beam made of epoxy is presented in Experiments and theory in strain gradient elasticity by Lam et al. (2003) in [7].
A simple thin cantilever beam bending test on epoxy
was developed by using nano-indentation (see Figure 1). The load-deection dependence of the beam
can be classically described by:
Figure 1: A beam with an
applied force or moment at
the free end from [7]

w0 ≈

Q̄a3
.
3D0 h3

w0 =

Q̄a3
.
3D00 h3

(2)

When strain gradients eects are considered, the
load-deection dependence becomes according to [7]:
(3)

In classical bending theory, the bending rigidity D00 is independent of the length and
thickness of the beam. But here a new strain gradient theory was developed: The
higher-order bending rigidity D0 becomes dependent of the thickness h and of the
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material length scale parameters li of the beam:

D0 = D00 [1 + (

bh 2
E
2
) ] , D00 =
, b2h = 6(1 − 2ϑ)l02 + (4 − ϑ)l12 + 3(1 − ϑ)l22 . (4)
h
12ϕ
5

The higher-order bending parameter is bh ,
which includes the dependent length scale parameters li . D00 is a bending stiness parameter, which is independent of the geometry of
the beam with ϕ = 1 − ϑ2 for plain strain and
ϕ = 1 for plane stress. ϑ is Poisson's ratio, a
is the distance between the load and the mounting and h is the thickness of the beam.
The bending rigidity D0 is plotted over the
thickness h in Figure 2. Obviously, the bending
stiness is enlarged by a factor 2.4 if the height
of the beam is reduced from 115 µm to 20 µm.
Figure 2: Plot of bending rigidity The measured size eect ts to the developed
over thickness from [7]
higher-order bending solutions and cannot be
described by classical elasticity. Consequently,
this work shows that strain gradients can be a very powerful and important tool in
order to determine parameters that describe the size eect in small-scale structures.

2.2

Wei et al. 2001: Strain-gradient plasticity applied to indentation tests

Figure 3: Experimental results
(dots) and predicted results (line)
for dierent lengths L: plot of
hardness over depth for single
crystal copper from [10]
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Another experiment used in context with strain
gradient plasticity theory, which uses microindentation (instead of nano-indentation as
mentioned above), was performed in [10] on
single crystal copper plates (and also with aluminum, which is not considered further in this
article): Based on strain gradient plasticity
theory, the size eect was predicted by means
of the nite element method for evaluation of
experimental micro-indentation tests. Results
for the hardness/depth relation are shown in
Figure 3. It can be seen that the size eect
is very pronounced, if the indentation depth
is smaller than the micro-scale of the material
(particularly, if the indentation depth is smaller
than 1/3 of the micro-scale). Finally it was
shown that the size eect, which occurred in
the experiments, can be described suciently
by strain gradient plasticity theory.

Experimental techniques applied to generalized continuum theories: A
state-of-the-art report

2.3

Dell'Isola

et al.

2015: Pantographic beam structures

In the recent past new experimental techniques have been developed with the objective of working toward making generalized continuum theories useful for technology
[3, 5, 6, 12]. Dierent experimental setups, dierent materials, and dierent structures
were
used
[7,
3,
5,
6,
7,
8,
10,
14].
A particularly promising experiment was performed
by [5] last year in Designing a light fabric metamaterial being highly macroscopically tough under di-

inuenced by and based on the thoughts of Placidi
et al. [12].
So-called pantographic structures have
been designed and afterwards manufactured by 3Dprototyping, using the material PA 2200 (polyamide Figure 4: 3D-Model of the
powder). Two families of inextensible bers," which lattice structure from [5]
can also be treated as beams, are printed in two
arrays orthogonal to other other in parallel planes, which are then superimposed. The parallel planes are interconnected by cylinders (elastic pivots) of
small height.
A model of this pantographic lattice is shown in Figure 4.
The Pipkin continuum model (for further information
of the Rivlin-Pipkin decomposition of plane displacement of continua see [25, 26, 27]) is used to estimate
the behavior of the samples during a biaxial extension
test in numerical simulations. Here, the elastic pivots
are described by the rst-gradient (in displacement)
dependence of the deformation energy density. The
bending stiness of the bers is described by a secondgradient dependence (in displacement). Finally, four
deformation energy densities were used for the numerical simulation. The force-displacement plot for the
considered energy models of the elastic simulation is
shown in Figure 5 for a specimen, one side of which
is three times longer than the other. It can be recognized, that the resultant force increases when the limit
of maximum elongation is reached because of the inFigure
5:
Forceextensibility constraint. Finally, based on the results
displacement
plot
of
of the simulation, the experimental measurements of
dierent energy models in
the aforementioned pantographic structures have been
numerical simulation from
designed. Three samples with dierent pivot heights
[5]
and dierent pivot diameters were investigated. We
concentrate on sample 2 (0.5 mm height and 0.9 mm
diameter). Real macroscopic tensile tests were performed, resulting in an elongation along the direction of the shorter sides of the pantographic samples (an example
of sample 2 is given in Figure 6). The beams at the lower right corner experience a
large elongation between the pivots marked with two black points. In this region, the
bending energy of bers is concentrated (traction stress of approximately 200 MPa).
This could not be shown in the numerical simulations.

rectional extension: First experimental evidence,
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Figure 6: Tensile test of sample 2 from [5]: (a) before rst beam failure, (b) after
breakage of the ber in the upper left corner, (c)(f) damage of further bers
The three points, which are arranged in a triangle, visualize the shear angle (one in the middle and another one on the bottom in Figure 6).
These angles are obviously not constant during
the deformation.Furthermore, in Figure 6 the moment of rst beam failure can be recognized when
sample 2 is subjected to increasing stretch. Figure 6b shows a rupture of a beam in the upper
Figure 7: Force over displaceleft corner. From Figure 6c through Figure 6f
ment plot of sample 2 from [5]
more and more beams and pivots fail. In Figure 7 force over displacement is plotted with its
characteristic points corresponding to the loading steps from Figure 6a through 6f.
In general, toughness can be dened as the amount of energy needed to lead it to failure. By looking at Figure 7,
the failure of the pantographic lattice is visualized by the local minima in the plot. Surprisingly after one failure within
the structure, which was subjected to external loading, the
specimen recovers and is able to carry even higher loads
than before. Because of the complex geometry the beams
reorganize themselves, resulting in an increasing resistance
to elongation. Hence, the maximum energy before reaching
nal failure is greater than the maximum of elastic energy
that can be stored in the developed specimen [5]. ConseFigure 8: Numeri- quently, it is likely that this newly developed structure will
cal analysis of wave serve as an extremely tough metamaterial [5]. Other conceivpropagation from able applications for pantographic 2D sheets are discussed
[11]
in [11]. There a dynamic analysis of pantographic sheets
(where the beams are connected via hinges) is presented.
Figure 8 shows an example of wave propagation as a consequence of an imposed
time-dependent longitudinal displacement at the right side of the sheet [11]. It is
shown that the homogenized limit of this structure is best modeled by a second gra154

Experimental techniques applied to generalized continuum theories: A
state-of-the-art report
dient theory instead of a classic continuum. Three other dynamic analyses have been
performed, which will not be discussed in this article. Summarizing one may say that
the combination of high mechanical strength, lightness, and exibility makes these
structures extremely attractive for technical solutions in lightweight constructions,
for space/aircraft technology, or for the medical industry.

2.4

Kong et al. 2009: Static and dynamic analysis of microbeams

Another static and dynamic simulationanalysis was conducted by Kong et al.
(2009) in [14]. Based on strain gradient theory from Lam et al. [7] microbeams were investigated. The newly
developed model contained three additional material length-scale-parameters.
A static and a dynamic analysis was
performed based on the assumption
that all length-scale-parameters are the
same and that the thickness of the
beam is approximately equal to the
material length-scale-parameter (h =
Figure 9: Static plot of deections over
20 µm, l = 17.6 µm).
The nuthe ratio of length to thickness for difmerical analyses are shown in Figferent thickness values and dierent theure 9 for a static simulation (deecories from [14]
tion vs.
ratio of length to thickness) and in Figure 10 for a dynamic simulation (natural frequency vs.
the ratio of length to thickness).
The static analysis shows that the deection of the beam predicted by classical beam theory is about 12 times higher
than the one predicted by strain gradient elastic beam theory for the smallest thickness (see Figure 9a). Classical
beam theory can only predict the deection of the beam with the biggest thickness with sucient accuracy (see Figure 9d). The dynamic analysis showed
that the natural frequencies of the beam
predicted by strain gradient elastic beam
theory are about 3.5 times higher than
Figure 10: Dynamic plot of natural
the ones predicted by classical beam thefrequencies over the ratio of length to
ory (see Figure 10). If the thickness of
thickness for dierent thickness values
the beam is of the size of the material
and dierent theories from [14]: a) rst
length-scale-parameter, the beam deecnatural frequencies, b) second, c) third,
tions decrease and the natural frequend) fourth
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cies increase [14]. If the thickness is much
higher than the length-scale-parameter,
the size eects almost vanish.

2.5

Lakes

et al.

2015: Foams

(a) Inner structure of

(b) Structure of second investigated foam dur-

rst investigated foam

ing bending of the beam from [6].

from [6], scale bar is
5 mm.

Figure 11: The structures of the investigated foams are shown: a) Open cell
polyurethane foam with a cell size of about 1.2 mm, b) Bent test beam of foam
with a cell size of about 0.4 mm
Fundamental work on experiments in context with generalized continuum theories
was presented in 1995 and 2015 in [7, 6]. Experimental methods for determining the
six Cosserat elastic constants of isotropic solids with size eects were considered.
Inter alia Cosserat elasticity [13], micromorphic elasticity and nonlocal elasticity
was used. It has been shown, for example, that polycrystalline and particulate type

Figure 12: Experimental data and its t is shown as a plot of deformation over
position from [6], the plot of larger cell-sized foam is demonstrated on the left side
and the one of the smaller cell-sized foam is demonstrated on the right side
material microstructures behave nearly classically (like a metal or an amorphous
polymer) and that the behavior of several cellular solids can be characterized by
Cosserat elasticity. A bending test was conducted in [6], where bars of open
cell reticulated polyurethane foams were examined. Two foams, distinguishable by
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cell size, were investigated: One foam with an average cell size of 1.2 mm is shown
in Figure 11a, while the other foam with 0.4 mm cell size is shown in Figure 11b.
Bending was achieved by bringing the ends of cemented stalks into contact. The
displacement of the surface was measured via digital photography. Figure 12 shows
the experimental results for both foams where deformation is plotted vs. position
(without deformation due to tilting because of lack of sucient image processing).
A sinusoidal bulge deformation in both specimen can be recognized from the lateral
side. The magnitude of deformation for
the larger cell foam is bigger then the one
for the foam with the smaller cells. This
suggests a local length scale eect. The
foam with the 1.2 mm-sized cells has a ratio for the moduli in the dierent directions of 1.6 and is therefore anisotropic,
the foam with the 0.4 mm-sized cells has a Figure 13: Analytical solution based
Poisson's ratio of approximately 0.3 and is
on the Cosserat model developed
considered as isotropic. An approximated by [6]
three-dimensional Cosserat bending solution was developed for the isotropic material
and compared to experimental measurements of the isotropic foam (with 0.4 mmsized cells). The analytical Cosserat solution is shown in Figure 13. By comparing
Figure 13 with the right plot of Figure 12 it can be recognized that the observed
behavior in the experiments ts very well to the analytical solution (qualitatively
as well as quantitatively). This reveals the presence of Cosserat elastic eects.
Hence, macroscopical experiments can lead to the determination of unknown parameters, which show up in generalized continuum theories.

2.6

Liebold et al. 2015 and 2016: AFM and Micro-Ramanspectroscopy

(a) Plot of elastic modulus over thickness for

(b) Plot of elastic modulus over thickness

epoxy from [15].

for SU-8 polymer from [15].

Figure 14: Evaluated ts of the used generalized continum theories and averaged
results of the measured elastic modulus of: a) epoxy b) SU-8 polymer
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Further experimental work in the elds of generalized continua was performed by
Liebold in 2015 [2] and in 2016 [15] by using atomic-force-microscopy and microRaman-microscopy on epoxy as well as on the polymer SU-8 during bending tests
with
the
help
of
the
Euler-Bernoulli
beam
model.
Also, a vibration analysis for
measuring eigenfrequencies of
macroscopically sized pieces of
aluminum foams as well as an
aluminum bar with articial heterogenities was obtained. Modied strain gradient theory, micropolar theory, and couple stress
theory, as well as the core-surface
model (surface elasticity) and the
core-shell model (surface layer)
Figure 15: Plot of elastic modulus over thick- have been developed. The last
ness of drilled aluminium sample obtained from model was developed because it
frequency measurements from [15]
is even able to characterize negative size eects in contrast to
higher-order theories. The averaged results from measurements of the elastic modulus of epoxy and evaluated t functions for parameters of the generalized continuum
theories are plotted in Figure 14a. The ones for the SU-8 polymer are plotted in
Figure 14b.

Figure 16: Plot of elastic modulus over thickness (on the left side), width (in the
middle) and length (on the right side) of two aluminium foams, which where investigated in vibration analysis from [15]

Figure 17: A multiscale-graph: Normalized
elastic modulus is plotted over the thickness
for all materials from [15]
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It can be recognized that experimentally measured values match
the values of the numerical functions of the generalized continuum models very well. The results of the frequency measurements of the elastic modulus of
the aluminum with articial heterogenities and the evaluation of
the t functions from the generalized continuum theories are plot-
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ted in Figure 15. Experimental
values t particularly well when
using the surface elasticity model.
The t functions of the core-shell model of the aluminum foams are plotted in
Figure 16. The results from the frequency analysis point up a negative size eect. It
is reected in a softer elastic response when outer dimensions of a body are reduced
[15]. The arrows in Figure 16 highlight the values which dier from the ratio of
length/width = 10. Consequently, a dependence of the width can be established.

Figure 18: Elastic modulus is plotted over the length for epoxy (on the left side)
and for SU-8 polymer (on the right side) for dierent thicknesses from [15]
To visualize the size eect of all materials used in this work in a better way, the
normalized elastic modulus is plotted for all dierent materials over the thickness
in Figure 17. The dependence of measured elastic moduli to the length of the beam
for epoxy and SU-8 polymer is made obvious in Figure 18: The shorter the length
of the beam, the smaller the elastic modulus. But no model is able to describe
the dependence of the elastic modulus from both, the length and the thickness of a
beam.
With the macroscopic samples of drilled aluminum, it could be shown, that the
parameter l is of the order of the physical dimension of the internal structure, i.e,
the diameter of the holes. No size eect was observed during tensile testing of epoxy
samples of the same thickness. This was also reported by [7].

3 Conclusion and Outlook
An overview of the developments of dierent experimental techniques applied on
generalized continuum theories in the recent past was given. Noticeably, micropolar
theory and higher-strain-gradient theory are one of the most used theories for characterizing size eects [15]. There are dierent experimental techniques, macroscopic
as well as small scale experiments, which are capable of determining the specic
higher material parameters pertinent to generalized continuum theories. New type
of structures, such as the pantographic ones developed in [5], lead to new technical
opportunities for strong lightweight materials. This is important in the space and
aircraft as well as automobile or medicine industries, where inexpensive and light
materials are of high importance and great urgency. Moreover, it should be mentioned that numerical analyses, which use generalized continuum models, should be
improved to get more knowledge of how to develop and construct new experiments
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to investigate, for example, new lightweight materials or the size eects in nanoand microstructures. In the recent past, mostly models for isotropic solids were developed, but also anisotropic solids or even uids and gases should be investigated
more intensively in the future [4, 22].
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