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Abstract
In this work micropolar media capable of microinteria production are
investigated. At the beginning a recently proposed kinetic equation for the
moment of inertia tensor containing a production term is presented in order
to extend the standard balances of continuum mechanics. The purpose of
this paper is twofold: a brief introduction to extended micropolar theory
studying resulting effects by means of a concise example and a discussion
of the numerical approach to the presented example. For this purpose a
continuous stream of matter through a crusher is considered so that the total
number of particles will change and an Eulerian approach is indispensable.
This stream is characterized by a sharp front propagating through the domain.
To resolve this sharp front, modern finite volume methods capable of shock
capturing are discussed and applied to the problem.

1

Introduction

Recently, Generalized Continuum Theories (GCTs) have gained the attention of
the materials science community. They are useful in context of high performance
materials with an inner structure for large and small scale applications ranging
from light-weight aerospace and automotive panels down to micromechanics and
microelectronic gadgets. One of the GCTs is the so-called micropolar theory, which
emphasizes the aspect of inner rotational degrees of freedom of a material, see [2], [3,
Sec. 13] or [1]. This theory is particularly promising for applications in context with
soils, polycrystalline and composite matter, granular and powder-like materials, and
even with porous media and foams.
It should be noted that traditionally, the tensor of the moment of inertia of a
discrete particle is a constant property in its co-moving reference frame—for a fixed
observer, this tensor only changes due to rotation, i.e., due to the angular velocity
field 𝜔. However, it has recently been emphasized by Ivanova and Vilchevskaya,
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[5], that the moment of inertia tensor density in a micropolar continuum should
be treated as an independent field variable just like the inertia linked to linear
momentum, namely the field of mass density, 𝜌. They were the first to propose a
balance equation for 𝐽 , which contains a production term, 𝜒𝐽 , of moment of inertia
due to “structural transformations” as they called it. This is supposed to mean that
the moment of inertia will change due to combination or fragmentation of particles
during mechanical crushing or chemical reactions. In addition, a production may
arise because of phase transitions or physical property changes, such as magnetization
or polarization due to electromagnetic field.
We therefore need to extend the original goals of micropolar theory. In what
follows we will initially formulate the corresponding equations in a rather general
manner, ignoring a possible coupling between translational and rotational kinetic
energy. After that we shall successively specialize to the needs of this paper. In this
spirit, we state the theory as follows:
The determination of the primary fields of micropolar theory, i.e., the mass
density 𝜌(𝑥, 𝑡), the linear velocity 𝑣(𝑥, 𝑡), the symmetric, second rank, and positive
definite specific moment of inertia tensor 𝐽 (𝑥, 𝑡) in units of m2 , and the spin 𝜔(𝑥, 𝑡)
(a.k.a. angular velocity), relies on field equations for the primary fields. The field
equations are based on balance laws and need to be complemented by suitable
constitutive relations. In regular points the macroscopic balances read as follows:
∙ the balance of mass and balance of momentum:
𝛿𝜌
𝛿𝑣
+ 𝜌∇ · 𝑣 = 0 , 𝜌
= ∇ · 𝜎 + 𝜌𝑓 ,
𝛿𝑡
𝛿𝑡

(1)

∙ the balance of the moment of inertia tensor:
𝛿𝐽
+ 𝐽 × 𝜔 − 𝜔 × 𝐽 = 𝜒𝐽 ,
𝛿𝑡

(2)

∙ and the balance of spin:
𝜌

𝛿𝐽 · 𝜔
= ∇ · 𝜇 + 𝜎× + 𝜌𝑚 + 𝜌𝜔 · 𝜒𝐽 .
𝛿𝑡

(3)

We denote by
𝛿(∙)
𝜕(∙)
=
+ 𝑣 · ∇(∙)
𝛿𝑡
𝜕𝑡

(4)

the substantial (a.k.a. material) derivative of a field quantity. Moreover, 𝜎 is the
(non-symmetric) Cauchy stress tensor, 𝑓 is the specific body force, 𝜒𝐽 (a second
rank symmetric tensor) is the production related to the moment of inertia tensor 𝐽 ;
𝜇 is the couple stress tensor, 𝜎× := 𝜖··𝜎 is the Gibbsian cross applied to the
(non-symmetric) Cauchy stress tensor, 𝜖 being the Levi-Civita tensor, and 𝑚 are
specific volume couples.
In context with Eqn. (2) several comments are in order. It has already been
mentioned that in its present form this equation can only be found in a recent paper
by one of the authors, [5]. There is a precedent to the equation for the inertia tensor,
𝐽 , namely what is called “conservation of microinertia” in [2, p. 15]. However, that
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equation does not contain a production term, 𝜒𝐽 . On the macroscopic continuum
level this new term must be interpreted as a constitutive quantity. One of the
purposes of this paper is to investigate such a constitutive relation for the production
of moment of inertia 𝜒𝐽 (see below).
Due to the production of moment of inertia, we face another problem: Continuum
mechanics of solids is typically formulated in the Lagrangian form, a.k.a. material
description, which is based on the concept of an indestructible “material particle.”
This particle is identifiable by its reference position vector, 𝑋, which can then be
^
used in a bijective mapping for describing uniquely the motion, 𝑥 = 𝑥(𝑋,
𝑡), of
the particle through three-dimensional space in time. If the Lagrangian idea of
a material particle is followed, the material particles must stay together during
the motion and there should be no exchange of subunits between them. Particles
are neither destroyed nor generated. In other words, this concept is not applicable
to incorporate production. Also note that within the material description of a
micropolar continuum, each material point is phenomenologically equivalent to a
rigid body, such that its moments of inertia do not change.
However, as indicated, there is a catch: A granular medium (say) is frequently
milled. This affects the material particle, because its subunits will be crushed.
They will change their mass and their moment of inertia and, what is more, during
the milling process there might even be an exchange of crushed subunits between
neighboring material particles, which are then no longer material in the original sense.
Consequently, on a macroscopic scale the moments of inertia will change as well and
all of this gives rise to the production term, 𝜒𝐽 . This is why [5] have decided to
depart from the Lagrangian description and turned to the Eulerian perspective
(a.k.a. spatial description) instead.
Moreover, in this paper we are also not concerned with the determination of the
angular velocity field 𝜔(𝑥, 𝑡). In fact, it is our intention to show that a balance for
rotational inertia and hence the production term in Eqn. (2) are physical meaningful
by themselves, independent of the angular velocity. In the following, problems are
regarded where the angular velocity is equal to zero. Thus instead of Eqns. (1)–(3)
we are left with the following simplified set of equations for 𝜌, 𝑣, and 𝐽 :
𝜕𝜌
𝜕𝑣
𝜕𝐽
+ ∇ · (𝜌𝑣) = 0 , 𝜌
+ 𝜌𝑣 · ∇𝑣 = ∇ · 𝜎 + 𝜌𝑓 ,
+ 𝑣 · ∇𝐽 = 𝜒𝐽 .
𝜕𝑡
𝜕𝑡
𝜕𝑡

(5)

We now proceed and illustrate the theory with the example of a crusher and
consider what happens if the number of particles does change. A production term in
form of a linear population growth model has been proposed before in [5]. However,
in that paper only the time dependence in a homogeneous medium was studied,
whereas now an initial-boundary value problem is considered.

2

Analysis of a one-dimensional crusher

Consider the situation depicted in Fig. 1. We consider the following problem in
infinite one-dimensional space, −∞ < 𝑥 < ∞: A continuous flow of spherical
particles is moving in from left to right at a constant prescribed speed, 𝑣0 . The flow
passes a subregion −𝛿 ≤ 0 ≤ 𝛿. There, the entering particles of the flow are crushed

199

Proceedings of XLV International Summer School — Conference APM 2017

continuously to form smaller and smaller particles. As a simplification we assume
that the momentum balance given in (5) is identically satisfied and the balance of
mass and of moment of inertia read:
𝜕𝜌
𝜕𝜌
𝜕𝐽
𝜕𝐽
+ 𝑣0
= 0,
+ 𝑣0
= 𝜒𝐽 .
𝜕𝑡
𝜕𝑥
𝜕𝑡
𝜕𝑥

(6)

For the production of moment of inertia we postulate the following relationship:
⎧
⎪
⎪0
⎨

if − ∞ < 𝑥 < −𝛿 ,
𝜒𝐽 (𝑥, 𝑡) = −𝛼 ⟨𝜌(𝑥, 𝑡)⟩ ⟨𝐽(𝑥, 𝑡) − 𝐽* ⟩ if − 𝛿 ≤ 𝑥 ≤ 𝛿 ,
⎪
⎪
⎩
0
if 𝛿 < 𝑥 < ∞ ,
0

(7)

where 𝛼 is a positive rate constant, 𝐽* indicates the moment of inertia pertinent
to the minimum crushing size of the particles, and ⟨∙⟩ denotes the Macaulay
bracket1 . The density field is corporated by a Heaviside function to ensure that
the production vanishes if the density is zero.
𝜌0 (𝑥)
𝜌0
crusher region

𝑥 = −𝛿 𝑥 = 0

𝑥

𝑥=𝛿

Figure 1: Sketch of the idealized one-dimensional crusher problem. The initial
condition for the density is shown by the blue line.
The problem for the mass density can be solved in closed form by using the
method of characteristics for initial value problems on the infinite domain (see [8]).
We find:
𝜌(𝑥, 𝑡) = 𝜌0 (𝑥 − 𝑣0 𝑡) ,

(8)

where 𝜌0 is the initial mass density distribution, which, for simplicity, is assumed to
be a piecewise constant function, see Fig 1, defined as follows:

𝜌 (𝑥, 𝑡 = 0) = 𝜌0 (𝑥) :=

⎧
⎪
⎪
⎨𝜌0

0
0

⎪
⎪
⎩

if − ∞ < 𝑥 < −𝛿 ,
if − 𝛿 ≤ 𝑥 ≤ 𝛿 ,
if 𝛿 < 𝑥 < ∞ .

(9)

In other words, the solution is a step function of height 𝜌0 steadily and uniformly
advancing from left to right with velocity 𝑣0 .
We will now find the solution for the moment of inertia, Eqn. (6)2 . Recall that
we have to distinguish various cases in Eqn. (7), and therefore the infinite interval
1

A representation for the Macaulay bracket is given by ⟨𝑥⟩ =
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−∞ < 𝑥 < +∞ is dissected into three regions, where the boundary value at 𝑥 = −𝛿
is known. Consequently, the method of characteristics as pertinent to a boundary
value problem must be used. The solution process is also detailed in [8] and the final
result with 𝐽0 = const. being the moment of inertia corresponding to the particles
with density 𝜌0 reads:
∙ at times 0 ≤ 𝑡 < 2𝛿
with the position of the shock front 𝑥s = −𝛿 + 𝑣0 𝑡 < 𝛿:
𝑣0
⎧
⎪
𝐽
⎪
⎨ 0

𝐽 (𝑥, 𝑡) = ⎪𝐽* + (𝐽0 − 𝐽* ) exp
⎪
⎩

∙ at times

2𝛿
𝑣0

(︁

− 𝑣𝛼0

)︁

(𝑥 + 𝛿)

if
if

− ∞ < 𝑥 < −𝛿 ,
(10)
− 𝛿 ≤ 𝑥 < 𝑥s ,

if 𝑥s ≤ 𝑥 < ∞ .

0

≤ 𝑡 < ∞ with the position of the shock front 𝑥s = −𝛿 + 𝑣0 𝑡 ≥ 𝛿:
⎧
⎪
⎪
⎪𝐽0
⎪
⎪
⎪
⎨

𝐽 (𝑥, 𝑡) = ⎪

𝐽* + (𝐽0 −

⎪
𝐽*
⎪
⎪
⎪
⎪
⎩

+ (𝐽0 −

(︁

𝐽* ) exp − 𝑣𝛼0 (𝑥
(︁
)︁
𝐽* ) exp − 2𝛼𝛿
𝑣0

)︁

+ 𝛿)

0

if
if

− ∞ < 𝑥 < −𝛿 ,
−𝛿 ≤ 𝑥 < 𝛿,

if 𝛿 ≤ 𝑥 < 𝑥s ,

(11)

if 𝑥s ≤ 𝑥 < ∞ .

In the following, numerical methods are assessed. It is analyzed which methods are
able to reproduce satisfactory approximations for the problem of the particle crusher.

3

Numerical treatment of hyperbolic problems

The numerical treatment of Eqns. (5) or (6) (say) is performed using a finite volume
approach. Problems in which transport phenomena are dominant are often solved
using finite volume methods, since this method can resolve discontinuities more
accurately than finite difference or finite element methods. The starting point of the
finite volume approach is a partial differential equation of the form
𝜕𝑞
+ ∇ · 𝑓 (𝑞) = 𝑝 , 𝑤⊥ [[𝑞]] + 𝑛 · [[𝑓 (𝑞)]] = 𝑝𝐼 .
𝜕𝑡

(12)

where the first equation describes the evolution of the state variable 𝑞 in regular
points, 𝑓 is the flux density vector and 𝑝 is a production density. The latter equation
represents the balance equation on singular surfaces with unit normal vector 𝑛
where jumps of the state variable occurs and the jump bracket [[∙]] is given by
the difference of limits from both sides, i.e., [[𝐴]] = 𝐴+ − 𝐴− . The quantity 𝑤⊥
represent the discontinuity’s velocity in surface normal direction, i.e., 𝑤⊥ = 𝑛 · 𝑤
and 𝑝𝐼 is a production density. Recall that if the productions vanish, i.e., 𝑝 = 0
and 𝑝𝐼 = 0, Eqn. (12) is called a conservation law. Note that the argument of flux
contains only the state variable itself and not its gradient. This form is chosen as this
section considers purely hyperbolic equations without second order space derivatives,
which may occur if, e.g., the heat conduction equation employing Fourier’s law is
considered. More precisely, the order of space and time derivatives in the considered
PDE should be equal, because this allows to recast the PDE containing higher
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derivatives such as elastodynamic’s wave equation to a first order system describing
the evolution of a state space vector.
In what follows, the basic principles of finite volume methods are introduced.
The main idea is to divide the space into a number of finite Eulerian cells 𝒞𝑖 ,
𝑖 = 1, . . . , 𝑁cells , and to take the volume average of Eqn. (12) on every cell. Hence,
the averaged equation reads:
ˆ
˛
ˆ
1
𝜕𝑞
1
1
d𝑉 +
𝑛 · 𝑓 (𝑞) d𝐴 =
𝑝 d𝑉 .
(13)
vol (𝒞𝑖 )
𝜕𝑡
vol (𝒞𝑖 )
vol (𝒞𝑖 )
𝒞𝑖

𝒞𝑖

𝜕𝒞𝑖

Through the application of the divergence theorem (Gauss integral theorem) the term
involving the flux was transformed to a surface integral. Note that the considered
cells do not change in time and therefore the time derivative in the first term may
be pull out of the integral. By introducing the average state and production in the
𝑖th cell through
ˆ
ˆ
1
1
𝑞¯𝑖 (𝑡) =
𝑞 (𝑥, 𝑡) d𝑉 , 𝑝¯𝑖 (𝑡) =
𝑝 (𝑥, 𝑡) d𝑉 ,
(14)
vol (𝒞𝑖 )
vol (𝒞𝑖 )
𝒞𝑖

𝒞𝑖

the averaged equation reads:
˛
𝜕 𝑞¯𝑖
1
+
𝑛 · 𝑓 (𝑞) d𝐴 = 𝑝¯𝑖 .
𝜕𝑡
vol (𝒞𝑖 )

(15a)

𝜕𝒞𝑖

For the one-dimensional case, the previous equation specializes to read:
𝜕 𝑞¯𝑖
1
+
𝑓 (𝑞)|𝑥 1 − 𝑓 (𝑞)|𝑥 1 = 𝑝¯𝑖 ,
𝑖+ 2
𝑖− 2
𝜕𝑡
Δ𝑥𝑖
[︂

]︂

(15b)

where Δ𝑥𝑖 = 𝑥𝑖+1/2 − 𝑥𝑖−1/2 denotes the 𝑖th-cell’s volume for the one-dimensional case
and can be regarded as a measure for the grid spacing.
For the one-dimensional specialization further comments are in order. Regarding
the discretization, consider Fig. 2. As before, the cells and also the cell centers, 𝑥𝑖 ,
are numbered using integers. As common in literature on finite volume methods, the
positions of the cell interfaces are numbered with half-integers. To each interface, a
unique unit normal is attached, such that the 𝑖th-cell’s normal vector coincides with
it for 𝑥𝑖+1/2 . For 𝑥𝑖−1/2 the 𝑖th-cell’s normal vector is opposed to 𝑛, viz., it is given
by −𝑛. Hence, the cell interface at 𝑥𝑖+1/2 may be called the “positive” interface 𝛤𝑖+
and vice versa for the interface at 𝑥𝑖−1/2 . This yields 𝑛 · 𝑓 (𝑞) = 𝑓 (𝑞) for 𝑥 = 𝑥𝑖+1/2
and 𝑛 · 𝑓 (𝑞) = −𝑓 (𝑞) for 𝑥 = 𝑥𝑖−1/2 .
Note that the flux term is evaluated on the two surfaces of every cell. This requires
knowledge of the state variable 𝑞 at 𝑥𝑖−1/2 and 𝑥𝑖+1/2 . However, as indicated in Fig. 3
by solid red lines, the numerical scheme approximates the state variable 𝑞(𝑥, 𝑡) by
means of cell averages 𝑞¯𝑖 (𝑥, 𝑡), which may be interpreted as the state variable’s values
at the cell centers. Hence, a piecewise constant function with jump at each interface
results and these jumps can be regarded as Riemann problems occurring at each
interface. In the view of these discontinuities, some methods for solving Eqn. (15b)
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+−

𝑛

𝒞𝑖−1

𝑥𝑖− 3

𝑥𝑖−1

2

+−

𝑛

𝒞𝑖

𝑥𝑖− 1

𝑥𝑖

2

+

𝑛

𝒞𝑖+1

𝑛

𝑥𝑖+ 1

𝑥𝑖+1

𝑥𝑖+ 3

2

𝑥

2

Figure 2: Discretization of a continuous domain into a finite number of cells, i.e.,
finite volumes.
make explicit use of solutions to Riemann problems at each interface and are thus
closely related to the method of characteristics. In general, the numerical schemes
using Riemann solutions are characterized by the cyclic application of the following
three steps:
1. Reconstruct
values
from the cell averages, viz., compute
(︁
)︁ the interface
(︁
)︁
𝑞 + 𝑥𝑖+1/2 , 𝑡𝑖 and 𝑞 − 𝑥𝑖+1/2 , 𝑡𝑖 for all 𝑖 = 1, . . . , 𝑁cells + 2.
2. Evolve the averaged equation on the time interval (𝑡𝑖 , 𝑡𝑖 + Δ𝑡) by making use
of exact Riemann solutions, viz., one time integration step of Eqn. (15b) is
performed.
3. Average the result to obtain updated cell averages.
This procedure is known as Godunov’s scheme or the REA-algorithm (ReconstructEvolve-Average) and can be regarded as a starting point to develop numerical schemes
for transport problems.
To summarize this very brief introduction to finite volume methods, time and
space discretization does not naturally yield a discrete equation in context of finite
volume methods, since the fluxes at the interfaces need to be approximated by
the average cell values. This is in contrast to finite difference methods, whose socalled difference stencils are obtained by a straightforward application of a Taylor
expansion. But this expansion requires that the solution is continuously differentiable,
which is not the case in context of finite volume methods. The ability of finite volume
methods to resolve discontinuities is due to abstract numerical schemes, which need
to take the wave-like structure of the Riemann solution into account. To assess a
numerical scheme for a conservation law, the following properties should be fulfilled:
(a) low or vanishing numerical disspation, i.e., the considered quantity is conserved,
(b) high resolution of discontinuities, rarefactions and large gradients, (c) numerical
stability, i.e., absence of non-physical oscillatory.

3.1

High resolution methods

Recall that a reconstruction of the interface values is necessary in order to determine
the flux at the interfaces 𝛤𝑖± . As depicted in Fig. 3 by a red dashed line, a linear
reconstruction of the former continuous function (solid blue line) yields a discontinuous representation with a jump at each interface, because the function’s slope cannot
be calculated exactly from a numerical approximation. Numerical schemes that
reconstruct a numerical solution based on more than piecewise constant functions are
usually termed as high resolution methods. This section presents two high resolution
schemes: the van Leer and the Kurganov-Tadmor scheme. The former one is
available in the open-source python-based finite volume library FiPy, cf. [4]. The
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𝑥𝑖− 3 𝑥𝑖−1 𝑥𝑖− 1
2

2

𝑥𝑖

𝑥𝑖+ 1 𝑥𝑖+1 𝑥𝑖+ 3
2

𝑥

2

Figure 3: Approximation of continuous function (solid blue line) by cell average
(solid red line). The dashed red lines represent the reconstruction of the function
through piecewise linear polynomials.
two schemes are presented w.r.t. the following form of Eqn. (15b):
]︁
𝜕 𝑞¯𝑖
1 [︁
=−
𝐹𝑖+ 1 − 𝐹𝑖− 1 + 𝑝¯𝑖 .
2
2
𝜕𝑡
Δ𝑥𝑖

(16)

Note that the flux 𝑓 appearing in Eqn. (15b) was replaced by a numerical flux 𝐹 in
Eqn. (16), which is governed by the employed numerical scheme. This numerical flux
in general depends on the limit values of the state variable at the cell interface, i.e.,
𝐹 = 𝐹 (𝑞 + , 𝑞 − ). The discontinuities of the reconstructed state variable 𝑞 at the cell
interfaces are taken into account by denoting the limit values of the state variable 𝑞
−
−
+
+
at 𝑥𝑖+1/2 through 𝑞𝑖+
1/2 and 𝑞𝑖+1/2 respectively, where 𝑞𝑖+1/2 and 𝑞𝑖+1/2 denote the limit
values of 𝑞 from the cell 𝒞𝑖 and 𝒞𝑖+1 , respectively. Likewise, 𝐹𝑖+1/2 is a short-hand
notation for the numerical flux at 𝑥𝑖+1/2 . Introducing the first space-derivative of
the averaged state variable by 𝑞¯𝑖′ , the discussed linear reconstruction of the interface
value yields the following interface values:
Δ𝑥𝑖
Δ𝑥𝑖+1
−
′
(17)
, 𝑞𝑖+
¯𝑖+1 − 𝑞¯𝑖+1
.
1 = 𝑞
2
2
2
2
In the following, first the two high-order numerical schemes are presented and
subsequently the determination of the slopes 𝑞¯𝑖′ is discussed in Sect. 3.2.
+
𝑞𝑖+
¯𝑖 + 𝑞¯𝑖′
1 = 𝑞

3.1.1

van Leer scheme

The van Leer scheme is derived from Godunov’s method by applying piecewise
linear reconstruction for the linear flux 𝑓 (𝑞) = 𝑞𝑣, where the convective speed 𝑣 is
known, cf. [10]. In doing so, an explicit time integration using a first-order Euler
step is applied. Hence Eqn. (16) reads:
]︁
𝑞¯𝑖𝑛+1 − 𝑞¯𝑖𝑛
1 [︁ 𝑛
𝑛
=−
𝐹𝑖+ 1 − 𝐹𝑖−
+ 𝑝¯𝑛𝑖 ,
(18)
1
2
2
Δ𝑡
Δ𝑥𝑖
where the superscript 𝑛 represents an index indicating the respective time-step. The
convective flux for the piecewise linear construction reads, cf. [7, 10], as follows:
𝑛
𝐹𝑖+
1
2
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=

⎧
⎨𝑣 𝑞¯𝑛

1
¯𝑖′𝑛
𝑖 + 2 𝑣 (Δ𝑥𝑖 − 𝑣Δ𝑡) 𝑞
⎩𝑣 𝑞¯𝑛 + 1 𝑣 (Δ𝑥𝑖+1 + 𝑣Δ𝑡) 𝑞¯′𝑛
𝑖+1
𝑖+1
2

if 𝑣 ≥ 0 ,
if 𝑣 < 0 .

(19)
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+
A simple calculation shows how the interface value 𝑞𝑖+
1/2 is comprised in the representation for 𝑣 ≥ 0

(︃
𝑛
𝐹𝑖+
1
2

𝑞¯𝑖𝑛

=𝑣

)︃

Δ𝑥 ′𝑛
𝑣Δ𝑡 ′𝑛
𝑣Δ𝑡 ′𝑛
+
+
𝑞¯𝑖 − 𝑣
𝑞¯𝑖−1 = 𝑣𝑞𝑖+
𝑞¯ , 𝑣 ≥ 0 .
1 − 𝑣
2
2
2
2 𝑖−1

(20)

The latter representation shows that the discussed flux is decomposed into the flux
resulting from the interface value and an additional term that is governed by the
slope. Note that the case discrimination stems from the fact that the transport
velocity 𝑣 determines the direction, in which the state variable 𝑞 is transported.
For this flux to be numerical stable in the sense that non-physical oscillations are
absent in the vicinity of shock fronts, the slope of the reconstructed solution needs
to be limited. The technique of slope limiting is a consequence of the total variation
property (TVD), for details the reader is referred to [7] among others. Hence, to
obtain the van Leer scheme for the convection equation, the van Leer slope
limiter is employed:
(︁

)︁

′
′
′
𝑞¯𝑖′ = minmod 2¯
𝑞𝑖,bwd.
, 𝑞¯𝑖,cnt.
, 2¯
𝑞𝑖,fwd.
.

(21)

For approximations of the slope through backward, central and forward differences
and the minmod-function see Sect. 3.2. Note that if such limiters are not used, the
scheme presented is not fulfilling the TVD property. Furthermore, predecessors to
the van Leer scheme were the Lax-Wendroff and Fromm scheme, which do not
use a slope limiter.
3.1.2

Kurganov-Tadmor scheme

The predecessor to the Kurganov-Tadmor scheme (KT) is the NessyahuTadmor scheme (NT), see [9], which uses a staggered grid in space and is a
Riemann-free solver using explicit time discretization. As outlined in [6], the main
advantage of the NT-scheme is the fact that it is less dissipative compared to the
non-staggered Lax-Friedrichs scheme. In a loose sense, the KT-scheme extends
the NT-scheme by incorporating local wave speed resulting from the discontinuities
at the interfaces. Furthermore, the KT-scheme possesses a semi-discrete form, which
allows to use explicit Runge-Kutta methods for time integration. The numerical
flux for the KT-scheme is given by, cf. [6],
(︂

𝑓
𝐹𝑖+ 1 =

+
𝑞𝑖+
1
2

)︂

(︂

+𝑓
2

2

−
𝑞𝑖+
1
2

)︂

+

𝑎𝑖+ 1 (︂
2

2

−
+
𝑞𝑖+
1 − 𝑞
𝑖+ 1
2

)︂

,

(22)

2

where 𝑎𝑖+1/2 is the maximal local wave speed at 𝑥𝑖+1/2 which is given by
𝜕𝑓 ⃒⃒
˜ = {𝑞 + 1 , 𝑞 − 1 } .
= max 𝜚
, 𝑄
𝑖+ 2
𝑖+ 2
˜
𝜕𝑞 ⃒𝑞
𝑞∈𝑄
(︂

𝑎𝑖+ 1
2

⃒ )︂

(23)

Therein, 𝜚 (∙) denotes the spectral radius, i.e., the largest absolute value of the
eigenvalues.
Obviously, the numerical flux used in the KT-scheme is composed of two parts:
the average flux resulting from the two limit values and a local speed multiplied
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by the jump at the interface. For this scheme to prevent non-physical oscillations
close to shock fronts, the TVD property must hold as well, [6]. Likewise the slopes
of the reconstructed piecewise linear functions need to be limited in a numerical
implementation.

3.2

Flux and slope limiting

For a uniform spaced grid the backward, central and forward finite differences for
the first derivative read
′
𝑞¯𝑖,bwd.
=

𝑞¯𝑖 − 𝑞¯𝑖−1
𝑞¯𝑖+1 − 𝑞¯𝑖−1
𝑞¯𝑖−1 − 𝑞¯𝑖−1
′
′
, 𝑞¯𝑖,cnt.
=
, 𝑞¯𝑖,fwd.
=
.
Δ𝑥
2Δ𝑥
Δ𝑥

(24)

As to which derivative should be used is determined by a so called “slope limiter.”
A slope limiter is a function that takes different approximations of derivatives as
arguments and returns a derivative approximation limited to a realistic value. A
simple limiter is the minmod-limiter2 defined as:
)︁

(︁

′
′
𝑞¯𝑖′ = minmod 𝑞¯𝑖,bwd.
, 𝑞¯𝑖,fwd.
.

It returns the smallest value if both arguments are of the same sign and zero otherwise.
The idea behind the construction of this limiter is that if forward and backward finite
differences have different sign, a vanishing slope might be a good approximation for
a sharp front, e.g., a sharp peak. It turns out that this limiter is a special case of a
so called limiter family, i.e., minmod-𝜗 limiter, defined as:
(︁

)︁

′
′
′
𝑞¯𝑖′ = minmod 𝜃¯
𝑞𝑖,bwd.
, 𝑞¯𝑖,cnt.
, 𝜃¯
𝑞𝑖,fwd.
, 1 ≤ 𝜃 ≤ 2.

(25)

Alternatively, the “superbee”-limiter is used in this paper, which is defined as:
(︁

(︁

)︁

(︁

′
′
′
′
𝑞¯𝑖′ = maxmod minmod 2¯
𝑞𝑖,fwd.
, 𝑞¯𝑖,bwd.
, minmod 𝑞¯𝑖,fwd.
, 2¯
𝑞𝑖,bwd.

)︁)︁

,

(26)

where the maxmod-limiter returns the maximum value if both arguments are of the
same sign and zero otherwise.

4

Numerical results

This section compares the numerical schemes introduced in Sect. 3. First a linear
advection equation is investigated and then the crusher is considered. In doing so,
the Kurganov-Tadmor scheme was implemented using the Python programming
language using a fourth-order Runge-Kutta scheme for time integration. For
comparison, the van Leer scheme from the FiPy package was used in junction with
an explicit Euler time stepping3 , see [4].
A representation for the minmod operation is given by minmod(𝑎, 𝑏) = 12 [sign(𝑎) +
sign(𝑏)] min{𝑎, 𝑏}.
3
For all simulations using the KT scheme as well as the ones performed by FiPy the Courant
number a.k.a. CFL number was chosen as 0.5.
2
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4.1

Linear transport—comparison of numerical schemes

We consider the one-dimensional transport equation with constant velocity 𝑣0 and
piecewise constant initial conditions:
⎧

⎨1 𝑥 < 𝑥 ,
𝜕𝑞
𝜕𝑞
0
+ 𝑣0
= 0 , 𝑞(𝑥, 𝑡 = 0) = 𝑞0 (𝑥) =
⎩ 0 𝑥 ≥ 𝑥0 .
𝜕𝑡
𝜕𝑥

As detailed in Sect. 2, the exact solution is the initial condition simply shifted in
space, i.e., 𝑞0 (𝑥 − 𝑣0 𝑡). As a first step, the various limiter functions presented in
Sect. 3.2 are compared. In order to do so, 𝑣0 = 0.1 m/s, 𝑥0 = 0 m was chosen and the
equation is solved on the interval 𝑥 ∈ (−1 m, 1 m) applying an inlet-outlet boundary
condition at both ends. The results for the superbee, minmod and minmod −𝜃
limiter are depicted in Fig. 4 for two time steps. Note that 𝜗 = 2 was applied, which
corresponds the limiter function applied in the van Leer scheme.
1

0.5

𝑞

𝑞

1

exact
superbee
minmod
minmod-𝜗

0
−1

−0.5

0.5
exact
superbee
minmod
mimmod-𝜗

0
0

𝑥 in m
(a) t = 0.25 s

0.5

1

−1

−0.5

0

0.5

1

𝑥 in m
(b) t = 1 s

Figure 4: Comparison of various limiters for the Kurganov-Tadmor scheme w.r.t.
the exact solution using 60 equidistant cells.
From Fig. 4 it can be seen that the analytic solution’s sharp shock front is not
retained by any of the limiters. However, non-physical oscillations do not occur and
the shock is tracked sufficiently well. By closer inspection, it is evident that the front
is resolved equally by all limiters at 𝑡 = 0.25 s, viz., the front is “smeared” or blurred
over two cells. In contrast to this, the blur gets larger at 𝑡 = 1 s. It is seen that
the superbee and mindmod-𝜃 limiter resolve the front within four cells, whereas the
minmod limiter uses six cells. This trends continues for larger times and it turns out
that the superbee limiter resolves the shock front the sharpest.
Next, the Kurganov-Tadmor and the van Leer scheme implemented in FiPy
are compared for the one-dimensional transport equation using the same initial and
boundary conditions as well as 𝑣0 = 1 m/s and 𝑥 ∈ (−1 m, 5 m). The simulations are
performed on a coarse grid consisting of 100 equidistant cells and results are shown
in Fig. 5. For the KT scheme, the superbee limiter was applied.
By comparing to the different numerical schemes shown Fig. 5, it can be see
that both solutions approximate the solution with reasonable accuracy. But a close
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Figure 5: Comparison of the Kurganov-Tadmor (KT) and the van Leer (FiPy)
scheme w.r.t. the exact solution.
observation of the results for 𝑡 = 5 s shows that the shock front is blurred more by
the scheme used in FiPy. The solution computed by FiPy uses seven cells in the
shock region whereas the KT scheme resolves the shock within (say) 5 cells. This
blur is more prominent if the space resolution, i.e., the number of cells, is reduced.
Therefore the KT scheme is regarded as preferable scheme for transport problems,
since it not only provides a higher resolution for same discretization but it is also
independent of the considered flux function.

4.2

Crusher problem

This section considers the crusher problem presented in Sect. 2 for 𝛿 = 0.25 m,
𝑣0 = 1 m/s, 𝐽 * = 0.25 m2 , and 𝛼 = 2.75 1/s. The problem is discretized using 200 cells
on the interval 𝑥 ∈ (−1 m, 4 m). As above the superbee limiter was applied for
the KT scheme. The integral resulting from the additional production term is
approximated by the midpoint rule for the KT scheme. In FiPy, this production
term is incorporated through an internal function called ImplicitSourceTerm, [4].
Fig. 6 depicts the results for the shock front located inside the crusher, at the crusher’s
right boundary and very far away of the crusher.
As shown in Fig. 6, the solution is approximated well for 𝑡 = 0.25 s and 𝑡 = 0.5 s
with exception of the blur of the shock front, which was already discussed in Sect. 4.1.
If the results for 𝑡 = 5 s are considered, the numerical results in the vicinity of the
crusher agree very well with the exact solution. However, the resolution of the shock
front is poor. Also, the estimation of the shock’s position from the numerical results
is not in agreement with the exact solution. This effect is slightly more prominent in
FiPy’s numerical results than for those of the KT scheme. Regarding this, a spatial
resolution of 25 cells per unit length was applied. In contrast to this, the spatial
resolution used for the example in Fig. 5 is given by approx. 16.67 cells. Despite the
lower spatial resolution, an estimation of the shock’s position from the results depicted
in Fig. 5 is better than the one from the results of the crusher problem depicted in
Fig. 6. Hence, the additional production term influences the numerical propagation
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Figure 6: Comparison of the Kurganov-Tadmor (KT) and the van Leer (FiPy)
scheme w.r.t. the exact solution for the crusher problem. The crusher region is
indicated by bold dashed lines.
speed of the shock front. To overcome this problem, a piecewise reconstruction of
integrand in the production term should applied as well.

5

Conclusions and outlook

This paper was dedicated to an investigation of micropolar theory in terms of
rotational inertia production, which requires spatial (Eulerian) description of
problems. In particular, the following tasks have been accomplished:
∙ Initially, the general balance equations of micropolar theory were stated. How-
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∙

∙

∙
∙

∙

∙

ever, in contrast to classical micropolar theory an extension was made, which
allows us to study the development of rotational inertial characteristics, namely
the specific moment of inertia tensor, 𝐽 , in addition to the translational measure of inertia, the mass density, 𝜌. It is noteworthy that the balance for 𝐽
contains a production term characteristic of structural transformations.
As a consequence, the concept of an indestructible material particle became
obsolete and required us to employ a spatial (Eulerian) description when
solving the resulting field equations. The whole formulation is Eulerian
based—this includes balances, field equations, and mathematical solution
techniques.
The set of general balance equations was then specialized to the case of the
primary fields: mass density, 𝜌, specific moment of inertia tensor, 𝐽 , and
translational velocity, 𝑣. This was done in order to demonstrate that rotational
inertia, 𝐽 , is a field of its own right and may develop without a present angular
velocity, 𝜔.
An analytical solution to the corresponding field equations for non-homogeneous
crushing of particles was found based on the method of characteristics.
A brief introduction to the finite volume method was given and two numerical
schemes were introduced—the Kurganov-Tadmor and the van Leer scheme.
In a first step, the schemes were compared and assessed regarding the linear
transport of a shock front. Additionally, a comparison for the crusher problem
was performed.
Both schemes performed very well in regions where the solution is continuous.
In case of linear transport, the shock resolution was good but the KT scheme
is slightly preferable. For the crusher problem, the shock resolution was good
if the distance traveled by the shock front remains relatively small. For large
distances traveled, the prediction of the shock’s position is not correct.
As a last remark, it should be noted the Kurganov-Tadmor scheme is in a
sense more versatile than the van Leer scheme implemented in FiPy because
it allows the use of non-linear flux functions. Future work therefore focuses on
the application of the KT scheme to non-linear transport problems such as the
Euler equation of gas dynamics incorporating micro-structural transformation
as proposed in this paper.
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