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Abstract

Short turbine blades with comparable height and length are often used in
turbine construction. In service, the blades are subject to various periodical
impacts, and to prevent the fatigue failures, resonance vibrations should be
avoided. Therefore, determination of natural frequencies and normal modes
are of crucial importance. We consider free vibrations of a blade modeled
by a helicoidal Kirchho� shell. In the paper we use the variational approach
based on the Lagrange mechanics in which the generalized coordinates play the
role of factors for the displacement approximation. The displacement approx-
imation are taken from the beam theory for the naturally twisted beam with
an additional component taking into account the in-plane deformation of the
cross-section. The algorithm of calculations by means of computer mathemat-
ics is proposed and an example of modal analysis of the helicoidal shell with
variable section is presented. An example of modal analysis of the helicoidal
shell with variable cross-section is provided, too. A three-dimensional com-
puter model of the blade is developed and analyzed by ANSYS. Comparison of
calculation results for shell and the three-dimensional model is demonstrated.

1 Introduction

The impacts of gas or �uid jets on a blade of the power plant is of the periodical
character. Therefore, the blades are a�ected by the forced oscillations [1, 2, 3]. Some
frequencies of these pulsating loads can be close to one of the normal frequencies of
the blade, and resonance vibrations can cause the fatigue failure of the blade. In
this regard, at the design should take into account the anticipated operating regimes
and frequencies of alternating impacts, so that the blade could be "detuned" from
the resonance frequencies by changing the mechanical and geometrical parameters
of the blade. For this reason, the vibration analysis is an important part of the
turbine design.
In power engineering, the engineers often use blades which have comparable length
and width, therefore, from a mechanical perspective the blades can be considered
shells.
In this work we propose to consider a short twisted blade as the helicoidal shell
and apply the classical theory of thin shells [4, 5]. Based on the tensor equation of
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Figure 1: Shell surface

the shell theory, the scalar equations are derived and the energy relationships are
obtained. Then the Lagrange equations, in which coe�cients of the displacement
approximation play the role of generalized coordinates, are used for construction
of the global inertia and sti�ness matrices for the further modal analysis. This
approach was tested on the helicoidal blade in [6] in the present paper we give more
attention to detailed consideration of the method. Natural frequencies and normal
modes are to be calculated in the Wolfram Mathematica system [7]. It is reasonable
to compare them with the results of the 3D-model �nite element analysis by ANSYS
[8], so that we judge the applicability of the approximations used.

2 Brief information from the theory of Kirchhof-
fâ��s shells

According to the approach of the Lagrange analytical mechanics one must �rst de-
termine the degrees of freedom of the examined object and introduce the generalized
coordinates and then apply the principle of virtual work for determination of the
generalized forces.
A classical shell can be presented as a deformable surface with material normal unit
vectors which have three translational degrees of freedom and two rotational ones.
It is assumed that the shell does not resist the rotation of the normal around its
axis and therefore no corresponding degree of freedom is needed. The movement of
the shell is then de�ned by the small displacement vector u and the small rotation
vector θ in the tangent plane [9].
It is convenient to use the vector of change of the normal n to the shell as a gener-
alized coordinate: ϕ ≡ θ × n = ñ. The sign of tilde implies a small increment with
deformation.
Any surface is known to be de�ned by the dependence of the radius vector on the
curvilinear coordinates r (γ1,γ2).
Thus, each point of this surface is the point of intersection of two coordinate curves
(Fig. 1). Vectors of derivatives of the radius vector are tangential to these curves
and form the basis:

rβ = ∂r/∂γβ = ∂βr. (1)
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The unit normal vector to the surface formed by these two vectors is

n =
r1 × r2

H
, H ≡ |r1 × r2| . (2)

Any vector is known to be decomposed into components in both covariant and
contravariant bases as follows: χ = χβr

β+χnn = χβrβ+χnn. Here the components
χβ of the vector χ are called "covariant" and χβ are called "contravariant".
The contravariant basis is constructed according to the condition rα · rβ = δβα where
δβα is the Kronecker symbol.
It is necessary to introduce both bases to obtain the sought-for equations. Firstly,
we can �nd the expression for the Hamilton operator:

∇ = rβ∂β. (3)

Then we compose expressions for the �rst and second metric tensors

a = ∇r, b = −∇n. (4)

It is known that the surface form is completely de�ned by covariant components of
these metric tensors [10]. Therefore, the surface deformation is quite de�ned by the
small increments of these components and can be determined by two symmetrical
tensors in the tangent plane:

ε ≡ 1
2

ãαβr
αrβ, κ ≡ b̃αβr

αrβ, aαβ = rα · rβ, bαβ = −∂αn · rβ. (5)

The �rst of these tensors de�nes the change of lengths and angles on the surface
whereas the second one de�nes the change of its curvature. Accounting for u ≡ r̃
and eq. (5) we obtain

ε = (∇u)S⊥ , κ = − (∇u)⊥ + b · ∇uT. (6)

Here (. . .)⊥ denotes the part of the tensor in the tangential plane, the signs (. . .)S

and (. . .)T denote symmetrization and transposition, respectively.
It follows from Kirchho�â��s kinematic hypothesis that the rotation is related with
the displacement by the orthogonality condition:

r · n = 0 V ϕ = −∇u · n. (7)

The strain energy and the kinetic energy of the shell are integrals over the surface
area:

Π =

∫
Π̂do, K =

∫
ρh |u̇|2 do, (8)

where ρ is the mass density, do = Hdγ1dγ2 is the surface element, (. . .)· denotes
di�erentiation with respect to time t, Π̂ is the speci�c strain energy of the isotropic
shell, which is the function of both strain tensors ε, κ:

Π̂ (ε,κ) =
Eh

2 (1− ν2)

[
νε2 +

(
1− ν2

)
ε · ·ε+

h2

12

(
νκ2 + (1− ν)κ · ·κ

)]
, (9)

where E is the Young modulus, ν is the Poisson ratio, and ε, κ are the traces of
respective strain tensors.
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Figure 2: Helicoid model

3 Geometry and deformation of the blade

Helicoid blade is formed by helical motion of a thin strip with the thickness h and
width 2a(z ) (Fig. 2) rotating about axis z by angle per unit length Ω. Axis z is
passing through the center of mass of all cross-sections. Cartesian axes x ′, y ′ (with
unit vectors i0, j0) are �xed, while axes x , y (with the unit vectors i, j) are rotating
together with the section (Fig. 2). The unit vectors of both coordinate systems are
related by the following relations:

i0 = cos (Ωz ) i− sin (Ωz ) j, j0 = sin (Ωz ) i + cos (Ωz ) j. (10)

The radius vector is de�ned as

r (z,x) = zk + x i (z ) , − a (z) ≤ x ≤ a (z) . (11)

Accounting for the following formulas for di�erentiating the unit vectors i′ = Ωj,
j′ = −Ωi, we can form the basis in the tangent plane:

r1 = ∂zr = k + Ωx j ≡ H e, r2 = ∂xr = i, (12)

where H = |r1 × r2| =
√
1 + Ω2x 2. Therefore, the unit normal vector is

n =
1

H
(j− Ωxk) . (13)

Now we can construct the contravariant basis:

r1 =
1
H
e =

1

H 2
(k + Ωx j) , r2 = i, (14)

and obtain the Hamilton operator afterward:

∇ = rβ∂β =
1

H
e∂z + i∂x . (15)

Now we can derive the relations between the unit vectors:{
Hn = j− Ωxk,

H e = Ωx j + k,
V


k =

1
H

(e− Ωxn) ,

j =
1
H

(n + Ωxe) .
(16)
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One obtains

k⊥ =
1
H
e, j⊥ =

Ωx

H
e (17)

from (16) to separate the tangential components of ∇u and ∇ϕ when constructing
the strain tensors (6). Hence the �rst and second metric tensors are

a = ∇r = rβrβ = ee + ii, b = −∇n =
Ω

H 2
(ei + ie) . (18)

We de�ne the displacement vector as

u = ux i + uyj + uzk, (19)

after what, in accordance with (7), we can introduce the rotation vector of the
normal:

ϕ = −∇u · n = ϕx i + ϕyj + ϕzk. (20)

Taking (13) and (15) into account we obtain the components of ϕ:

ϕx =
1
H

(Ωx∂xuz − ∂xuy) ,

ϕy =
Ωx

H 3

(
Ωxu ′z − u ′y − Ωux

)
, (21)

ϕz =
1

H 3

(
Ωxu ′z − u ′y − Ωux

)
.

Hereafter (. . .)′ denotes the di�erentiation with respect to coordinate z.
It is convenient to introduce the strain tensors ε and κ as follows:

ε = εx ii + ε1ee + ε1x (ei + ie) ,

κ = κx ii + κ1ee + κ1x (ei + ie) ,

εx = i · ε · i = ∂xux ,

ε1 = e · ε · e =
1

H 2

[
Ωx
(
Ωux + u ′y

)
+ u ′z

]
,

(22)

εx1 = i · ε · e = ε1x =
1
2H

[u ′x − Ωuy + Ωx∂xuy + ∂xuz ] ,

κx = i · κ · i = −∂xϕx +
Ω

H 3
[Ωx∂xuy + ∂xuz ] ,

κ1 = e · κ · e = − 1
H 2

[
Ωx
(
Ωϕx + ϕ′y

)
+ ϕ′z

]
+

Ω

H 3
(u ′x − Ωuy) ,

κx1 = i · κ · e = κ1x =
1

H
[−ϕ′x + Ωϕy ] +

Ω

H 2
∂xux .
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4 Displacement approximations and vibration anal-
ysis

Following the approach proposed in [6, 12], we use the Lagrange equations for vi-
bration analysis of the shell. Having applied the Lagrange equations(

∂K

∂q̇i

)·
− ∂K

∂qi
= −∂Π

∂qi
+ Qi , (23)

we obtain the system of equation in terms of generalized coordinates qi . However
we have to choose the displacement approximation �rst. In this paper we derive the
bending vibrations of the shell by taking the displacement vector as

u = U (z,t)−U′ (z,t) · x ik + S (z,t)
[
x 2 − a2 (z )

]
j. (24)

The two �rst terms in (24) correspond to the elementary beam theory where de�ec-
tion vector U is

U (z,t) = Ux (z,t) i0 + Uy (z,t) j0, (25)

cf. [11]. The third term in (24) determines the deformation of the cross-section in
its plane. We supposed that the deformed cross-section takes a parabolic shape.
The components of u according to the relations (10) are

ux = Ux (z,t) cos (Ωz ) + Uy (z,t) sin (Ωz ) ,

uy = Uy (z,t) cos (Ωz )− Ux (z,t) sin (Ωz ) + S (z,t)
[
x 2 − a2 (z )

]
, (26)

uz = −x
[
U ′x (z,t) cos (Ωz ) + U ′y (z,t) sin (Ωz )

]
.

Now we can proceed to the discrete model by approximating the introduced functions
Ux , Uy , S in accordance with the Ritz method:

Ux (z,t) =
N∑
i=1

UxiΦi (z ) = Ux
TΦ,

Uy (z,t) =
N∑
i=1

UyiΦi (z ) = Uy
TΦ, (27)

S (z,t) =
N∑
i=1

SiΨi (z ) = STΨ .

We have thus presented the generalized coordinates whose roles are played by func-
tions Uxi , Uyi , Si . Then Φ and Ψ in (28) are columns of the coordinate functions
satisfying the boundary conditions. The "rigid support" in the root cross-section
z = 0 corresponds to the following condition

Φ (0) = Φ′ (0) = Ψ (0) = 0. (28)

For instance, the power functions satisfy these conditions:

Φ1 = z 2, Φ2 = z 3, Ψ1 = z , Ψ2 = z 2, . . . (29)
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The number of the coordinate functions is denoted by N in (24).
Now we can obtain the potential and kinetic energy. The area element is
do = r1 × r2 = Hdzdx ; then according to (8)

Π = 2

L∫
0

a(z)∫
0

Π̂Hdzdx , K = 2

L∫
0

a(z)∫
0

ρh
(
u̇x

2 + u̇y
2 + u̇z

2
)

Hdzdx , (30)

where L is the blade length.
The �nal equations for energies expressed in terms of the generalized coordinates
are obtained by means of the Wolfram Mathematica. They are too cumbersome to
be presented in the paper.
Now the Lagrange equations (23) are given by:

M Ü + CU = Q(t), (31)

in which the block columns and matrices are used.

M ≡

Mxx Mxy Mxs

Mxy Myy Mys

Mxs Mys Mss

 , U ≡

Ux

Uy

S

 ,

C ≡

Cxx Cxy Cxs

Cxy Cyy Cys

Cxs Cys Css

 , Q(t) ≡

Qx

Qy

Qs

 .

(32)

Here M and C are the global matrices of the inertia and sti�ness, U and Q are the
global columns of the unknowns and the generalized forces, respectively. The latter
can be found from the expression for the virtual work of the external load.
In the case of the free harmonic oscillations we have a zero column in the right
part of (31) and can replace Ü by −ω2U . The result is the generalized eigenvalue
problem:(

C − ω2M
)

U = 0 (33)

When the global matrices of inertia and sti�ness are constructed we can use such
special commands as Eigenvalues and Eigenvectors for solving (33) in the Wolfram
Mathematica. In the result we can compute values of the �rst N normal frequencies.
We have analyzed the blade with the following parameters: Ω ≈ 1.745 (the
tip cross-section is turned by a 30◦ angle against the root section), h = 0.01 m,
L = 0.3 m, the width ranging from 0.4 m to 0.2 m. The material characteristics are:
ρ = 7800 kg/m3, ν = 0.3, E = 2 · 1011 Pa.
For our calculation we took N = 5.
The results of the �nite element analysis for the two �rst normal modes are shown
in Fig. 3.
Values of the two �rst natural frequencies (Hz) are as follows:

3D-model shell model
f1 109.2 101.5
f2 552.5 498.3

The di�erence between the results of the two approaches is less than ≈ 10 %.
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Figure 3: The �rst and second normal modes and their natural frequencies calculated
by ANSYS

5 Conclusion

In this paper we presented a brief review of formalism of the Kirchho� shells. The
geometry of a blade is described as a helicoidal shell. The translational and rota-
tional displacements were found from the tensor equations of the shell theory. The
approximation for the displacement was considered as for the twisted beam with
an additional term that takes into account the in-plane deformation of the cross-
section. The displacement was approximated in terms of the chosen functions and
the Ritz method was applied. It should be noted that the number of the coordinate
functions N, as well as the type of these functions should be a subject for tests. For
example, the results of the authors' analyses of the long blades' vibrations [12, 13]
performed by using several di�erent techniques showed that the increase in N may
not necessarily lead to a more accurate result.

Having approximated the displacement functions, we proceeded to the discrete
model and introduced the generalized coordinates. After that we derived the expres-
sion of potential and kinetic energies and then obtain the system of the Lagrange
equations. The formulated generalized eigenvalue problem allows one to carry out
the modal analysis for the blade. The problem was solved by means of special
functions embedded in the Wolfram Mathematica.

We compared the results of our approach with the ANSYS �nite element analysis
of a 3D-model. The certain di�erence between these results could be explained by
the properties of the coordinate functions. However, the actual choice of the type
and number of coordinate functions is a topic of separate study which the authors
intend to perform in the nearest future.

The presented algorithm allows us to analyze forced vibrations: the generalized
forces can be derived from the expression for the virtual work. One can also consider
the transient oscillations in the manner suggested in [12] for the long blades handled
as rods.
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