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Abstract

A theoretical model is suggested which describes the combined effects of grain boundary (GB) sliding and diffusion on strain hard-
ening and ductility of nanocrystalline materials (NCMs). Within the model, GB sliding creates disclination dipoles near triple junctions,
inducing high elastic stresses and resulting in pronounced strain hardening. At the same time, GB diffusion partly relieves disclination
stresses, thereby decreasing strain hardening. It is theoretically shown that good ductility of NCMs can be reached due to optimization of
GB sliding and diffusion processes providing optimum strain hardening. The latter suppresses plastic strain instability and thus enhances
tensile ductility. At the same time, with the optimum strain hardening, the applied stresses reach their critical level at which NCMs frac-
ture only if overall plastic strain is sufficiently large.
� 2009 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Nanocrystalline metals and ceramics showing superior
strength and hardness are excellent candidates for a variety
of new industrial applications (e.g. [1–7]). The key factor
limiting the practical use of nanocrystalline materials
(NCMs) is the low tensile ductility that most exhibit. At
the same time, several research groups have reported good
ductility or even superplasticity of NCMs fabricated and
processed at certain conditions [8–13]. The fundamental
reasons for the very different plastic behaviors (low ductil-
ity shown by most NCMs and good/high ductility shown
by certain NCMs) are not understood. In any event, the
mechanical characteristics of nanocrystalline metals and
ceramics crucially depend on specific deformation mecha-
nisms operating in these materials [1–7], and the ductility
of NCMs should be adequately described in terms of the
deformation mechanisms. Among the specific deformation

mechanisms, grain boundary (GB) sliding is believed to be
crucially important in NCMs in certain situations. In par-
ticular, GB sliding and associated diffusion processes have
been shown experimentally to play a dominant role in
superplastic deformation of nanocrystalline and ultrafine-
grained materials [7,8,14,15]. Also, GB sliding and GB dif-
fusional creep (Coble creep) effectively operate in NCMs in
conventional deformation regimes at low stresses and
strain rates [6,16]. Computer simulations [17–20] have
highlighted the role of GB sliding as one of the key mech-
anisms of plastic deformation in NCMs, especially at very
high stresses and strain rates (see also review in Ref. [2] and
references therein). Following Refs. [17,20], GB sliding in
NCMs with the finest grains creates stresses that are
accommodated by movement of GBs and their triple junc-
tions. In addition, recent computer simulations [21] demon-
strated that GB sliding along with GB diffusion provides
the main contribution to plastic deformation of nanocrys-
talline Cu with a grain size of 30 nm at room temperature.
Recently, several theoretical models [22–29] have been pro-
posed focusing on the role of GB sliding and diffusion in
plastic flow and fracture processes in NCMs. Given the
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above results from experiments, computer simulations and
theoretical models, there is much interest in understanding
the effects of GB sliding and diffusion processes on the ten-
sile ductility of NCMs. The main aims of this paper are to
suggest a theoretical model describing these combined
effects and, with the results of the model, to reveal the con-
ditions at which NCMs show enhanced ductility due to
optimization of the effects of GB sliding and diffusion
processes.

2. Effects of grain boundary sliding and diffusion processes on

tensile ductility of nanomaterials: general aspects

In general, one can distinguish the following three basic
factors that diminish the tensile ductility of NCMs: (i) fab-
rication-produced flaws; (ii) early fracture associated with
crack nucleation and growth instability; and (iii) plastic
strain instability associated with catastrophic shear band-
ing and necking [30,31]. In recent years, significant progress
has been reached in fabrication of artifact-free NCMs, in
particular those characterized by both superior strength
and good ductility (e.g. [8,10–12,15,32–35]). In these mate-
rials, there are no fabrication-produced flaws, and the
instabilities (ii) and (iii) are suppressed. In general, suppres-
sion of shear banding can be achieved through enhance-
ment of strain hardening and/or strain rate sensitivity
[7,30–32], while crack nucleation is suppressed if dangerous
stress sources (defects creating high local stresses) are not
generated during plastic deformation. The fulfilment of
these conditions serves as the selection rule for plastic flow
mechanisms responsible for enhanced ductility of NCMs.

We think that the combined effects of GB sliding and
diffusion, if these are optimized, are capable of suppressing
both catastrophic shear banding and nucleation and
growth of cracks in artifact-free NCMs. GB sliding in
NCMs causes the strain hardening that suppresses plastic
strain instability associated with catastrophic shear band-
ing and necking. More precisely, GB sliding through triple
junctions of GBs produces defects at and near these junc-
tions [23–25,29,36]. The GB-sliding-produced defects are
GB dislocations (associated with deformation incompati-
bilities) [23–25] and dipoles of wedge disclinations (rota-
tional defects associated with crystal lattice orientation
incompatibilities) [29,36]. Fig. 1 schematically shows the
formation of wedge disclination dipoles due to GB sliding
in NCMs; for more details, see Refs. [29,36]. (Also, a sim-
ilar process of formation of disclinations occurs due to
stress-driven migration of GBs in NCMs [37].) Following
Ref. [29], wedge disclination dipoles appearing in NCMs
during GB sliding create very pronounced strain harden-
ing. In this case, the rate of strain hardening is much higher
than the rate of strain hardening [24] due to the dislocation
storage at triple junctions due to GB sliding in NCMs. The
calculated strain hardening [29] appeared to be so high that
it leads to values similar to those obtained experimentally
for the ultimate stress at very small plastic strains (1–2%
for Ni and less than 1% for Cu). Therefore, one can assume

that the dramatic strain hardening created by GB sliding
[29], although suppressing plastic strain instability due to
necking, commonly induces early fracture associated with
intensive formation and growth of cracks.

Nevertheless, experimentally detected examples of sub-
stantial tensile ductility [8,10–12,15,32–35] of NCMs are
naturally attributed to the strain hardening caused by GB
sliding, if it is relieved by some accommodation mecha-
nisms. In particular, GB diffusion can significantly decrease
or even completely remove the disclination stresses and the
associated strain hardening in NCMs. For instance, the
role of diffusion processes is significant in deformation
regimes at high temperatures and/or low strain rates, and
relaxation of the disclination stresses can effectively occur
by diffusion processes. We think these processes are capa-
ble of suppressing crack nucleation and growth, resulting
in good ductility of NCMs under certain conditions. The
quantitative analysis of these conditions will be performed
in the following sections.

Our further analysis is focused on suppression of plastic
strain instabilities through pronounced strain hardening in
NCMs, taking into account strain rate effects. It is impor-
tant to note that our key assumption that GB sliding and
diffusion play the dominant role in plastic deformation in
NCMs at certain conditions is in agreement with several
experiments concerning strain rate sensitivity of such mate-
rials. Let us briefly discuss this subject. The strain rate sen-
sitivity is commonly defined as (e.g. [32]) m ¼ ð@ ln r=
@ ln _eÞe;T , where e denotes the plastic strain degree, _e the
plastic strain rate, and T the temperature. If the strain rate
sensitivity m of a material is positive and sufficiently large,
neck formation is suppressed. (For instance, superplasticity
is specified by m being around 0.3 or larger; e.g. [38].) This
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Fig. 1. Nanocrystalline specimen under tensile plastic deformation.
Magnified inset highlights formation of wedge disclination dipoles due
to GB sliding. In this inset, GB AD moves to another position BE, which
leads to the formation of opposite-sign disclinations in points A and B.
GB sliding is accommodated by emission of lattice dislocations from triple
junction A.
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is because a local increase in the plastic strain rate in a
nucleus of the neck region leads to a local increase in the
flow stress. The values of m ¼ 0:5 and m ¼ 1 generally
characterize plastic deformation by GB sliding and Coble
creep, respectively (e.g. [38,39]). Experimental results with
m < 0:2 are attributed to some form of lattice dislocation
slip.

In general, experiments with NCMs show that the val-
ues of their strain rate sensitivity m are in a wide range,
even for materials with the same chemical composition.
This variety in m can be attributed to its sensitivity to many
structural characteristics (mean grain size, grain size distri-
bution, absence/presence of fabrication-produced flaws,
typical structures of grain boundaries), which, in general,
are different in NCMs produced by different fabrication
techniques. For instance, there are experimental data
showing that the value of m in nanocrystalline metals
(Cu, Ni) and ceramics (ZnO, TiO2) is on the order of 0.1
or lower [32,40–44]. At the same time, there are several
examples of NCMs exhibiting m > 0:2. In particular, high
values of strain rate sensitivity m have been found experi-
mentally in nanocrystalline Cu at room temperature. For
instance, Jiang et al. [45] found that in room temperature
creep tests of nanocrystalline Cu, m takes the values of
0.243 and 1 at stress levels of r > 175 MPa and
r < 175 MPa, respectively. Lu et al. [46] reported the
experimental value of m � 1 in the course of superplastic
deformation of nanocrystalline Cu at room temperature.
Wang et al. [47] experimentally studied nanocrystalline
Ni in room temperature creep tests and found m � 0:85,
0.5 and 0.2 in nanocrystalline specimens with mean grain
sizes d ¼ 6, 20 and 40 nm, respectively. Yin et al. [48]
reported m � 1 and 0.18 for nanocrystalline Ni with mean
grain sizes d ¼ 30 nm tested at room temperature and
373 K, respectively. Furthermore, Wang et al. [49] experi-
mentally documented the strain rate sensitivity m � 0:5 in
the superplastic deformation regime of nanocrystalline
Ni–Co alloy at a temperature of 773 K. Values of
m � 0:5 and 1 were found in experiments [15] focused on
nanocrystalline Si3N4 ceramics showing superplastic defor-
mation in compression over a wide range of strain rates
and temperatures. Superplasticity of zirconia–alumina–spi-
nel nanoceramic composites characterized by m � 0:5 was
experimentally observed by Zhou et al. [50]. In the light
of the experimental works discussed above, our assumption
that GB sliding and diffusion play the dominant role in
plastic deformation of nanocrystalline materials under cer-
tain conditions (low strain rates, high or moderate temper-
atures) is in good agreement with several experiments on
the strain rate sensitivity of such materials.

3. Effect of disclinations on strain hardening in the absence of

grain boundary diffusion

Let us estimate the effect of disclinations on strain hard-
ening in NCMs. To do so, we consider a nanocrystalline
solid, deformed mostly by GB sliding, under a uniaxial ten-

sile load (Fig. 1). In a first approximation, we assume that
essential GB sliding is carried only by favorably oriented
GBs the planes of which make small angles with the direc-
tions of the maximum shear stress (which, in turn, make an
angle p=4 with the loading direction). Following Orowan
[51], the plastic shear strain is defined as the average sliding
distance divided by average distance between the sliding
planes. In this case, GB sliding is characterized by the mac-
roscopic plastic shear strain (acting in the planes making an
angle p=4 with the loading direction) e � ap=d, where d is
the mean grain size, p is the mean value of the triple junc-
tion translation produced by GB sliding, and a (<1) is the
fraction of GBs that carry GB sliding. Note that, according
to this definition, the plastic tensile strain along the loading
direction is equal to e.

In this section, we examine tensile deformation of
NCMs at low temperatures, in which case the effects of
diffusion can be neglected. Let us estimate the energy
change DW 0 of the nanocrystalline specimen due to GB
sliding that creates disclination dipoles. (Hereinafter the
subscript ‘‘0” specifies the absence of GB diffusion.) In
a first approximation, the energy change DW 0 (per discli-
nation dipole and per unit disclination length) can be
estimated as [29]:

DW 0 ¼ W dip
0 þ ðsf � sÞp; ð1Þ

where W dip
0 is the self-energy of the disclination array (per

disclination dipole), the term ðsf � sÞp characterizes the
opposite of the work of the shear stress s spent to GB slid-
ing, and sf is the internal stress that characterizes resistance
to GB sliding along plane GBs (in the absence of the discli-
nation dipoles).

Eq. (1) takes into account the fact that disclination
dipoles do not interact with the shear stress s. The self-
energy W dip

0 of the disclination array can be roughly esti-
mated as the sum of the self-energies of individual disclina-
tion dipoles. The interaction between different disclination
dipoles leads to the mutual screening of their stress fields.
This effect is accounted for in a first approximation by
assigning a screening length R to the stresses of the discli-
nation dipoles. Thus, the energy W dip

0 can be considered
as the mean energy of disclination dipoles (per unit discli-
nation length) whose stress fields are screened at some
screening length due to the dipole–dipole interaction. In
the standard approximation that a nanocrystalline speci-
men is an elastically isotropic solid with the shear modulus
G and Poisson’s ratio m, the characteristic energy W dip

0 is
estimated as [52]

W dip
0 ¼

Ax2p2

2
ln

R
p
þ 3

2

� �
; ð2Þ

where x is the mean absolute value of the disclination
strength, and A ¼ G=½2pð1� mÞ�.

Plastic flow is energetically favorable if @DW 0=@p < 0,
and unfavorable otherwise. In the case of a quasi-equilib-
rium plastic deformation, we have: @DW 0=@p ¼ 0. With
Eqs. (1) and (2) and the expression p ¼ ed=a, the latter

I.A. Ovid’ko, A.G. Sheinerman / Acta Materialia 57 (2009) 2217–2228 2219



Author's personal copy

equality yields the following expression for the disclination-
induced contribution sd to the total flow stress:1 s ¼
sf þ sd0, where

sd0 ¼
Ax2e

a
ln

aR
ed
þ 1

� �
: ð3Þ

According to Eq. (3), sd0 increases with rising e, if
e < aR=d. Eq. (3) describes strain hardening due to the for-
mation of GB disclinations. This hardening is inherent to
NCMs where the amounts of GBs and their triple junctions
are very large, in contrast to coarse-grained polycrystals
characterized by low amounts of GBs and their triple
junctions.

Let us estimate the characteristic values of sd0, for nano-
crystalline Cu (having a shear modulus G ¼ 46 GPa and
Poisson’s ratio m ¼ 0:35 [53]), Ni (G ¼ 73 GPa and
m ¼ 0:31 [53]) and a�Al2O3 (corundum) (G ¼ 169 GPa
and m ¼ 0:23 [54]). In the following, one should take into
account that, for uniaxial tensile load, we have: s ¼ rt=2,
where rt is the applied load. Similarly, the quantity sf

can be interpreted as half of the tensile yield stress ry spec-
ifying the start of plastic flow carried by GB sliding:
sf ¼ ry=2. For definiteness, the characteristics of the defect
configuration under consideration are taken as follows:
R ¼ 3d; a ¼ 1=3, and x ¼ p=9ð¼ 20�Þ. With these charac-
teristics and Eq. (3), in the case of nanocrystalline Cu, we
obtain: sd0 � 0:23 GPa at e ¼ 0:01. For Ni, we find:
sd0 � 0:35 and 0.61 GPa at e ¼ 0:01 and 0.02, respectively.
With the same characteristics, in the case of nanocrystalline
a�Al2O3, Eq. (3) yields: sd0 � 0:72 and 1.25 GPa at
e ¼ 0:01 and 0.02, respectively.

From the above estimates it follows that even for low
plastic strain, the formation of GB disclinations causes dra-
matic strain hardening in NCMs and can thereby suppress
plastic strain instability. At the same time, disclinations
create in their vicinity extremely large stresses, which can
initiate the generation of cracks [29] and eventually result
in the complete fracture of the material. This view is in
good agreement with the results of our theoretical analysis,
because, according to Eq. (3), the stress sd0 is so large that
the value of rt (rt ¼ ry þ 2sd0) reaches the experimental
ultimate tensile strength rB of the examined materials at
very small strain e. For example, for Ni with a grain size
of 44 nm, we have ry � 0:5 GPa and rB � 1:1 GPa [55],
whereas for Ni–15%Fe with a grain size of 9 nm, one
obtains ry � 1:2 GPa and rB � 2:3 GPa [55]. The above
values of the ultimate stress rB for Ni and Ni–15%Fe are
reached at strains e as small as 0.01 and 0.02, respectively.

However, at sufficiently high temperatures and/or low
enough strain rates, high disclination stresses can be
relaxed by intensive GB diffusion. In this case, disclination
formation causes moderate strain hardening that can sup-

press plastic strain instability but, at the same time, does
not initiate formation and growth of crack (see next
section).

4. Effects of grain boundary diffusion on disclination-induced

strain hardening

Let us consider the effects of diffusion on the disclina-
tion-induced strengthening. In the situation with high
enough temperatures and/or sufficiently low strain rates,
diffusion is rather intensive. In the situation discussed, dif-
fusion partly relieves the stresses created by disclination
dipoles and thus reduces their strain energies. This accom-
modating effect of diffusion results in a reduction in the
applied stress necessary to provide GB sliding accompanied
by the formation of disclination dipoles.

To elucidate the effects of diffusion on strain harden-
ing and to estimate the applied stress s (as a function
of plastic strain, strain rate, temperature and material
parameters) needed for GB sliding in the presence of
GB diffusion, we will use the following model assump-
tions. First, we suppose that GB diffusion is the domi-
nant accommodation mechanism for the stresses of
disclination dipoles. In particular, GB diffusion causes
an accommodating effect larger than that produced by
bulk diffusion. Second, we consider diffusion processes
occurring along a straight, infinite model GB. Next, we
suppose that GB sliding leads to the formation of discli-
nation dipoles whose contribution to strain hardening is
large compared to the effects [24,56–59] attributed to
deformation incompatibilities in triple junctions occur-
ring during GB sliding. Finally, we assume that the mean
distance between the dipoles (around d=a) is much larger
than the mean distance p between the disclinations com-
prising a dipole, or, in other words, the mean dipole
arm. Their effects on each other can then be accounted
for by assigning a screening length R to the disclination
dipole stresses. In this case, to calculate the effects of dif-
fusion on strain hardening, it is sufficient to consider an
individual disclination dipole and calculate its self-energy
taking into account GB diffusion.

The stress field of a disclination dipole induces a gradi-
ent of chemical potential at the GB, which creates a flux of
atoms along the GB. Following Refs. [25,60], atomic diffu-
sion along a GB is realized via a change in its thickness (see
Fig. 2a and b). In turn, the change in the GB thickness cre-
ates elastic displacements, strains and stresses in adjacent
grains. Therefore, the elastic fields of the disclination dipole
are affected by GB diffusion, which tends to relieve these
elastic fields.

(Generally speaking, the assumption [25,60] that the
atomic diffusion along a GB is realized via a change in its
thickness represents a simplified view on the problem. It
is true that the additional atoms will create additional stres-
ses and strains, but diffusion might not come only from the
changes in GB thickness. In particular, there is a flow of
atoms from a GB region into grain interior regions in its

1 A similar expression for sd0 has been derived in Ref. [29]. But in the
expression obtained in Ref. [29], the term ‘‘+1” has been erroneously
omitted. Here we correct this error.
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vicinity and a reverse flow. Thus, additional atoms are
present and diffuse in both GB and grain interior regions.
Nevertheless, for simplicity, it is convenient and effective
to formally exploit the approach [25,60] based on the
change in the GB thickness as the key parameter that
describes evolution of the diffusing atoms within the GB
area and its vicinity. That is, though the approach [25,60]
uses a simplified view (‘‘diffusion along a GB is realized
via a change in its thickness”), it captures the essential
physics of the problem that we are studying here.)

To calculate the self-energy of a disclination dipole in
the presence of GB diffusion, consider a straight, infinite
GB (Fig. 2b) serving as a model of real nanoscale GBs.
At the initial time t ¼ 0 under the action of an applied
shear stress s the upper grain starts to slide relative to the
bottom one. As a result, according to Refs. [29,36], an iso-
lated dipole of wedge disclinations with strengths x and
�x and dipole arm p forms at the GB. Let us introduce
a Cartesian coordinate system ðx; y; zÞ as shown in Fig. 2.
We also denote the thickness of the disclination-free GB
as db. The left dipole disclination �x is located at the point
x ¼ 0, while the position x ¼ p of the right disclination
moves due to GB sliding. The position x ¼ p of the right
disclination can be related to the shear strain rate _e (which
is assumed to be constant) and deformation time t as
p ¼ ct, where c ¼ _ed=a.

Under these assumptions, we have calculated the strain
energy of the disclination dipole (see Appendix). In the case
where the dipole arm p and characteristic diffusion length
(defined below) are small compared to the dipole screening
length R, the dipole strain energy W dip per unit disclination
length has been found as follows:

W dipðR� ðp; ðktÞ1=3ÞÞ ¼ Ax2p2

2
ln

R
p
þ 3

2
� f ðsÞ

� �
: ð4Þ

Here k ¼ ð1þ mÞGDbdbX=½3ð1� mÞkBT �, Db denotes the
GB diffusion coefficient, X is the atomic volume, kB is the
Boltzmann constant, T is the absolute temperature,
s ¼ kt=p3 is the cube of the ratio of the characteristic diffu-
sion length ðktÞ1=3 to the dipole arm p, and

f ðuÞ ¼
Z 1

0

2ð1� coskÞ
k3

� 1� 2cosk expð�uk3Þþ expð�2uk3Þ
k3ðu2k4þ 1Þ

� �
dk:

ð5Þ

The first two terms in brackets in Eq. (4) give the self-
energy of the disclination dipole in the absence of GB
diffusion, while the third term accounts for the negative
contribution of GB diffusion to the disclination dipole
energy. For s ¼ 0, when GB diffusion is absent, we have
f ðs ¼ 0Þ ¼ 0. At the same time, in the case of intense diffu-
sion ðs J 1Þ, we obtain the following simple asymptotic
expression for f ðsÞ:

f ðs J 1Þ � 1

3
ln sþ 1:08: ð6Þ

For illustration, the dependence f ðsÞ and its asymptote
at large s; y ¼ ð1=3Þ ln sþ 1:08, are shown in Fig. 3 as solid
and dashed curves, respectively.

Thus, we have found the expression for the energy of a
disclination dipole in the presence of GB diffusion. Now
the energy DW (per disclination dipole and per unit discli-
nation length) associated with GB sliding in the presence of
GB diffusion is calculated in the same way as the energy
DW 0 (see Eq. (1)):

DW ¼ W dip þ ðsf � sÞp: ð7Þ
For convenience, we relate the screening length R

appearing in Eq. (4) to the grain size d. Since the screening
of the elastic fields of the disclination dipoles is supposed to
be realized by the disclination dipoles originating in the

y

δb
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boundary
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τ
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δ/2
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Fig. 2. Flat infinite GB in a bicrystal. (a) Disclination-free GB. (b) GB
contains a disclination dipole whose stresses induce GB diffusion and
create elastic strains of adjacent grains. The ellipses show equivalency
between the disclination dipole examined and a continuous distribution of
edge dislocations. The region bounded by dashed curves KL and MN
represents a virtual GB in the imaginary situation where the presence of
extra atoms or deficit in atoms due to both the presence of the disclination
dipole and diffusion is described as the change dðx; tÞ in GB thickness
compared to its disclination-free state. Time evolution of the change
(dðx; tÞ) in GB thickness is used in description of diffusion-conducted
evolution of the stresses/strains within the GB and in its vicinity (for
details, see text).
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Fig. 3. Dependence f ðsÞ (solid curve) and its asymptote at
s!1; y ¼ ð1=3Þ ln sþ 1:08 (dashed curve).
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neighboring triple junctions, as a first approximation, we
put R ¼ jd, where j is a factor ranging from 1 to 10. Then
substitution of Eqs. (4) and (7) into the relation
@DW =@p ¼ 0 gives the following relation for the stress
s : s ¼ sf þ sd , where

sd ¼
Ax2e

a
ln

ja
e
þ 1� f ðsÞ þ sf 0ðsÞ

h i
: ð8Þ

It is important to note that Eq. (8) is valid for values of
deformation time t and temperature T that are not too
large; under these conditions the characteristic diffusion
length ðktÞ1=3 is smaller than the screening length R. When
the diffusion length ðktÞ1=3 becomes larger than, or close to,
the screening length R, diffusion eliminates most of the dis-
clination-induced strain hardening.

Let us introduce the quantity D ¼ sd=sd0, which denotes
the ratio of the strain hardening in the presence of GB dif-
fusion to strain hardening in its absence. D quantitatively
characterizes the suppressing effect of diffusion on strain
hardening. When the effect is small, D is close to 1. When
diffusion significantly suppresses strain hardening, D is
small (e.g. D 6 0:5 when diffusion decreases strain harden-
ing by a factor of 2 or larger). Using Eqs. (3) and (8) and
the relation R ¼ jd;D can be rewritten as

D ¼ 1� f ðsÞ � sf 0ðsÞ
lnðja=eÞ þ 1

: ð9Þ

The dependences DðsÞ, for j ¼ 3; a ¼ 1=3 and different
values of e, are shown in Fig. 4. As it follows from
Fig. 4, D decreases with an increase in s and is considerably
smaller than unity only at s� 1. This means that diffusion
has a pronounced effect on the flow stress only in the region
s� 1. In this region, using Eq. (6) and the relation
s ¼ k=ðcp2Þ ¼ ka3=ð_e e2d3Þ, Eq. (8) for sd can be simplified
as

sd js J 1 �
Ax2e

a
ln

jd

ðke=_eÞ1=3
þ 0:25

" #
: ð10Þ

According to Eq. (10), in the situation where GB diffu-
sion is intensive, sd decreases with a decrease in the grain
size d and/or strain rate _e.

Now let us estimate the suppressing effect of diffusion on
strain hardening in the cases of nanocrystalline Ni, Cu and
Al2O3. We will use the Arrhenius relation (e.g. [61])
Db ¼ Db0 exp½�Qb=ðRT Þ�, where R ¼ 8:31 J K�1 is the uni-
versal gas constant, Qb is the GB self-diffusion activation
energy, and Db0 is the pre-exponential factor. For nano-
crystalline Ni, we have: X ¼ 1:094� 10�29 m�3 [53],
Db0 ¼ 1:8� 10�12 m2 c�1 and Qb ¼ 46 k J mol�1 [62]. For
nanocrystalline Cu, we have: X ¼ 1:181� 10�29 m�3 [53],
Db0 ¼ 2:7� 10�9 m2 c�1 and Qb ¼ 61:8 k J mol�1 [62]. For
nanocrystalline Al2O3, we used the values
Db0db ¼ 10�9 m3 c�1 and Qb ¼ 400 k J mol�1 [60]. In the
case of Al2O3, the atomic volumes of Al and O atoms are
different. Therefore, the value of X for Al2O3 can be inter-
preted as the average volume of Al2O3 per atom and is cal-
culated as: XAl2O3

¼ l=ð5qNAÞ, where l ¼ 0:102 kg mol�1 is
the molar mass of Al2O3;NA ¼ 6:02� 1023 mol�1 is the
Avogadro number, and q � 3:9� 103 kg m�3 is the density
of Al2O3 [54]. This yields: XAl2O3

¼ 0:87� 10�29. We also
put db ¼ 0:5 nm; j ¼ 3 and a ¼ 1=3.

The dependences of D on temperature T, for nanocrys-
talline Ni, Cu and a�Al2O3, are presented in Fig. 5a, b
and c, respectively, for e ¼ 0:05 and different values of d

and _e. It can be seen in Fig. 5 that D decreases with an
increase in temperature T and/or decrease of grain size d

and strain rate _e. Thus, the suppressing effect of diffusion
on disclination-induced strain hardening becomes more
pronounced for smaller grain size d and/or smaller strain
rate _e. For nanocrystalline Ni and Cu, this effect becomes
significant (making sd several times smaller) already at
room temperature. For a�Al2O3, the effect becomes sig-
nificant at the temperatures around 1000–1200 K, depend-
ing on the grain size d and strain rate _e.

It also follows from Fig. 5 that, for Cu and Ni at or
near room temperature, the suppressing effect of diffusion
on strain hardening is significant (D is around 0.5 or
smaller) only for low strain rates (10�4 s�1 or smaller).
Such small strain rates are most likely to happen during
creep tests. At the same time, when temperature increases
up to 330–360 K, the suppressing effect of diffusion on
strain hardening becomes pronounced (D tends to have
values of around 0.6–0.8) at intermediate strain rates of
around 10�2 s�1.

Fig. 6 plots the stress–strain curves sdðeÞ, for
T ¼ 300 K; d ¼ 10 nm and different strain rates _e. The
dashed curves on the left depict the dependences sdðeÞ in
the absence of diffusion (at _e!1). It is seen from Fig. 6
that the suppressing effect of diffusion on strain hardening
enhances with a decrease in strain rate _e and/or increase in
plastic strain e. Thus, Fig. 6 clearly demonstrates that suf-
ficiently fast diffusion (occurring at a small enough strain
rate or high enough temperature) can significantly diminish
strain hardening.

Now let us calculate the strain rate sensitivity of NCMs
plastically deformed by GB sliding accompanied by discli-
nation formation and GB diffusion. The strain rate sensi-
tivity is defined as (e.g. [32]) m ¼ ð_e=rtÞ@rt=@ _e, where rt is

5 10 15 20
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0.9

s
1

Δ ε=0.01

ε=0.03

ε=0.05

Fig. 4. Dependences of the parameter D (which characterizes the ratio of
the strain hardening in the presence of GB diffusion to the strain
hardening in its absence) on s for a ¼ 1=3 and j ¼ 3.

2222 I.A. Ovid’ko, A.G. Sheinerman / Acta Materialia 57 (2009) 2217–2228



Author's personal copy

the uniaxial load. The stress rt is calculated using Eq. (8)
and the relation rt ¼ ry þ 2sd .

Fig. 7a and b plot the strain rate sensitivities m as func-
tions of strain rate _e and strain e, respectively, for the case
of nanocrystalline Ni at various grain sizes d; T ¼ 373 K;
ry ¼ 0:5 GPa;a ¼ 1=3; j ¼ 3;x ¼ p=9, and the values of
the other parameters (elastic moduli and diffusion coeffi-
cient) specified above. Fig. 7 demonstrates that the values
of m can vary over a wide range. At the same time, m tends
to increase with a decrease in _e. Physically, this tendency is
associated with the fact that, for high strain rates, diffusion
is too slow to exert a significant influence on the flow stress.
In this case, the flow stress is controlled by the disclination-

induced strain hardening. At the same time, at small strain
rates, diffusion contributes considerably to the plastic
deformation and flow stress, and this contribution results
in a high strain rate sensitivity. As follows from Fig. 7,
strain rate sensitivity m also grows with a decrease in grain
size d. At the same time, the dependence of strain rate sen-
sitivity m on strain e is not monotonous: m first increases
and then decreases with rising e. (The region at curve 3
where m decreases with rising e is not shown in Fig. 7b).
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Low values of m at small e are associated with the absence
of disclination dipoles (the driving force for diffusion) at
the initial stage of plastic deformation. As a result, for
small e, the rate of disclination-induced diffusion is slow,
and diffusion cannot contribute greatly to the plastic flow.
As e grows, the driving force for diffusion appears, and
strain rate sensitivity increases. At the same time, with a
further increase in e, the flow stress becomes so large that
diffusion cannot significantly reduce it. As a corollary,
the strain rate sensitivity m reduces.

Fig. 7 plots the dependences of m on _e and e in the situ-
ation where the dominant deformation mechanism is the
diffusion-accommodated GB sliding. It should be noted,
however, that in situations where several deformation
mechanisms act simultaneously, the strain dependence of
m can have a different character. For example, in the situ-
ation where the Coble creep significantly contributes to
plastic deformation at small enough strain rates, the exis-
tence of this deformation mode provides high values of m

even at small e. Also, when the grain size of a nanocrystal-
line specimen is large enough, dislocation slip can gradually
be activated in various grains as the flow stress increases. In
this case, with increasing plastic strain (and, consequently,
flow stress), the fraction of grains where dislocation slip
occurs also increases, and the contribution of dislocation
slip to the overall plastic deformation rises. As a conse-
quence, in this situation, strain rate sensitivity m can also
fall down with an increase in strain even at small e.

Now let us compare the calculated values of m with the
experimental data [42] for the strain rate sensitivity of
uniaxially compressed nanocrystalline Ni with grain size
d ¼ 40 nm at the temperature T ¼ 373 K, when strain rate
ranges from approximately 10�7 to 10�3 s�1. The experi-
mental points in Fig. 4a in Ref. [42] demonstrate that m

is either independent of strain rate _e or very weakly
decreases with an increase in _e. The experimental depen-
dence mð_eÞ documented in Ref. [42] is qualitatively similar
to the theoretical dependence shown in curve 1 in Fig. 7a
here. At the same time, the experimental measurements
of the dependence of mðeÞ in Ref. [42] demonstrate a
decrease in m from approximately 0.125 to approximately
0.08 with an increase in e from 0.01 to 0.04. (An increase
in e is accompanied by a decrease in _e [42], but the latter
fact can be neglected due to a very weak mð_eÞ dependence
documented in Ref. [42].) The experimental dependence
of mðeÞ differs from the calculated dependences shown in
Fig. 7b. This can be explained by the co-operative actions
of various deformation mechanisms in nanocrystalline
specimens examined experimentally [42] (see above).

5. Ductility maps of nanocrystalline materials

In parallel with diminishing strain hardening, intensive
diffusion suppresses crack generation and growth. At the
same time, to achieve a good plastic behavior, diffusion
should not be too fast. This is necessary to provide strain
hardening sufficient to suppress the plastic strain instability

leading to necking. Thus, for a specified strain rate, the rate
of diffusion should be in an optimum range. That is, the
rate of diffusion should be high enough to decrease strain
hardening and suppress crack generation and growth but,
at the same time, small enough to suppress plastic strain
instability. The rate of diffusion can be controlled by tuning
grain size and temperature.

Based on the analysis of the previous sections, let us first
roughly estimate the material and deformation parameters
(that determine the rate of diffusion) at which an NCM is
stable to necking. As above, we will focus on the NCMs
with the finest grains, in which GB sliding serves as the
dominant deformation mechanism. Following Hart [63],
a solid under a uniaxial tensile load rt, deformed with a
strain rate _e up to a strain e, is stable with respect to neck-
ing if

1

rt

@rt

@e
þ m P 1: ð11Þ

The left-hand side of Eq. (11) defines the normalized
effective strain hardening. The solution of inequality (11)
gives the set of parameters at which a deformed solid is sta-
ble to necking. In the case where diffusion rate is not neg-
ligible and, at the same time, not too fast (i.e. the parameter
D lies in the range of about 0.1–0.95), we can calculate rt

using Eq. (10) combined with the relation rt ¼ ry þ 2sd .
Then, after substitution of both Eq. (10) and the latter rela-
tion to Eq. (11), with the assumption that e� 1, Eq. (11) is
rewritten in the following form:

_e P
ke

j3d3
exp

3ary

2Ax2
þ 0:24

� �
: ð12Þ

In Eq. (12) the quantity k depends on temperature T due
to the temperature dependence of the GB diffusion coeffi-
cient Db.

Now let us consider the respective contributions of the
strain rate sensitive and insensitive parts of the normalized
effective strain hardening given by the left-hand side of Eq.
(11). To do so, we rewrite Eq. (11) as follows:

h0 þ hdif þ m P 1: ð13Þ
Here the strain rate insensitive part is given as

h0 ¼ ð1=rt0Þ@rt0=@e, where rt0 ¼ ry þ 2sd0 is the tensile
stress in the absence of GB diffusion. h0 is always positive,
because it is related to the strain hardening created by dis-
clination dipoles. The strain rate sensitive part consists of
the two terms, hdif and m, shown in Eq. (13). The second
term—strain rate sensitivity m—is always positive. The for-
mer term hdif is associated with the effect of diffusion on
the strain hardening, i.e. hdif ¼ ð1=rtÞð@rt=@eÞ � ð1=rt0Þ
@rt0=@e. Since GB diffusion decreases stress rt at a specified
strain e and, as a corollary, reduces the strain hardening,
hdif is always negative. Our estimates show that hdif is lar-
ger by an order of magnitude than m, and so the strain rate
sensitive part (hdif þ m) of the normalized effective strain
hardening is negative. In addition, our estimates show that
the strain rate sensitive part hdif þ m can considerably
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reduce the normalized effective strain hardening if the
strain rate is small enough and diffusion is sufficiently fast
(so that the value of D is considerably smaller than unity;
see Fig. 5). For example, for nanocrystalline Cu with
d ¼ 10 nm at T ¼ 330 K and e ¼ 0:05, for _e ¼ 10�4 s�1

(corresponding to D � 0:15; see Fig. 5b), we obtain
h0 ¼ 11:5 and hdif þ m ¼ �8:2, respectively. At the same
time, for _e ¼ 10�2 s�1 (corresponding to D � 0:6; see
Fig. 5b), the calculated values of the strain rate insensitive
and sensitive parts of the normalized effective strain hard-
ening are h0 ¼ 11:5 and hdif þ m ¼ �0:6. In doing so, the
total normalized effective strain hardening h0 þ hdif þ m,
for _e ¼ 10�4 s�1 and _e ¼ 10�2 s�1, is equal to 3.3 and 10.9,
respectively. This illustrates the tendency that increasing
strain rate will result in higher strain hardening. At the
same time, GB diffusion decreases the normalized effective
strain hardening, in which case decreasing strain rate will
result in lower strain hardening. In particular, GB diffusion
can decrease the normalized effective strain hardening up
to the level at which a nanocrystalline specimen is unstable
to necking. For instance, in the situation of nanocrystalline
Cu with d ¼ 10 nm; T ¼ 330 K and e ¼ 0:1, for _e ¼ 10�4

s�1 (corresponding to D � 0:11), the values of the strain
rate insensitive and sensitive parts are h0 ¼ 5:89 and
hdif þ m ¼ �5:04, respectively. In this situation, the total
normalized effective strain hardening h0 þ hdif þ m is equal
to 0.85, and, following the Hart criterion (13), plastic strain
instability occurs.

Thus, sufficiently fast diffusion can significantly diminish
strain hardening, thereby making a nanocrystalline speci-
men unstable to necking. At the same time, if diffusion is
too slow, the flow stress may become very high, in which
case a nanocrystalline specimen can fracture through the
formation and growth of cracks. A microscopic analysis
of the formation and growth of cracks in NCMs deformed
through GB sliding and diffusion and the calculation of the
deformation parameters at which such NCMs fractures is a
very complicated problem that is beyond the scope of this
paper. To make a rough estimate of the deformation
parameters (strain e, strain rate _e and temperature T) at
which an NCM begins to fracture due to catastrophic
growth of cracks, we will use a simple first-approximation
phenomenological approach. We assume that an NCM is
stable to fracture if the flow stress is smaller than some crit-
ical value rB ðr	 < rBÞ, where rB can be interpreted as the
ultimate tensile strength of such an NCM.

The criterion r	 < rB allows one to estimate the deforma-
tion parameters at which an NCM can fracture. To do so, we
insert this criterion into both Eq. (10) and the relation
rt ¼ ry þ 2sd . This yields the following condition for the sta-
bility of an NCM with respect to catastrophic cracking:

_e <
ke

j3d3
exp

3aðrB � ryÞ
2Ax2e

� 0:75

� �
: ð14Þ

Now let us focus on the exemplar case of nanocrystalline
Cu with the grain size d ¼ 15 nm. We set x ¼ 20� and
employ the material parameters for nanocrystalline Cu

specified in Sections 3 and 4. Also, for simplicity, we
assume that its yield strength ry is independent of temper-
ature and equal to 0.5 GPa (the value for Cu with the grain
size 15 nm obtained in Ref. [64]). For definiteness, we also
put rB ¼ 1 GPa.

Fig. 8 plots the ductility maps for nanocrystalline Cu in
the coordinates ðT ; _eÞ for e ¼ 0:05 (Fig. 8a) and e ¼ 0:1
(Fig. 8b). The curves in Fig. 8 separate the parameter
regions where nanocrystalline Cu is stable to failure at a
given strain e from the regions where it is unstable to failure
through necking or fracture. As can be seen in Fig. 8, nano-
crystalline Cu can demonstrate good ductility over a cer-
tain range of strain rates _e and temperatures T. With an
increase in strain e, the middle parameter region in the
maps (where Cu exhibits good ductility) shrinks (see
Fig. 8a and b), and this region completely disappears at
some critical strain ec. The critical strain ec can be calcu-
lated by equating the right-hand sides of Eqs. (12) and
(14) as

ec ¼
3aðrB � ryÞ

3ary þ 2Ax2
: ð15Þ

Note that ec does not depend on T. As a corollary, the two
curves on the ductility map (see Fig. 8) become identical at
e ¼ ec. For nanocrystalline Cu with the parameter values
specified above, we find: ec � 0:15.
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It should also be noted that the maps in Fig. 8 are very
approximate due to the strong model approximations,
approximations in the calculations and uncertainties in
the values of some parameters (e.g. x; ry ; rB;Db), which
depend on the fabrication procedure and initial structure
of an NCM. However, these maps demonstrate that there
is a range of deformation parameters in which NCMs
can be stable to failure. As plastic deformation proceeds,
this range shrinks, and at some critical strain ec the NCM
starts to fail at any deformation rate _e and temperature T.

6. Conclusions

Following the results of the theoretical analysis given in
this paper, GB sliding in nanocrystalline metals and ceram-
ics produces wedge disclinations that cause competing
effects on the ductility of NCMs. First, the formation of dis-
clinations provides dramatic strain hardening (which sup-
presses plastic strain instability) in deformed NCMs and
thereby enhances their ductility. At the same time, dramatic
strain hardening induced by disclinations results in large
flow stresses, which can initiate the enhanced formation
and/or growth of cracks [29] and eventually result in the
complete fracture of the material. Intensive GB diffusion
can release disclination stresses, thereby reducing strain
hardening and suppressing crack nucleation and growth.
For a specified strain rate, the rate of diffusion should be
high enough to decrease strain hardening and suppress
crack generation but, at the same time, small enough to sup-
press plastic strain instability. At the same time, for a spec-
ified strain, there exists an interval of strain rates and
temperatures at which an NCM is stable to necking and cat-
astrophic fracture. With an increase in strain this interval
shrinks, and at some critical strain it disappears. Above this
critical strain, an NCM can no longer be stabilized with
respect to failure by either necking or fracture through the
optimization of its deformation regime.

The results of our model are in agreement with several
experimental findings on the deformation behavior of
NCMs. In particular, there are examples of good tensile
ductility exhibited by nanomaterials at room temperature
and low loading rates. For instance, Champion et al. [10]
reported on strain-to-failure of nanocrystalline Cu equal
to 14% at the low strain rate of 5� 10�6 s�1. Li and Ebrah-
imi [55,65] experimentally observed good ductility (charac-
terized by the strain-to-failure of 8–9%) of nanocrystalline
Ni and Ni–15% Fe at the strain rate of 10�4 s�1. Also, there
are experimental data showing an increase in strain-to-fail-
ure of nanomaterials with a decrease in strain rate. For
instance, Karimpoor et al. [33] experimentally documented
both good tensile ductility of nanocrystalline Co at room
temperature and a substantial increase in strain-to-failure
(from 6% to 9%) with a decrease in strain rate from
2:5� 10�3 to 10�4 s�1. The above experimental observation
directly demonstrates that, if the loading rate gets very
slow, one can achieve significantly higher ductility at room
temperature.

Finally, note that, in parallel with GB sliding, other
plastic deformation mechanisms can also operate in
NCMs. These deformation mechanisms—lattice slip (car-
ried by dislocations emitted from GBs), twin deformation,
Coble creep, rotational deformation [1–7]—influence the
ductility of NCMs. At the same time, our model describing
the role of GB sliding and diffusion processes in the tensile
ductility of nanocrystalline metals and ceramics captures
the essential physics of plastic flow in NCMs under certain
conditions where GB sliding serves as the dominant defor-
mation mechanism.
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Appendix

In this Appendix, we calculate the self-energy of an
expanding disclination dipole at an infinite straight GB in
the presence of GB diffusion (Fig. 2b). To do so, we desig-
nate the stress field of a disclination dipole in the GB region
as rjkðx; tÞ and the elastic displacements between the bor-
derline between the GB region and the upper grain interior
as ujðx; tÞ. Let dðx; tÞ be a change in the GB thickness due to
the presence of the disclination dipole and GB diffusion
induced by the disclination stresses (Fig. 2b). The quantity
dðx; tÞ is also equal to the jump of displacements uyðx; y; tÞ
(created by the disclination dipole and GB diffusion) at
the GB. The displacements uyðx; y; tÞ created by the discli-
nation dipole are symmetric about the GB plane y ¼ 0.
Therefore, the elastic displacement uyðx; tÞ of the borderline
between the GB region and the upper grain interior is equal
to d=2 (Fig. 2b).

The strain energy W dip of the disclination dipole (per
unit disclination length) in the presence of GB diffusion
can be written as [66]

W dip ¼ � 1

2

Z R

�R
ryyðx; tÞdðx; tÞdx; ðA1Þ

where R is the screening length of the stresses created by
the disclination dipole. We have: dðx; tÞ ¼ 2uyðx; tÞ. In this
case, in order to calculate the strain energy W dip, we need
to compute the stresses ryyðx; tÞ and displacements uyðx; tÞ
created by the disclination dipole.

To do so, in the following, we will use the results of the
approach given in Refs. [25,60], which allow one to calcu-
late the stresses induced by stress sources in the GB by solv-
ing a linearized diffusion equation combined with the
equations of linear elasticity. In this linear approach, the
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elastic fields created by several stress sources appear to be
the sums of the corresponding elastic fields induced by indi-
vidual stress sources. However, the linearized diffusion
equation used in this approach is accurate under the condi-
tion rX=ðkBT Þ � 1, where r ¼ 1=3ðrxx þ ryy þ rzzÞ; rxx; ryy

and rzz are the stresses acting in the GB, X is the atomic
volume, kB is the Boltzmann constant, and T the absolute
temperature. At and near the disclination cores of disclina-
tion dipoles originating due to GB sliding, the above rela-
tion is not satisfied. Comparing one-dimensional diffusion
equation and its linearized form [25,60,67], one can assume
that this results in an underestimate of the diffusion rate
and an overestimate of the temperature required to provide
an essential diffusion effect on GB sliding. This overesti-
mate of the temperature is the higher, the larger the discli-
nation strength x and dipole arm p. However, even for
large x and p, the use of the linearized diffusion equation
[25,60] reveals the semi-quantitative tendencies associated
with the influence of GB diffusion on strain hardening.

To calculate ryyðx; tÞ and uyðx; tÞ, we present the disclina-
tion dipole as a continuous uniform distribution of virtual
edge dislocations (with the infinitesimal Burgers vectors
dB ¼ �xdxey) in the interval 0 6 x 6 p (see Fig. 2b). Fur-
ther, we suppose that the material examined is deformed
with a constant shear strain rate _e, which yields:
p ¼ ct ¼ ð_ed=aÞ t. This means that at the time point t ¼ t0

the right (moving) disclination lies at the point
x ¼ x0 ¼ ct0, while at the time instance t0 þ dt0 it moves to
the point x ¼ x0 þ dx0 ¼ x0 þ cdt0. This is equivalent to the
appearance of a new virtual dislocation (at the point
x ¼ x0 and time instance t ¼ t0) with the infinitesimal Bur-
gers vector dB ¼ �xdx0 ey ¼ �xcdt0 ey . Therefore, due to
the linearity of the problem (see above), the stress ryyðx; tÞ
(displacement uyðx; tÞ, respectively) can be written as the
superposition of the corresponding stresses (displacements,
respectively) created by the virtual dislocations with the
above Burgers vectors:

ryyðx; tÞ ¼ xc
Z t

0

rd
yyðx� ct0; t � t0Þdt0; ðA2Þ

uyðx; tÞ ¼ xc
Z t

0

ud
y ðx� ct0; t � t0Þdt0: ðA3Þ

Here rd
yyðx; tÞ and uyðx; tÞ are the stress and displacement,

respectively, created at the borderline between the GB and
the upper grain interior by the dislocation with the unit
Burgers vector B ¼ �ey , originating at the point x ¼ 0 of
the GB at the time instance t ¼ 0.

The stress rd
yyðx; tÞ and displacement ud

y ðx; tÞ can be pre-
sented [25] as

rd
yyðx; tÞ ¼

iA
2

Z 1

�1
signk expð�kjk3jtÞ expðikxÞdk; ðA4Þ

ud
y ðx; tÞ ¼ �

1� m
2G

iA
Z 1

�1

expð�kjk3jtÞ expðikxÞ
k

dk; ðA5Þ

where i ¼
ffiffiffiffiffiffiffi
�1
p

; k ¼ ð1þ mÞGDbdb X=½3ð1� mÞkBT �, and Db

denotes the GB diffusion coefficient.

Insertion of (A4) into (A2) and (A5) into (A3) yields:

ryyðx; tÞ¼
iAxc

2

Z 1

�1

expð�ikctÞ� expð�kjk3jtÞ
kjk3j� ikc

signk expðikxÞdk;

ðA6Þ

uyðx; tÞ¼�
ixc
4p

Z 1

�1

expð�ikctÞ� expð�kjk3jtÞ
k ðkjk3j� ikcÞ

expðikxÞdk: ðA7Þ

Now the energy W dip is calculated by the substitution of
(A6) and (A7) to (A1). After calculations, we obtain:

W dipðR� ðp; ðktÞ1=3ÞÞ ¼ Ax2p2

2
ln

R
p
þ 3

2
� f ðsÞ

� �
; ðA8Þ

where s ¼ k=ðcp2Þ ¼ kt=p3 is the cube of the ratio of the
characteristic diffusion length ðktÞ1=3 to the dipole arm p,
and

f ðuÞ¼
Z 1

0

2ð1� coskÞ
k3

�1�2cosk expð�uk3Þþ expð�2uk3Þ
k3 ðu2k4þ1Þ

� �
dk:

ðA9Þ
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